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1 Introduction and preliminaries
Our purpose of this paper is to establish the existence and uniqueness results for two im-
pulsive fractional Hanh difference boundary value problems. More precisely, we consider

the first boundary value problem of order v, 0 < vt <1,

ka;’,i,wkx(t) =f(t,x(t), te€lnk=0,1,2,...,m,
Ax(te) = or(x(E)), k=1,2,...,m, (1)
§1x(0) + &2%(T) = &3,

and the second boundary value problem of order vg, 1 < vy <2,

¢ Dgtwx(®) =f(t,2(t), t€Jik=0,1,2,...,m,

Ax(te) = or(x(£)), k=1,2,...,m,

4 Do) — 1 1 Dy 1o X)) = 0f (x(8)),  k=1,2,...,m,

x(0) = n1, tmDgmom*(T) = 12,
where ﬁkD;ka is the fractional quantum Hahn difference operator of Caputo type, 0 <
qr<l,wr>0,k=0,1,2,...,m,f:JxR—->R,J=[0,T], 0,0 :R— R, k=1,2,...,m, are
given functions, Ax(tx) = x(tx) — x(£;), 4 Dy, o, is the first order quantum Hahn difference
operator on interval Ji, k =0,1,2,...,m, and given constants &;,&,,&3, 11,12 € R.

The g-calculus appeared as a connection between mathematics and physics, especially,

in elementary particle physics, which have used quantum numbers to present the discrete

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2156-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2156-7&domain=pdf
http://orcid.org/0000-0001-8185-3539
mailto:jessada.t@sci.kmutnb.ac.th

Tariboon et al. Advances in Difference Equations (2019) 2019:220 Page 2 of 18

values of energy levels in atoms. In 1910, Jackson [1] introduced the notion of g-derivative
as

f®O)-f(q)
qu(t) _ t(l-q) ’ ¢ #O’ (3)
f/(o)r t= 0)

provided that f’(0) exists. He also was the first to develop g-calculus and g-difference equa-
tions in a systematic way. The book by Kac and Cheung [2] covers many of the fundamental
aspects of quantum calculus and also g-special functions. The g-calculus has many ap-
plications in mathematical areas such as orthogonal polynomials, basic hypergeometric
functions, combinatorics, the calculus of variations, quantum mechanics, and the theory
of relativity. Some recent results in quantum calculus can be found in [3-9] and the refer-
ences cited therein.

Hahn [10] introduced his difference operator Dy, as

flgt+w)-f(t)
Dy f() =] tatre E700
Floo,  t=wn,

(4)
provided that f is differentiable at w,, where g € (0,1) and @ > 0 are fixed. Here f is de-
fined on an interval I C R containing wy := /(1 — g). The Hahn difference operator unifies
(in the limit) the two most well known and used quantum difference operators: the Jack-
son g-difference derivative D, where g € (0, 1), defined by (3), for w = 0, and the forward
difference D, for ¢ — 1, defined by

Do =T ATO, ©

where w > 0 is a fixed constant. The Hahn difference operator is a successful tool for
constructing families of orthogonal polynomials and investigating some approximation
problems (cf. [11-14]). For some recent results on the boundary value problems of Hahn
difference equations we refer to [15—19] and references therein.

Let us emphasize that the definition (3) does not remain valid for impulse points #,
k € Z, such that t; € (qt,t). For example, let [0, T'], T > 4 be a dense interval and ¢ = 2 be
an impulsive point, i.e., f(2*) #f(27). Then we have D;,f (4*) # D15f(47), which implies
that D;/5f(4) does not exist. On the other hand, this situation does not arise for impul-
sive equations on g-time scales {0,...,4%¢, qt, t}, as the domains consist of isolated points
covering the case of consecutive points of ¢ and gt with impulsive points t; ¢ (g¢,t). Due
to this reason, the subject of impulsive quantum difference equations on dense domains
could not be studied. In [20], the authors modified the classical quantum calculus on [, b]
by defining

fO-f(gt+(0-g)a) £
«Df(t) = (1-g)(t-a)
lim;_, . Dyf(t), t=a.

a,

(6)

Observe that if #, k = 1,2,..., are impulse points with f(£;) = f(#), then, by setting
[a,b) = [t, tks1), there is no impulse point in [a, ). With the help of definition (6), a se-
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ries of impulsive quantum initial and boundary value problems were studied. We refer the
interested reader to the recent monograph [21] for details.

In [22], the authors defined a quantum shifting operator by
aq)q(m) =qm+ (1 - 61)61, (7)

m,a € R with m > a. Then the g-derivative of a function f on an interval [4, b] in (6) can

be rewritten as

SO (aPq(2) t<a
Def (B) = TP 7 ’ (®)
limy, 5 ,Dyf(t), t=a.

S

Now, we consider the interval [a, ] C R, the quantum numbers 0 < g < 1, @ > 0, and

+a, 9)

with 0 € [a,b]. The Hahn difference operator was generalized recently in [23] to ,Dg,
defined by

f@®)-f(gt+a(l-g)+o) t#6

’

aDq wf(t) _ (t-a)(1-q)-» (10)
, f’(@), t= 9;

provided that f is differentiable at 6.

Next, we introduce a new quantum Hahn shifting operator by
0 ®@4(m) = gm + (1 - ). (11)

As a special case, if w = a =0, then (11) is reduced to classical quantum shifting in [1]. If
o =0, then (11) is reduced to the g-shifting in (7) studied in [20], and if & = 0, then (11) is
reduced to Hahn shifting as appeared in [10]. In addition, the iterated k-times of quantum
shifting is defined by

9¢§(m) = gcbg_l(@@q(m)) =qd'm+(1-4")0,
with 4@ (m) = m.
Proposition 1 The following relations hold:
D) A-g)t-a)-w=1-q)(t-0)=t-sP,t);
(i) 6P4(0) =0;

(iti) (1-4g")a+wlkl, =1 -g"0, where [k,] = (1-¢")/(1-q), k=0,1,2,....

The next definition modifies the definition (10) (studied in [23]), taking into account

Proposition 1(i)—(iii).
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Definition 1 Let f be a function defined on [4, ]. The quantum Hahn difference operator
is defined by

FO)-f(oP4(®)
aDq,agf(t) _ t—gd)q(t) ’ t #9; (12)
f/(e)) t= 9:

provided that f is differentiable at 6.

Definition 2 Assume f : [a,b] — R is a given function and consider two points ¢,d €
[a, b]. The q, w-quantum Hahn integral of f from c to d is defined by

d d c
/C FS)adys = /9 F)a dys - fe F5)adyos, (13)
where
[ £ adyas =Tt =00,0] L air (02i00), (14)
=0

for t € [a, b], provided that the series converges at t = c and ¢ = d.

Let us define the -power function as

k-1
m-my) =1,  (1-m) =]](n-e®i(m)), keNU{oo}. (15)
i=0

For example, (1 — m)((f) =(n-m)(n—og@y(m))(n- 905;(141))(71 - 9053(141)). More generally, if
y € R, then

ﬁ n—o®}(m))
Lo (=@ (m)
with 945;/ (m)=q"m+ (1-¢g")0, y € R. For example,

@) (n—m)(n— @y (m))(n— @ (m))---

(1= 0B ()11 — 9B ()11 — 9B () -~

Let us state the definitions of Riemann—-Liouville type of fractional derivative and inte-
gral of quantum Hahn calculus and also Caputo type fractional derivative, which can be
found in [24].

Definition 3 The fractional quantum Hahn difference of Riemann—-Liouville type of order
v > 0 on an interval [a, b] is defined by (aDg,mf )(¢) = f(¢) and

1 ! v
(aD;,mf)(t) = mgl)i{,w/a ( e(pq( )(l l)f qws, v >0,

where / is the smallest integer greater than or equal to v.
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Definition4 Letv > 0and f be a function defined on [4, b]. The fractional quantum Hahn
integral of Riemann-Liouville type is given by (alg'mf )(¢) = f(¢) and

(-1

1 t _
(aIZ,J)(t) = m/a (t—0Dy(s)),  f(S)adyws, v>0,t€lab].

Definition 5 The fractional quantum Hahn difference of Caputo type v > 0 on an interval
[a, b] is defined by (CDO W)(E) =f(£) and

(4Dyf) (@) = s )/ (t=08y(6)S " " aDl f(S)adgws, v>0,

where [ is the smallest integer greater than or equal to v.

If w = 0, then 6 = a and the above fractional quantum Hahn calculus is reduced to frac-

tional quantum calculus on the interval [a, b] as appeared in [22].

Theorem 1 ([24]) Let o, € R*, A € (-1,00) and 0 € [a, b]. The following formulas hold:
(i) (a2, (6~ @) )(E) = F iy (£ - )‘““,

a+k+1

(ii) (D%, (¢~ a))(®) = ”a‘;il (t-a)l”

Theorem 2 ([24]) Let f(¢) be a function defined on an interval [a,b), B,v e R, « € (N —
1,N) and 6 € [a,b). Then, we have:
(i) (lfwall o)) = L2 albf (0 = (lhe )(®);
(1) (Dhwalhaf)O) = Dhalff) =110
(iii) (oL ,aD ) =f () +cr(t - a)e ™V cz(t A ren(t-a)™;
(V) (12,5D2 f)(6) =f() +do + dr(t —a))) + do(t = )P + - + dy1 (t - )NV, for

qwaq,
somec;,d;eR,i=1,2,...,N,j=0,1,...,N - 1.

The rest of the paper is organized as follows: In Sect. 2.1 we prove the existence and
uniqueness results for the the impulsive Hahn difference boundary value problem (1),
while the corresponding results for the impulsive Hahn difference boundary value prob-
lem (2) are presented in Sect. 2.2. Examples illustrating the obtained results are presented
in Sect. 3.

2 Impulsive fractional Hahn difference equations

To establish our results, we define intervals Ji = [k, txe1), Kk =0,1,2,...,m =1, ], = [tm, T']
and J = [0, T'], with impulsive points 0 = £y < f; <+ <fg <lgy1 <+ < by <byy1 = T. In ad-
dition, we define the space PC(J,R) = {x : ] — R : x(¢) is continuous everywhere except
for some # at which x(¢}) and x(¢;) exist and x(¢}) = x(tx),k = 1,2,...,m}. Observe that
PC(J,R) is a Banach space equipped with the norm ||x|| = sup{|x(¢)| : £ € J}. From Sect. 1,
we replace all parameters, 4, ¢, @ and v of fractional quantum Hahn calculus in Defini-

tions 3—5 by &, gk, wi and vi, k =0,1,2,...,m, respectively. Also we assume that

O =

w,
+ ty € Ji, k=0,1,2,...,m
1-qx
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In the next subsections, the fractional quantum Hahn calculus is used to establish the
existence and uniqueness results for the impulsive fractional Hahn difference boundary
value problems (1) and (2).

2.1 Impulsive problem of fractional quantum Hahn difference equation of order
o<y <1
In this subsection, we investigate the impulsive Hahn difference boundary value problem
(1).
The following lemma deals with the linear variant of problem (1) and gives a represen-
tation of the solution.

Lemma 1 Let & + & #0 and h € C(J,R) be a given function. Then, the function x is a
solution of the impulsive Hahn difference boundary value problem

¢ Dyt o x(8) = h(t), t€Jik=0,1,2,...,m
Ax(tk) = ‘Pk(x(t/:))¢ k= 1; 2,...,]’}’[, (16)
£1%(0) + &x(T) = &3,

if and only if

3 BN eSS ol
s TR [g("l"‘l””"h) () + 2ol ))}

j=1

-1

+ Z fzIVl z+1 Z@} tk ;,]:,wkh)(t): (17)

fortej, k=0,1,2,...,m, with ZZ(-) =0, when b<a.
Proof Applying Theorem 2(iv), for ¢ € Jy, we obtain
ol gg,00 (toD;8 o x)(8) = x(8) = co + (5,10 Too h)(¢),
for some ¢y € R. In particular, when ¢ = ¢, it follows that
#(87) = o + (i) (£1)-
For t € 1, using the same process, we have
x(8) = x(t) + (143}, 1) (D).

The impulsive condition, x(¢;) = x(¢7) + ¢1(x(£7)), yields

x(e) = x(6) + o1 (x(6) + (a0 1) (0)
=cO+(tOI,§§,w0h)(t{)+¢>1(x(t{)) ( I;iwl )(t).



Tariboon et al. Advances in Difference Equations (2019) 2019:220 Page 7 of 18

Repeating the above argument, for ¢ € J;, k=0,1,2,...,m, we get

k
x(t)—co+z A2, ) (6 +Z¢j(x(t] ) + (2 1) (), (18)
j=1

with 22(') =0, when b < a. Since x(0) = ¢y and

m
x(T) =co + Z L q a)t l+1 + ij(x(t/_)),
j=1

with t,,,; = T, we can compute, with boundary condition in (16), that

& B NN ) e S el
a5 e | )+ e

j=1

Substituting the constant ¢y in the integral equation (18), we obtain the desired result in
(17). The converse follows by direct computation. The proof is completed. d

In the following, for convenience we use the abbreviation

( IVk w]f(s,x(s)))(t) I l(vk) / (t N 9kq§qk(3))¢(9:k_ly(s’x(s))tk Agpon S

73

= (fk I:]J]];,wkfx) ),

fork=0,1,2,...,m, and put

- & " (b1~ 1)} L
A“(“@ﬁsﬂ)(“; Fiv1) ('””))

&3l 13 (t -ty N
- 1+ M§ e 1
£+ ( &) +§2|)( Tt 1) + omim+1) .

Now, we are in the position to establish the existence of a unique solution of problem (1)

by using the Banach contraction mapping principle.

Theorem 3 Letf:J] xR — Rand g : R — R, k=1,2,...,m, be given functions satisfying

[f(t,x) —f(t,y)| <Lilx-yl, Li>0,Vte],x,yeR, (19)
and

loc®) — k()| < Lalx—yl, Ly>0,Vx,y€R. (20)
If

A<, (21)

then problem (1) has a unique solution on J.
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Proof Inview of Lemma 1, we transform the boundary value problem (1), into an operator
equation x(¢) = Ax(t), where A : PC(J,R) — PC(J,R) is defined by

_ B & . - (el
Ax(t) := E & E+6 |:;(t, qi wf)( l+1) le(pl(x(tj ))]
k-1 k
+ Z titg; wrf z+1 Zwl(x(t]_)) + (tklﬂl])/]:vw/(ﬂc) (t)’ tE].
i=0 j=1

Also we define a set B, by B, = {x € PC(J,R) : ||x|| < r} where r > A3/(1 — A;). It should be
shown that AB, C B,. Setting sup,;|fo| = M, max;|¢;(0)| = N, where f; = f(£,0), and using

sl < Ufs —fol + Ifol and |gi(x)| < |g;(x) — ¢;(0)] + |@;(0)],j = 1,2,3,...,m, for any x € B,, we
have

|Ax(t)]

1] &l |~
K E
= 6 &l a6l [;(' s ) (8) [r(x(57) :|

+ (tz qi» w, l+1 Z|(p] t; tk qk o lf;c )(t)

i

1Y &l |
SlE sl E el |:lZ:(tl Lo (15 = ol + 161)) (5)

>~
—

I
(=]

m k-1
+ Y (o (®5)) - g0 + |9(0)] }Z i, (e =fol + 161)) (6:1)
j=1 i=0

k
+ 3 (J9(6) = O] + @ O)]) + (o, 125, (1fs ~fol + 1fo])) ®)
j=1

& el ,
a6l jEE) [LWM)Z i) ) + (LQHN),Zl(D}

+(L1r+M)Z W1, (1) (H1)+(L2r+N)Z(1)

i=0 j=1

:A1F+A2<V.

This show that ||Ax| < r, which leads to AB, C B,. Now, we will prove that the operator
A is a contraction by using (21). For any %,y € B,, we have

|Ax(t) - Ay(2)|

§|§1|§+2|$2||:Z(“ Lot f = 51) (t2) Z\% (’ff))q

>~
—

+ (tz qi» wllf;f -}3/ z+1 Z|§0} (tl_))|

i

N
(=}

Page 8 of 18
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(tk Gier wklf;c Jg’ )(t)

m

51 (o
SLIHx_y”( &1 + &) Z ti qlw, z+1 +Z Iq,lwl l+l)
i=0

i=0
&
+L2||x—y||< ) Zﬂ)

= Allx - yll,

which yields [|Ax — Ay|| < Ai|lx — y||. From (21), we conclude that the operator A is a
contraction on B,. By the Banach contraction mapping principle, therefore, the impulsive
boundary value problem of fractional quantum Hahn difference equation (1) has a unique

solution x on J such that ||x|| < r. The proof is complete. a

Corollary 1 Let constants & # 0 and &, = 0 in (1), then we have the impulsive initial value

problem
: D;i o X)) =f(t,x(t), teuk=0,1,2,...,m
Ax(te) = ‘/’k(x(t/:)); k=1,2,...,m, (22)
x(0) = 2.

If the functions f and ¢;, i =1,2,...,m, satisfy (19) and (20), respectively, and if

m (vi)

(tHl tz)l Lz

L § 7+— +1)<1,
Ty o mme s

then the impulsive initial value problem of fractional quantum Hahn difference equation

(22) has a unique solution on J.

2.2 Impulsive problem of fractional quantum Hahn difference equation of order
T<y,<2

Consider now the impulsive fractional Hahn difference boundary value problem (2).

Lemma 2 Let g € C(J,R). Then, the function x is a solution of the impulsive Hahn differ-

ence boundary value problem

¢ Dgpox(t) =g(0), te€fik=0,1,2,...,m

Ax(ty) = oe(x(£)), k=1,2,...,m,

tquk,wkx(t/-:) - tk—lDQk—l’wk—lx(t/;) = (p]j(x(t[;))) k = 11 2) ey m
x(O) =M, tmem,wmx(T) =12,

(23)

Page9of 18



Tariboon et al. Advances in Difference Equations (2019) 2019:220 Page 10 of 18

if and only if
m m k
x(t) =1 + (772 Z i1q;, w,g t1) Z‘Pf(ﬂﬁ))) ([tin] - 1)
j=0 i=1 i=0

-1

+ Z tl ql wl H'l t Qis1 (x(tl_-rl))]

i-1
+Z{ [tHl - Z t q,w,g +(/)1+1( (t;rl))]}
j=0

+ (o Lyt 0, ) (), (24)

forte i, k=0,1,2,...,m, with ZZ(-):O, when b < a and

tiv1, b1 <tn
[ti+1] =
t, tiv1 > tk.

Proof Taking the Riemann-Liouville fractional quantum Hahn integral of order vy to the
first equation in (23) and applying Theorem 2(iv), for ¢ € Jy, we get

oIl 0 (D0, 2) (1) = x(E) = co + c1(t — to)ly) + (110 0 8) (0): (25)

From the first condition, x(0) = 11, we have ¢y = n; and from (15) with k = 1, for t = 7, we
obtain

x(t7) = m + 1ty — to) + (11,0 ,,2) (£1), (26)
with (a — b)él) =(a-b), a,b € R. In addition, we can formulate from (25) that
tquo,wox(t) =+ (tolcl]}g;utg)(t)’

and then ¢ Dy o, %(¢7) = 1 + (tOI;g;,tg)(t;).
For t € [t1, 1) = J1, we have

x(t) = x(t]) + 4 Dgy o6 (67) (E — 1) + (t1 L, 2)@). (27)

x(87) = x(5) + o1 (x(8)))

=m+ Cl(tl — to) + (tolcl])g,wog) (tl_) + @1 (x(tl")),

and

tqu1,w1x(t1+) = tquo,wox(tl_) + ¢ (x(tl_))

= 01+ (10 1y0 @) (67) + 97 (%(87))
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then (27) can be written as

x(t) = m + ety — to) + (tol,;fj,wog) (&) + e (x(27))
+E=t)fer+ (lggan®) () + 01 ((8))] + (, 13}, 8) O

Repeating the above process, for ¢ € Ji, we get

k k-1
2@ =m+cr Y (il =) + Y [(ad,8) (t1) + @i (6(t51)) ]
i=0 i=0

i-1

+Z ([t - 20: 4 q, w,g +‘P,+1( (t]_l))]
<
+ (st 0 &) ©). (28)
To compute c;, we have
M2 = 6 Dgpon(T) = €1 +ZO o) (6 )+fl<p;‘(x(t;)),
; -
which leads to
. zu ) (6) - Zw (+(£)).

Therefore, the result in (24) holds when substituting the constant ¢; in (28). The converse

follows by direct computation. This competes the proof. d

To accomplish our goal, we define the operator G : PC(J,R) — PC(J,R) by

xt m+( SR iwi‘(x(ti‘)))Z([tm]—tz)

j=0 i=0

k-1
+ Z iy, wrf t1) + @i (¥(61))]
i=0

D N D » (AR IR RERE T |

Jj=0

+ (oL o o) (). (29)

The Banach fixed point theorem and Leray—Schauder’s nonlinear alternative will be used

to study the existence and uniqueness results for the impulsive Hahn difference boundary
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value problem (2). Now, we set

L—g) (m m 1 (G~ 8 é”f-l)
Lit ilg Lit )j
=T : + (t 1— s —
Z Iy (v) ; I, vl+1) Z a ,ZO Iy (v)

m
Ay=mT + Z(tm - t)i, As =LAz + Lom + L3 Ay, Ag = |m| + 2| T.
i-1

Theorem 4 Let f and ¢y be given functions satisfying (19) and (20), respectively, for all
k=1,2,...,m. Assume the ¢} : R — R such that

o) — @) <Lslx -y, L3>0,Vx,yeR. (30)

If As < 1, then the impulsive fractional quantum Hahn difference boundary value problem
(2) has a unique solution on J.

Proof The existence of a unique solution for the problem (2) will be proved by consider-
ing an operator equation x = Gx, where G is defined by (29). Consider the set Bg = {x €
PC(J,R) : ||lx|| < R}, where a positive constant R satisfies

Ag + AsM + mN + AWK

R> )
1-As

and K = max; |<pj*(0)| and constants M, N are defined in the proof of Theorem 3. We claim
that GBy C Bg. Since

|Gx(t)|
<Iml+ (|?72| + 3 (oL 61) Z|¢, £ )Z(tm — ;)
j=0 i=0
m—1
+ Z Ifz qis wllfx l+1) + |(pi+1(x(ti_+l))|]

i=0

+ Z[ Liy1 — tz)z tj q,w, 1) + |¢]t1(x(t/_+l))|]] (tm qmwmlﬁc )(T

and [fi] < |fs —fol + [fol < LiR + M, lgj(x)| < lg;(x) — ¢;(0)] + |¢;(0)] < LaR + N, |g}"(x)] <
|<pf(x) - golf"(O)I + |<pj*(0)| <L3R+K,j=1,2,3,...,m, for any x € Bg, we have

|Gx(t)| < Ag + RAsAsM + mN + A4K <R,

which yields || Gx|| < R. To prove the contraction property of operator G, for any x, y € Bg,

we consider the inequalities

|Gx(t) - Gy(2)|

m

TS - +Tz|<pll e 0(6)|

j=0
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S LB 5E) + i (6(51) - 01 ()]
+Z =0 YL~ (5)
N (6520)) =0 O]+ (L2 o —f1)(D)

<Lifx- yuTZ oLy (D) (6,) + Lallx - y||TZ(1

j=0 i=1

+ Lyl - y||Zt,1“twl(1) 1) + Lallx— ynZ(l)

i=0

+ Ly flx - y”Z Hl—t)Zt, 1) () (t5,,)

i-1

+Lyllx - ynZ i =) Y () + Lalle =yl (e, 22, (D)(T)

i=1 j=0
=LiAsllx =yl + Lom|lx = yll + L3 Aallx =yl

= Asllx - yll.

Then we get |Gx — Gy|| < As|lx — y|| which implies that G is a contraction operator as

As < 1. Therefore problem (2) has a unique solution x on /. O

Lemma 3 (Nonlinear alternative for single valued maps, [25]) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C
is a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then
either

(i) F has a fixed point in U, or

(i) Thereisa u e oU (the boundary of U in C) and X € (0,1) with u = LF(u).

Theorem 5 Assume that the functionsf :] x R — R, ¢r, ¢ :R— R, k=1,2,...,m, are
continuous. In addition, we suppose that:

(H1) There exist a continuous nondecreasing function v, : [0, 00) — (0,00) and a contin-

uous function p : ] — R* such that
[f(t x | t)¢1(|x|) foreach (t,x) e ] x R.
(Hy) There exist continuous nondecreasing functions Y, V3 : [0,00) — (0, 00) such that
|ox@)| < va(lxl) and |@i(0)| < s (lxl),

forallxeR,k=1,2,...,m

Page 13 0f 18
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(H3) There exists a constant Q > 0 such that

Q

11
As+ 7 (Q A3 + V(Qm + ¥3(QAs

where p* = sup{p(t): t €]}.
Then the impulsive fractional quantum Hahn difference boundary value problem (2) has

at least one solution on J.

Proof Let us prove the theorem by applying Lemma 3. For a positive number p, we define
the set B, = {x € PC(J,R) : ||x|| < p}. Clearly, B, is a closed, convex subset of PC(/,R). Let

{x,,} be a sequence converging to x. Then for ¢ € /, we obtain

|Gxn(t) - Gx(t)|

s<i<t, 56 - Sl w?(x(t,-‘))l)

j=0
k k-1

X Z H'l + Z tl qi» a)llff'fn f;f (H—l)
i=0 i=0

k
|§0z+l(xn( ,.,.1)) (P;+1 H.1 + Z{ l+1 - t

4

Xl_Z t] q/’”/lﬂ‘" fx (/+1) |¢/+l(x”(1+1)) (/);+1(( 1))|]}

(tk qkwklfxn ~Jx )(t)—> 0, asn— oc.

Hence the operator G is continuous which is one of assumptions in Lemma 3. In the next
step, we will prove the compactness of operator G.
Fort € J and x € B,, we have

’Gx(t)|
m m k
< Im+ (lnzl + 2l 1) () + Dl (x(t»)l) > (il - 1)
j=0 i=1 i=0
k-1
D [yt Vo) (8r) + i (x(80)) ]
i=0

i-1

3| -0 S 60 o)

j=0

+ (tklzl;/]:,wk Iﬂc')(t)

<Iml+ <|772| 2 91(0) D (41 w, ) + 1#3(,0)2(1)) D (i -t)
j=0 i1 i-0

m-1

+ 0 1(0) Y (el (D) (671) + V2 p)Z(l)

i=0 i=1
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m i-1
+Z{ z+1_t)Zp % :0) t] q,w}(l))( )+1//3(p)]}
i=1

j=0

#0012, (D)(T)

(t1+1 tj)(gvj_ i 1— (Ul)
i l+

<Iml+mlT +p* (o) T -

]ZO qj(‘)j) 20: Vl + 1)

(1)

+ Z(tHl tl)Z 1+1 ( l) ) +Ya(p)m

i=1

+ 1//3(,0)<W1T + Z(tm - ti)i)

=K.

Hence, we obtain ||Gx| < K, which means that the set GB, is a uniformly bounded set.
Next we let 71, 7, € Ji for some k € {0,1,2,...,m} with 7; < 75, and let x € B,. Then we see
that

|Gx(12) — Ga(1y)| < (Inzl +p Iﬂl(p)z i1, w,(l) (& )+1/fs(p)Vn>lfz—r1

j=0
k-1
- m—mz P U1(0) (511 (D) (631) + ¥3(0)]
j=0

O (012, (D) (1) = (o L2, (D) ()]
(-1

- b)
(Inzl +p 1#1(0)2”719 + 1#3(ﬁ)ﬂ¢)|fz -T

Iy (v)
k-1 o t4)(“1 D
+ln -1l Z[p wp)ﬁ + «/fgw)}
j=0 Vi

. (-5 "\ (@ =ty
v’ wl(p)[(%m : 1)) i (Fqkwk : 1)”'

The right-hand side of the above inequality tends to zero as 1; — 1, (independently of x).
This shows that the set GB, is an equicontinuous set. Therefore the set GB,, is relatively
compact. From the above and Arzeld—Ascoli theorem, the operator G is completely con-
tinuous or compact. Hence one more of assumptions of Lemma 3 holds.

The result will follow from Lemma 3 if we can prove the boundedness of the set of all
solutions to equations x = AGx for A € (0, 1). Let x be a solution of problem (2). Then, for

t € ], we recall the computations in proving that G is bounded. For % € (0,1), let x = AGx.

Then we have

[2(8)| < A6 + "Y1 (1) Az + Yo (llxll ) + W3 (1Ix]) A,
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which yields

&l
1
Ae + P Y (llxl) As + Ya(llxl)m + Ys(llxl) As =

By assumption (H3), there exists a positive constant Q such that ||x|| # Q. Let us de-
fine U = {x € B, : ||x|| < Q}. It is obvious that G : I — PC(J,R) is continuous and com-
pletely continuous. Therefore, there is no x € dU such that x = AGx for some X € (0,1).
By Lemma 3, thus, we get the result that G has a fixed point x € U which is a solution of
problem (2) on J. The proof is completed. O

3 Examples

In this section we give examples to illustrate the usefulness of our main results.

Example 1 Consider the following impulsive fractional quantum Hahn difference bound-

ary value problem:

k+2

k+3 L\ 22 (0)+2 2
eD L x()= ()2 1 2 e, T =[0,4],

k+27 k2 45k+6

Ax(ty) = ghslsinx(t)l,  t=kk=1,2,3, (31)

%x(O) + %x(4) = %.

Here vy = (k +2)/(k+3) <1, gr = (k + 1)/(k +2), wx = 1/(k® + 5k + 6), k = 0,1,2,3, m = 3,
T=4,8&=1/2,8, =2/3,§ =4/5.
In addition, we observe that 6; = (1/(k +3)) + k € Ji, k = 0,1,2, 3. By using a mathematical

program, we can find that

1€ R ti)é?")
(1 + ) Z L~ 8.357863592111553,
§1+8|) = Ty(vi+1)

1
— (1 ﬂ)m(m +1)~ 9.428571428571431.

+
2 €1 + &3]
Setting
1/ et 22 + 2|« 2 1
tx)=— = d = inx|,
Stx) 2<t+17)( 1+ [l )+7 and - ¢u(x) = g Isinxl

we compute that

[ft,x) = f(t,y)| < W17)x -yl and |er(x) — ()| < (1/19)]x - .

Then we get A; = 0.987879636333851 < 1, by using L; = 1/17 and L, = 1/19. Hence, by
Theorem 3, the impulsive fractional quantum Hahn difference boundary value problem

(31) has a unique solution on [0, 4].
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Example 2 Consider the impulsive fractional quantum Hahn difference boundary value

problem
eDIT | (0= (2011, tefis-(0,4]
173 i%'ﬁls (£+10)2 \ |x7 (¢)[+1 ’ ’ » b

2
Ax(ty) = %m(tgn +2, k=1,2,3tx =k,
2
6Dps3 1 2(t7) =y Dia 1 x(t) = Kot +3, k=1,2,3,t =k,

100
x(0) = %, t3D%%x(4): g.

(32)

Here v = (2k + 3)/(k +2), 1 < vt <2, qx = (k + 3)/(k +5), wx = 1/(k +5), k= 0,1,2,3,
m=3,T=4,1n =4/7, 1, =5/9. We find that 6; = (1/2) + k € Jy, k =0,1,2,3. By using a
mathematical program, we obtain constants as

A3~ 40.771217238380451, Ay =18, Ag ~2.793650793650793.

Setting
1 x8
tx)=———\ ——+1),
f(&:3) (t + 10)2 <|x7| +1 * )
2 sin® k
Pr(x) = lx|+2 and ¢f(x)= x| +3,

10(k2 + 1) 100

and choosing p(t) = (1/(t+10)?), ¥ (1) = u+1, Yo (u) = (1/10)u+2 and yr3(u) = (1/100)u +3,
it follows that

f&w| <p@vi(lul),  |ec@)| <va(lul),  |ef@)| < vs(lul),

for all u € R, k = 1,2, 3, which imply that conditions (H;)-(H>) hold. For p* = (1/100), by
direct computation, there exists a constant Q > 562.8514177160808 satisfying the inequal-
ity in (Hs). Applying Theorem 5, we deduce that the impulsive fractional quantum Hahn
difference boundary value problem (32) has at least one solution on [0, 4].
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