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1 Introduction
Over the years, dynamics analysis of economic systems has mainly focused on the stability
behavior of the system equilibrium point. According to the theory of nonlinear dynamical
systems, the phenomena of fluctuations over time are not stochastic influences arising
from external factors, but because of the nonlinear relationship between the variables of
the economic system. Market share attraction models are used for analyzing Interbrand
competitive structures. These models have received more and more attention [1-5].
Recently, many research papers suggested that the mathematical model of economic
system dynamics is more realistic and appropriate when it is modeled by discrete-time
equations. The dynamics of the discrete-time models can exhibit much richer dynamics
than those observed in continuous-time counterparts and can lead to chaotic behaviors
[6-20].

A market share attraction model is as follows:

Kee1 = X + A1 (Bsiy — %), L1)

Yerl =Y + AaYe(Bsa — V),

where x; and y, denote the marketing efforts of the two brands respectively. B denotes
the total sales potential of the market. sj; = &' /(x" + ky!2), spr = ky?2 /(6P + ky™). The
parameters 8; and B, denote the elasticities of the attraction of firm (or brand) i with
regard to the effort of firm i. The parameter k denotes the relative effectiveness ratio of
the effort made by the firms. The parameters 1; and 1, measure the rate of adjustment.

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2149-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2149-6&domain=pdf
http://orcid.org/0000-0003-4720-0571
mailto:lfpost@163.com

Yang et al. Advances in Difference Equations (2019) 2019:324 Page 2 of 17

From system (1.1), the mapping form is obtained:

y—y+ kzy(me S )

where A1, A2, B1, B2, k, and B are real and positive parameters. We consider only the values
of the exponents 1 and B, at the interval (0, 1) since empirical studies show that realistic
values are in this range.

Our objectives are to study the dynamical behaviors of system (1.2). Sufficient condi-
tions for the existence of flip bifurcation are derived by using the bifurcation theory and
the center manifold theorem. Moreover, system (1.2) shows a rich variety of nonlinear
dynamics, including bifurcations and chaos.

The paper is organized as follows. In Sect. 2, the stability and existence of the fixed
points of system (1.2) are discussed. In Sect. 3, the existence of flip bifurcation is obtained
by using the center manifold theorem and bifurcation theory. Numerical simulations are
illustrated to confirm the theoretical results in Sect. 4. Some conclusions are presented in
Sect. 5.

2 The existence and stability of the fixed points
We study the existence of fixed points. Also, we investigate the stability properties of sys-
tem (1.2). The fixed points of map (1.2) are the solutions of the following equations:

xﬁl+kyﬂz
rpy(B )= 0 (2.1)
2y %P1 +kyP2 —y) =0

For all parameter values, equation (2.1) has three solutions O(0, 0), P;(B,0), and P,(0, B).
As the map does not define O, it is not a fixed point. P; and P, are the fixed points of the
map.

There is an interior fixed point E(x, y) of map (1.2), which is the solution of the following
system:

xP1 _
T~ 570 2.2)
kyP2 -0 :
Pl ~Y =Y

From equation (2.2), we have
G(x) = kKV/A-PDx0-F1IA-F2) , B =0, (2.3)

G is a continuous function, G(B) > 0, G(0) < 0, and G'(x) > 0 for x > 0, so there is a unique
positive solution, x* € (0, B), the fixed point is E(x*, B — x*).

A particularly simple solution is obtained in the case 1 = s, x* = B/(1 + k/(1-2),

We will study the local stability of the fixed points.

The Jacobian matrix of system (1.2) at (x, y) is given as follows:

1+ )\1&1 —)\.1b1
) = ) 2.4
](x y) |: —)\.2612 1+ )\.zbz:| ( )
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where

Bx?Pt + Bk(By + 1)xPry2
a = -2x,
(xﬁl + kyﬂZ)z

Bkﬁzyﬁz—lxﬁﬁl
1= (xlgl +kyﬂ2)2 ’
Bkﬁlyﬂ2+lxﬁl—1

dy= —————,
2 (xﬁl + kyﬁZ)Z

Bk*y?P2 + Bk(B, + 1)xP1yP2
b2 = - 2}1 .
(xﬂl + kyﬂ2)2

So the characteristic equation of the Jacobian matrix J can be written as
S2 - (2 + Aa + )Lzbz)S + (1 + Aag + )Lzbz + )Ll}nz(dlbz - (lzbl)) =0. (25)

In order to study the stability at the positive fixed point, we use the following lemmas,
which can be easily proved by the relations between roots and coefficients of the quadratic
equation.

Let F(s) = s> + Ms + N be the characteristic equation of eigenvalues associated with the
Jacobian matrix evaluated at a fixed point (x*,y*). Let s; and s, be the two roots of F(s), M
and N be coefficients of the quadratic equation.

Lemma 2.1 ([21]) We have the following definitions for (x*, y*):
(1) (x*,y*) is called a sink if |s1| < 1 and |s3| < 1, so the sink is locally asymptotically
stable;
(2) (x*,y") is called a source if |s1| > 1 and |s3| > 1, so the source is locally unstable;
(3) (x*,y") is called a saddle if |s1| > 1 and |sy| < 1 (or |s1| < 1 and |s;| > 1);
(4) (x*,y*) is non-hyperbolic if either |s1| = 1 or |sp| = 1.

Lemma 2.2 ([21]) Let F(s) = s> + Ms + N. Suppose that F(1) > 0, s, and s, are two roots of
F(s) =0. Then
(1) Is1l <1 and |sz| <1ifand only if F(-1) <0, N < 1;
2) |s1] <1l and |s3| > 1 (or|s1| > 1 and |sy| < 1) if and only if F(-1) < 0;
3) Is1l > 1 and |sz| > 1 ifand only if F(1) >0, N > 1;
4) sy =-1and |sy| # 1 ifand only if F(-1) = 0 and M # 0, 2;
5) s1 and sy are complex and |sy| = |sy| = 1 if and only if M®> —4N <0 and N = 1.

P

Now we state the following three propositions.

Proposition 1 The eigenvalues of J(B,0) are s1 = 1 — AB and s, = 1, then (B,0) is non-
hyperbolic.

Proposition 2 The eigenvalues of J(0,B) are s; = 1 and s, = 1 — M1 B, then (0, B) is non-
hyperbolic.

For the fixed point O(0,0), we can get a solution in the case of identical firms.
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Here we consider the symmetric case of identical firms obtained for
)L1=)\2=)L>0, /312/32:,3>0, k=1.

Note that this steady state allocation belongs to the diagonal A = {(x, y)|x = y}.
For the symmetric map, the Jacobian matrix, computed at a point of the diagonal A, is

1 — 2 4+ ABB+2) BB
X . (2.6)

J(x,x) = |: B  B(g+2)
- 1-2\x+ —z

The eigenvalues are
1 1
s1=1+ E)\B—2)Lx, s2:1+§AB(1+ﬂ)—2Ax.
The fixed point O(0, 0) has the following topological properties:
1 1
s1=1+ EAB, so=1+ EAB(I + B).

Proposition 3 The eigenvalues of J(0,0) are s; =1 + %AB >landsy =1+ %AB(l +B)>1,
then (0,0) is a source; the source is locally unstable.

For the fixed point E(x*, B — x*), x* € (0, B), we can get a special solution in the case of
identical firms E (g, g).

Here we consider the symmetric case of identical firms obtained for

J(x,y) evaluated at the interior fixed point

(2.7)

1+A b
](x,y){ tam ! }

—)\.(lz 1+ )\bz

where

Bx? + Bk(B + 1)xPyP 5 BkByP~1xf+1
a = — s =,
! (P + kyP)? PP+ kyP)2
BkByP+lxf1 (Bkzyzﬁ + Bk(B + 1)xPyP 5
ay=——"—, = -2y).
27 T 1 kyb)? 2 (P + kyP )2 4

The characteristic equation of (2.7) evaluated at the positive fixed point E(x*,y*) can be

written as
2 2
s> = (2+GM)s+ (1+Gr+HA?) =0, (2.8)

where G =ay + by, H = a1by — asb;.
Let F(s) =s>— (2 + GA)s + (1 + GA + HA?).
Then F(1) = HA%, F(-1) = HA? + 2GX + 4.
Using Lemma 2.1, we obtain the local dynamics of the fixed point E(x*, y*).
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Proposition 4 Let E(x*,y*) be the positive fixed point of Eq. (1.2);
1. E is a sink if one of the following conditions holds:
(a) —2JH < G<Oand0<k<—%.
(b) G<—2vH and 0< ) < =G=YG4H
So E locally asymptotically stable.
2. E is a source if one of the following conditions holds:
(a) —2«/17§G<Oandk>—%.
(b) G<-2vH and x> @.
(¢ G=>0.
3. E is a saddle if the following condition holds:

-G-VG?*-4H N -G++G?>-4H
<A< .

G<-2vVH and
< an H H

4. E is non-hyperbolic if one of the following conditions holds:
(@) G<—2+H and ) = ~SEYG—4H VHGZ*“H and A 7’_%,_%‘
(b) —2\/17<G<0¢md)»=—%.

3 Bifurcation analysis
In this section, we discuss the flip bifurcation in system (1.2) at the positive fixed point
E(x*,y*). We choose parameter X as a bifurcation parameter to study the flip bifurcation
of E(x*,y*) by using the center manifold theorem and the bifurcation theory [22-25].

Let Fy1 = {(B,k, ,2) : . = <SG G « 5 /H B,k, B, A >0}, or Fgy = {(B,k, B, 1) : A =
=GVGMH G < 0 /H,B,k, B, ) > O},

Let Hg = {(B,k, B,A) : h = —£,-24/H < G<0,B,k, B, A > O}.

The fixed point (x*,5*) can undergo a flip bifurcation when parameters vary in a small
neighborhood of F; or Fp,, and the Neimark—Sacker bifurcation of E(x*, y*) if parameters

vary in a small neighborhood of Hp.

3.1 Flip bifurcation analysis

We will discuss the flip bifurcation of (1.2) at E(x*, y*) when parameters vary in the small
neighborhood of Fg;. Similar arguments can be applied to the other case Fp,. Taking pa-
rameters (B, k, 8, A1) arbitrarily from Fp;, we consider system (1.2) with (B, k, 8, 1), which
is described by

B
x = x+ )»lx(Bxﬂ’i—kyﬂ - x), (3.1)

B
Y = y+ MyBls —)-

Map (3.1) has a unique positive fixed point E(x*, y*), whose eigenvalues are s; = -1, s, =
3+ GA, with |sy| # 1 by Proposition 4, where x* = B/(1 + kV/0-8)), y* = B— [B/(1 + k/(-P))],
Choosing A* as a bifurcation parameter, we consider a perturbation of (3.1) as follows:

X —=x+ (g + A*)x(B% - %), (32)
P .
Y —y+ (A + )\*)y(Bﬂskf—kyﬁ -9),

where |A*| <« 1, which is a small perturbation parameter.

Page 5of 17
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Let u = x — x* and v = y — y*. Then we transform the fixed point E(x*,y*) of map (3.2)

into the origin. We have

AU + AoV + dsu® + arauv + aisv? + eru® + eauv + esviu + eqV?

+ brud® + bovd* + b3u® A* + bauv)* + bsv? ) + O((Jul + |v| + | A )%) (3.3)
A1l + Ay V + Az U® + ApgiV + aosV? + dyud + doti®v + dsvPu + dy | ’

+ CLUN + CoVAT + et A + cauvh™ + csVPA* + O((Ju| + [v] + |A*])%)

where
B *23 B 1 % 1B *B—1,xB+1
an =1+ x + k('3+ )x y —-2x* ), au:_u,
(x*B + ky*P)? (x*B + ky*B)?
MBkBx*PLy* (1 = B)x*P + k(1 + B)y*F]
ass = -2

(x*F + ky*P)3 '

(B -1 —k(B + 1)y’

(x*ﬁ +ky*ﬂ)3 ’
*B-2,xp+1 1= B)x*F + k(B + 1)y**

@ + Ky )
(Bx*zﬂ + Bk(B + 1)x*Py*P .
b1 = —2x )
(x*B + ky*P)?
Bkﬂy*ﬁ—lx*ﬂ+1
(*F + ky*F)2 ’

be = BkBx*P1y*B[(1 = B)x*P + k(1 + B)y*P] Ly
3 (B + ky*P)3 ’
(B - D)x*f — k(B +1)y**
(2 + ky*P)3 ’

*B-2,xf+1 (1-B)x*’ + (kB + 1)y*ﬂ
@ + kyP)?

aia = AlkBﬂx*ﬁy*ﬁ‘l

)

as = )»lkBﬂy

by = -

by = kB,Bx*"}y*ﬂ_1

bs = kBBy

’

AlBkﬂy*ﬂ+lx*ﬂ—1

a = (x+B + ky*B)2
BK2y*2 & Bk(B + 1)x*Py*P
= 1 )\. - 2 * )
az + 1( (&P + ky )2 ) )

*f *f
_ wp2 pr1 L= By + (B +1)x
a3 = AlkBﬂx y (x*ﬂ + ky*ﬂ)S ’

(B = Dky** — (B + D™’
(x*B + ky*P)3 ’

~ Pky? + (B + D
@ik

Ao = )leBﬂx*ﬂ—2y*ﬁ+l

1
ars = AlkBﬂx*ﬁy*ﬁ’l (

Bkﬂy*ﬂJrlx*ﬁ—l
(e  kyE)2

C1 =
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Bk%y*? + Bk(B + 1)x*Py*P *)
Cy = — 2y 5
(x*B + ky*P)?

(1= B)ky™® + (B + D"
(x*ﬁ + ky*ﬂ)?’

Dky*# — (B + 1)x*F

(P + ky*P)3

1-Pky*’ + (B + Da*l
(x*B + ky*P)3

_ MBKBy P Ix*PS3[(=36 = 2 - B2)x* Y + 4k(B - Dx*PyP + K2(3B — B2 - 2)y* ]

’

c3 = kBﬂx*,B—Zy*ﬂJrl

Cy = kBﬂx*ﬁ_zy*ﬂ“ (IB _

)

¢5 = kBBx*Py P

d
1 (P + ky*F)*
MBkBx P2y P [k2(B — 1)°y*? + (B + 1)2x*F + 2k(1 - 287)x*P y*P]
dy = ,
(x*ﬂ + ky*ﬂ)AL
g M BkB2x*PLy B (1 + B)x*?P + K2(1 — B)y*?P) + 4k Bx*PyP]
3= (B + ky*P)? ’
Ao MBkBy*P2x*P (B2 - 1)(K*y*?P + x*2P) — 2k(1 + 282)x*P y*F]
4= (x*ﬁ + ky*ﬁ)4 :
_ MBkBx P2y P[(B2 — 1) (% + K2y P ) — 2k(1 + 22)x*P y*P ]
el— (x*ﬁ+ky*ﬂ)4 ’
o o MBkB2x*B=Ly 1 [(1 — B)x*2P — k2(1 + B)y*?P) + 4k Bx*P y*F]
2= (P + ky*P)* ’
MBkBx*PyP=2[2(28 — 1 - B2 — k(1 + B2)x*Fy*P + k2(B + 1)*y**F]
€= *f k *0 )4 ’
(x*f + ky*P)

es = (MBkBx**1y*P3[ (28 — 3 - B*)a**F + 2k(28% - B - 3)x*F y*P

—k*(B* + 4B +3)y*P]) [ ((x* + I<y*’3)4).

Constructing an invertible matrix

a1z a1z
T =
-l1-an sy-an

and using the translation

()-+C)

then system (3.3) becomes

J:C — -1 9:6 + Sv,37) , (3.4)
y 2] \y glu,v, %)

where
S, 1%)

_ ai3(s2 —ain) —dnd ,  awuls —an) —dnax
ai(sz +1) ar(sz +1)
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ai5(sy — an) — apdans 2 bi(sy —ai1) —apc

ur*
ara(sy +1) ara(se +1)

by(sy — ar1) — aiacy * bS(SZ_all)_ﬂmCSuzk*

a(sy +1) ai(sy +1)
by(sy —ay1) — aiacs UUAE + bs(sy — ay1) — aiacs %
ap(sy +1) a(sy +1)

ei1(sy —ay) —annd; 3 ey(sy —ay1) —annd, 2
aip(sy +1) aip(sy +1)

e3(sy —ay1) — arnds 2 eq(sy —an) — aind, 3

aia(sy +1) aia(sy +1)
+O((lul + v + ’k*‘)4),
g(u,v, 1)
_ ais(1+an) +anars 5 awu(l+ayn)+anax
ap(sy +1) aa(sy +1)

ais(1+an) +anas , bi(l+ay)+anc U

aia(sy +1) aia(sy + 1)

by(1+ay1) +ancy ., b3(l+an)+ancs P
ara(sy +1) ara(sy + 1)
by(1 + aqy) + anc bs(1 + aqq) + aiac
4 11) + a1z 4 . 5( 1) + a1z 5.,2)%
aya(s2 +1) ara(sy + 1)

ei(l+an)+and: ;5 el+an)+and, ,

ara(s2 +1) aya(sy +1)

es(L+an)+ands , el+an)+and, 4

aasy +1) aia(sy +1)

+O((lul + v + |A*|)4),
and

u=apx+y), v=—(1+aun)x+(s2 —a11)y

uv = ap[—(1+a)# + (s — 2a1; — )35 + ara(sz — an)i’,

u? = ap,(%+)% V2= [(1+a1)% + (s2— ﬂu)j/]z,
w? = ap(E+5)[-(1+ an)i + (s2 - an)i]’,
w=ad,(x+7)> uv = aty (% +9)*[-(1 + an)x + (s2 — an)y),

3

V= [-(1+an)F + (s —an)j]-

There exists a center manifold W,(0,0,0) of Eq. (3.4) at the fixed point (0,0) in a small
neighborhood of A*. From the center manifold theorem, we know that there exists a center
manifold

W.(0,0,0)

= {E52%) € B § = h*(%2%) = & + asih* + ash + O((1% + [+*])°)}) (3.5

Page 8 of 17
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for ¥ and 1* sufficiently small. Then the center manifold must satisfy
N (5 17))
= (=% +f (% h* (%, A%), 1), 1) — ol (%, 1%) — g (&, 1" (%,17),1%) = 0. (3.6)

Substituting (3.4) and (3.5) into (3.6) and comparing coefficients of (3.6), we obtain where
O((Jx| + |*|)?) is a function in (%, A*) at least of the third order, and

B (1 + an)la1a(1 + an1) + ainanal N ar2[(1 + arn)az + ai2ass)

a =
! 1-s3 1-s5
[a15(1 + a11) + arpans)(1 + a)?
ar(l-s3) ’
(1 +an)[ba(1 + an1) + ainca]  b1(1 +an) + apc
ay) = - , as = 0.

a12(1 + 52)? (1+s2)?

Therefore, model (1.2) restricted to the center manifold is given by

Fif— =%+ & + hoid* + ha® A + haih ™ + hsi® + O((1%] + [27])%), (3.7)
where
1 2
hy {ﬂlz[als(SZ —an) - 61126123] —app(l+ ﬂu)[d14(52 —an) - 61120124]

- aa(sy +1)

+[ars(s2 — a11) — arpans | (1 + a11)*},

1
hy = m[[dubl(sz —an) - ﬂ%zcl] -(1+ ﬂu)[bz(Sz —an) - ﬂ12c2]];

az

h3 =

——— {24%,[a —di1) — ana
ﬂ12(s2+1){ 6112[ 13(52 11) 12 23]

+ana(sy — 1= 2a)[ara(sz — an1) — arnan

= 2(1 + a11)(sz — a11)[a15(s2 — an) — arass| }
ay 2
- bi(sy —ar) —
+ d1a(sy + 1) {[ﬂlz 1(s2 —a11) ﬂ1201]
1

2
S b - -
dia(sy + 1) {6112[ 3(s2 — an1) 611203]

+(s2 - ﬂll)[bz(sz —an) - 611202]} +

—ap(1 +a11)[balsz — an) — azca] + [bs(s2 — an1) — anacs |(1 + anr)*},

az

ha = {[ﬂlzbl(sz —a) - “%251] + (52— ﬂu)[bz(sz —an) - 611202] }:

aia(1 +57)

1
hs = it D) {2at,a1[a13(s2 — a11) — arzans]

+aran(s-1- 2“11)[6114(52 —an) - 61126124]
+a3y[ei(sa — an) — andi| - af,(1+an)|ex(sa — an) — arads |
— [eals2 — a11) — arpda (1 + any)?

+[es(s2 — an) — arnds (1 + an1)® - 2a1(1 + an)(s2 — aiy)[as(s2 — an) — arans |}
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@, ® s
=
6l g 0 ra
&
5f > 05
(=3
g
2 45 = -1
I3
ES
e
3t g -15
£
2t g 2
4
1 1 1 1 |! E 25 1 I L L 1
10 0.1 0.2 ) 03 04 05 “*o 0.1 0.2 03 2 04 05 0.6
Figure 1 (a) Bifurcation diagram of map (1.2) with A € (0,0.55), B=10, k=095, B = 0.2, the initial value is
(5,5); (b) Maximum Lyapunov exponents corresponding to (a).

In order for map (3.7) to undergo a flip bifurcation, we require that two discriminatory

quantities «; and «, are not zero, where

3*F 1 8F 8°F
N=\Tmas T oo o =hy,
AxIA* 284 8x% ) )

and

133F [168%F\*
Olz=<— ~3+<— ,,2)) =h5+h%.
6 0x 2 éx ©,0)

From the above analysis and the theorem of [23], we have the following result.

Theorem 3.1 Ifay #0, then map (1.2) undergoes a flip bifurcation at the fixed point (x*, y*)
when the parameter A varies in a small neighborhood of L. Moreover, if ay > 0 (resp.,
ay < 0), then the period-2 orbits that bifurcate from (x*,y*) are stable (resp., unstable).

In Sect. 4 we will give some values of parameters such that ay # 0; thus, the flip bifurca-
tion occurs as A varies (see Fig. 1).

3.2 Neimark-Sacker bifurcation analysis
Finally, we discuss the Neimark—Sacker bifurcation of E(x*,y*) if parameters (B, k, 8, A2)
vary in a small neighborhood of HB Hp.

Taking parameters (B, k,8,A;) arbitrarily from Hp, we consider system (1.2) with
(B, k, B, 1), which is described by

b
T

/ ky?
y =)+ kzy(BW =)

&' — x + Apx(B - x),

(3.8)
Map (3.8) has a unique positive fixed point E(x*, y*).
Choosing A* as a bifurcation parameter, we consider a perturbation of (3.8) as follows:

X —x+ Ay + A*)x(B% —Xx), (3.9)

/ * p
Y = v+ O + 2 )yBes — )

where |A*| <« 1, which is a small perturbation parameter.
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Let u =x — x* and v = y — y*. Then we transform the fixed point E(x*,y*) of map (3.9)
into the origin. We have

%)

Al + a1V + asu’ + arauy + aisV? + e i’ + eau?v + esviu + egv® + O((|ul + [v))¥)
2 2 3 2 2 3 o |s (3.10)
A1 U + AoV + Ap3U” + AUV + dosVv™ + diu® + dou®v + d3viu + dyv + O((Ju| + |v])*)

2 3 2

where a1y, a1z, a13, a14, ais, €1, ey, €3, ea, asy, Az, asz, Az, ass, dy, dy, ds, dy are given in
(3.3) by substituting A for A, + A*.
Note that the characteristic equation associated with the linearization of map (3.10) at

(u,v) = (0,0) is given by
s>+ P(3*)s + Q(*) =0,
where

P(A*) =-2-G(ry +1%),

Q(A*)=1+G(ro+A*) + H(Ay + i*)z.

Since parameters (B, k, B, A2) € Hp, the eigenvalues of (0, 0) are a pair of complex conjugate
numbers s, and 5 with modulus one by Proposition 4, where

P(R* j = = Ay +A%) (kg + A*
s5=-L00 0 L o) pry <1 Bt L )

Moreover, we have

dls| G
liv0 === #0.

k=0 — O = 1, l= e
Isl5-0 Q(0) A )

Also, it requires that when A* = 0, A", A # 1 (m = 1,2, 3,4) which is equivalent to P(0) #
-2,0,1,2. Note that (B,k, 8,13) € Hg. Thus, P(0) # —2,2. We only need to require that
P(0) #0,1, which leads to

G? #2H,3H. (3.11)
Therefore, the eigenvalues s, s of a fixed point (0,0) of (3.10) do not lie in the intersection
of the unit circle with the coordinate axes when § and (3.11) holds.

Next, we study the normal form of (3.10) at A* = 0.
LetA*=0,=1+%2, 0=24H -G

0
- .
M—din —w

Moreover, using the translation

()-+C)
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then system (3.10) becomes

(- 6-()
y o ) \y *,5)

where
-~ a3 a4 ais €1 € €3 €4 ~ ~\4
f@9)=—u*+ —uv+ —v*+ —i® + —uPv+ —vu+ —v* + O((1& + 7)),
a2 a2 a2 a1z a2 a1z a2

o~ a(i—an) - anas 2 aia(p — an) — anan
(%) = U+ uv
ajpw ajpw

ais(p —an) —annas 5, el —an)—and 4
+ e u
ajpw [750X%

es(n —an) — and, 2 e3( —an) — ands 5
+ uv+ V'u
ajpw ajpw

es(i — an) — arods B
+ x|+
) o((1+ 51)).
u* = ﬂ%25€2, uv = 6112(M - 6111)562 - 611260565/,
V2 = (u—an)®%* - 2(u — a1 oy + 0*57,

2 223 ~2~ 2:2~2
viu=ap(p —an) X - 2a(n — an)wxy + apo Xy’

u’v=al,(u —an)x’ - al,wi’y
3_ 323 3 3~3 22~ 2 ~~2 323
u’ = a,x’, V2= (1 —an)’x” - 3o(pn —an) x7y + 30™ (1 — an)xy” — w’y”.
Therefore,
~, 26115 ~, 26115
Jfix =2anaiz + 2a14( — an) + —(u - ﬂu) ﬁ?j/ =—apw - — (1 —an)o,
ain a2
= ais o
- _ 25
B an’’
7 2 2 664 3 % €y o
Jizz = 6e1ar, + 6eyary (i — an) + 6es(w —an)” + —(u —an)’, 5y = —— %,
ain a1z
f;cyy = w 64(/'L “11)

6
wy = —dwes(n — an) — 2werars - P (ea(u — an)?),
12

- 2
&ix = » {ﬂlz[ﬂls(M —an) - ﬂlzﬂzs] +(u— ﬂu)[ﬂm(u —an) - 61126124]

+ [6115(# —an) - 6l12ﬂ25](ll - ﬂn)z},

1
8xy = d_lz {ﬂlz [61126124 —a(p - 6111)] -2(n - 6111)[6115(M —an) - ﬂlzﬂzs] },

2w
&y = —[as(i — an) — anass),
a12

XXX = o {ﬂfz [61(,11« —an) - ﬂlzdl] +an(u - 6111)[63(# —an) - ﬂ12d3]

+ [es(lt —an) - ﬂ12d3](ﬂ - 6111)2



Yang et al. Advances in Difference Equations (2019) 2019:324 Page 13 of 17

+ [34(H —an) - 6112614](,u - 411)3},
. 6w?
&y = a—i [a12ds — ea(p — an)],

- 6
oy = —o(u - au)[e4(u —an) - ﬂ12d4]:
ai
Gy = 4w —an)[ands — es(u — an)] + 2ap[annd, — ex(u — an)]

6
+ —[d12d4 —es(p — ﬂu)](M - ﬂ11)2
ai

at point (0, 0).
In order for system (3.12) to undergo the Neimark—Sacker bifurcation, we require that

the following discriminatory quantity is not zero:

A*=0

1-2s)s? 1
a= {—Re(( )8 520511) - 5|§"11|2 — |&o|* + Re(§€21)}

1-s

where
1 - - . " . ~
520 = g [s Sy + 289) + 1@ ~ &5~ Ys) .
I
&= 2 [(fex + f53) + i@ + &) ]
1, -~ - 5 . - ~
fn =g [z = fi5 — 28) + i@z — Gy + )],
1.- ~ - - o ~ " Z
=1, [(Fiss + fisy + &y + &) + i@ + &y — fos —Fiw) )
From the above analysis, we have the following theorem.

Theorem 3.2 If condition (3.11) holds and a # 0, then map (1.2) undergoes the Neimark—
Sacker bifurcation at the fixed point (x*, y*) when the parameter )\ varies in a small neigh-
borhood of 1.,. Moreover, ifa < 0 (resp., a > 0), then an attracting (resp., repelling) invariant

closed curve bifurcates from the fixed point for . > Ay (resp., A < A3).

4 Numerical simulations
In this section, we illustrate the above analytic results and show the complex dynamical be-
haviors by the bifurcation diagrams, phase portraits, and maximum Lyapunov exponents
for system (1.2).

For the sake of analysis, we consider the symmetric case of identical firms, let A; = Xy = A,
B1 = B2 = B. Then, from system (1.2), we obtain

_P
xB +ky/3

kyB
Y =+ B g ).

x' — x+ Ax(B -x),

The bifurcation analyses are considered in the following cases:
(i) Varying A in range 0 < A < 0.51 and fixing B = 0.2, B = 10, k = 0.95;
(ii) Varying B in range 0 < B < 62.8 and fixing 8 = 0.2, A = 0.08, k = 0.95;
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(ili) Varying B inrange 0.3 < B <1 and fixing k = 0.8, = 0.4, B = 10;

(iv) Varying k in range 0.35 < k < 2.5 and fixing 8 = 0.2, A = 0.4, B = 10.

For case (i). The bifurcation diagram of system (1.2) in the (,x) plane for 0 < A < 0.51
with initial values (xo, y0) = (5,5) is given in Fig. 1(a) to show the dynamical changes as A
varies. The maximum Lyapunov exponents corresponding to the bifurcation diagram in
Fig. 1(a) are given in Fig. 1(b).

In Fig. 1, we can see that there is a stable fixed point (5.1602,4.8398) for 0 < A < 0.3923,
and a flip bifurcation occurs at A = 0.3923. We observe that there are period-2 orbits for
larger regions A € (0.3923,0.4571).

Figure 2 shows the phase portraits which are associated with Fig. 1. For A € (0,0.55),
there are period-1,2,4 orbits (in Fig. 2 (a)~(c)). Figure 2(d) shows one of the stable fixed
points. Figure 2(e) shows that the Hopf bifurcations emerge from the fixed points at A =
0.48. When X = 0.495, we can see the chaotic sets in Fig. 2(f). The maximum Lyapunov

(a) ¢ (b) 5.6
5.4t
5.5} k o
s2f
5 5
*
-
asl 4.8}
4.6}
4 k
4.4}
*
3_5 1 1 1 I 4.2 1 1 1
4 4.5 5 , S5 6 6.5 4 4.5 5, 5.5 6
© s @
*
s.5f . g 4.1r
- - *
5 4.05- TS e
P S e
= 450 g -~y ""%‘"'.
A AR
4+ R
. 3.95|
3.5}
3.9}
3 . .
2 3 4 . s 6 7 2.6 2.65 27, 275 2.3
© o,
4.4} 1
43¢ 1 6
4.2}
5
4.1}
a4 1 a4
3.9}
3.8} 3
3.7} ) )
3.6}
2.4 25 26 27 28 2.9 1 2 3 4, s 6 7
Figure 2 Phase plane for map (1.2) with B=10, k =0.95, 8 = 0.2 and different A.
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Figure 3 (a) Bifurcation diagram of map (1.2) with B € (0,62.8), 8 = 0.2, k= 0.95, A = 0.08, the initial value is
(5,5); (b) Maximum Lyapunov exponents corresponding to (a).
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Figure 4 (a) Bifurcation diagram of map (1.2) with 8 € (0,1), k= 0.8, B= 10, A = 0.35, the initial value is (5,5);
(b) Maximum Lyapunov exponents corresponding to (a).

exponents corresponding to A = 0.495 are larger than zero, which confirms the existence
of the chaotic sets in Fig. 1(b).

For case (ii). The bifurcation diagram of system (1.2) in the (B, ) plane for 0 < B < 62.8
with initial values (xo, yo) = (5,5) is given in Fig. 3(a) to show the dynamical changes as B
varies. The maximum Lyapunov exponents corresponding to the bifurcation diagram in
Fig. 3(a) are given in Fig. 3(b).

In Fig. 3, a flip bifurcation occurs at B = 49.38 by Proposition 1. We observe that there
are period-2 orbits for larger regions B € (49.38,57.35). Other cases are similar to case (i).

For case (iii). The bifurcation diagram of system (1.2) in the (B,x) plane for 0< g < 1
with initial values (xo,yo) = (5,5) is given in Fig. 3(a) to show the dynamical changes as
varies. The maximum Lyapunov exponents corresponding to the bifurcation diagram in
Fig. 4(a) are given in Fig. 4(b).

In Fig. 4, we can see that a flip bifurcation occurs at § = 0.6589 by Proposition 1. We
observe that there are period-2 orbits for larger regions 8 € (0.6589,0.903). Other cases
are similar to case (i).

For case (iv). The bifurcation diagram of system (1.2) in the (k, x) plane for 0.355 < k < 2.5
with initial values (xo, y0) = (5,5) is given in Fig. 5(a) to show the dynamical changes as k
varies. The maximum Lyapunov exponents corresponding to the bifurcation diagram in
Fig. 5(a) are given in Fig. 5(b).
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Figure 5 (a) Bifurcation diagram of map (1.2) with k € (0.35,2.5), 8 = 0.2, B= 10, A = 0.4, the initial value is
(5,5); (b) Maximum Lyapunov exponents corresponding to (a).

In Fig. 5, there exist double period doubling bifurcations and chaos. We can see that a flip
bifurcation occurs at k = 0.9773 or k = 1.027 by Proposition 1. We observe that there are
period-2 orbits for regions k € (0.6261,0.9773) or k € (1.027,1.613). There are period-1,
2,4, 6,8, 16 orbits with k =1,0.7,0.58,1.95,0.56,0.55. When k = 0.45,1.9,2.15, we can see
the chaotic sets in Fig. 5(a). The maximum Lyapunov exponents corresponding to them
are greater than zero, which implies the existence of the chaotic sets in Fig. 5(b).

5 Discussion

In this paper, we discuss the dynamical behaviors of model (1.2). From the discussion in
Sect. 2, we know that there exist flip bifurcation and chaos about equilibrium as the pa-
rameters vary in the small neighborhood. We have obtained a global qualitative analysis of
model (1.2) depending on all parameters and showed that the model exhibits the bifurca-
tions. By choosing A, B, 8, k as bifurcation parameters, respectively, it was shown that the
model undergoes a series of bifurcations including the flip bifurcation, period doubling
bifurcation, and chaos. Moreover, system (1.2) exhibits many complex dynamic behav-
iors, including period-1, 2, 4, 6, 8, 16 orbits, invariant cycle, a cascade of period-doubling,
quasi-periodic orbits, and the chaotic sets. These results reveal far richer dynamics of the
discrete model compared to the continuous model.
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