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1 Introduction
The generalized fractional calculus operators popularly known as Marichev–Saigo–
Maeda operators involving the Appell function F3(·) or the Horn function in the kernel
(see for details [3, 6, 7]) are defined in the following form.

Definition 1 Let σ1,σ ′
1,ν1,ν ′

1,η ∈ C and x > 0, then, for Re(η) > 0,

(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x f
)
(x) =

x–σ1

Γ (η)

∫ x

0
(x – t)η–1t–σ ′

1

× F3

(
σ1,σ ′

1,ν1,ν ′
1;η; 1 –

t
x

, 1 –
x
t

)
f (t) dt (1.1)

and

(
Iσ1,σ ′

1,ν1,ν′
1,η

x,∞ f
)
(x) =

x–σ ′
1

Γ (η)

∫ ∞

x
(t – x)η–1t–σ1

× F3

(
σ1,σ ′

1,ν1,ν ′
1;η; 1 –

x
t

, 1 –
t
x

)
f (t) dt. (1.2)

Here F3(·) denotes the Appell hypergeometric function of two variables.

Definition 2 Let σ1,σ ′
1,ν1,ν ′

1,η ∈ C and x > 0, then, for Re(η) > 0,

(
Dσ1,σ ′

1,ν1,ν′
1,η

0,x f
)
(x) =

(
I–σ ′

1,–σ1,–ν′
1,–ν1,–η

0+ f
)
(x)

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

https://doi.org/10.1186/s13662-019-2142-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2142-0&domain=pdf
http://orcid.org/0000-0002-1217-963X
mailto:akilic@upm.edu.my


Agarwal et al. Advances in Difference Equations        (2019) 2019:221 Page 2 of 11

=
(

d
dx

)n(
I–σ ′

1,–σ1,–ν′
1+n,–ν1,–η+n

0+ f
)
(x)

(
n =

[
Re(η)

]
+ 1

)

=
1

Γ (n – η)

(
d

dx

)n

xσ ′
1

∫ x

0
(x – t)n–η–1tσ

× F3

(
–σ ′

1, –σ1, n – ν ′
1, –ν1; n – η; 1 –

t
x

, 1 –
x
t

)
f (t) dt (1.3)

and

(
Dσ1,σ ′

1,ν1,ν′
1,η

x,∞ f
)
(x) =

(
I–σ ′

1,–σ1,–ν′
1,–ν1,–η

– f
)
(x)

=
(

–
d

dx

)n(
I–σ ′

1,–σ1,–ν′
1,–ν′

1+n,–η+n
– f

)
(x)

(
n =

[
Re(η)

]
+ 1

)

=
1

Γ (n – η)

(
–

d
dx

)n

xσ ′
1

∫ ∞

x
(t – x)n–η–1tσ ′

× F3

(
–σ ′

1, –σ1,ν ′
1, n – ν1; n – η; 1 –

x
t

, 1 –
t
x

)
f (t) dt. (1.4)

These operators includes Saigo hypergeometric fractional calculus operators, Riemann–
Liouville and Erdélyi–Kober fractional calculus operators as special cases for various
choices of the parameters (see for details [2, 8, 10] and [12]). In a recent paper, Saxena
and Parmar [9] established several interesting Saigo hypergeometric fractional formulas
involving the generalized Mathieu series defined by Tomovski and Pogány [14]. More re-
cently, Singh et al. [10] established several results by employing Marichev–Saigo–Maeda
fractional operators including their composition formulas and using certain integral trans-
forms involving the extended generalized Mathieu series defined by Tomovski and Mehrez
[13].

The more generalized form of the so-called (p, q)-Mathieu type series has been consid-
ered very recently by Mehrez and Tomovski [4] in the following form:

S(α,β)
μ,λ1,λ2,λ3

(r, a; p, q; z) =
∑

n≥1

2aβ
n (λ1)nBp,q(λ2 + n,λ3 – λ2)
(aα

n + r2)μB(λ2,λ3 – λ2)
zn

n!
(
μ, r,α,β ,λ1,λ2,λ3 ∈R

+, min
{
Re(p), Re(q)

} ≥ 0; |z| < 1
)
, (1.5)

where B(x, y; p, q) is the (p, q)-extended Beta function introduced by Choi et al. [1],

B(x, y; p, q) = Bp,q(x, y) =
∫ 1

0
tx–1(1 – t)y–1e– p

t – q
1–t dt, (1.6)

when min{Re(x), Re(y)} > 0; min{Re(p), Re(q)} ≥ 0. This (p, q)-Mathieu type series includes
various forms of Mathieu-type series as special cases (see for details [4]).

In our present investigation, we require the definition of the Hadamard product (or the
convolution) of two analytic functions [9]. If the Rf and Rg are the radii of convergence of
the two power series

f (z) :=
∞∑

n=0

anzn (|z| < Rf
)

and g(z) :=
∞∑

n=0

bnzn (|z| < Rg
)
,
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respectively, then the Hadamard product is the newly emerging series defined by

(f ∗ g)(z) :=
∞∑

n=0

anbnzn = (g ∗ f )(z)
(|z| < R

)
, (1.7)

where

R = lim
n→∞

∣
∣∣∣

anbn

an+1bn+1

∣
∣∣∣ =

(
lim

n→∞

∣
∣∣∣

an

an+1

∣
∣∣∣

)
·
(

lim
n→∞

∣
∣∣∣

bn

bn+1

∣
∣∣∣

)
= Rf · Rg ,

so that, in general, we have R � Rf · Rg .
In this present note, we aim to develop the compositions of the generalized fractional

integral and differential operators (1.1), (1.2), (1.3) and (1.4) for the generalized Mathieu
series (1.5) by using the Hadamard product (1.7) in terms of (p, q)-Mathieu type series and
Wright hypergeometric function.

2 Fractional formulas of the (p, q)-Mathieu type series
The Wright hypergeometric function rΨs(z) (r, s ∈N0) having numerator and denominator
parameters r and s, respectively, defined for α1, . . . ,αr ∈ C and β1, . . . ,βs ∈ C \ Z–

0 by (see,
for example, [2, 8])

rΨs

[
(α1, A1), . . . , (αr , Ar);
(β1, B1), . . . , (βs, Bs);

z

]

=
∞∑

n=0

Γ (α1 + A1n) · · ·Γ (αr + Arn)
Γ (β1 + B1n) · · ·Γ (βs + Bsn)

zn

n!
(

Aj ∈R
+(j = 1, . . . , r); Bj ∈R

+(j = 1, . . . , s); 1 +
s∑

j=1

Bj –
r∑

j=1

Aj � 0

)

(2.1)

with

|z| < ∇ :=

( r∏

j=1

A–Aj
j

)

·
( s∏

j=1

BBj
j

)

.

Also, if we take Aj = Bk = 1 (j = 1, . . . , r; k = 1, . . . , s) in (2.1), this reduces to the generalized
hypergeometric function rFs (r, s ∈ N0) (see, e.g., [2]):

rFs

[
α1, . . . ,αr ;
β1, . . . ,βs;

z

]

=
Γ (β1) · · ·Γ (βs)
Γ (α1) · · ·Γ (αr) r

Ψs

[
(α1, 1), . . . , (αr , 1);
(β1, 1), . . . , (βs, 1);

z

]

. (2.2)

The following image formulas or power function are useful in our investigation [10].

Lemma 1 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and x > 0. Then the following relation exists:
(a) If Re(η) > 0 and Re(
) > max{0, Re(σ1 + σ ′

1 + ν1 – η), Re(σ ′
1 – ν ′

1)}, then

(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x t
–1)(x) =
Γ (
)Γ (
 + η – σ1 – σ ′

1 – ν1)Γ (
 + ν ′
1 – σ ′

1)
Γ (
 + ν ′

1)Γ (
 + η – σ1 – σ ′
1)Γ (
 + η – σ ′

1 – ν1)

× x
+η–σ1–σ ′
1–1. (2.3)
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(b) If Re(η) > 0 and Re(
) < 1 + min{Re(–ν1), Re(σ1 + σ ′
1 – η), Re(σ1 + ν ′

1 – η)}, then

(
Iσ1,σ ′

1,ν1,ν′
1,η

x,∞ t
–1)(x) =
Γ (1 – 
 – ν1)Γ (1 – 
 – η + σ1 + σ ′

1)Γ (1 – 
 – η + σ1 + ν ′
1)

Γ (1 – 
)Γ (1 – 
 – η + σ1 + σ ′
1 + ν ′

1)Γ (1 – 
 + σ1 – ν1)

× x
+η–σ1–σ ′
1–1. (2.4)

Lemma 2 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and x > 0. Then the following relation exists:
(a) If Re(η) > 0 and Re(
) > max{0, Re(η – σ1 – σ ′

1 + ν ′
1), Re(ν1 – σ1)}, then

(
Dσ1,σ ′

1,ν1,ν′
1,η

0,x t
–1)(x) =
Γ (
)Γ (
 – η + σ1 + σ ′

1 + ν ′
1)Γ (
 – ν1 + σ1)

Γ (
 – ν1)Γ (
 – η + σ1 + σ ′
1)Γ (
 – η + σ1 + ν ′

1)

× x
–η+σ1+σ ′
1–1. (2.5)

(b) If Re(η) > 0 and Re(
) < 1 + min{Re(ν ′
1), Re(η – σ1 – σ ′

1), Re(η – σ ′
1 – ν1)}, then

(
Dσ1,σ ′

1,ν1,ν′
1,η

x,∞ t
–1)(x) =
Γ (1 – 
 – ν ′

1)Γ (1 – 
 + η – σ1 – σ ′
1)Γ (1 – 
 + η – σ ′

1 – ν1)
Γ (1 – 
)Γ (1 – 
 + η – σ1 – σ ′

1 – ν)Γ (1 – 
 – σ ′
1 – ν ′

1)

× x
–η+σ1+σ ′
1–1. (2.6)

We begin the exposition of the main results with presenting the composition formulas of
the generalized fractional operators (1.1), (1.2), (1.3) and (1.4) involving the (p, q)-Mathieu
type series by using the Hadamard product (1.7) in terms of the (p, q)-Mathieu type series
(1.5) and the Fox–Wright function (2.1).

Theorem 1 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(σ1 + σ ′
1 + ν1 – η), Re(σ ′

1 – ν ′
1)} with |t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following formula for fractional integration holds true:

(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q; tγ

)})
(x)

= x
+γ +η–σ1–σ ′
1–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; xγ

)

∗ 4Ψ3

[
(1, 1), (
 + γ ,γ ), (
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (
 + ν ′
1 – σ ′

1 + γ ,γ );
(
 + ν ′

1 + γ ,γ ), (
 + η – σ1 – σ ′
1 + γ ,γ ), (
 + η – σ ′

1 – ν1 + γ ,γ );
xγ

]

.

Proof Applying the definitions (1.5), (1.1) and then changing the order of integration and
using the relation (2.3), we find for x > 0

(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q; tγ

)})
(x)

=
∞∑

k=1

2aβ

k (λ1)kB(λ2 + k,λ3 – λ2; p, q)
(aα

k + r2)μB(λ2,λ3 – λ2)k!
(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
+γ k–1})(x)

= x
+η–σ1–σ ′
1–1

∞∑

k=1

2aβ

k (λ1)kB(λ2 + k,λ3 – λ2; p, q)
(aα

k + r2)μB(λ2,λ3 – λ2)k!

× Γ (
 + γ k)Γ (
 + η – σ1 – σ ′
1 – ν1 + γ k)Γ (
 + ν ′

1 – σ ′
1 + γ k)

Γ (
 + ν ′
1 + γ k)Γ (
 + η – σ1 – σ ′

1 + γ k)Γ (
 + η – σ ′
1 – ν1 + γ k)

xγ k . (2.7)

Finally, using the Hadamard product (1.7) in (2.7), in view of (1.5) and (2.1), yields the
desired formula. �
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Theorem 2 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(–ν1), Re(σ1 + σ ′
1 – η), Re(σ1 + ν ′

1 – η)} with |1/t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following formula for fractional integration holds true:

(
Iσ1,σ ′

1,ν1,ν′
1,η

x,∞
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

1
tγ

)})
(x)

= x
+η–γ –σ1–σ ′
1–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

1
xγ

)

∗ 4Ψ3

[
(1, 1), (1 – 
 – ν1 + γ ,γ ), (1 – 
 – η + σ1 + σ ′

1 + γ ,γ ), (1 – 
 – η + σ1 + ν ′
1 + γ ,γ );

(1 – 
 + γ ,γ ), (1 – 
 – η + σ1 + σ ′
1 + ν ′

1 + γ ,γ ), (1 – 
 + σ1 – ν1 + γ ,γ );
1

xγ

]
.

Theorem 3 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(η – σ1 – σ ′
1 – ν ′

1), Re(ν1 – σ1)} with |t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following formula for fractional differentiation holds true:

(
Dσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q; tγ

)})
(x)

= x
+γ –η+σ1+σ ′
1–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; xγ

)

∗ 4Ψ3

[
(1, 1), (
 + γ ,γ ), (
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ), (
 – ν1 + σ1 + γ ,γ );

(
 – ν1 + γ ,γ ), (
 – η + σ1 + σ ′
1 + γ ,γ ), (
 – η + σ1 + ν ′

1 + γ ,γ );
xγ

]

.

Proof Applying the definitions (1.5), (1.3) and then changing the order of integration and
using the relation (2.5), we find for x > 0

(
Dσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q; tγ

)})
(x)

=
∞∑

k=1

2aβ

k (λ1)k(λ2)k

(aα
k + r2)μ(λ3)kk!

(
Dσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
+γ k–1})(x)

= x
–η+σ1+σ ′
1–1

∞∑

k=1

2aβ

k (λ1)kB(λ2 + k,λ3 – λ2; p, q)
(aα

k + r2)μB(λ2 + k,λ3 – λ2)k!

× Γ (
 + γ k)Γ (
 – η + σ1 + σ ′
1 + ν ′

1 + γ k)Γ (
 – ν1 + σ1 + γ k)
Γ (
 – ν1 + γ k)Γ (
 – η + σ1 + σ ′

1 + γ k)Γ (
 – η + σ1 + ν ′
1 + γ k)

xγ k . (2.8)

Finally, using the Hadamard product (1.7) in (2.8), in view of (1.5) and (2.1), yields the
desired formula (1.3). �

Theorem 4 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(ν ′
1), Re(η – σ1 – σ ′

1), Re(η – σ ′
1 – ν1)} with |1/t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following fractional differentiation formula holds true:

(
Dσ1,σ ′

1,ν1,ν′
1,η

x,∞
{

t
–1S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

1
tγ

)})
(x)

= x
–γ –η+σ1+σ ′
1–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

1
xγ

)

∗ 4Ψ3

[
(1, 1), (1 – 
 – ν ′

1 + γ ,γ ), (1 – 
 + η – σ1 – σ ′
1 + γ ,γ ), (1 – 
 + η – σ ′

1 – ν1 + γ ,γ );
(1 – 
 + γ ,γ ), (1 – 
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (1 – 
 – σ ′
1 – ν ′

1 + γ ,γ );
1

xγ

]
.
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3 Certain integral transforms
With the help of the results established in the previous section, in this section, we shall
present certain very interesting results in the form of several theorems associated with
Beta, Laplace and Whittaker transforms. For this purpose, first we would like to define
these transforms.

Definition 3 The Euler-Beta transform [11] of the function f (z) is defined, as usual, by

B
{

f (z); a, b
}

=
∫ 1

0
za–1(1 – z)b–1f (z) dz. (3.1)

Definition 4 The Laplace transform (see, e.g., [11]) of the function f (z) is defined, as usual,
by

L
{

f (z); t
}

=
∫ ∞

0
e–tzf (z) dz

(
Re(t) > 0

)
. (3.2)

The following integral involving the Whittaker function [10]:

∫ ∞

0
tρ–1e– 1

2 atWκ ,ν(at) dt = a–ρ
Γ ( 1

2 ± ν + ρ)
Γ (1 – κ + ρ)

(
Re(a) > 0, Re(ρ ± ν) > –

1
2

)
, (3.3)

is useful in this section, where Wκ ,ν is the Whittaker function [5, p. 334].
The following interesting results in the form of theorems will be established in this sec-

tion. As these results are direct consequences of the definitions (3.1), (3.2), (3.3) and The-
orems 1 to 4, they are given here without proof.

Theorem 5 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(σ1 + σ ′
1 + ν1 – η), Re(σ ′

1 – ν ′
1)} with |t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following Beta-transform formula holds true:

B
{(

Iσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (tz)γ

)})
(x) : l, m

}

= x
+γ +η–σ1–σ ′
1–1Γ (m)S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; xγ

)

∗ 5Ψ4

[
(1, 1), (l + γ ,γ ), (
 + γ ,γ ), (
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (
 + ν ′
1 – σ ′

1 + γ ,γ );
(l + m + γ ,γ ), (
 + ν ′

1 + γ ,γ ), (
 + η – σ1 – σ ′
1 + γ ,γ ), (
 + η – σ ′

1 – ν1 + γ ,γ );x
γ

]
.

Theorem 6 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(–ν1), Re(σ1 + σ ′
1 – η), Re(σ1 + ν ′

1 – η)} with |1/t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following Beta-transform formula holds true:

B
{(

Iσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
z
t

)γ )})
(x) : l, m

}

= x
–γ +η–σ1–σ ′
1–1Γ (m)S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

1
xγ

)

∗ 5Ψ4

[
(1, 1), (l + γ ,γ ), (1 – 
 – ν1 + γ ,γ ),

(l + m + γ ,γ ), (1 – 
 + γ ,γ ),

(1 – 
 – η + σ1 + σ ′
1 + γ ,γ ), (1 – 
 – η + σ1 + ν ′

1 + γ ,γ );
(1 – 
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ), (1 – 
 + σ1 – ν1 + γ ,γ );

1
xγ

]

.



Agarwal et al. Advances in Difference Equations        (2019) 2019:221 Page 7 of 11

Theorem 7 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(η – σ1 – σ ′
1 – ν ′

1), Re(ν1 – σ1)} with |t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following Beta-transform formula holds true:

B
{(

Dσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (tz)γ

)})
(x) : l, m

}

= x
+γ –η+σ1+σ ′
1–1Γ (m)S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; xγ

)

∗ 5Ψ4

[
(1, 1), (l + γ ,γ ), (
 + γ ,γ ), (
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ), (
 – ν1 + σ1 + γ ,γ );

(l + m + γ ,γ ), (
 – ν1 + γ ,γ ), (
 – η + σ1 + σ ′
1 + γ ,γ ), (
 – η + σ1 + ν ′

1 + γ ,γ );x
γ

]
.

Theorem 8 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(ν ′
1), Re(η – σ1 – σ ′

1), Re(η – σ ′
1 – ν1)} with |1/t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following Beta-transform formula holds true:

B
{(

Dσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
z
t

)γ )})
(x) : l, m

}

= x
–γ –η+σ1+σ ′
1–1Γ (m)S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

1
xγ

)

∗ 5Ψ4

[
(1, 1), (l + γ ,γ ), (1 – 
 – ν ′

1 + γ ,γ ),
(1 – 
 + γ ,γ ), (1 – 
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ),

(1 – 
 + η – σ1 – σ ′
1 + γ ,γ ), (1 – 
 + η – σ ′

1 – ν1 + γ ,γ );
(l + m + γ ,γ ), (1 – 
 – σ ′

1 – ν ′
1 + γ ,γ );

1
xγ

]

.

Theorem 9 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(σ1 + σ ′
1 + ν1 – η), Re(σ ′

1 – ν ′
1)} with |t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following Laplace-transform formula holds true:

L
{

zl–1(Iσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (tz)γ

)})
(x)

}

=
x
+γ +η–σ1–σ ′

1–1

sl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
x
s

)γ )

∗ 5Ψ3

[
(1, 1), (l + γ ,γ ), (
 + γ ,γ ), (
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (
 + ν ′
1 – σ ′

1 + γ ,γ );
(
 + ν ′

1 + γ ,γ ), (
 + η – σ1 – σ ′
1 + γ ,γ ), (
 + η – σ ′

1 – ν1 + γ ,γ );

(
x
s

)γ ]
.

Theorem 10 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(–ν1), Re(σ1 + σ ′
1 – η), Re(σ1 + ν ′

1 – η)} with |1/t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following Laplace-transform formula holds true:

L
{

zl–1
(

Iσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
z
t

)γ )})
(x)

}

=
x
–γ +η–σ1–σ ′

1–1

sl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
1
xs

)γ )

∗ 5Ψ3

[
(1, 1), (l + γ ,γ ), (1 – 
 – ν1 + γ ,γ ), (1 – 
 – η + σ1 + σ ′

1 + γ ,γ ),
(1 – 
 + γ ,γ ), (1 – 
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ),

(1 – 
 – η + σ1 + ν ′
1 + γ ,γ );

(1 – 
 + σ1 – ν1 + γ ,γ );

(
1
xs

)γ
]

.
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Theorem 11 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(η – σ1 – σ ′
1 – ν ′

1), Re(ν1 – σ1)} with |t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following formula Laplace-transform holds true:

L
{

zl–1(Dσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (tz)γ

)})
(x) :

}

=
x
+γ –η+σ1+σ ′

1–1

sl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
x
s

)γ )

∗ 5Ψ3

[
(1, 1), (l + γ ,γ ), (
 + γ ,γ ), (
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ), (
 – ν1 + σ1 + γ ,γ );

(
 – ν1 + γ ,γ ), (
 – η + σ1 + σ ′
1 + γ ,γ ), (
 – η + σ1 + ν ′

1 + γ ,γ );

(
x
s

)γ ]
.

Theorem 12 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(ν ′
1), Re(η – σ1 – σ ′

1), Re(η – σ ′
1 – ν1)} with |1/t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following Laplace-transform formula holds true:

L
{

zl–1
(

Dσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
z
t

)γ )})
(x)

}

=
x
–γ –η+σ1+σ ′

1–1

sl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
1
xs

)γ )

∗ 5Ψ3

[
(1, 1), (l + γ ,γ ), (1 – 
 – ν ′

1 + γ ,γ ),
(1 – 
 + γ ,γ ), (1 – 
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ),

(1 – 
 + η – σ1 – σ ′
1 + γ ,γ ), (1 – 
 + η – σ ′

1 – ν1 + γ ,γ );
(1 – 
 – σ ′

1 – ν ′
1 + γ ,γ );

(
1
xs

)γ
]

.

Theorem 13 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(σ1 + σ ′
1 + ν1 – η), Re(σ ′

1 – ν ′
1)} with |t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following integral formula holds true:

∫ ∞

0
zl–1e– 1

2 δzWτ ,ς (δz)
{(

Iσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (wtz)γ

)})
(x)

}
dz

=
x
+γ +η–σ1–σ ′

1–1

δl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
wx
δ

)γ )

∗ 6Ψ4

[
(1, 1), ( 1

2 + ζ + l + γ ,γ ), ( 1
2 – ζ + l + γ ,γ ),

( 1
2 – τ + l + γ ,γ ), (
 + ν ′

1 + γ ,γ ),

(
 + γ ,γ ), (
 + η – σ1 – σ ′
1 – ν1 + γ ,γ ), (
 + ν ′

1 – σ ′
1 + γ ,γ );

(
 + η – σ1 – σ ′
1 + γ ,γ ), (
 + η – σ ′

1 – ν1 + γ ,γ );

(
wx
δ

)γ
]

.

Theorem 14 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(–ν1), Re(σ1 + σ ′
1 – η), Re(σ1 + ν ′

1 – η)} with |1/t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following integral formula holds true:

∫ ∞

0
zl–1e– 1

2 δzWτ ,ς (δz)
{(

Iσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
wz
t

)γ )})
(x)

}
dz

=
x
–γ +η–σ1–σ ′

1–1

δl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
w
xδ

)γ )
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∗ 6Ψ4

[
(1, 1), ( 1

2 + ζ + l + γ ,γ ), ( 1
2 – ζ + l + γ ,γ ), (1 – 
 – ν1 + γ ,γ ),

( 1
2 – τ + l + γ ,γ ), (1 – 
 + γ ,γ ),

(1 – 
 – η + σ1 + σ ′
1 + γ ,γ ), (1 – 
 – η + σ1 + ν ′

1 + γ ,γ );
(1 – 
 – η + σ1 + σ ′

1 + ν ′
1 + γ ,γ ), (1 – 
 + σ1 – ν1 + γ ,γ );

(
w
xδ

)γ
]

.

Theorem 15 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) >

0 and Re(
 + γ ) > max{0, Re(η – σ1 – σ ′
1 – ν ′

1), Re(ν1 – σ1)} with |t| < 1. Then, for
min{	(p),	(q)} ≥ 0, the following integral formula holds true:

∫ ∞

0
zl–1e– 1

2 δzWτ ,ς (δz)
{(

Dσ1,σ ′
1,ν1,ν′

1,η
0,x

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q; (wtz)γ

)})
(x)

}

=
x
+γ –η+σ1+σ ′

1–1

δl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
wx
δ

)γ )

∗ 6Ψ4

[
(1, 1), ( 1

2 + ζ + l + γ ,γ ), ( 1
2 – ζ + l + γ ,γ )

( 1
2 – τ + l + γ ,γ ), (
 – ν1 + γ ,γ ),

(
 + γ ,γ ), (
 – η + σ1 + σ ′
1 + ν ′

1 + γ ,γ ), (
 – ν1 + σ1 + γ ,γ );
(
 – η + σ1 + σ ′

1 + γ ,γ ), (
 – η + σ1 + ν ′
1 + γ ,γ )

(
wx
δ

)γ
]

.

Theorem 16 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 – γ ) < 1 + min{Re(ν ′
1), Re(η – σ1 – σ ′

1), Re(η – σ ′
1 – ν1)} with |1/t| < 1. Then, for

min{	(p),	(q)} ≥ 0, the following integral formula holds true:

∫ ∞

0
zl–1e– 1

2 δzWτ ,ς (δz)
{(

Dσ1,σ ′
1,ν1,ν′

1,η
x,∞

{
t
–1S(α,β)

μ,λ1,λ2,λ3

(
r, a; p, q;

(
wz
t

)γ )})
(x)

}

=
x
–γ –η+σ1+σ ′

1–1

δl S(α,β)
μ,λ1,λ2,λ3

(
r, a; p, q;

(
w
xδ

)γ )

∗ 6Ψ4

[
(1, 1), ( 1

2 + ζ + l + γ ,γ ), ( 1
2 – ζ + l + γ ,γ ), (1 – 
 – ν ′

1 + γ ,γ ),
( 1

2 – τ + l + γ ,γ ), (1 – 
 + γ ,γ ),

(1 – 
 + η – σ1 – σ ′
1 + γ ,γ ), (1 – 
 + η – σ ′

1 – ν1 + γ ,γ )p;
(1 – 
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (1 – 
 – σ ′
1 – ν ′

1 + γ ,γ );

(
w
xδ

)γ
]

.

4 Concluding remark and observations
In this paper, we have established 16 interesting generalized fractional integrals and
derivative formulas including their composition formulas by using certain integral trans-
forms involving generalized (p, q)-Mathieu type series. The (p, q)-Mathieu type series (1.5)
considered by Mehrez and Tomovski contains several special cases as various forms of the
Mathieu type series presented in [4]. In particular, if we take p = q in (1.5), we get the p-
Mathieu type series defined as

S(α,β)
μ,λ1,λ2,λ3

(r, a; p; z) =
∑

n≥1

2aβ
n (λ1)nBp(λ2 + n,λ3 – λ2)

(aα
n + r2)μB(λ2,λ3 – λ2)

zn

n!
(
μ, r,α,β ,λ1,λ2,λ3 ∈R

+, Re(p) ≥ 0; |z| < 1
)
. (4.1)
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Again, if we take p = q = 0 in (1.5), we get the generalized Mathieu type series defined as

S(α,β)
μ,λ1,λ2,λ3

(r, a; z) =
∑

n≥1

2aβ
n (λ1)n(λ2)n

(aα
n + r2)μ(λ3)n

zn

n!
(
μ, r,α,β ,λ1,λ2,λ3 ∈R

+, |z| < 1
)
. (4.2)

Furthermore, if we put λ2 = λ3 in (4.2), we get the well-known definition of the Mathieu
type series defined earlier by Tomovski and Mehrez [13] as

S(α,β)
μ,λ1

(r, a; z) =
∑

n≥1

2aβ
n (λ1)n

(aα
n + r2)μ

zn

n!
(
μ, r,α,β ,λ1 ∈R

+, |z| < 1
)
. (4.3)

The results established in this paper contains various special cases such that, if we take
p = q and p = q = 0, we can obtain thirty two new results. We left these as an exercise for
the interested reader. Furthermore, if we take p = q = 0, λ1 = λ, λ2 = λ3, 
 = ρ , σ1 = σ and
σ ′

1 = σ ′, we recover the 16 known results in corrected form recorded in [10]. Furthermore,
all the corollaries obtained earlier by Singh et al. [10] in the same paper can also be written
correctly by our results. For example, the corrected version of the first result of Singh et
al. [10] as given in Theorem 1 should read as follows.

Corollary 1 Let σ1,σ ′
1,ν1,ν ′

1,η,
 ∈ C and μ,α,β , r,λ1,λ2,λ3,γ ∈ R
+ such that Re(η) > 0

and Re(
 + γ ) > max{0, Re(σ1 + σ ′
1 + ν1 – η), Re(σ ′

1 – ν ′
1)} with |t| < 1. Then, for x > 0, the

following formula for fractional integral holds true:

(
Iσ1,σ ′

1,ν1,ν′
1,η

0,x
{

t
–1S(α,β)
μ,λ1

(
r, a; tγ

)})
(x)

= x
+γ +η–σ1–σ ′
1–1S(α,β)

μ,λ1

(
r, a; xγ

)

∗ 4Ψ3

[
(1, 1), (
 + γ ,γ ), (
 + η – σ1 – σ ′

1 – ν1 + γ ,γ ), (
 + ν ′
1 – σ ′

1 + γ ,γ );
(
 + ν ′

1 + γ ,γ ), (
 + η – σ1 – σ ′
1 + γ ,γ ), (
 + η – σ ′

1 – ν1 + γ ,γ );
xγ

]

.

Similarly other results can easily be written in corrected forms and we left this as an
exercise to the interested reader.
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