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1 Introduction and preliminaries
The multivariable H-function is defined and studied by Srivastava and Panda ([1], p. 271,
Eq. (4.1)) in terms of Mellin–Barnes type contour integral as follows:

H[z1, . . . , zr] = H0,n:m1,n1;...;mr ,nr
p,q:p1,q1;...;pr ,qr

⎡
⎢⎢⎣

z1
...

zr

∣∣∣∣∣∣∣∣
(aj;α′

j , . . . ,α(r)
j )1,p :

(bj;β ′
j , . . . ,β (r)

j )1,q :

(c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(d′
j , δ′

j)1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ (1)

=
1

(2πω)r

∫
L1

. . .
∫

Lr

φ(ξ1, . . . , ξr)

{ r∏
i=1

θi(ξi)z
ξi
i

}
dξ1 · · ·dξr , (2)

where ω =
√

–1; and

φ(ξ1, . . . , ξr) =
∏n

j=1 Γ (1 – aj +
∑r

i=1 α
(i)
j ξi)∏p

j=n+1 Γ (aj –
∑r

i=1 α
(i)
j ξi)

∏n
j=1 Γ (1 – bj +

∑r
i=1 β

(i)
j ξi)

, (3)

θi(ξi) =
∏ni

j=1 Γ (1 – c(i)
j + γ

(i)
j ξi +

∑r
i=1 α

(i)
j ξi)

∏mi
j=1 Γ (d(i)

j – δ
(i)
j ξi)∏pi

j=ni+1 Γ (c(i)
j – γ

(i)
j ξi)

∏qi
j=mi+1 Γ (1 – d(i)

j + δ
(i)
j ξi)

, (4)
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and Lj = Lωτj∞ represents the contours which start at the point τj – ω∞ and terminate at
the points τj + ω∞ with τj ∈ � = (–∞,∞) (j = 1, . . . , r).

In the case r = 2, (1) reduces to the H-function of two variables. For a detailed definition
and convergence conditions of the multivariable H-function, the reader is referred to the
original papers [2–9]. From Srivastava and Panda ([10], p. 131), we have

H[z1, . . . , zr] = O
(|z1|e1 · · · |zr|er

)(
max
1≤j≤r

‖zj‖ → 0
)
, (5)

where

ei = min
1≤j≤r

[Re(d(i)
j )

δ
(i)
j

]
(i = 1, . . . , r). (6)

For n = p = q = 0, the multivariable H-function breaks up into product of ‘r’ H-function;
consequently, there holds the following results:

H0,0:m1,n1;...;mr ,nr
0,0:p1,q1;...;pr ,qr

⎡
⎢⎢⎣

z1
...
zr

∣∣∣∣∣∣∣∣
(c′

j,γ ′
j )1,p1 ; . . . ; (c(r)

j ,γ (r)
j )1,pr

(d′
j , δ′

j)1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦

=
r∏

i=1

Hmi ,ni
pi ,qi

[
z

∣∣∣∣∣
(c(i)

j ,γ (i)
j )1,pi

(d(i)
j , δ(i)

j )1,qi

]
, (7)

where Hm,n
p,q (·) is the familiar H-function.

In the sequel, Srivastava and Garg ([11], p. 686, Eq. (1.4)) gave the definition of multi-
variable generalization of the polynomials Sm

n (x) as follows:

Sh1,...,hs
L (x1, . . . , xs) =

h1k1+···+hsks≤L∑
k1,...,ks=0

(–L)h1k1+···+hsks

× A(L; k1, . . . , ks)
xk1

1
k1!

. . .
xks

s
ks!

, (8)

where the coefficients A(L; h1, . . . , hs) (L, hi ∈ N0, i = 1, . . . , s) are arbitrary. Choosing con-
stants to be real or complex, as Srivastava [12] defined by s = 1 on the above polynomial,
we obtain a polynomial of the form Sm

n (x).
Let α′, β ′, η′ be complex numbers and θ > 0. The modified Saigo integral operators are

denoted by Iα′ ,β ′ ,η′
0,x,θ and Jα′ ,β ′ ,η′

x,∞,θ respectively for �(α′) > 0:

Iα′ ,β ′ ,η′
0,x,θ f =

θx–θ (α′+β ′)

Γ (α′)

∫ x

0

(
xθ – tθ

)α′–1

× 2F1
(
α′ + β ′, –η′;α′; 1 – tθ /xθ

)
tθ–1f (t) dt (9)

=
dn

d(xθ )n Iα′+n,β ′–n,η′–n
0,x,θ f , 0 < �(

α′) + n ≤ 1, (10)

Jα′ ,β ′ ,η′
x,∞,θ f =

θ

Γ (α′)

∫ ∞

x

(
tθ – xθ

)α′–1t–θ (α′+β ′)



Suthar et al. Advances in Difference Equations        (2019) 2019:213 Page 3 of 11

× 2F1
(
α′ + β ′, –η′;α′; 1 – xθ /tθ

)
tθ–1f (t) dt (11)

= (–1)n dn

d(xθ )n Jα′+n,β ′–n,η′–n
x,∞,θ f , 0 < �(

α′) + n ≤ 1. (12)

Sufficient conditions for the existence of (9) and (11) are

θ > 0, �(
α′) > 1 – 1/2θ ; f (x) ∈ L2(�+) (13)

and max[0,�(β ′ – η′)] > 1 – 1/2θ ; min[�(β ′),�(η′)] > –1/2θ . If these conditions are satis-
fied, then Iα′ ,β ′ ,η′

0,x,θ f (x), Jα′ ,β ′ ,η′
x,∞,θ f (x) both exist and both ∈ L2(�+).

The operators Iα′ ,β ′ ,η′
0,x,θ and Jα′ ,β ′ ,η′

x,∞,θ include as their special case, β ′ = –α′, the fractional
calculus operators of Riemann–Liouville and Weyl types:

Iα′ ,–α′ ,η′
0,x,θ f = Rα′

0,x,θ f , Jα′ ,–α′ ,η′
x,∞,θ f = W α′

x,∞,θ f . (14)

Also, we obtain the following identities and inverses:

I0,0,η′
0,x,θ f = f (x); J0,0,η′

x,∞,θ f = f (x). (15)
[
Iα′ ,β ′ ,η′

0,x,θ
]–1 = I–α′ ,–β ′ ,α′+η′

0,x,θ ;
[
Jα′ ,β ′ ,η′
x,∞,θ

]–1 = J–α′ ,–β ′ ,α′+η′
x,∞,θ . (16)

For the operators Iα′ ,β ′ ,η′
0,x,θ and Jα′ ,β ′ ,η′

x,∞,θ there holds interesting results similar to the ones de-
rived in a series of earlier papers [13–19].

In this paper, we shall study another generalization of (9) and (11) which is given in the
following manner:

Iρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
0,x,θ ;r,ε,q;m,k,l

{
f (x)

}

=
θx–θ (α′+β ′)

Γ (α′)

∫ x

0

(
xθ – tθ

)α′–1
2F1

(
α′ + β ′, –η′;α′; 1 – tθ /xθ

)
tθ–1

× 
α,β ,τ
n

[
ztρ ; r, ε, q, C, D, m, k, l

]
f (t) dt, (17)

and

Jρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
x,∞,θ ;r,ε,q;m,k,l

{
f (x)

}

=
θ

Γ (α′)

∫ ∞

x

(
tθ – xθ

)α′–1t–θ (α′+β ′)
2F1

(
α′ + β ′, –η′;α′; 1 – xθ /tθ

)
tθ–1

× 
α,β ,τ
n

[
ztρ ; r, ε, q, C, D, m, k, l

]
f (t) dt, (18)

where �(α′) > 0, and 
α,β ,τ
n [z] stands for the generalized polynomial set defined by the

following Rodrigues type formula ([20], p. 64, Eq. (2.18)):


α,β ,τ
n [x; r, ε, q, C, D, m, k, l]

= (Cx + D)–α
(
1 – τxr) –β

τ Tm+n
k,l

[
(Cx + D)α+qn(1 – τxr) β

τ+εn
]
, (19)
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with the differential operator Tk,l being defined as

Tk,l ≡ xl
(

k + x
d

dx

)
. (20)

An explicit form of this generalized polynomial set ([20], p. 71, Eq. (2.34)) is given by


α,β ,τ
n [x; r, ε, q, C, D, m, k, l]

= Dqnxl(m+n)(1 – τxr)εnlm+n

×
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

(–1)j(–ji)(α)j(–υ)u(–α – qn)i

i!j!u!v!(1 – α – j)i

×
(

–
β

τ
– εn

)

υ

(
i + k + ru

l

)

m+n

(
–τxr

1 – τxr

)υ(
Cx
D

)j

. (21)

It may be noted that the polynomial set defined by (19) is of general character and unifies
and extends a number of classical polynomials introduced and studied by various authors
(see [21–26]). Two special cases of (17) are given below ([20], p. 65).

1. If we set C = 1, D = 0 in (19), it gives


α,β ,τ
n [x; r, ε, q, 1, 0, m, k, l]

= xqn+l(m+n)(1 – τxr)εnlm+n

×
m+n∑
υ=0

υ∑
u=0

(–υ)u

u!v!

(
–

β

τ
– εn

)

υ

(
α + qn + k + ru

l

)

m+n

(
–τxr

1 – τxr

)υ

. (22)

2. As τ → 0 in (21), by virtue of the well-known confluence principle
lim|b|→∞(bn)( z

b )n = zn, it yields the following polynomial set:


α,β ,0
n [x; r, ε, q, 1, 0, m, k, l]

= xqn+l(m+n)lm+n
m+n∑
υ=0

υ∑
u=0

(–υ)u

u!v!

(
α + qn + k + ru

l

)

m+n

(
βxr)υ . (23)

2 Main results
It will be shown here that

(I)

Iρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
0,x,θ ;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!
A(L; k1, . . . , ks)

× yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]–θβ ′
H0,n+2:m1,n1;...,mr ,nr

p+2,q+2:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1xζ1

...
arxζr

∣∣∣∣∣∣∣∣
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(1 – �
θ

, ζ1
θ

, . . . , ζr
θ

), (1 – �
θ

– η′ + β ′, ζ1
θ

, . . . , ζr
θ

),
(1 – �

θ
+ β ′, ζ1

θ
, . . . , ζr

θ
), (1 – �

θ
– η′ – α′, ζ1

θ
, . . . , ζr

θ
),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,q : (d′
j , δ′

j )1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (24)

where

Ω(i, j, u, v) = Dqnlm+n (–1)j(–ji)(α)j(–υ)u(–α – qn)i

i!j!u!v!(1 – α – j)i

×
(

–
β

τ
– εn

)

υ

(
i + k + ru

l

)

m+n

(
C
D

)j

(–τ )υ , (25)

� = λ + θ + G + ρl(m + n) + ρrυ + ρrw + ρj. (26)

Proof In view of definition (17) and by using the general binomial theorem, we expand the
term

(α – βx)–ω = α–ω

∞∑
w=0

(ω)w

w!

(
βx
α

)w

for (| βx
α

| < 1) and the L.H.S. of (24)

=
θx–θ (α′+β ′)

Γ (α′)

∫ x

0

(
xθ – tθ

)α′–1tλ+θ–1
2F1

(
α′ + β ′, –η′;α′; 1 – tθ /xθ

)

× 
α,β ,τ
n

[
ztρ ; r, ε, q, C, D, m, k, l

]
Sh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]
dt, (27)

using (21), (8), and (2), it is found that the L.H.S. of (24)

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!
A(L; k1, . . . , ks)

× yk1
1 · · · yks

s
1

(2πω)r

∫
L1

· · ·
∫

Lr

φ(ξ1, . . . , ξr)

{ r∏
i=1

θi(ξi)aξi
i

}
dξ1 · · ·dξr

× θx–θ (α′+β ′)

Γ (α′)

∫ x

0

(
xθ – tθ

)α′–1tλ+θ+G+ρl(m+n)+ρrv+ρrw+ρj+L–1

× 2F1
(
α′ + β ′, –η′;α′; 1 – tθ /xθ

)
dt, (28)

where G =
∑s

i=1 ηiki,L =
∑r

i=1 ζiξi, Ω(i, j, u, v) and φ(ξ1, . . . , ξr) are defined by (25) and (3),
respectively. �



Suthar et al. Advances in Difference Equations        (2019) 2019:213 Page 6 of 11

Applying the following result given by Saigo and Saxena ([27], p. 57, Eq. (4.16))

A
∫ x

0
uρ–1(xA – uA)α–1

2F1

(
α + β , –η;α; 1 –

uA

xA

)
du

=
Γ (α)Γ ( ρ

A )Γ ( ρ

A + η – β)
Γ ( ρ

A – β)Γ ( ρ

A + η + α)
xαA+ρ–A, (29)

where �(α) > 0, �(ρ) > 0, �((ρ/A) + η – β) > 0, A > 0 in (28) and interchanging the order
of integration and summation, we obtain (24).

Next, we prove that
(II)

Jρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
x,∞,θ ;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!
A(L; k1, . . . , ks)

× yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]–θβ ′
H0,n+2:m1,n1;...,mr ,nr

p+2,q+2:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1tξ1

...
artξr

∣∣∣∣∣∣∣∣

(1 – α′ – β ′ – �′
θ

, ζ1
θ

, . . . , ζr
θ

), (1 + η′ – �′
θ

, ζ1
θ

, . . . , ζr
θ

),
(1 – α′ – �′

θ
, ζ1

θ
, . . . , ζr

θ
), (1 – α′ – β ′ + η′ – �′

θ
, ζ1

θ
, . . . , ζr

θ
),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,q : (d′
j , δ′

j)1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (30)

where

�′ = λ + θ + G + ρl(m + n) + ρrv + ρrw + ρj – θα′ – θβ ′; (31)

Ω(i, j, u, v) and Sh1,...,hs
L (x) are defined in (25) and (8).

Proof In view of definition (18), the L.H.S. of (30)

=
θ

Γ (α′)

∫ ∞

x

(
tθ – xθ

)α′–1tλ–θ (α′+β ′)+θ–1
2F1

(
α′ + β ′, –η′;α′; 1 – xθ /tθ

)

× 
α,β ,τ
n

[
ztρ ; r, ε, q, C, D, m, k, l

]
Sh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]
dt. (32)



Suthar et al. Advances in Difference Equations        (2019) 2019:213 Page 7 of 11

If we apply (21), (8), and (2) in the above term, we get

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!
A(L; k1, . . . , ks)yk1

1 · · · yks
s

× 1
(2πω)r

∫
L1

· · ·
∫

Lr

φ(ξ1, . . . , ξr)

{ r∏
i=1

θi(ξi)aξi
i

}
dξ1 . . . dξr

× θ

Γ (α′)

∫ ∞

x

(
tθ – xθ

)α′–1tλ+θ+G+ρl(m+n)+ρrv+ρj–θ (α′+β ′)+H–1

× 2F1
(
α′ + β ′, –η′;α′; 1 – xθ /tθ

)
dt. (33)

Now, by applying the integral given by Saigo and Saxena ([27], p. 57, Eq. (4.17))

A
∫ ∞

x
uρ–1(uA – xA)α–1

2F1

(
α + β , –η;α; 1 –

xA

uA

)
du

=
Γ (α)Γ (1 – α – ρ

A )Γ (1 – α – β + η – ρ

A )
Γ (1 – α – β – ρ

A )Γ (1 + η – ρ

A )
xαA+ρ–A, (34)

where �(α) > 0, �(1 – α – ρ/A) > 0, �(1 – α – β + η – ρ/A) > 0, A > 0 in (33) and inter-
changing the order of integration and summation, we arrive at the result (30). �

3 Special cases
(i) If we use the identity Iα′ ,–α′ ,η′

0,x,θ f = Rα′
0,x,θ f with θ = 1 in (24), we find that

Rρ;α,β ,τ ;C,D,α′
0,x,1;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!

× A(L; k1, . . . , ks)yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]–α′

× H0,n+1:m1,n1;...,mr ,nr
p+1,q+1:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1xζ1

...
arxζr

∣∣∣∣∣∣∣∣
(1 – Λ, ζ1, . . . , ζr),

(1 – Λ – α′, ζ1, . . . , ζr),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,q1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,p : (d′
j , δ′

j)1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (35)

where Λ = λ + G + ρl(m + n) + ρrυ + ρrw + ρj + 1.
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(ii) The formula Jα′ ,–α′ ,η′
x,∞,θ f = W α′

x,∞,θ f with θ = 1, when used in (30), gives

W ρ;α,β ,τ ;C,D,α′
x,∞,1;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

)
H

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!

× A(L; k1, . . . , ks)yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]+α′

× H0,n+1:m1,n1;...,mr ,nr
p+1,q+1:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1tξ1

...
artξr

∣∣∣∣∣∣∣∣
(1 – Λ′, ζ1, . . . , ζr),

(1 – α′ – Λ′, ζ1, . . . , ζr),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,q : (d′
j , δ′

j )1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (36)

where Λ′ = λ + G + ρl(m + n) + ρrυ + ρrw + ρj + 1.
(iii) If we take n = p = q = 0 in (24) and (30) with respect to H-function respectively, we

obtain two fractional integral formulas involving product of the r, H-functions stated as
follows:

Iρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
0,x,θ ;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

) r∏
i=1

Hmi ,ni
pi ,qi

[
aitζi

∣∣∣∣∣
(c(i)

j ,γ (i)
j )1,pi

(d(i)
j , δ(i)

j )1,qi

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j

×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!

× A(L; k1, . . . , ks)yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]–θβ ′

× H0,2:m1,n1;...,mr ,nr
2,2:p1,q1;...,pr ,qr

[
aixζi

∣∣∣∣∣
(1 – �

θ
, ζ1

θ
, . . . , ζr

θ
),

(1 – �
θ

+ β ′, ζ1
θ

, . . . , ζr
θ

),

(1 – �
θ

– η′ + β ′, ζ1
θ

, . . . , ζr
θ

), (c(1)
j ,γ (1)

j )1,pi

(1 – �
θ

– η′ – α′, ζ1
θ

, . . . , ζr
θ

), (d(1)
j , δ(1)

j )1,qi

]
; (37)

and

Jρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
x,∞,θ ;r,ε,q;m,k,l

{
tλSh1,...,hs

L
(
y1tη1 , . . . , ystηs

) r∏
i=1

Hmi ,ni
pi ,qi

[
aitζi

∣∣∣∣∣
(c(i)

j ,γ (i)
j )1,pi

(d(i)
j , δ(i)

j )1,qi

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j
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×
h1k1+···+hsks≤L∑

k1,...,ks=0

∞∑
w=0

(–L)h1k1+···+hsks (υ – εn)w(τ )wzrw

k1! · · ·ks!w!

× A(L; k1, . . . , ks)yk1
1 · · · yks

s xλ+G+ρ[l(m+n)+rυ+rw+j]–θβ ′

× H0,2:m1,n1;...,mr ,nr
2,2:p1,q1;...,pr ,qr

[
aixζi

∣∣∣∣∣
(1 – α′ – β ′ – �′

θ
, ζ1

θ
, . . . , ζr

θ
),

(1 – α′ – �′
θ

, ζ1
θ

, . . . , ζr
θ

),

(1 + η′ – �′
θ

, ζ1
θ

, . . . , ζr
θ

), (c(1)
j ,γ (1)

j )1,pr

(1 – α′ – β ′ + η′ – �′
θ

, ζ1
θ

, . . . , ζr
θ

), (d(1)
j , δ(1)

j )1,qr

]
. (38)

(iv) If we set Shj
L (x) to reduce to unity, i.e., Shj

0 (x) → 1, in (24) and (30) respectively, then
we arrive at the interesting results.

Iρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
0,x,θ ;r,ε,q;m,k,l

{
tλH

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j
∞∑

w=0

(υ – εn)w(τ )wzrw

w!

× xλ+ρ[l(m+n)+rυ+rw+j]–θβ ′
H0,n+2:m1,n1;...,mr ,nr

p+2,q+2:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1xζ1

...
arxζr

∣∣∣∣∣∣∣∣

(1 – �′′
θ

, ζ1
θ

, . . . , ζr
θ

), (1 – �′′
θ

– η′ + β ′, ζ1
θ

, . . . , ζr
θ

),
(1 – �′′

θ
+ β ′, ζ1

θ
, . . . , ζr

θ
), (1 – �′′

θ
– η′ – α′, ζ1

θ
, . . . , ζr

θ
),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,q : (d′
j , δ′

j )1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (39)

where �′′ = λ + θ + ρl(m + n) + ρrυ + ρrw + ρj; and

Jρ;α,β ,τ ;C,D,α′ ,β ′ ,η′
x,∞,θ ;r,ε,q;m,k,l

{
tλH

[
a1tζ1 , . . . , artζr

]}

=
m+n∑
υ=0

υ∑
u=0

m+n∑
j=0

j∑
i=0

Ω(i, j, u, v)zl(m+n)+rυ+j
∞∑

w=0

(υ – εn)w(τ )wzrw

w!

× xλ+ρ[l(m+n)+rυ+rw+j]–θβ ′
H0,n+2:m1,n1;...,mr ,nr

p+2,q+2:p1,q1;...,pr ,qr

⎡
⎢⎢⎣

a1tξ1

...
artξr

∣∣∣∣∣∣∣∣

(1 – α′ – β ′ – �′′′
θ

, ζ1
θ

, . . . , ζr
θ

), (1 + η′ – �′′′
θ

, ζ1
θ

, . . . , ζr
θ

),
(1 – α′ – �′′′

θ
, ζ1

θ
, . . . , ζr

θ
), (1 – α′ – β ′ + η′ – �′′′

θ
, ζ1

θ
, . . . , ζr

θ
),

(aj;α′
j , . . . ,α(r)

j )1,p : (c′
j,γ ′

j )1,p1 ; . . . ; (c(r)
j ,γ (r)

j )1,pr

(bj;β ′
j , . . . ,β (r)

j )1,q : (d′
j , δ′

j )1,q1 ; . . . ; (d(r)
j , δ(r)

j )1,qr

⎤
⎥⎥⎦ , (40)

where �′′′ = λ + θ + ρl(m + n) + ρrv + ρrw + ρj – θα′ – θβ ′.
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4 Concluding remarks
The modified Saigo fractional integral operators have advantage that they generalize the
Saigo, Erdélyi–Kober, Riemann–Liouville, and Weyl fractional integral operators. There-
fore, several authors called them general operators. We also derived analogous results in
the form of Riemann–Liouville and Weyl fractional integral operators, which have been
depicted in corollaries. Now, we conclude this paper by interesting results that can be
derived as the specific cases of our leading results I and II in the form of I-function and H-
function. On the other hand, by putting the appropriate values to the arbitrary constant,
the family of polynomials (defined by (8)) provide several well-known classical orthogo-
nal polynomials as its special cases, which includes the Hermite, the Laguerre, the Jacobi,
the Konhauser polynomials, and so on. Finally, it is interesting to observe that the results
given earlier by Saxena et al. ([28], Eqs. (2.1), (2.11))) can be derived from the results (24)
and (30) of this paper by virtue of the identity r = 1.
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