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Abstract
We present some results on the existence, uniqueness and Hyers–Ulam stability to
the solution of an implicit coupled system of impulsive fractional differential
equations having Hadamard type fractional derivative. Using a fixed point theorem of
Kransnoselskii’s type, the existence and uniqueness results are obtained. Along these
lines, different kinds of Hyers–Ulam stability are discussed. An example is given to
illustrate the main theorems.
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1 Introduction
Fractional calculus is one of the emerging areas of investigation. The fractional differen-
tial operators are used to model several physical phenomena in a much better form than
ordinary differential operators, which are local. Results obtained by fractional differen-
tial equations (FDEs) are much better and more accurate. For applications and details of
fractional calculus, we refer the reader to [1, 2]. FDEs also serve as an excellent tool for
the description of hereditary properties of various materials and processes [3]. The the-
ory of FDEs, involving different kinds of boundary conditions, has been a field of interest
in pure and applied sciences. Nonlocal conditions are used to describe certain features
of physics and applied mathematics such as blood chemical engineering, flow problems,
underground water flow, thermo–elasticity, population dynamics, and so on [4–21] and
references cited therein. Our work is concerned with implicit impulsive coupled systems
of FDEs. The impulsive FDEs are of great value. The said equations arise in business math-
ematics, management sciences and other managerial sciences and so forth. Some physical
phenomena have sudden changes and discontinuous jumps. To model such problems, we
impose impulsive conditions on the differential equations at discontinuity points; see for
example [22–25] and the references cited therein.

In the classical text [26], it has been mentioned that Hadamard in 1892 [27] suggested a
concept of fractional integro–differentiation in terms of the fractional power of the type
(x d

dx )α in contrast to its Riemann–Liouville counterpart of the form ( d
dx )α . The kind of

derivative, introduced by Hadamard, contains the logarithmic function of the arbitrary
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exponent in the kernel of the integral appearing in its definition. The Hadamard con-
struction is invariant in relation to dilation and is well suited to the problems containing
half-axes. Coupled systems of FDEs have also been investigated by many authors. Such
systems appear naturally in many real–world situations. Some recent results on the topic
can be found in a series of papers [28–45] and the references cited therein.

Another aspect of FDEs which has very recently got attention from the researchers is
concerning to the Ulam type stability analysis of the aforesaid equations. The mentioned
stability was first pointed out by Ulam [46] in 1940, which was further explained by Hy-
ers [47], over Banach space. Later on, many researchers have done valuable work on the
same task and interesting results were obtained for different functional equations; for de-
tails see[44, 48–50] and the references cited therein. This stability analysis is very useful
in many applications, such as numerical analysis, optimization, etc., where finding the
exact solution is quite difficult. For a detailed study of Ulam type stability with different
approaches, we recommend [51–53] and the references cited therein.

The existence and uniqueness of Cauchy problems for fractional differential equations
involving the Hadamard derivatives have been discussed by Kilbas et al. [54]. Using the
contraction principle, the existence and uniqueness of the solution of sequential fractional
differential equations with Hadamard derivative have been explored by Klimek [55]. Re-
cently, Wang et al. [56] discussed the existence, blowing-up solutions and Ulam–Hyers
stability of fractional differential equations with Hadamard derivative by using some clas-
sical methods. The area of research which has got tremendous attention from the re-
searchers and these days is growing very fast is devoted to the existence and the Hyers–
Ulam stability to the solution of implicit FDEs and coupled systems of implicit FDEs. The
implicit FDEs represent a very important class of fractional differential equations. For de-
tails see [57–61] and the references cited therein.

In [62], the authors studied the existence and Hyers–Ulam stability of the following im-
plicit FDEs involving Hadamard derivatives:

⎧
⎨

⎩

HD
αp(t) – f (t, p(t), HD

αp(t)) = 0, α ∈ (0, 1),

p(1) = p1, p1 ∈R,

where t ∈ [1, T], T > 1 and HD
α denotes the Hadamard fractional derivative of order α.

In [63], the authors investigated the existence, uniqueness and different kinds of Hyers–
Ulam stability for the considered coupled system involving the Caputo derivative:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDαp(t) – f (t, q(t), cDαp(t)) = 0; t ∈ J ,
cDβq(t) – g(t, p(t), cDβq(t)) = 0; t ∈ J ,

p′(0) = p′′(0) = 0, p(1) = λp(η), λ,η ∈ (0, 1),

q′(0) = q′′(0) = 0, q(1) = λq(η), λ,η ∈ (0, 1),

where J = [0, 1], 2 < α,β ≤ 3 and f , g : J ×R×R →R are continuous functions.
In [64], the authors proved the existence, uniqueness and different kinds of Hyers–

Ulam stability for the following coupled system involving the Riemann–Liouville deriva-
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tive:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dαp(t) – f (t, q(t),Dαp(t)) = 0; t ∈ J ,

Dβq(t) – g(t, p(t),Dβq(t)) = 0; t ∈ J ,

Dα–2p(0+) = γ1D
α–2p(T–), Dα–1p(0+) = β1D

α–1p(T–),

Dβ–2q(0+) = γ2D
β–2q(T–), Dβ–1q(0+) = β2D

β–1q(T–),

where t ∈ J = [0, T], T > 0, 1 < α,β ≤ 2 and β1,β2,γ1,γ2 �= 1. Dα , Dβ are Riemann–
Liouville derivatives of fractional order and f , g : J ×R×R →R are continuous functions.
For more recent work and details as regards implicit coupled systems, the reader may refer
to [65, 66].

Motivated by the above work, we consider the following coupled impulsive implicit
FDEs involving Hadamard derivatives:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

HD
αp(t) – f (t, p(t), HD

βq(t)) = 0, t ∈ J , t �= ti, i = 1, 2, . . . , m,

HD
βq(t) – g(t, q(t), HD

αp(t)) = 0, t ∈ J , t �= tj, j = 1, 2, . . . , n,

�p(ti) = Iip(ti), �p′(ti) = Ĩip(ti), i = 1, 2, . . . , m,

�q(tj) = Ijq(tj), �q′(tj) = Ĩjq(tj), j = 1, 2, . . . , n,

p(T) =
∫ T

1
(ln T

s )α–1

Γ (α) φ(s, p(s)) ds
s , p′(T) = ϕ(p),

q(T) =
∫ T

1
(ln T

s )β–1

Γ (β) φ(s, q(s)) ds
s , q′(T) = ϕ(q),

(1.1)

where 1 < α,β ≤ 2, f , g : J × R
2 → R and φ,ϕ : C(J ,R) → R are continuous functions

and

�p(ti) = p
(
t+
i
)

– p
(
t–
i
)
, �p′(ti) = p′(t+

i
)

– p′(t–
i
)
,

�q(tj) = q
(
t+
j
)

– q
(
t–
j
)
, �q′(tj) = q′(t+

j
)

– q′(t–
j
)
.

The notations p(t+
i ), q(t+

j ) are right limits and p(t–
i ), q(t–

j ) are left limits; Ii, Ĩi, Ij, Ĩj : R →R

are continuous functions; HD
α , HD

β are the Hadamard derivative operators of order α and
β , respectively.

For system (1.1), we discuss necessary and sufficient conditions for the existence and
uniqueness of a positive solution by using the Kransnoselskii fixed point and the Banach
contraction theorems. Further, we investigate various kinds of Hyers–Ulam, generalized
Hyers–Ulam, Hyers–Ulam–Rassias and generalized Hyers–Ulam–Rassias stabilities.

2 Preliminaries
In this section, we introduce some fundamental descriptions and lemmas which are used
throughout this paper; for details, reader should study [54, 67].

Endowed by the norms ‖p‖ = max{|p(t)|, t ∈ J }, ‖q‖ = max{|q(t)|, t ∈ J }, PC(J ,R+),
which is a Banach space under these norms, and hence, the products of these are also
Banach spaces, with norm ‖(p, q)‖ = ‖p‖ + ‖q‖.

Let E1 and E2 denote spaces of the piecewise continuous functions defined as

E1 = PC2–α,ln(J ,R+)

=
{

p : J →R+, p
(
t+
i
)
, p

(
t–
i
)

and p′(t+
i
)
, p′(t–

i
)

exist for i = 1, 2, . . . , m
}

,
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E2 = PC2–β ,ln(J ,R+)

=
{

q : J →R+, q
(
t+
j
)
, q

(
t–
j
)

and q′(t+
j
)
, q′(t–

j
)

exist for j = 1, 2, . . . , n
}

,

with norms

‖p‖E1 = sup
{∣
∣p(t)(ln t)2–α

∣
∣, t ∈ J

}
,

‖q‖E2 = sup
{∣
∣q(t)(ln t)2–β

∣
∣, t ∈ J

}
,

respectively. Their product E = E1 × E2 is also a Banach space with norm ‖(p, q)‖E =
‖p‖E1 + ‖q‖E2 .

We recall the following definitions from [68].

Definition 2.1 The Hadamard fractional integral of order α ∈ R+ of the function p(t) is
defined by

HJ
αp(t) =

1
Γ (α)

∫ t

1

(

ln
t
s

)α–1

p(s)
ds
s

,

1 < t ≤ T , where Γ (·) is the Gamma function.

Definition 2.2 The Hadamard fractional derivative of order α ∈ [� – 1,�), n ∈ Z+, of the
function p(t) is defined by

HD
αp(t) =

1
Γ (� – α)

(

t
d
dt

)� ∫ t

a

(

ln
t
s

)�–α+1

p(s)
ds
s

,

1 < t ≤ T , where Γ (·) is the Gamma function.

Lemma 2.3 ([69]) Let α > 0 and p be any function, then the homogeneous differential equa-
tion along with Hadamard fractional order HD

αp(t) = 0 has solutions

p(t) = b1(ln t)α–1 + b2(ln t)α–2 + b3(ln t)α–3 + · · · + b�(ln t)α–�,

and the following formula holds:

HJ
α

HD
αp(t) = p(t) + b1(ln t)α–1 + b2(ln t)α–2 + b3(ln t)α–3 + · · · + b�(ln t)α–�,

where bj ∈R, j = 1, 2, . . . ,� and � – 1 < α < �.

Theorem 2.4 (Altman [70]) Let S �= ∅ be a convex and closed subset of Banach space E .
Consider two operators F, G such that

(i) F(p, q) + G(p, q) ∈ S , where (p, q) ∈ S .
(ii) F is contractive operator.

(iii) G is completely continuous operator.
Then the operator system F(p, q) + G(p, q) = (p, q) ∈ E has a solution (p, q) ∈ S .



Riaz et al. Advances in Difference Equations        (2019) 2019:226 Page 5 of 27

2.1 Hyers–Ulam stability definitions and remarks
The following definitions and remarks are adopted from [65, 71].

Definition 2.5 The coupled system (1.1) is said to be Hyers–Ulam stable if there exist
Kα,β = max{Kα , Kβ} > 0 such that, for � = max{�α ,�β} > 0 and for every solution (p, q) ∈ E
of the inequality

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|HDαp(t) – f (t, p(t), HD
βq(t))| ≤ �α , t ∈ J ,

|�p(ti) – Ii(p(ti))| ≤ �α , i = 1, 2, . . . , m,

|�p̂′(ti) – Ĩi(p(ti))| ≤ �α , i = 1, 2, . . . , m,

|HDβq(t) – g(t, q(t), HD
αp(t))| ≤ �β , t ∈ J ,

|�q(tj) – Ij(q(tj))| ≤ �β , j = 1, 2, . . . , n,

|�q̂′(tj) – Ĩj(q(tj))| ≤ �β , j = 1, 2, . . . , n,

(2.1)

there exists a unique solution (̂p, q̂) ∈ E with

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ Kα,β�, t ∈ J .

Definition 2.6 The coupled system (1.1) is said to be generalized Hyers–Ulam stable if
there exist Φ ∈ C(R+,R+) with Φ(0) = 0 such that, for any approximate solution (p, q) ∈ E
of inequality (2.1), there exists a unique solution (̂p, q̂) ∈ E of (1.1) satisfying

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ Φ(�), t ∈ J .

Denote Ψα,β = max{Ψα ,Ψβ} ∈ C(J ,R) and KΨα ,Ψβ
= max{KΨα , KΨβ

} > 0.

Definition 2.7 ([71]) The coupled system (1.1) is said to be Hyers–Ulam–Rassias stable
with respect to Ψα,β if there exists a constant KΨα ,Ψβ

such that, for some � > 0 and for any
approximate solution (p, q) ∈ E of the inequality

⎧
⎨

⎩

|HDαp(t) – f (t, p(t), HD
βq(t))| ≤ Ψα(t)�α , t ∈ J ,

|HDβq(t) – g(t, q(t), HD
αp(t))| ≤ Ψβ (t)�β , t ∈ J ,

(2.2)

there exists a unique solution (̂p, q̂) ∈ E with

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ KΨα ,Ψβ

Ψα,β�, t ∈ J . (2.3)

Definition 2.8 The coupled system (1.1) is said to be generalized Hyers–Ulam–Rassias
stable with respect to Ψα,β if there exists a constants KΨα ,Ψβ

such that, for any approxi-
mate solution (p, q) ∈ E of inequality (2.2), there exists a unique solution (̂p, q̂) ∈ E of (1.1)
satisfying

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ KΨα ,Ψβ

Ψα,β (t), t ∈ J . (2.4)

Remark 2.9 We say that (p, q) ∈ E is a solution of the system of inequalities (2.1) if there
exist functions Υf , Υg ∈ C(J ,R) depending upon p, q, respectively, such that



Riaz et al. Advances in Difference Equations        (2019) 2019:226 Page 6 of 27

(I) |Υf (t)| ≤ �α , |Υg(t)| ≤ �β , t ∈ J ;
(II)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

HD
αp(t) = f (t, p(t), HD

βq(t)) + Υf (t),

�p(ti) = Ii(p(ti)) + Υfi ,

�p′(ti) = Ĩi(p(ti)) + Υfi ,

HD
βq(t) = g(t, q(t), HD

αp(t)) + Υg(t),

�q(tj) = Ij(q(tj)) + Υgj ,

�q′(tj) = Ĩj(q(tj)) + Υgj .

3 Existence results
In the current section, we set up conditions for the existence and uniqueness of solutions
to the proposed system (1.1).

Theorem 3.1 Let f be a function; the subsequent linear impulsive boundary value problem

⎧
⎪⎪⎨

⎪⎪⎩

HD
αp(t) = f (t), t ∈ J , t �= ti, i = 1, 2, . . . , m,

�p(ti) = Ii(p(ti)), �p′(ti) = Ĩi(p(ti)), t �= ti, i = 1, 2, . . . , m,

p(T) =
∫ T

1
(ln T

s )α–1

Γ (α) φ(s, p(s)) ds
s , p′(T) = ϕ(p),

(3.1)

has solutions

p(t) = TA0(α)ϕ(p)(ln t)α–2 +
k∑

i=1

A1i(α)(ln t)α–2Ii(pi) +
k∑

i=1

A2i(α)(ln t)α–2Ĩi(pi)

+
A3(α)(ln t)α–2

Γ (α)

∫ T

1

(

ln
T
s

)α–1

φ
(
s, p(s)

)ds
s

+
A0(α)(ln t)α–2

Γ (α – 1)

∫ T

tk

(

ln
T
s

)α–2

f (s)
ds
s

+
A4(α)(ln t)α–2

Γ (α)

∫ T

tk

(

ln
T
s

)α–1

f (s)
ds
s

+
k∑

i=1

A5i(α)(ln t)α–2

Γ (α)

∫ ti

ti–1

(

ln
ti

s

)α–1

f (s)
ds
s

+
k∑

i=1

ln t3–α(logti t)α–2

Γ (α – 1)

∫ ti

ti–1

(

ln
ti

s

)α–2

f (s)
ds
s

+
1

Γ (α)

∫ t

tk

(

ln
t
s

)α–1

f (s)
ds
s

, k = 1, 2, . . . , m, (3.2)

where

A0(α) = ln
t
T

(ln T)2–α ,

A1i(α) = (α – 1)(ln t – α + 2)(ln ti)3–α –
(α – 2)(ln t2 – α + 1)(ln ti)2–α

ln ti
,
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A2i(α) = ln tti(3–α)(ln ti)2–α ,

A3(α) =
(
α – 1 – logT tα–2)(ln t)2–α ,

A4(α) = logT
t

Tα–1 (ln T)2–α and

A5i(α) =
[

ln
tα–1

Tα–2 + logti

(
Tti

t2

)α–2]

(ln ti)2–α .

Proof Consider

HD
αp(t) = f (t), 1 < α ≤ 2, t ∈ J . (3.3)

For t ∈ (1, t1], Lemma 2.3 gives

p(t) = c1(ln t)α–1 + c2(ln t)α–2 +
1

Γ (α)

∫ t

1

(

ln
t
s

)α–1

f (s)
ds
s

,

p′(t) =
c1(α – 1)

t
(ln t)α–2 +

c2(α – 2)
t

(ln t)α–3 +
1

Γ (α – 1)

∫ t

1

1
t

(

ln
t
s

)α–2

f (s)
ds
s

.

(3.4)

Again from Lemma 2.3, for t ∈ (t1, t2]

p(t) = b1(ln t)α–1 + b2(ln t)α–2 +
1

Γ (α)

∫ t

t1

(

ln
t
s

)α–1

f (s)
ds
s

,

p′(t) =
b1(α – 1)

t
(ln t)α–2 +

b2(α – 2)
t

(ln t)α–3 +
1

Γ (α – 1)

∫ t

t1

1
t

(

ln
t
s

)α–2

f (s)
ds
s

.

(3.5)

Using initial impulses

b1 = c1 – (α – 2)(ln t1)1–αI1
(
p(t1)

)
+ t1(ln t1)2–αĨ1

(
p(t1)

)

+
(ln t1)2–α

Γ (α – 1)

∫ t1

1

(

ln
t1

s

)α–2

f (s)
ds
s

–
(α – 2)(ln t1)1–α

Γ (α)

∫ t1

1

(

ln
t1

s

)α–1

f (s)
ds
s

,

b2 = c2 + (α – 1)(ln t1)2–αI1
(
p(t1)

)
– t1(ln t1)3–αĨ1

(
p(t1)

)

–
(ln t1)3–α

Γ (α – 1)

∫ t1

1

(

ln
t1

s

)α–2

f (s)
ds
s

+
(α – 1)(ln t1)2–α

Γ (α)

∫ t1

1

(

ln
t1

s

)α–1

f (s)
ds
s

.

Substituting the values of b1, b2 in (3.5)

p(t) = c1(ln t)α–1 + c2(ln t)α–2 +
(
(α – 1) – (α – 2) logt1 t

)
(logt1 t)α–2I1

(
p(t1)

)

+ t1(ln t – ln t1)(logt1 t)α–2Ĩ1
(
p(t1)

)

+
(ln t – ln t1)(logt1 t)α–2

Γ (α – 1)

∫ t1

1

(

ln
t1

s

)α–2

f (s)
ds
s
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+
((α – 1) – (α – 2) logt1 t)(logt1 t)α–2

Γ (α)

∫ t1

1

(

ln
t1

s

)α–1

f (s)
ds
s

+
1

Γ (α)

∫ t

t1

(

ln
t
s

)α–1

f (s)
ds
s

.

Similarly for t ∈ (tk , T)

p(t) = c1(ln t)α–1 + c2(ln t)α–2 +
k∑

i=1

(
(α – 1) – (α – 2) logti t

)
(logti t)α–2Ii

(
p(ti)

)

+
k∑

i=1

ti(ln t – ln ti)(logti t)α–2Ĩi
(
p(ti)

)

+
k∑

i=1

(ln t – ln ti)(logti t)α–2

Γ (α – 1)

∫ ti

ti–1

(

ln
ti

s

)α–2

f (s)
ds
s

+
k∑

i=1

((α – 1) – (α – 2) logti t)(logti t)α–2

Γ (α)

∫ ti

ti–1

(

ln
ti

s

)α–1

f (s)
ds
s

+
1

Γ (α)

∫ t

tk

(

ln
t
s

)α–1

f (s)
ds
s

. (3.6)

Similarly for t ∈ (tk , T)

p′(t) =
c1(α – 1)(ln t)α–2

t
+

c2(α – 2)(ln t)α–3

t

+
k∑

i=1

(α – 1)(α – 2)(logt e – loge ti)(logti t)α–2

t
Ii

(
p(ti)

)

+
k∑

i=1

ti((α – 1) – (α – 2) logt ti)(logti t)α–2

t
Ĩi

(
p(ti)

)

+
1

tΓ (α – 1)

∫ t

tk

(

ln
t
s

)α–2

f (s)
ds
s

+
k∑

i=1

((α – 1) – (α – 2) logt ti)(logti t)α–2

tΓ (α – 1)

∫ ti

ti–1

(

ln
ti

s

)α–2

f (s)
ds
s

+
k∑

i=1

(α – 1)(α – 2)(logt e – loge ti)(logti t)α–2

tΓ (α)

∫ ti

ti–1

(

ln
ti

s

)α–1

f (s)
ds
s

. (3.7)

Utilizing boundary conditions p(T) =
∫ T

1
(ln T

s )α–1

Γ (α) φ(s, p(s)) ds
s and p′(T) = ϕ(p), we obtain

c1 = Tϕ(p)(ln T)2–α –
(ln T)1–α(α – 2)

Γ (α)

∫ T

1

(

ln
T
s

)α–1

φ
(
s, p(s)

)ds
s

+
(ln T)1–α

Γ (α)

∫ T

tk

(

ln
T
s

)α–1

f (s)
ds
s

+
k∑

i=1

(

ln tα–1
i –

α – 2
ln ti

)

(ln ti)2–αIi
(
p(ti)

)
– (α – 2)

k∑

i=1

ti(ln ti)2–αĨi
(
p(ti)

)
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–
α – 2

Γ (α – 1)

k∑

i=1

(ln ti)2–α

∫ ti

ti–1

(

ln
ti

s

)α–2

f (s)
ds
s

–
(ln T)2–α

Γ (α – 1)

∫ T

tk

(

ln
T
s

)α–2

f (s)
ds
s

+
1

Γ (α)

k∑

i=1

(

ln tα–1
i –

α – 2
ln ti

)

(ln ti)2–α

∫ ti

ti–1

(

ln
ti

s

)α–1

f (s)
ds
s

,

c2 =
(ln T)2–α

Γ (α – 1)

∫ T

1

(

ln
T
s

)α–1

φ
(
s, p(s)

)ds
s

– Tϕ(p)(ln T)3–α +
k∑

i=1

ti(ln ti)3–αĨi
(
p(ti)

)

+ (α – 1)
k∑

i=1

(
ln T (α–2)(logti e–loge ti) – 1

)
(ln ti)2–αIi

(
p(ti)

)

+
(ln T)3–α

Γ (α – 1)

∫ T

tk

(

ln
T
s

)α–2

f (s)
ds
s

+
1

Γ (α – 1)

k∑

i=1

(
ln T (α–2)(logti e–loge ti) – 1

)
(ln ti)2–α

∫ ti

ti–1

(

ln
ti

s

)α–1

f (s)
ds
s

+
1

Γ (α – 1)

k∑

i=1

(ln ti)3–α

∫ ti

ti–1

(

ln
ti

s

)α–2

f (s)
ds
s

–
(ln T)2–α

Γ (α – 1)

∫ T

ti

(

ln
T
s

)α–1

f (s)
ds
s

, k = 1, 2, . . . , m.

Substituting c1 and c2 in (3.6), we obtain (3.2). �

Corollary 3.2 In view of Theorem 3.1, our coupled system (1.1) has the following solution:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p(t) = TA0(α)ϕ(p)(ln t)α–2

+
∑k

i=1 A1i(α)(ln t)α–2Ii(pi) +
∑k

i=1 A2i(α)(ln t)α–2Ĩi(pi)

+ A3(α)(ln t)α–2

Γ (α)
∫ T

1 (ln T
s )α–1φ(s, p(s)) ds

s

+ A0(α)(ln t)α–2

Γ (α–1)
∫ T

tk
(ln T

s )α–2f (s, p(s), HD
βq(s)) ds

s

+ A4(α)(ln t)α–2

Γ (α)
∫ T

tk
(ln T

s )α–1f (s, p(s), HD
βq(s)) ds

s

+ 1
Γ (α)

∫ t
tk

(ln t
s )α–1f (s, p(s), HD

βq(s)) ds
s

+
∑k

i=1
A5i(α)(ln t)α–2

Γ (α)
∫ ti

ti–1
(ln ti

s )α–1f (s, p(s), HD
βq(s)) ds

s

+
∑k

i=1
ln t3–α (logti t)α–2

Γ (α–1)
∫ ti

ti–1
(ln ti

s )α–2f (s, p(s), HD
βq(s)) ds

s ,

k = 1, 2, . . . , m,

q(t) = A0(β)ϕ(q)(ln t)β–2

+
∑n

j=1 A1j(β)(ln t)β–2Ij(qj) +
∑k

j=1 A2j(β)(ln t)β–2Ĩj(qj)

+ A3(β)(ln t)β–2

Γ (β)
∫ T

1 (ln T
s )β–1φ(s, q(s)) ds

s

+ A0(β)(ln t)β–2

Γ (β–1)
∫ T

tk
(ln T

s )β–2g(s, HD
αp(s), q(s)) ds

s

+ A4(β)(ln t)β–2

Γ (β)
∫ T

tk
(ln T

s )β–1g(s, HD
αp(s), q(s)) ds

s

+ 1
Γ (β)

∫ t
tk

(ln t
s )β–1g(s, HD

αp(s), q(s)) ds
s

+
∑k

j=1
A5j(β)(ln t)β–2

Γ (β)
∫ tj

tj–1
(ln tj

s )β–1g(s, HD
αp(s), q(s)) ds

s

+
∑k

j=1
ln t3–β (logtj t)β–2

Γ (β–1)
∫ tj

tj–1
(ln tj

s )β–2g(s, HD
αp(s), q(s)) ds

s ,

k = 1, 2, . . . , n.

(3.8)
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We use the following notations for convenience:

y(t) = f
(
t, p(t), z(t)

)
, z(t) = g

(
t, q(t), y(t)

)
.

Hence, for t ∈ J , (3.8) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p(t) = TA0(α)ϕ(p)(ln t)α–2 +
∑k

i=1 A1i(α)(ln t)α–2Ii(pi) +
∑k

i=1 A2i(α)(ln t)α–2Ĩi(pi)

+ A3(α)(ln t)α–2

Γ (α)
∫ T

1 (ln T
s )α–1φ(s, p(s)) ds

s + A0(α)(ln t)α–2

Γ (α–1)
∫ T

tk
(ln T

s )α–2y(s) ds
s

+ A4(α)(ln t)α–2

Γ (α)
∫ T

tk
(ln T

s )α–1y(s) ds
s +

∑k
i=1

A5i(α)(ln t)α–2

Γ (α)
∫ ti

ti–1
(ln ti

s )α–1y(s) ds
s

+
∑k

i=1
ln t3–α (logti t)α–2

Γ (α–1)
∫ ti

ti–1
(ln ti

s )α–2y(s) ds
s + 1

Γ (α)
∫ t

tk
(ln t

s )α–1y(s) ds
s ,

k = 1, 2, . . . , m,

q(t) = A0(β)ϕ(q)(ln t)β–2 +
∑k

j=1 A1j(β)(ln t)β–2Ij(qj) +
∑k

j=1 A2j(β)(ln t)β–2Ĩj(qj)

+ A3(β)(ln t)β–2

Γ (β)
∫ T

1 (ln T
s )β–1φ(s, q(s)) ds

s + A0(β)(ln t)β–2

Γ (β–1)
∫ T

tk
(ln T

s )β–2z(s) ds
s

+ A4(β)(ln t)β–2

Γ (β)
∫ T

tk
(ln T

s )β–1z(s) ds
s +

∑k
j=1

A5j(β)(ln t)β–2

Γ (β)
∫ tj

tj–1
(ln tj

s )β–1z(s) ds
s

+
∑k

j=1
ln t3–β (logtj t)β–2

Γ (β–1)
∫ tj

tj–1
(ln tj

s )β–2z(s) ds
s + 1

Γ (β)
∫ t

tk
(ln t

s )β–1z(s) ds
s ,

k = 1, 2, . . . , n.

If p, q are the solutions of the proposed system (1.1) and t ∈ J , then

p(t) = TA0(α)ϕ(p)(ln t)α–2 +
k∑

i=1

A1i(α)(ln t)α–2Ii(pi) +
k∑

i=1

A2i(α)(ln t)α–2Ĩi(pi)

+
A3(α)(ln t)α–2

Γ (α)

∫ T

1

(

ln
T
s

)α–1

φ
(
s, p(s)

)ds
s

+
A0(α)(ln t)α–2

Γ (α – 1)

∫ T

tk

(

ln
T
s

)α–2

f
(
s, p(s), z(s)

)ds
s

+
A4(α)(ln t)α–2

Γ (α)

∫ T

tk

(

ln
T
s

)α–1

f
(
s, p(s), z(s)

)ds
s

+
1

Γ (α)

∫ t

tk

(

ln
t
s

)α–1

f
(
s, p(s), z(s)

)ds
s

+
k∑

i=1

A5i(α)(ln t)α–2

Γ (α)

∫ ti

ti–1

(

ln
ti

s

)α–1

f
(
s, p(s), z(s)

)ds
s

+
k∑

i=1

ln t3–α(logti t)α–2

Γ (α – 1)

∫ ti

ti–1

(

ln
ti

s

)α–2

f
(
s, p(s), z(s)

)ds
s

, k = 1, 2, . . . , m,

and

q(t) = A0(β)ϕ(q)(ln t)β–2 +
k∑

j=1

A1j(β)(ln t)β–2Ij(qj) +
k∑

j=1

A2j(β)(ln t)β–2Ĩj(qj)

+
A3(β)(ln t)β–2

Γ (β)

∫ T

1

(

ln
T
s

)β–1

φ
(
s, q(s)

)ds
s



Riaz et al. Advances in Difference Equations        (2019) 2019:226 Page 11 of 27

+
A0(β)(ln t)β–2

Γ (β – 1)

∫ T

tk

(

ln
T
s

)β–2

g
(
s, q(s), y(s)

)ds
s

+
A4(β)(ln t)β–2

Γ (β)

∫ T

tk

(

ln
T
s

)β–1

g
(
s, q(s), y(s)

)ds
s

+
1

Γ (β)

∫ t

tk

(

ln
t
s

)β–1

g
(
s, q(s), y(s)

)ds
s

+
k∑

j=1

A5j(β)(ln t)β–2

Γ (β)

∫ tj

tj–1

(

ln
tj

s

)β–1

g
(
s, q(s), y(s)

)ds
s

+
k∑

j=1

ln t3–β(logtj t)β–2

Γ (β – 1)

∫ tj

tj–1

(

ln
tj

s

)β–2

g
(
s, q(s), y(s)

)ds
s

, k = 1, 2, . . . , n.

Now, we transform the proposed system (1.1) into a fixed point problem. Let the oper-
ators F,G : E → E be defined as

F(p, q)(t) =
(
F1p(t),F2q(t)

)
,

G(p, q)(t) =
(
G1(p, y)(t),G2(q, z)(t)

)
,

F(p, q)(t)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1(p(t)) = TA0(α)ϕ(p)(ln t)α–2

+
∑k

i=1 A1i(α)(ln t)α–2Ii(pi) +
∑k

i=1 A2i(α)(ln t)α–2Ĩi(pi)

+ A3(α)(ln t)α–2

Γ (α)
∫ T

1 (ln T
s )α–1φ(s, p(s)) ds

s , k = 1, 2, . . . , m,

F2(q(t)) = A0(β)ϕ(q)(ln t)β–2

+
∑k

j=1 A1j(β)(ln t)β–2Ij(qj) +
∑k

j=1 A2j(β)(ln t)β–2Ĩj(qj)

+ A3(β)(ln t)β–2

Γ (β)
∫ T

1 (ln T
s )β–1φ(s, q(s)) ds

s , k = 1, 2, . . . , n,

(3.9)

and

G(p, q)(t)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G1(p, q)(t) = A0(α)(ln t)α–2

Γ (α–1)
∫ T

tk
(ln T

s )α–2f (s, p(s), HD
βq(s)) ds

s

+ A4(α)(ln t)α–2

Γ (α)
∫ T

tk
(ln T

s )α–1f (s, p(s), HD
βq(s)) ds

s

+
∑k

i=1
A5i(α)(ln t)α–2

Γ (α)
∫ ti

ti–1
(ln ti

s )α–1f (s, p(s), HD
βq(s)) ds

s

+
∑k

i=1
ln t3–α (logti t)α–2

Γ (α–1)
∫ ti

ti–1
(ln ti

s )α–2f (s, p(s), HD
βq(s)) ds

s

+ 1
Γ (α)

∫ t
tk

(ln t
s )α–1f (s, p(s), HD

βq(s)) ds
s , k = 1, 2, . . . , m,

G2(p, q)(t) = A0(β)(ln t)β–2

Γ (β–1)
∫ T

tk
(ln T

s )β–2g(s, q(s), HD
αp(s)) ds

s

+ A4(β)(ln t)β–2

Γ (β)
∫ T

tk
(ln T

s )β–1g(s, q(s), HD
αp(s)) ds

s

+
∑k

j=1
A5j(β)(ln t)β–2

Γ (β)
∫ tj

tj–1
(ln tj

s )β–1g(s, q(s), HD
αp(s)) ds

s

+
∑k

j=1
ln t3–β (logtj t)β–2

Γ (β–1)
∫ tj

tj–1
(ln tj

s )β–2g(s, q(s), HD
αp(s)) ds

s

+ 1
Γ (β)

∫ t
tj

(ln t
s )β–1g(s, q(s), HD

αp(s)) ds
s , k = 1, 2, . . . , n.

(3.10)

For further analysis, the following assumptions need to hold:
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(H1) For t ∈ J and p, y ∈R, there are o1,ρ1,�1 ∈ C(J ,R+), such that

∣
∣f

(
t, p(t), y(t)

)∣
∣ ≤ o1(t) + ρ1(t)

∣
∣p(t)

∣
∣ + �1(t)

∣
∣y(t)

∣
∣

with o∗
1 = supt∈J o1(t), ρ∗

1 = supt∈J ρ1(t) and �∗
1 = supt∈J �1(t) < 1.

Similarly, for t ∈ J and q, z ∈R, there are o2,ρ2,�2 ∈ C(J ,R+), such that

∣
∣g

(
t, q(t), z(t)

)∣
∣ ≤ o2(t) + ρ2(t)

∣
∣q(t)

∣
∣ + �2(t)

∣
∣z(t)

∣
∣

with o∗
2 = supt∈J o2(t), ρ∗

2 = supt∈J ρ2(t) and �∗
2 = supt∈J �2(t) < 1.

(H2) ϕ, Ik ,̃ Ik : R→ R is continuous and there exist constants Mϕ ,MI ,MĨ ,M′
I ,M′

Ĩ ,
M̃ϕ ,M̃I ,M̃Ĩ ,M̃′

I ,M̃′̃
I > 0 such that for any (p, q) ∈ E

∣
∣ϕ(p)

∣
∣ ≤Mϕ ,

∣
∣ϕ(q)

∣
∣ ≤ M̃ϕ ,

∣
∣Ik

(
p(t)

)∣
∣ ≤MI |p| + M′

I ,
∣
∣Ik

(
q(t)

)∣
∣ ≤ M̃I |q| + M̃′

I ,
∣
∣Ĩk

(
p(t)

)∣
∣ ≤MĨ |p| + M′

Ĩ ,
∣
∣Ĩk

(
q(t)

)∣
∣ ≤ M̃Ĩ |q| + M̃′̃

I ,

where k = {0, 1, . . . , m}.
(H3) For t ∈ J and q ∈ R, there are ω1,ϑ1 ∈ C(J ,R+), such that

∣
∣φ

(
t, p(t)

)∣
∣ ≤ ω1(t) + ϑ1(t)|p|

with ω∗
1 = supt∈J ω1(t) and ϑ∗

1 = supt∈J ϑ1(t) < 1.
Similarly, for t ∈ J and q ∈R, there are ω2,ϑ2 ∈ C(J ,R+), such that

∣
∣φ

(
t, q(t)

)∣
∣ ≤ ω2(t) + ϑ2(t)|q|

with ω∗
2 = supt∈J ω2(t) and ϑ∗

2 = supt∈J ϑ2(t) < 1.
(H4) For all p, y, p̃, ỹ ∈ R and for each t ∈ J there exists a constant Lf > 0, 0 < L̃f < 1,

such that

∣
∣f

(
t, p(t), y(t)

)
– f

(
t, p̃(t), ỹ(t)

)∣
∣ ≤Lf |p – p̃| + L̃f |y – ỹ|.

Similarly, for all q, z, q̃, z̃ ∈ R and for each t ∈ J there exists a constant Lg > 0, 0 <
L̃g < 1, such that

∣
∣g

(
t, q(t), z(t)

)
– g

(
t, q̃(t), z̃(t)

)∣
∣ ≤Lg |q – q̃| + L̃g |z – z̃|.

(H5) Ik ,̃ Ik : R →R is continuous and there exist constants LI , L̃I , L̃I , L̃̃I > 0 such that for
any (p, q), (̃p, q̃) ∈ E

∣
∣Ik

(
p(t)

)
– Ik

(
p̃(t)

)∣
∣ ≤LI |p – p̃|, ∣

∣Ik
(
q(t)

)
– Ik

(
q̃(t)

)∣
∣ ≤ L̃I |q – q̃|,

∣
∣̃Ik

(
p(t)

)
– Ĩk

(
p̃(t)

)∣
∣ ≤ L̃I |p – p̃|, ∣

∣̃Ik
(
q(t)

)
– Ĩk

(
q̃(t)

)∣
∣ ≤ L̃̃I |q – q̃|.
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(H6) For all p, p̃ ∈R and for each t ∈ J there exists a constant Lφ ,Lϕ > 0, such that

∣
∣φ

(
t, p(t)

)
– φ

(
t, p̃(t)

)∣
∣ ≤Lφ|p – p̃|, ∣

∣ϕ(p) – ϕ (̃p)
∣
∣ ≤Lϕ |p – p̃|.

Similarly, for all q, q̃ ∈ R and for each t ∈ J there exists a constant L̃φ , L̃ϕ > 0, such
that

∣
∣φ

(
t, q(t)

)
– φ

(
t, q̃(t)

)∣
∣ ≤ L̃φ |q – q̃|, ∣

∣ϕ(q) – ϕ (̃q)
∣
∣ ≤ L̃ϕ|q – q̃|.

Here we use Kransnoselskii’s fixed point theorem to show that the operator F + G has
at least one fixed point. Therefore, we choose a closed ball

Er =
{

(p, q) ∈ E ,
∥
∥(p, q)

∥
∥ ≤ r,‖p‖ ≤ r

2
and ‖q‖ ≤ r

2

}

⊂ E ,

where

r ≥
M∗

1 + M∗∗
1 + (o∗

1+�∗
1 o∗

2)M∗
3+(o∗

2+�∗
2 o∗

1)M∗∗
3

�∗
1�∗

2 –1

1 – M∗
2 – M∗∗

2 – Υ ∗
1 M∗

2+Υ ∗
2 M∗∗

2
�∗

1�∗
2 –1

.

Theorem 3.3 If assumptions (H1)–(H6) are true, then (1.1) has at least one solution.

Proof For any (p, q) ∈ Er , we have

∥
∥F(p, q) + G(p, q)

∥
∥
E ≤ ∥

∥F1(p)
∥
∥
E1

+
∥
∥F2(q)

∥
∥
E2

+
∥
∥G1(p, q)

∥
∥
E1

+
∥
∥G2(p, q)

∥
∥
E2

. (3.11)

From (3.9), we get

∣
∣F1p(t)(ln t)2–α

∣
∣ ≤ T

∣
∣A0(α)

∣
∣
∣
∣ϕ(p)

∣
∣ +

k∑

i=1

∣
∣A1i(α)

∣
∣
∣
∣Ii

(
p(ti)

)∣
∣ +

k∑

i=1

∣
∣A2i(α)

∣
∣
∣
∣Ĩi

(
p(ti)

)∣
∣

+
|A3(α)|
Γ (α)

∫ T

1

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣φ

(
s, p(s)

)∣
∣ds

s
, k = 1, 2, . . . , m.

This implies that

∥
∥F1(p)

∥
∥
E1

≤ TMϕ

∣
∣A0(α)

∣
∣ + kM′

I
∣
∣A1(α)

∣
∣ + kM′

Ĩ
∣
∣A2(α)

∣
∣ + kMI

∣
∣A1(α)

∣
∣‖p‖

+ kMĨ
∣
∣A2(α)

∣
∣‖p‖ –

|A3(α)|(ω∗
1 + ϑ∗

1 ‖p‖)
Γ (α + 1)

∣
∣(ln T)α

∣
∣

≤M∗
1 + M∗

2‖p‖. (3.12)

Similarly, we can obtain

∥
∥F2(q)

∥
∥
E2

≤M∗∗
1 + M∗∗

2 ‖q‖, (3.13)
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where

M∗
1 = TMϕ

∣
∣A0(α)

∣
∣ + kM′

I
∣
∣A1(α)

∣
∣ + kM′

Ĩ
∣
∣A2(α)

∣
∣

–
|A3(α)|ω∗

1
Γ (α + 1)

∣
∣(ln T)α

∣
∣, k = 1, 2, . . . , m,

M∗
2 = kMI

∣
∣A1(α)

∣
∣ + kMĨ

∣
∣A2(α)

∣
∣ –

|A3(α)|ϑ∗
1

Γ (α + 1)
∣
∣(ln T)α

∣
∣, k = 1, 2, . . . , m,

M∗∗
1 = TM̃ϕ

∣
∣A0(β)

∣
∣ + kM̃′

I
∣
∣A1(β)

∣
∣ + kM̃′̃

I
∣
∣A2(β)

∣
∣

–
|A3(β)|ω∗

2
Γ (β + 1)

∣
∣(ln T)β

∣
∣, k = 1, 2, . . . , n,

M∗∗
2 = kM̃I

∣
∣A1(β)

∣
∣ + kM̃Ĩ

∣
∣A2(β)

∣
∣ –

|A3(β)|ϑ∗
2

Γ (β + 1)
∣
∣(ln T)β

∣
∣, k = 1, 2, . . . , n.

Also, we have

∣
∣G1(p, q)(t)(ln t)2–α

∣
∣

≤ |A0(α)|
Γ (α – 1)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–2∣∣
∣
∣

∣
∣y(s)

∣
∣ds

s
+

|A4(α)|
Γ (α)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣y(s)

∣
∣ds

s

+
k∑

i=1

|A5i(α)|
Γ (α)

∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–1∣∣
∣
∣

∣
∣y(s)

∣
∣ds

s
+

|(ln t)2–α|
Γ (α)

∫ t

tk

∣
∣
∣
∣

(

ln
t
s

)α–1∣∣
∣
∣

∣
∣y(s)

∣
∣ds

s

+
k∑

i=1

| ln t3–α(ln ti)2–α|
Γ (α – 1)

∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–2∣∣
∣
∣

∣
∣y(s)

∣
∣ds

s
, k = 1, 2, . . . , m. (3.14)

Now by (H1), then

∣
∣y(t)

∣
∣ =

∣
∣f

(
t, p(t), z(t)

)∣
∣

≤ o1(t) + ρ1(t)
∣
∣p(t)

∣
∣ + �1(t)

∣
∣z(t)

∣
∣

≤ o1(t) + ρ1(t)
∣
∣p(t)

∣
∣ + �1(t)

∣
∣g

(
t, q(t), y(t)

)∣
∣

≤ o1(t) + ρ1(t)
∣
∣p(t)

∣
∣ + �1(t)

(
o2(t) + ρ2(t)

∣
∣q(t)

∣
∣ + �2(t)

∣
∣y(t)

∣
∣
)

≤ o1(t) + �1(t)o2(t)
1 – �1(t)�2(t)

+
ρ1(t)|p(t)| + �1(t)ρ2(t)|q(t)|

1 – �1(t)�2(t)
.

So, we obtain

‖y‖ ≤ o∗
1 + �∗

1o∗
2

1 – �∗
1�

∗
2

+
ρ∗

1‖p‖ + �∗
1ρ

∗
2‖q‖

1 – �∗
1�

∗
2

. (3.15)

Now by taking supt∈J and using (3.15) in (3.14), we get

∥
∥G1(p, q)

∥
∥
E1

≤
(

o∗
1 + �∗

1o∗
2

�∗
1�

∗
2 – 1

+
ρ∗

1‖p‖ + �∗
1ρ

∗
2‖q‖

�∗
1�

∗
2 – 1

)

×
( |A0(α)||(ln T

tk
)α–1|

Γ (α)
+

|A4(α)||(ln T
tk

)α|
Γ (α + 1)

+
k|A5(α)|
Γ (α + 1)

∣
∣
∣
∣

(

ln
tk

tk–1

)α∣
∣
∣
∣
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+
|(ln t)2–α||(ln t

tk
)α|

Γ (α + 1)
+

k| ln t3–α(ln tk)2–α||(ln tk
tk–1

)α–1|
Γ (α)

)

≤ (o∗
1 + �∗

1o∗
2)M∗

3
�∗

1�
∗
2 – 1

+
(ρ∗

1‖p‖ + �∗
1ρ

∗
2‖q‖)M∗

3
�∗

1�
∗
2 – 1

≤ (o∗
1 + �∗

1o∗
2)M∗

3
�∗

1�
∗
2 – 1

+
Υ ∗

1 M∗
3

�∗
1�

∗
2 – 1

∥
∥(p, q)

∥
∥. (3.16)

Similarly

∥
∥G2(p, q)

∥
∥
E2

≤ (o∗
2 + �∗

2o∗
1)M∗∗

3
�∗

1�
∗
2 – 1

+
Υ ∗

2 M∗∗
3

�∗
1�

∗
2 – 1

∥
∥(p, q)

∥
∥, (3.17)

where

Υ ∗
1 = max

{
ρ∗

1 ,ρ∗
2�∗

1
}

,

Υ ∗
2 = max

{
ρ∗

1�∗
2 ,ρ∗

2
}

,

and

M∗
3 =

|A0(α)||(ln T
tk

)α–1|
Γ (α)

+
|A4(α)||(ln T

tk
)α|

Γ (α + 1)
+

k|A5(α)||(ln tk
tk–1

)α|
Γ (α + 1)

+
|(ln t)2–α||(ln t

tk
)α|

Γ (α + 1)
+

k| ln t3–α(ln tk)2–α||(ln tk
tk–1

)α–1|
Γ (α)

, k = 1, 2, . . . , m,

M∗∗
3 =

|A0(β)||(ln T
tk

)β–1|
Γ (β)

+
|A4(β)||(ln T

tk
)β |

Γ (β + 1)
+

k|A5(β)||(ln tk
tk–1

)β |
Γ (β + 1)

+
|(ln t)2–β ||(ln t

tk
)β |

Γ (β + 1)
+

k| ln t3–β(ln tk)2–β ||(ln tk
tk–1

)β–1|
Γ (β)

, k = 1, 2, . . . , n.

Putting (3.12), (3.13), (3.16) and (3.17) in (3.11), we get

∥
∥F(p, q) + G(p, q)

∥
∥
E

≤M∗
1 + M∗∗

1 +
(o∗

1 + �∗
1o∗

2)M∗
3 + (o∗

2 + �∗
2o∗

1)M∗∗
3

�∗
1�

∗
2 – 1

+
(

Υ ∗
1 M∗

3 + Υ ∗
2 M∗∗

3
�∗

1�
∗
2 – 1

)
∥
∥(p, q)

∥
∥

+ M∗
2‖p‖ + M∗∗

2 ‖q‖

≤M∗
1 + M∗∗

1 +
(o∗

1 + �∗
1o∗

2)M∗
3 + (o∗

2 + �∗
2o∗

1)M∗∗
3

�∗
1�

∗
2 – 1

+
(

M∗
2 + M∗∗

2 +
Υ ∗

1 M∗
3 + Υ ∗

2 M∗∗
3

�∗
1�

∗
2 – 1

)
∥
∥(p, q)

∥
∥

≤ r.

Hence, F(p, q) + G(p, q) ∈ Er .
Next, for any t ∈ J , (p, q), (̃p, q̃) ∈ E

∥
∥F(p, q) – F(̃p, q̃)

∥
∥
E

≤ ∥
∥F1(p) – F1(̃p)

∥
∥
E1

+
∥
∥F2(q) – F2(̃q)

∥
∥
E2
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≤ T
∣
∣A0(α)

∣
∣
∣
∣ϕ(p) – ϕ (̃p)

∣
∣ +

k∑

i=1

∣
∣A1i(α)

∣
∣
∣
∣Ii(pi) – Ii (̃pi)

∣
∣ +

k∑

i=1

∣
∣A2i(α)

∣
∣

× ∣
∣Ĩi(pi) – Ĩi (̃pi)

∣
∣ +

|A3(α)|
Γ (α)

∫ T

1

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣φ

(
s, p(s)

)
– φ

(
s, p̃(s)

)∣
∣ds

s

+ T
∣
∣A0(β)

∣
∣
∣
∣ϕ(q) – ϕ (̃q)

∣
∣ +

k∑

j=1

∣
∣A1j(β)

∣
∣
∣
∣Ij(qj) – Ij (̃qj)

∣
∣ +

k∑

j=1

∣
∣A2j(β)

∣
∣

× ∣
∣Ĩj(qj) – Ĩj (̃qj)

∣
∣ +

|A3(β)|
Γ (β)

∫ T

1

∣
∣
∣
∣

(

ln
T
s

)β–1∣∣
∣
∣

∣
∣φ

(
s, q(s)

)
– φ

(
s, q̃(s)

)∣
∣ds

s

≤
(

TLϕ

∣
∣A0(α)

∣
∣ + kLI

∣
∣A1(α)

∣
∣ + kLĨ

∣
∣A2(α)

∣
∣ –

Lφ|A3(α)||(ln T)α|
Γ (α + 1)

)

‖p – p̃‖

+
(

TL̃ϕ

∣
∣A0(β)

∣
∣ + kL̃I

∣
∣A1(β)

∣
∣ + kL̃Ĩ

∣
∣A2(β)

∣
∣ –

L̃φ|A3(β)||(ln T)β |
Γ (β + 1)

)

× ‖q – q̃‖
≤L(ξ1 + ξ2)

∥
∥(p – p̃, q – q̃)

∥
∥.

Here L = max{Lϕ ,LI ,LĨ ,Lφ , L̃ϕ , L̃I , L̃Ĩ , L̃φ},

ξ1 = T
∣
∣A0(α)

∣
∣ + k

∣
∣A1(α)

∣
∣ + k

∣
∣A2(α)

∣
∣ –

|A3(α)||(ln T)α|
Γ (α + 1)

, k = 1, 2, . . . , m,

and

ξ2 = T
∣
∣A0(β)

∣
∣ + k

∣
∣A1(β)

∣
∣ + k

∣
∣A2(β)

∣
∣ –

|A3(β)||(ln T)β |
Γ (β + 1)

, k = 1, 2, . . . , n.

Therefore, F is a contraction mapping.
Now, we prove the continuity and compactness of G; we construct a sequence Ts =

(ps, qs) in Er such that (ps, qs) → (p, q) for n → ∞ in Er . Thus, we have

∥
∥G(ps, qs) – G(p, q)

∥
∥
E

≤ ∥
∥G1(ps, qs) – G1(p, q)

∥
∥
E1

+
∥
∥G2(ps, qs) – G2(p, q)

∥
∥
E2

≤
( |A0(α)||(ln T

tk
)α–1|

Γ (α)
+

|A4(α)||(ln T
tk

)α|
Γ (α + 1)

+
|(ln t

tk
)α||(ln t)2–α|

Γ (α + 1)
+

k|A5||(ln tk
tk–1

)α|
Γ (α + 1)

+
k| ln t3–α(ln tk)2–α||(ln tk

tk–1
)α–1|

Γ (α)

)(Lf ‖ps – p‖ + L̃f Lg‖qs – q‖
L̃f L̃g – 1

)

+
( |A0(β)||(ln T

tk
)β–1|

Γ (β)
+

|A4(β)||(ln T
tk

)β |
Γ (β + 1)

+
|(ln t

tk
)β ||(ln t)2–β |

Γ (β + 1)
+

k|A5(β)||(ln tk
tk–1

)β |
Γ (β + 1)

+
k| ln t3–β(ln tk)2–β ||(ln tk

tk–1
)β–1|

Γ (β)

)(Lf L̃g‖ps – p‖ + Lg‖qs – q‖
L̃f L̃g – 1

)
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≤M∗
3

(Lf ‖ps – p‖ + L̃f Lg‖qs – q‖
L̃f L̃g – 1

)

+ M∗∗
3

(Lf L̃g‖ps – p‖ + Lg‖qs – q‖
L̃f L̃g – 1

)

.

This implies ‖G(ps, qs) – G(p, q)‖E → 0 as s → ∞, therefore G is continuous.
Next, we show that G is uniformly bounded on Er . From (3.16) and (3.17), we have

∥
∥G(p, q)(t)

∥
∥
E ≤ ∥

∥G1(p, q)(t)
∥
∥
E1

+
∥
∥G2(p, q)(t)

∥
∥
E2

≤ (o∗
1 + �∗

1o∗
2)M∗

3
�∗

1�
∗
2 – 1

+
(o∗

2 + �∗
2o∗

1)M∗∗
3

�∗
1�

∗
2 – 1

+
(

Υ ∗
1 M∗

3
�∗

1�
∗
2 – 1

+
Υ ∗

2 M∗∗
3

�∗
1�

∗
2 – 1

)
∥
∥(p, q)

∥
∥

≤ r.

Thus, G is uniformly bounded on Er .
For equi-continuity, take τ1, τ2 ∈ J with τ1 < τ2 and for any (p, q) ∈ Er ⊂ E , where Er is

clearly bounded, we have

∥
∥G1(p, q)(τ1) – G1(p, q)(τ2)

∥
∥
E

= max
∣
∣
(
G1(p, q)(τ1) – G1(p, q)(τ2)

)
(ln t)2–α

∣
∣

≤
[( |A0(α)||(ln T

tk
)α–1|

Γ (α)
+

|A4(α)||(ln T
tk

)α| + k|A5(α)||(ln tk
tk–1

)α|
Γ (α + 1)

)

× ∣
∣(ln t)2–α

∣
∣
∣
∣(ln τ1)α–2 – (ln τ2)α–2∣∣

+
k|(ln t)2–α||(ln tk

tk–1
)α–1|| ln τ 3–α

1 (logtk
τ1)α–2 – ln τ 3–α

2 (logtk
τ2)α–2|

Γ (α)

]

×
(

o∗
1 + �∗

1o∗
2

1 – �∗
1�

∗
2

+
ρ∗

1‖p‖ + �∗
1ρ

∗
2‖q‖

1 – �∗
1�

∗
2

)

+
|(ln t)2–α|

Γ (α)

∣
∣
∣
∣

∫ τ1

tk

(

ln
τ1

s

)α–1

f
(
s, p(s), HD

βq(s)
)ds

s

–
∫ τ1

tk

(

ln
τ1

s

)α–1

f
(
s, p(s), HD

βq(s)
)ds

s

∣
∣
∣
∣.

This implies that

∥
∥G1(p, q)(τ1) – G1(p, q)(τ2)

∥
∥
E1

→ 0 as τ1 → τ2.

In the same way, we have

∥
∥G2(p, q)(τ1) – G2(p, q)(τ2)

∥
∥
E2

→ 0 as τ1 → τ2.

Hence

∥
∥G(p, q)(τ1) – G(p, q)(τ2)

∥
∥
E → 0 as τ1 → τ2.

Therefore, G is relatively compact on Er . By the Arzelà–Ascoli theorem, G is compact and
hence is a completely continuous operator. So (1.1) has at least one solution. �
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Theorem 3.4 Let the hypotheses (H4)–(H6) be satisfied with

Λ1 + Λ3 +
Λ2(Lf + L̃f Lg) + Λ4(Lg + Lf L̃g)

(L̃f L̃g – 1)
< 1, (3.18)

then (1.1) has unique solution.

Proof Define an operator Φ = (Φ1,Φ2) : E → E , i.e., Φ(p, q)(t) = (Φ1(p, q),Φ2(p, q))(t),
where

Φ1(p, q)(t) = TA0(α)ϕ(p)(ln t)α–2

+
k∑

i=1

A1i(α)(ln t)α–2Ii
(
p(ti)

)
+

k∑

i=1

A2i(α)(ln t)α–2Ĩi
(
p(ti)

)

+
A3(α)(ln t)α–2

Γ (α)

∫ T

1

(

ln
T
s

)α–1

φ
(
s, p(s)

)ds
s

+
A0(α)(ln t)α–2

Γ (α – 1)

∫ T

tk

(

ln
T
s

)α–2

f
(
s, p(s), HD

βq(s)
)ds

s

+
A4(α)(ln t)α–2

Γ (α)

∫ T

tk

(

ln
T
s

)α–1

f
(
s, p(s), HD

βq(s)
)ds

s

+
1

Γ (α)

∫ t

tk

(

ln
t
s

)α–1

f
(
s, p(s), HD

βq(s)
)ds

s

+
k∑

i=1

A5i(α)(ln t)α–2

Γ (α)

∫ ti

ti–1

(

ln
ti

s

)α–1

f
(
s, p(s), HD

βq(s)
)ds

s

+
k∑

i=1

ln t3–α(logti t)α–2

Γ (α – 1)

∫ ti

ti–1

(

ln
ti

s

)α–2

f
(
s, p(s), HD

βq(s)
)ds

s
,

k = 1, 2, . . . , m,

and

Φ2(p, q)(t) = TA0(β)ϕ(q)(ln t)β–2

+
k∑

j=1

A1j(β)(ln t)β–2Ij
(
q(tj)

)
+

k∑

j=1

A2j(β)(ln t)β–2Ĩj
(
q(tj)

)

+
A3(β)(ln t)β–2

Γ (β)

∫ T

1

(

ln
T
s

)β–1

φ
(
s, q(s)

)ds
s

+
A0(β)(ln t)β–2

Γ (β – 1)

∫ T

tk

(

ln
T
s

)β–2

g
(
s, q(s), HD

αp(s)
)ds

s

+
A4(β)(ln t)β–2

Γ (β)

∫ T

tk

(

ln
T
s

)β–1

g
(
s, q(s), HD

αp(s)
)ds

s

+
1

Γ (β)

∫ t

tk

(

ln
t
s

)β–1

g
(
s, q(s), HD

αp(s)
)ds

s
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+
k∑

j=1

A5j(β)(ln t)β–2

Γ (β)

∫ tj

tj–1

(

ln
tj

s

)β–1

g
(
s, q(s), HD

αp(s)
)ds

s

+
k∑

j=1

ln t3–β (logtj t)β–2

Γ (β – 1)

∫ tj

tj–1

(

ln
tj

s

)β–2

g
(
s, q(s), HD

αp(s)
)ds

s
,

k = 1, 2, . . . , n.

In view of Theorem 3.3, we have

∣
∣
(
Φ1(p, q) – Φ1(̃p, q̃)

)
(ln t)2–α

∣
∣

≤
[

T
∣
∣A0(α)

∣
∣Lϕ + k

∣
∣A1(α)

∣
∣LI + k

∣
∣A2(α)

∣
∣LĨ –

|A3(α)||(ln T)α|Lφ

Γ (α + 1)

+
( |A0(α)||(ln T

tk
)α–1|

Γ (α)
+

|A4(α)||(ln T
tk

)α|
Γ (α + 1)

+
|(ln t)2–α||(ln t

tk
)α|

Γ (α + 1)

+
k|A5(α)||(ln tk

tk–1
)α|

Γ (α + 1)
+

m| ln t3–α||(ln tk)2–α||(ln tk
tk–1

)α–1|
Γ (α)

) Lf

(L̃f L̃g – 1)

]

× ∣
∣p(t) – p̃(t)

∣
∣ +

[ |A0(α)||(ln T
tk

)α–1|
Γ (α)

+
|A4(α)||(ln T

tk
)α|

Γ (α + 1)
+

|(ln t)2–α||(ln t
tk

)α|
Γ (α + 1)

+
k|A5(α)||(ln tk

tk–1
)α|

Γ (α + 1)
+

k| ln t3–α||(ln tk)2–α||(ln tk
tk–1

)α–1|
Γ (α)

] L̃f Lg |q – q̃|
(L̃f L̃g – 1)

,

k = 1, 2, . . . , m.

Taking supt∈J , we get

∥
∥Φ1(p, q) – Φ1(̃p, q̃)

∥
∥
E1

≤
[

Λ1 +
Λ2(Lf + L̃f Lg)

(L̃f L̃g – 1)

]
∥
∥(p, q) – (̃p, q̃)

∥
∥,

for k = 1, 2, . . . , m, where

Λ1 = T
∣
∣A0(α)

∣
∣Lϕ + k

∣
∣A1(α)

∣
∣LI + k

∣
∣A2(α)

∣
∣LĨ –

|A3(α)||(ln T)α|Lφ

Γ (α + 1)
,

Λ2 =
|A0(α)||(ln T

tk
)α–1|

Γ (α)
+

|A4(α)||(ln T
tk

)α|
Γ (α + 1)

+
|(ln t)2–α||(ln t

tk
)α|

Γ (α + 1)

+
k|A5(α)||(ln tk

tk–1
)α|

Γ (α + 1)
+

k| ln t3–α||(ln tk)2–α||(ln tk
tk–1

)α–1|
Γ (α)

.

Similarly

∥
∥Φ2(p, q) – Φ2(̃p, q̃)

∥
∥
E2

≤
[

Λ3 +
Λ4(Lg + Lf L̃g)

(L̃f L̃g – 1)

]
∥
∥(p, q) – (̃p, q̃)

∥
∥,

for k = 1, 2, . . . , n, where

Λ3 = T
∣
∣A0(β)

∣
∣L̃ϕ + k

∣
∣A1(β)

∣
∣L̃I + k

∣
∣A2(β)

∣
∣L̃Ĩ –

|A3(β)||(ln T)β |L̃φ

Γ (β + 1)
,
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Λ4 =
|A0(β)||(ln T

tk
)β–1|

Γ (β)
+

|A4(β)||(ln T
tk

)β |
Γ (β + 1)

+
|(ln t)2–β ||(ln t

tk
)β |

Γ (β + 1)

+
k|A5(β)||(ln tk

tk–1
)β |

Γ (β + 1)
+

k| ln t3–β ||(ln tk)2–β ||(ln tk
tk–1

)β–1|
Γ (β)

.

Hence,

∥
∥Φ(p, q) – Φ (̃p, q̃)

∥
∥
E

≤
[

Λ1 + Λ3 +
Λ2(Lf + L̃f Lg) + Λ4(Lg + Lf L̃g)

(L̃f L̃g – 1)

]
∥
∥(p, q) – (̃p, q̃)

∥
∥.

This implies that the operator Φ is a contraction. Therefore, (1.1) has a unique solution. �

4 Ulam stability analysis
In this portion, we analyze different kinds of stability, like the Hyers–Ulam, generalized
Hyers–Ulam, Hyers–Ulam–Rassias and generalized Hyers–Ulam–Rassias stability of the
proposed system.

Theorem 4.1 If assumptions (H1)–(H3) and inequality (3.18) are satisfied and

� = 1 –
Lf L̃f LgL̃gΛ2Λ4

((L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf )((L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg)
> 0,

then the unique solution of the coupled system (1.1) is Hyers–Ulam stable and consequently
generalized Hyers–Ulam stable.

Proof Consider (p, q) ∈ E be an approximate solution of inequality (2.1) and let (̂p, q̂) ∈ E
be the unique solution of the coupled system given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

HD
αp̂(t) = f (t, p̂(t), HD

β q̂(t)), t ∈ J , t �= ti, i = 1, 2, . . . , m,

HD
β q̂(t) = g(t, HD

α p̂(t), q̂(t)), t ∈ J , t �= tj, j = 1, 2, . . . , n,

�p̂(ti) = Ii (̂p(ti)), �p̂′(ti) = Ĩi (̂p(ti)), i = 1, 2, . . . , m,

�q̂(tj) = Ij (̂q(tj)), �q̂′(tj) = Ĩj (̂q(tj)), j = 1, 2, . . . , n,

p̂(T) =
∫ T

1
(ln T

s )α–1

Γ (α) φ(s, p̂(s)) ds
s , p̂′(T) = ϕ (̂p),

q̂(T) =
∫ T

1
(ln T

s )β–1

Γ (β) φ(s, q̂(s)) ds
s , q̂′(T) = ϕ (̂q).

(4.1)

By Remark 2.9 we have

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

HD
αp(t) = f (t, p(t), HD

βq(t)) + Υf (t), t ∈ J , t �= ti, i = 1, 2, . . . , m,

�p(ti) = Ii(p(ti)) + Υfi , �p′(ti) = Ĩi(p(ti)) + Υfi , i = 1, 2, . . . , m,

HD
βq(t) = g(t, HD

αp(t), q(t)) + Υg(t), t ∈ J , t �= tj, j = 1, 2, . . . , n,

�q(tj) = Ij(q(tj)) + Υgj , �q′(tj) = Ĩj(q(tj)) + Υgj , j = 1, 2, . . . , n.

(4.2)
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By Corollary 3.2, the solution of problem (4.2) is

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p(t) = TA0(α)ϕ(p)(ln t)α–2 +
∑k

i=1 A1i(α)(ln t)α–2(Ii(p(ti)) + Υfi )

+
∑k

i=1 A2i(α)(ln t)α–2(Ĩi(p(ti)) + Υfi )

+ A0(α)(ln t)α–2

Γ (α–1)
∫ T

tk
(ln T

s )α–2(f (s, p(s), HD
βq(s)) + Υf (t)) ds

s

+ A4(α)(ln t)α–2

Γ (α)
∫ T

tk
(ln T

s )α–1(f (s, p(s), HD
βq(s)) + Υf (t)) ds

s

+
∑k

i=1
A5i(α)(ln t)α–2

Γ (α)
∫ ti

ti–1
(ln ti

s )α–1(f (s, p(s), HD
βq(s)) + Υf (t)) ds

s

+
∑k

i=1
ln t3–α (logti t)α–2

Γ (α–1)
∫ ti

ti–1
(ln ti

s )α–2(f (s, p(s), HD
βq(s)) + Υf (t)) ds

s

+ A3(α)(ln t)α–2

Γ (α)
∫ T

1 (ln T
s )α–1φ(s, p(s)) ds

s

+ 1
Γ (α)

∫ t
tk

(ln t
s )α–1(f (s, p(s), HD

βq(s)) + Υf (t)) ds
s ,

k = 1, 2, . . . , m,

q(t) = TA0(β)ϕ(q)(ln t)β–2 +
∑k

j=1 A1j(β)(ln t)β–2(Ij(q(tj)) + Υgi )

+
∑k

j=1 A2j(β)(ln t)β–2(Ĩj(q(tj)) + Υgi )

+ A0(β)(ln t)β–2

Γ (β–1)
∫ T

tk
(ln T

s )β–2(g(s, q(s), HD
αp(s)) + Υg(t)) ds

s

+ A4(β)(ln t)β–2

Γ (β)
∫ T

tk
(ln T

s )β–1(g(s, q(s), HD
αp(s)) + Υg(t)) ds

s

+
∑k

j=1
A5j(β)(ln t)β–2

Γ (β)
∫ tj

tj–1
(ln tj

s )β–1(g(s, q(s), HD
αp(s)) + Υg(t)) ds

s

+
∑k

j=1
ln t3–β (logtj t)β–2

Γ (β–1)
∫ tj

tj–1
(ln tj

s )β–2(g(s, q(s), HD
αp(s)) + Υg(t)) ds

s

+ A3(β)(ln t)β–2

Γ (β)
∫ T

1 (ln T
s )β–1φ(s, q(s)) ds

s

+ 1
Γ (β)

∫ t
tk

(ln t
s )β–1(g(s, q(s), HD

αp(s)) + Υg(t)) ds
s ,

k = 1, 2, . . . , n.

(4.3)

We consider

∣
∣
(
p(t) – p̂(t)

)
(ln t)2–α

∣
∣

≤ T
∣
∣A0(α)

∣
∣
∣
∣ϕ(p) – ϕ (̂p)

∣
∣

+
k∑

i=1

∣
∣A1i(α)

∣
∣
∣
∣Ii

(
p(ti)

)
– Ii

(
p̂(ti)

)∣
∣ +

k∑

i=1

∣
∣A2i(α)

∣
∣
∣
∣Ĩi

(
p(ti)

)
– Ĩi

(
p̂(ti)

)∣
∣

+
|A0(α)|
Γ (α – 1)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–2∣∣
∣
∣

∣
∣f

(
s, p(s), HD

βq(s)
)

– f
(
s, p̂(s), HD

β q̂(s)
)∣
∣ds

s

+
|A4(α)|
Γ (α)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣f

(
s, p(s), HD

βq(s)
)

– f
(
s, p̂(s), HD

β q̂(s)
)∣
∣ds

s

+
k∑

i=1

|A5i(α)|
Γ (α)

∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–1∣∣
∣
∣

∣
∣f

(
s, p(s), HD

βq(s)
)

– f
(
s, p̂(s), HD

β q̂(s)
)∣
∣ds

s

+
k∑

i=1

| ln t3–α||(ln ti)2–α|
Γ (α – 1)

×
∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–2∣∣
∣
∣

∣
∣f

(
s, p(s), HD

βq(s)
)

– f
(
s, p̂(s), HD

β q̂(s)
)∣
∣ds

s
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+
|(ln t)2–α|

Γ (α)

∫ t

tk

∣
∣
∣
∣

(

ln
t
s

)α–1∣∣
∣
∣

∣
∣f

(
s, p(s), HD

βq(s)
)

– f
(
s, p̂(s), HD

β q̂(s)
)∣
∣ds

s

+
|A3(α)|
Γ (α)

∫ T

1

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣φ

(
s, p(s)

)
– φ

(
s, p̂(s)

)∣
∣ds

s

+
k∑

i=1

∣
∣A2i(α)

∣
∣|Υfi | +

|A0(α)|
Γ (α – 1)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–2∣∣
∣
∣

∣
∣Υf (s)

∣
∣ds

s

+
k∑

i=1

∣
∣A1i(α)

∣
∣|Υfi | +

|A4(α)|
Γ (α)

∫ T

tk

∣
∣
∣
∣

(

ln
T
s

)α–1∣∣
∣
∣

∣
∣Υf (s)

∣
∣ds

s

+
k∑

i=1

|A5i(α)|
Γ (α)

∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–1∣∣
∣
∣

∣
∣Υf (s)

∣
∣ds

s

+
k∑

i=1

| ln t3–α||(ln ti)2–α|
Γ (α – 1)

∫ ti

ti–1

∣
∣
∣
∣

(

ln
ti

s

)α–2∣∣
∣
∣

∣
∣Υf (s)

∣
∣ds

s

+
|(ln t)2–α|

Γ (α)

∫ t

tk

∣
∣
∣
∣

(

ln
t
s

)α–1∣∣
∣
∣

∣
∣Υf (s)

∣
∣ds

s
.

As in Theorem 3.4, we get

‖p – p̂‖E1 ≤
(

Λ1 +
Λ2Lf

L̃f L̃g – 1

)

(ln t)2–α‖p – p̂‖E1 +
Λ2L̃f Lg

L̃f L̃g – 1
(ln t)2–α‖q – q̂‖E1

+
(
Λ2 + k

∣
∣A1(α)

∣
∣ + k

∣
∣A2(α)

∣
∣
)
�α , k = 1, 2, . . . , m, (4.4)

and

‖q – q̂‖E2 ≤ Λ4Lf L̃g

L̃f L̃g – 1
(ln t)2–β‖p – p̂‖E2 +

(

Λ3 +
Λ4Lg

L̃f L̃g – 1

)

(ln t)2–β‖q – q̂‖E2

+
(
Λ4 + k

∣
∣A1(β)

∣
∣ + k

∣
∣A2(β)

∣
∣
)
�β , k = 1, 2, . . . , n. (4.5)

From (4.4) and (4.5) we have

‖p – p̂‖E1 –
Λ2L̃f Lg

(L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf
‖q – q̂‖E1

≤ Λ2 + k|A1(α)| + k|A2(α)|
1 – (Λ1 + Λ2Lf

L̃f L̃g –1 )(ln t)2–α
�α

and

‖q – q̂‖E2 –
Λ4Lf L̃g

(L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg
‖p – p̂‖E2

≤ Λ4 + k|A1(β)| + k|A2(β)|
1 – (Λ3 + Λ4Lg

L̃f L̃g –1 )(ln t)2–β
�β ,
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respectively. Let Gα = Λ2+k|A1(α)|+k|A2(α)|
1–(Λ1+

Λ2Lf
L̃f L̃g –1

)(ln t)2–α
and Gβ = Λ4+k|A1(β)|+k|A2(β)|

1–(Λ3+ Λ4Lg
L̃f L̃g –1

)(ln t)2–β
. Then the last two

inequalities can be written in matrix form as

⎡

⎣
1 – Λ2L̃f Lg

(L̃f L̃g –1)((ln t)α–2–Λ1)–Λ2Lf

– Λ4Lf L̃g
(L̃f L̃g –1)((ln t)β–2–Λ3)–Λ4Lg

1

⎤

⎦

×
[
‖p – p̂‖E1

‖q – q̂‖E2

]

≤
[
Gα�α

Gβ�β

]

,

[
‖p – p̂‖E1

‖q – q̂‖E2

]

≤
⎡

⎣

1
�

Λ2L̃f Lg
(L̃f L̃g –1)((ln t)α–2–Λ1)–Λ2Lf

1
�

Λ4Lf L̃g
(L̃f L̃g –1)((ln t)β–2–Λ3)–Λ4Lg

1
�

1
�

⎤

⎦

[
Gα�α

Gβ�β

]

,

(4.6)

where

� = 1 –
Lf L̃f LgL̃gΛ2Λ4

((L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf )((L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg)
> 0.

From system (4.6) we have

‖p – p̂‖E1 ≤ Gα�α

�
+

Λ2L̃f LgGβ�β

(L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf

1
�

,

‖q – q̂‖E2 ≤ Gβ�β

�
+

Λ4Lf L̃gGα�α

(L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg

1
�

,

which implies that

‖p – p̂‖E1 + ‖q – q̂‖E2 ≤ Gα�α

�
+
Gβ�β

�
+

Λ2L̃f LgGβ�β

(L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf

1
�

+
Λ4Lf L̃gGα�α

(L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg

1
�

.

If max{�α ,�β} = � and Gα

�
+ Gβ

�
+ Λ2L̃f LgGβ

(L̃f L̃g –1)((ln t)α–2–Λ1)–Λ2Lf

1
�

+ Λ4Lf L̃gGα

(L̃f L̃g –1)((ln t)β–2–Λ3)–Λ4Lg
1
�

=
Gα,β , then

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ Gα,β�.

This shows that system (1.1) is Hyers–Ulam stable. Also, if

∥
∥(p, q) – (̂p, q̂)

∥
∥
E ≤ Gα,βΦ(�),

with Φ(0) = 0, then the solution of system (1.1) is generalized Hyers–Ulam stable. �
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For the upcoming result, we suppose that:
(H6) There exist two nondecreasing functions w̄α , w̄β ∈ C(J ,R+) such that

HI
αw̄α(t) ≤Lαw̄α(t) and HI

βw̄β (t) ≤Lβw̄β (t), where Lα ,Lβ > 0.

Theorem 4.2 If assumptions (H1)–(H3) and (H6) and inequality (3.18) are satisfied and

� = 1 –
Lf L̃f LgL̃gΛ2Λ4

((L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf )((L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg)
> 0,

then the unique solution of the coupled system (1.1) is Hyers–Ulam–Rassias stable and
consequently generalized Hyers–Ulam–Rassias stable.

Proof By using Definitions 2.7 and 2.8, we can obtain our result performing the same steps
as in Theorem 4.1. �

5 Example
Example 5.1 Consider

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

HD
6
5 p(t) – 2+p(t)+HD

5
4 q(t)

70et+20(1+p(t)+HD
5
4 q(t))

= 0, t �= 3
2 ,

HD
5
4 q(t) – t cos(p(t))–q(t) sin(t)

50 – HD
6
5 p(t)

25+HD
6
5 p(t)

= 0, t �= 3
2 ,

�p( 3
2 ) = I1(p( 3

2 )) = |p( 3
2 )|

2+|p( 3
2 )| and �p′( 3

2 ) = Ĩ1(p( 3
2 ) = |p( 3

2 )|
25+|p( 3

2 )| ,

�q( 3
2 ) = I1(q( 3

2 )) = |q( 3
2 )|

2+|q( 3
2 )| and �q′( 3

2 ) = Ĩ1(q( 3
2 ) = |q( 3

2 )|
25+|q( 3

2 )| , t1 = 3
2 ,

p(e) =
∫ e

1
(ln e

s )
1
5

Γ ( 6
5 )

s2+p(s)
60

ds
s and p′(e) =

∑10
k=1

1
℘k

|p(ζk)|, 1 < ζk < 2�k > 0,

q(e) =
∫ e

1
(ln e

s )
1
4

Γ ( 5
4 )

s2+q(s)
60

ds
s and q′(e) =

∑10
k=1

1
℘k

|q(ηk)|, 1 < ζk < 2℘k > 0,

(5.1)

where
∑10

k=1
1

℘k
< 1

2 for t ∈ [1, e]. From the system (5.1), we can see α = 6
5 , β = 5

4 , T = e, m = 1
and t1 = 3

2 . Also, we can easily find Lϕ = L̃ϕ = 1
2 , Lφ = L̃φ = 1

60 , LI = L̃I = 1
2 , LĨ = L̃Ĩ = 1

25 ,
Lf = L̃f = 1

70e20 and Lg = L̃g = 1
25 . With the help of Theorem 3.4, the following inequality

is found:

Λ1 + Λ3 +
Λ2(Lf + L̃f Lg) + Λ4(Lg + Lf L̃g)

(L̃f L̃g – 1)
≈ 0.5366 > 0,

hence (5.1) has a unique solution. Also,

� = 1 –
Lf L̃f LgL̃gΛ2Λ4

((L̃f L̃g – 1)((ln t)α–2 – Λ1) – Λ2Lf )((L̃f L̃g – 1)((ln t)β–2 – Λ3) – Λ4Lg)

≈ 0.02280 > 0,

hence by Theorem 4.1 the coupled system (5.1) is Hyers–Ulam stable and thus generalized
Hyers–Ulam stable. Similarly, we can verify the condition of Theorems 3.3 and 4.2.
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6 Conclusion
In this paper, we have used the Krasnoselskii fixed point theorem to achieve the necessary
criteria for the existence and uniqueness of the solution of considered implicit coupled
impulsive fractional differential systems given in (1.1). Additionally, under particular as-
sumptions and conditions, we have established the Hyers–Ulam stability results for the
solution of the considered problem (1.1). From the obtained results, we conclude that
such a method is very powerful, effectual and suitable for the solution of nonlinear im-
plicit coupled impulsive fractional differential equations.
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63. Ali, Z., Zada, A., Shah, K.: On Ulam’s stability for a coupled systems of nonlinear implicit fractional differential
equations. Bull. Malays. Math. Sci. Soc. (2018, in press). https://doi.org/10.1007/s40840-018-0625-x

64. Ali, Z., Zada, A., Shah, K.: Ulam stability to a toppled systems of nonlinear implicit fractional order boundary value
problem. Bound. Value Probl. 2018, 175 (2018). https://doi.org/10.1186/s13661-018-1096-6

65. Ali, A., Shah, K., Jarad, F., Gupta, V., Abdeljawad, T.: Existence and stability analysis to a coupled system of implicit type
impulsive boundary value problems of fractional-order differential equations. Adv. Differ. Equ. 2019, 101 (2019).
https://doi.org/10.1186/s13662-019-2047-y

66. Ali, Z., Kumam, P., Shah, K., Zada, A.: Investigation of Ulam stability results of a coupled system of nonlinear implicit
fractional differential equations. Mathematics 7(4), 341 (2019). https://doi.org/10.3390/math7040341

67. Agarwal, R.P., Zhou, Y., He, Y.: Existence of fractional neutral functional differential equations. Comput. Math. Appl. 59,
1095–1100 (2010)

68. Wang, J., Zhang, Y.: On the concept and existence of solutions for fractional impulsive systems with Hadamard
derivatives. Appl. Math. Lett. 39, 85–90 (2014)

69. Thiramanus, P., Ntouyas, S.K., Tariboon, J.: Positive solutions for Hadamard fractional differential equations on infinite
domain. Adv. Differ. Equ. 2016, 83 (2016)

70. Altman, M.: A fixed point theorem for completely continuous operators in Banach spaces. Bull. Acad. Pol. Sci. 3,
409–413 (1955)

71. Rus, I.A.: Ulam stabilities of ordinary differential equations in a Banach space. Carpath. J. Math. 26, 103–107 (2010)

https://doi.org/10.1007/s40574-018-0180-2
https://doi.org/10.1007/s12346-019-00315-x
https://doi.org/10.1186/s13662-018-1943-x
https://doi.org/10.15672/HJMS.2018.575
https://doi.org/10.1007/s40840-018-0625-x
https://doi.org/10.1186/s13661-018-1096-6
https://doi.org/10.1186/s13662-019-2047-y
https://doi.org/10.3390/math7040341

	Analysis of coupled systems of implicit impulsive fractional differential equations involving Hadamard derivatives
	Abstract
	Keywords

	Introduction
	Preliminaries
	Hyers-Ulam stability deﬁnitions and remarks

	Existence results
	Ulam stability analysis
	Example
	Conclusion
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


