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1 Introduction

Due to the existence of rich dynamics, predator-prey systems have received great atten-
tion [1-12]. The classical ratio-dependent Holling—Tanner prey-predator model is as fol-
lows [13]:

Here, u and v is the prey and predator population, respectively, r,s > 0 is the linear birth
rate of prey and predator, respectively, k > 0 is the carrying capacity of prey population,

h > 0 is the proportionality coefficient of prey density to the carrying capacity for the

auy
mv+u

predator and represents ratio-dependent functional response with a,m > 0, which

is significant for describing predator consumption of predator-prey models [14—21].
Taking into account the inhomogeneous distribution of the prey and predators in dif-

ferent spatial locations and other food sources of predators, model (1) can be modified as
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follows [22—-241]:

ou %
—:dlAu+u(a1—,31u— " ),

ot miv+u

] (2)
v v

—:dzAv+v<a2— Y2 ),

Jat my + U

where u = u(x, t) and v = v(x, £) is the population density of the prey and predators at loca-
tion x and time ¢, respectively, dy,d, > 0 is the diffusion coefficient characterizing the rate
of the spatial dispersion of the prey and predator population, respectively.

In this paper, we investigate the Turing—Hopf bifurcation of model (2) with Neumann

boundary condition

8u_8v_

—=—=0, x€08,t>0, 3)
v dv

where 2 = (0,/7) and v is the outward unit normal vector on 9£2. Because stable spa-
tially inhomogeneous periodic solution can be preferably used to explain the periodic
fluctuation of biological populations and it is very difficult to obtain stable spatially in-
homogeneous periodic solution for research on general Turing or Hopf bifurcation un-
der Neumann boundary condition, more and more scholars start to investigate the high
codimension bifurcation of reaction-diffusion equation, especially Turing—Hopf bifurca-
tion. There exist very rich dynamics near Turing—Hopf singularity, such as stable constant
steady state, nonconstant steady state, spatially homogeneous, and inhomogeneous peri-
odic solutions.

It is well known that the normal forms theory plays a very important role in the bifur-
cation analysis. Faria developed a method to calculate normal forms near an equilibrium
of partial functional differential equation [25]. Based on the method of Faria, Song et al.
presented a method to compute normal forms near Turing—Hopf singularity of reaction-
diffusion equation [26]. However, there are still very few studies on Turing—Hopf bifurca-
tion of reaction-diffusion equation with practical significance [27-29].

We would like to mention that one of the most difficult problems for research on Turing—
Hopf bifurcation is how to obtain the existence of Turing—Hopf bifurcation. In the previ-
ous research, scholars generally chose two appropriate bifurcation parameters such that
the Hopf and Turing bifurcation line in a double parameters plane can be defined by a
straight line. This method can be easily used to obtain the existence of Turing—Hopf bi-
furcation, but it cannot be applied to most reaction-diffusion equations. In this paper, we
present a kind of parameter selection method such that the Turing bifurcation line can be
defined by a curve, which can be applied to most reaction-diffusion equations.

The rest of the paper is organized as follows. In Sect. 2, the stability of positive steady
state and the existence of Turing—Hopf bifurcation for general bivariate reaction-diffusion
equation are carried out. In Sect. 3, we consider Turing—Hopf bifurcation of a ratio-
dependent predator-prey model with diffusion by applying the results in Sect. 2. In Sect. 4,
we calculate the normal forms of Turing—Hopf bifurcation for a ratio-dependent predator-
prey model with diffusion. In Sect. 5, we verify the theoretical analysis by numerical sim-

ulations.
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2 Existence of Turing-Hopf bifurcation of reaction-diffusion equation
In this section, we consider the Turing—Hopf bifurcation of the following general bivariate

reaction-diffusion equation:

dutst) _ g Au(x, t) + aF (u(x, t), v(x, t)),
or 1Au(x, t) (u(x, 1), v(x, 1)) AeQ.E50,

) = dy AV, 2) + BGul, ), v(x, 1), ()

ulsl) _ vsl) _ x€02,t>0
v v ’ ’ ’

where f and g are adequately smooth. Moreover, we assume that «, 8 > 0 and there exists
one positive steady state E, (i, v,) of system (4). Taking & and 8 as bifurcation parameters,
we have the characteristic equation at the steady state E, as follows:

A+di(5)? = Fy(uy, vi)a —F (thy, Vi)t

n\2 = 0) ne NO) (5)
_Gl(u*) V*),B A+ d2(7) - GZ(M*: V*):B

where Nj = {0} UN. Denote

pu=Fu,vi),  pu=h,v),  pa=Giu,vs),  pn=Gau,v),
then Eq. (5) can be written as

Ay(W) =2+ TA+h, =0, nel, (6)
where

2
T, = (dy + @)(?) + To,
4 2
n n
hy, = d1d2<7> + (=daprio — d1P22,3)(7> + ho,
with

To = —pua —pnp,

ho = (Pupzz —1912P21)Ol/3«

For convenience, we denote

Dola) = —1204, a>0, )
P22

and make some hypotheses as follows:

(Hi)  pupxn <pupa,

(Ha1)  pup2 > popar, p11=0, p2n >0, Ph +p3 70,

(Ha2)  puip2 > prapa, p11 <0, P22 <0, P2+ P, 70, (10)
(Ha3)  pup2n > p1apa, p1u >0, P2 <0,

(Haa)  pup2 > prapa, pu <0, P2 >0.
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Lemma 2.1 For system (4) without diffusion (d, = dy = 0), we have the following results.
(i) If (H1) or (Hg1) holds, then E, is unstable.
(ii) If (Haa) holds, then E, is asymptotically stable.
(iii) If (Haz) holds, then E, is asymptotically stable for B > Do(a) and unstable for
B < Do(a); and the Hopf bifurcation line is f = Do(a).
(iv) If (Haa) holds, then E, is asymptotically stable for B < Do(«) and unstable for
B > Do(a); and the Hopf bifurcation line is g = Do(a).

Proof Clearly, the characteristic equation for E, of system (4) without diffusion is
Ag(A) =A% + ToA + hy = 0. (11)

If (H;) holds, then we have /g < 0. It follows that Eq. (11) has one positive real root and
the proof of (i) is completed.

If p11p2> > p1opa1, then we have hj > 0. Furthermore, we can obtain that Ty < 0 when
(Hy1) holds and T > 0 when (Hy;) holds. Thus, the two roots of Eq. (11) have positive
real parts when (Hp;) holds and negative real parts when (Hz;) holds. The proof of (ii) is
completed.

If (Hy3) holds, we can obtain that /g > 0 and T < 0 when 8 < Dy(«) and T > 0 when 8 >
Dy (). Moreover, tiy/hq are a pair of purely imaginary roots of Eq. (11) when 8 = Dy(c)
and the transversality condition is as follows:

dRe{)r
dReld(@) LN (12)
do B=Do(c) 2
Thus, B = Dy(«) is the Hopf bifurcation line and the proof of (iii) is completed. We omit
the proof of (iv), because it is similar to the proof of (iii). O

Assumptions in (10) do not include the cases p11p22 = p12p21 and p11 = pao = 0, because if
Pp11p2 = p1apa holds, one immediately has /o = 0 and 0 is a root of Eq. (11) forany o, 8 > 0
and if p11 = pax = 0 holds, we immediately have T; = 0 and +i/hy are a pair of purely
imaginary roots of Eq. (11) for any &, 8 > 0. Obviously, the double parameters selection
method is not effective for these two cases. So we do not discuss them any more in this
paper.

Next, we investigate the stability and Turing—Hopf bifurcation of system (4). From the
proof of Lemma 2.1, we know that Eq. (6) has at least one root with a positive real part
for any o, B > 0 if (H;) or (Hy;) holds. Moreover, if (Hy,) holds, one can easily obtain that
T, >0and 4, >0 for n € Ny and «, 8 > 0. Therefore, we have the following result.

Theorem 2.2
(i) If (Hy) or (Ha1) holds, E, is unstable for any «, B > 0.
(ii) If (Hya) holds, E, is asymptotically stable for any o, 8 > 0.

Since (Ha4) can be converted to (Hj3) by swapping the two equations of system (4), we
focus on the case of (Hjs). Assume that (Hy3) holds and analyze the Turing—Hopf bifur-

cation of system (4). First, we consider the case of no diffusion-driven Turing instability.
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If B > Dy(x) holds, we have that T, > 0 for n € Ny. And if /,, = 0 holds, we have that

dz(%)zpua - 6?31612(?)4
—dl(?)zpn +(p11p22 — prapa)a '

B=R,(x)= n € Ny. (13)

Obviously, if all lines defined by 8 = R, («) lie below the Hopf bifurcation line 8 = Dy(«),
there is no Turing instability. Note that

1
Do) — Ry(x) = P,(a), 14
ol (@) —dl(?)zpzz+(l911p22 - p1apa)d (@) (14
where
P , \2 A\
Pn(a):—p—(lﬂnpzz—l’lzpzl)a +(d1 —da)pn 7 a+dydy 7)) (15)
22

For convenience, we define
2 92 P11
A=(dy—d)py; + 4d1d2p— (P11P22 — P12P21)) (16)
2

and make some hypotheses:

(C1) dy<d.
(Cz) d2 > dl and A<O. (17)
(C3) dy>dy and A>0.

Clearly, Do(«) > R, (@) is equivalent to P,(c) > 0. Moreover, we can obtain that P, («) > 0
for n € Ny if (Cy) or (Cy) holds. Hence, we have the following result.

Theorem 2.3 Assume that (Has) holds. If (Cy) or (Cy) is satisfied, then system (4) has no
diffusion-driven Turing instability. In this case, diffusion does not change the stability of E*,
i.e., the stable and unstable regions are the same as those in Lemma 2.1(iii).

Then we focus on the case of the existence of Turing instability. It is easy to see that if
(Cs) holds, Dy(«) — R, () = 0,n € N has two positive roots:

AE ~(dy —d)pi1 £VA (n\? 1
) 11P22 — P12pP21
such that

Do(er) < Ryler) if A, << A},
Do(er) > Ryle) ifO<a< A, ora>A.

For any m,n € N,m > n, we can obtain that

Rom(@) = Ru(e)
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B dz(%)zpua —6?51612(%)4 _ dz(%ﬁpuol —011612(%4
—dl(%)szz +(p11p2 — prapn)e —dl(?)zpzz +(p11p22 — prapn)a

_ dZ(mz - nz)Qnm (@)
(—d1(%)21922 +(pup2 —P12}921)a)(—d1(%)21922 +(pup2n —p12p21)05)12’

where

m? + n® m?n®

Qum() =pu (19111922 —P12P21)012 —-d 7(10111922 —P12P21)06 + d% P22
2 4

Note that, for any m,n € N, Q,,,(«¢) has and only has one positive root

d 2 2 42 (m? 2)2 42 2,2
B (nym) = AT | AT 2R O (19)
2pnl 4py! pu(p11p2 — prapa)!
such that

Ru(a) < R, (a) if0<a<Bt(n,m),
Rum(a) >R, () ifa>B*(n,m).

Therefore, 8 = R,,(«) and B = R, («) have and only have one intersecting point for any
m,n € N,m > n. By (14) and (15), we can obtain that .AF is monotonously increasing
with respect to # and B*(n,m) is monotonously increasing with respect to m for fixed
neN.

Moreover, the transversality condition is as follows:

AR ny2
M _ d1d2([) d1p22,3(1) >0 lfﬁ > 'D()(Ol)~ (20)
do |p=Rue) Thex

For convenience, denote

B*(m,n+1) ifA,,, <A,

o=Aj, Ty = neN, (21)
;;+1 lf 'A;+1 > 'A;’
and
76(“) = DO(“)? a e (O, FO])
R, if A~ < A, (22)
Tal) =1 . @) A=A, neN,a e (L, I,
Tale) if A > A,
with

i~ n ’ Fn— ’ . ’
Ty = | @ @ s ih o
Do(a)r a e (»A;y Fn];

It is clear that for 0 < « < I; = A7, the boundary of an unstable region of E, is Dy(x).
If A; < A7, then for Iy <« < I = B*(1,2), the boundary of a stable region is R;(x).
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Otherwise, for Iy < a < Il = Aj, the boundaries consist of R () with Iy <o < A} and
Do(e) with A} <« < I'. By using the mathematical induction, we can obtain that all the
boundaries of a stable region consist of 7,(«), n € Np.

Obviously, when (¢, B) = (A7, - ﬁ; A7), Ao(2) = 0 has a pair of purely imaginary roots
+iy/ho and A (1) = 0 has a root A = 0 with a negative real root A = — T} and all other roots
have negative real parts. Together with the transversality conditions (12) and (18), we have
that system (4) undergoes Turing—Hopf bifurcation at (A7, ~£2A7). If A7, > Aj holds,

A,(A) =0and A,,1(1) = 0 have zero roots under the conditions (oe B) = (A}, —2L A*) and

p22
(o, B) = (A1, ﬁ; A1), respectively. Meanwhile all other roots, except a pair of purely
imaginary roots +iy/hy of Ag(X) = 0, have negative real parts. Thus, (An,—%/l;) and
(A,,,—BL A ) are in the same situation.

p22
From the above analysis, we can detailedly describe the boundary of the unstable region

(including Turing unstable region) of the positive steady state E,.

Theorem 2.4 Assume that (Hy3) holds and (Cs) is satisfied, there exists diffusion-driven
Turing instability. More precisely, we have the following results.
(i) The boundary of a stable region is B = T,(«),n € Ny, and for any a > 0, 8 > T, (),
n € Ny, the positive steady state E, is asymptotically stable.
(i) Forany a >0,Do(a) < B < Tu(a), n € N, there exists Turing instability.
(iii) System (4) undergoes Turing—Hopf bifurcation at the point (A7, —%AI); if
A > AlneN, holds, system (4) undergoes Turing—Hopf bifurcation at the points
(A;,—ﬁ; AY) and (A, -2 om AL A ).
3 Turing-Hopf bifurcation of a diffusive ratio-dependent predator-prey model
Let

then system (2) becomes:

bsl) — gy Au(x, £) + oy, £)(1 — hua(x, t) — %)

myv(x,t)+u(x,t)’’ xe€,t>0,
"V “ =dy AV(x, £) + aav(x, £)(1 — m};‘i;‘(%) (23)
Bu(;a:t) _ 3vi§9:t) =0, x€082,t>0.

Next, we use the conclusions of the above section to investigate the stability of positive
steady state and Turing—Hopf bifurcation of system (23). With a simple calculation, we
have the following result.

Theorem 3.1 Assume that oy,0,d1,ds, 1 > 0. Then the existence conditions of positive
steady state of model (23) can be divided into the following three situations:

Case A:my =8 and b > hmymy + 1.

There exists only one positive steady state E1 = (u1,v1) of model (23) in this case,
where

b — hmym, e My + U
h(m; +b)’ e ’

Uy =

Page 7 of 21
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Case B: m; > 6.
There exists only one positive steady state Ey = (uy,vp) of model (23) in this case,
where

mi+b—hmmy,—68+c my + Uy
Uy = , Vg = ——-,
? 2h(m; + b) 2 b

with

c= \/(ml + b —hmymy — 8)2 + dhmy(my + b)(m; - 8).

Case C: my <8 and my + b — hmymy -8 > 0.
There exist two positive steady states Es = (us,vs) and Ey = (us,va) of model (23) in this

case, where
mi+b—hmmy,—-8—c My + U3
Uz = , V3 = ,
: 2h(m;y + b) ’ b
miy+b—hmmy-8+c My + Uy
Uy = , Vg = .
* 2h(my + b) * b

Next, we take the steady state E, as an example to investigate the Turing—Hopf bifurca-
tion. Denote

Smy (my + uy)?

Slua) =

(m1(my + ug) + bug)*’
hzuﬁB
(m1(m3 + ug) + bug)®’

r(u4) =1- 2]’1144 —f(I/l4).

glug) =

Then we have
1
pu1 = r(ug), p12 = —g(ua), pn =7, p2n=-L
The characteristic equation at Ey is

Ay(W) =22+ Tyh+h, =0, neN, (24)

where
a2\ 2
Ty, = (d1 + dz)(j) + T,

4 2
hn = dldz(;) + (drary — dyar7(ua)) (;) + ho,
with
To = oy — a17(ta),

us)
—aqoar(uy).

b

ho = ajay
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From the results in Sect. 2, one immediately has the following conclusions.

Theorem 3.2
(i) Ifr(ua) <0 holds, the positive steady state E4 of (23) is asymptotically stable for any
ag,a > 0.
(i) Ifr(us)>0and ‘% < r(ua) hold, the positive steady state E4 of (23) is unstable for

any oy, 0 > 0.

Theorem 3.3 Suppose that r(u) > 0, g('Z“) > r(ug). If (C1) or (Cy) holds, there is no
diffusion-driven Turing instability.

Theorem 3.4 Suppose that r(us) >0, g(';‘*) > r(ua). If (Cs) holds, we have the following re-

sults.
(i) Ifar > 0,00 > Ty(on), n € Ny, the steady state Ey is asymptotically stable.
(i) Turing instability occurs for oy > 0, Do) < otg < Tylee1),n € N.
(iii) System (23) undergoes Turing—Hopf bifurcation at (A7, r(ua)A7); if
A > A n e N holds, system (23) undergoes Turing—Hopf bifurcation at the point
(A r(ua) AY) and (A, r(ua) A;,, ), where

Do(a1) = onr(ua), o1>0,
_ rua)ardy(5)? - dids(7)*

R =
0 R o (T~ ag)

, r>0,neNy.

g(ua)

A =r*(ug)(dy — dy)* - 4'"(”4)( - V(M4)>d1dz,

A* = r(ua)(dy — d1) £ \/Z(l’l)z

" () (S () \ 1

. i (B2 — r(ug) 25 + e
B*(n,m) = g(ug)
2’"(144)(7 —r(ua))

20,2 2)2 2,2
¢ = \/d% (g(Z4) - r(u4)> w + 4d%r(u4)(g(z4) - r(u4)> mﬂn .

I, and T, are defined by (21) and (22), respectively, and hypotheses (C1), (Cy), and (C3)
are defined by (17).

We would like to mention that A;,,; <A} and A;, > A’ are all possible to happen (see
Fig. 1). Obviously, we have A; < A7 in Fig. 1(a) and A; > A7 in Fig. 1(b).

4 Normal forms for Turing-Hopf bifurcation

From Theorem 3.4, we know that for given appropriate parameters, there is at least one
Turing—Hopf bifurcation point in the (o3, ;) plane. Denote the Turing—Hopf bifurcation
point (an intersecting point of the lines oy = Dp(a1) and oz = R, (1)) as (ot14, @24), Where
Q94 = r(ua)otr,. Next we compute the normal forms for Turing—Hopf bifurcation by using
the method in [26].

Page 9 of 21
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12 1.2
—o, —b
1 R 1 Ry
— R iﬂz
0.8 Ry 0.8 Ry
g 06 ] g 06
& " &
% 04 % 04
0.2 ‘ /:/ 02 =
I i
0 I i 0
0.2 0.2
0 0.5 1 15 2 25 3 35 0 0.5 1 15 2 25 3 35
alphat alphat
(a) (b)
Figure 1 Bifurcation diagram in the double parameters plane at the positive steady state E4, where
b=0356=06,m; =05m,=03,h=03,/=1,d; =0.02.@): d» =0.35. (b): d» =0.17

Let o1 = 014 + (1 and ap = a4 + o, then system (23) becomes

?)—": = dlAM + (al* + I’Ll)u(l - hl/l - mla;ﬂl)’ (25)
% =dyAv + (OlZ* + MZ)V(l - ml;jru)

Clearly, (111, 42) = (0,0) is the Turing—Hopf bifurcation point of system (25). Set &z = u — u4

and v =v - "2

. Then system (25) becomes

S(v+ 2714

o _ _ _ 5
at di Au + (o + ) (e + ug)(1 h(l’z("' L:l42)+u4 )ml(wr T2 (uhug)’ (26)
{ mo+u v+
% = dZAV + (0[2* + M2)(V + 2; 4)(1 - m2+(ufu4) )
Define the real-valued Sobolev space
a 0
2 =) e H2(0,Ir), == = = = 0atx = 0, I
Jt ot
with the inner product
I
[u,v]= / (11 + uava)dx,  for U = (u,up)", V = (vi, )" € 2.
0
In the abstract space C = C(R, .Z"), system (26) can be written as
U=2U+FU,w), 27)

where U = (u,v)T, u = (11, pa), LU = DAU + Lo(U), D = diag(dy, dy), F(U, 1) = L(u)(U) -
Lo(U) + F(U, 1) with Ly = L(0) and

L) - <r<u4)(al* + )

A9+ 42
b

(o1 + m)g(m))

_((XZ* + MZ)

(28)

FO(u,v, 1, p12)
F(u,v, 1, p13)

F(U’M):<

Page 10 of 21
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S(v+ m2;u4 Yu+ug)

— 2 _
(ot1s + p1)(—hu ml(wr%)ﬂwrm;)

— (o1 + p1)f (ma)u + (o0 + po1)g(a)v

(oo + )(v+m2+”4)(1—b(v+ngu4))+(a + W)V
2+ T 2 b g+ (it iig) 2+ T L2

_ (ogsetpp)u
b

+ug — huj)

Denote the eigenvalues of DA on Z by

2

and the corresponding normalized eigenfunctions by

) cos(Z L forn =0,
ﬂy([) = yn(x)e/, )/n(x) = qul ) = V\/IJ_T
| cos(F)ll2,2 JT%COS(n_;C) for n #0,

where ¢; is the unit coordinate vector of R? (n is wave number).

By the Taylor expansions of L(it), we have that

1
L(u) = Lo + i L + o L0V + 3 (M%L(zz,o) + 21 pa LY + MgL(zo,z)) P
where
Lo = o) —o1.g(ua) 110 _ r(us)  —g(ua)
0= o9y ’ 1 - )
e —02 0 0
(29)

Let

_(r() p@\T
F}lfz - (F/ljz’Fhiz)

with

® o +j2F(k)(0, 0,0,0)

ju2 ~ S dviz o k=12j1+/2=23.

Then from (28) we have

mo+ux mo+ux
o — 28Uy b + 28 —5
Foo = (u*+m1m2f;u*)3 (s +ml %)2 ,
—20004
b(mg+us)
mo+u.
_ 2811 uy _ 26”’% %
F02 - (u*+m1%)2 (u*-*—ml%)3 ,
_ “2004b
M) +Ux
68u, T2 65 "2
FSO — (u*+m1%)4 (u*+m1%)3 ,
601

b(mo+uy)?

Page 11 of 21
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65m%u* 63”’1?”* m—zbm—*
Fo3 = (us+ml 7"’2;”* )2 (ug+ml LZ;M* )4 s
0
and
e by T gy, M2
— + td = —_
Fll - m-*—ml% (mwml%)z (u*+m1%)2 (m+ml%)3 ,
209
Mo+t
28 _ 2814 _ 48mq LZ;M* 65m Uy Lz;u*
FZI — (u*+ml%)2 (u*+m1%)3 (u*+m1@)3 (u;ﬁml%)‘l ,
*40[2*
(m2+’4*)2
mo+u. m9+u.
2% _ 481y s 3 28m2 T2 6831 2"
F12 - (mﬁml%)z (mﬁml%)e‘ (u*+m1%)3 (mﬁml%ﬂ
2094 b
(my+ux)?

Moreover, let

(30)

M, () = (A +di(2)? - arr(ua) a1.g(uq) ) .

— 2 )»+d2(?)2+012*
Then we can obtain that & € C? and £,, € R? are the eigenvectors associated with the

eigenvalues iw, (o, = +/H) and 0, respectively, and 7, € C? and Nn, € R? are the corre-
sponding adjoint eigenvectors, where

1 o148 (utg)
o= —1— )
o1:8(ua) \orr(us) — i
_ i W — L0,
o= 2(1)0 ial*g(u4) ’
1 00148 (Ua)
SYI* = i \2 ’
o158 (ua) \a.g(ug) — dl(T)
n = 1 Oy + dz(HT*)z
" (dr + dz)(VlT*)2 o148 (ug) '
Denote
Py = (0,&),  Pr=&,, Wi=col(ng,ig),  Ya=n,.
Then we have
(W1, 1) = Iy, (W, Py) =1,

where I, is the 2 x 2 identity matrix. Thus, the phase space 2~ for (27) can be decomposed
as

%ZPGBQ) P:Imn1 QZKerJT, (31)
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where dimP =3 and 7w : 2"+ P is the projection defined by
7 (W) = (@afen, ([0 L [ B71) ) o + (@l ([ A1 [ B2D) ) B

with B = col(f"”, 857) and By, = col(By), Bi2).
According to (31), U € Z can be decomposed as

T /A o
() () ()

= (2160 + 2280) Y0 (%) + 2360, Vi, (%) + <W1>
wa

Z1Y0(%) w
= (D1, DP2) | z2yo(x) | + <w1> s (32)
23V, (%) 2

where

2z

<Z1) = (o, (WL [ 0D 2= (e, (U BV L [U B2])):

Setting @ = (@1, D3), z, = (z110(%), 22Y0(X), 23V, (x))7, (32) can be transformed into

U=3oz, +w. (33)

E8M\ 81\ (1E 8]
([ﬁﬁ?’])M ‘C"l(([ws”] \Es21)) o0

then, denoting the restriction of .Z to Q by .Z7, we have

Let

: D\ yen,
£=Bas w(FErm)
(Ewu), ) V= (35)
W= w)+H(z,w, ),
where

z=(z1,20,23)%, B = diag{iw,, —iw,, 0}, v = diag{¥, ¥},

F(z,w, i) = F(®zy + w, 1)

with

) i W, ), (1)
H(z,w,) = F(z,w, ) - (<’70T Gﬁz : Z; £?2)1>>§0
» Wy K0

o (w0, B8\
' <”°’ ([F(z, ), 821) %) 70
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7T [?(Z! w, /1«): /3;51)] =
<nn*’ ([F(Z, w, /'L): /S;Ei)] é,-:n* s (x) (36)

By a recursive transformation, we can obtain that the normal forms for Turing—Hopf

bifurcation are

2 2
Bi1pm1z1 + By uazy Bj10z122 + B1022123
. _ % % 52 % 2 2
Z=Bz+ | Bupizi + Bynpoz | + | Broziz + Binzizs | + O(lzl|ul’), (37)
3
Bi3jt123 + Bazpozs B111212223 + Boo3z;
where
T 7 (1,0) iwc + 0oy
By =nyLy (&) = ——,
20(1*

1 doger(uy)  ionag(uy)
321='70TL(10’1)(50)=——— LI, 8

2w, 2
dldz("—*)2 +dyoy
Biz = nnT*L(lLO)(En*) = W;
al*g(u*) al*r(u*) di

Byy=nT LoV, )= — - ,
23 =1,,L1 """ (6n,) bld + dy)(%)>2 * (dy +dr)(7F)* di+dy

and

3 3
Bj19 = Cyo + E(Dzw + Ez0), Bz = Cig2 + E(DIOZ + E102),

3 3
Bi11 =Ci1 + E(Dlll +Ei11), Booz = Cooz + E(Doos + Ego3).
Moreover, we can obtain

Ao = Fao + 2600 F11 + E5F02 = Aoos

Aooz = Fao + 28, 0F11 + 53*21:02,

At10 = 2(Fy0 + 2Re(€02)F11 + |02 Foz),

=2(Fao + (B0 + En,2)F11 + £026n,2Fo2) = Aot

= 3(F30 + Fos|€02|*€02 + (2602 + E02)Fa1 + (63 + 216021) F12),

A10z = 3(Fs0 + Fos|&n,21 602 + (02 + 26n,2)Fo1 + (&5 + 26026n,2) F12),

A1 = 6(F30 + Fos|£02 6,2 + (2 + 2Re£2)Far + ([€02|® + 26,2 Re £02) Fia),s

Aoos = F3o + Foz&)) 5 + 3(En,2Fo1 + &7 yF12),

and

hoo0 = x/—_(MOQle)) (Azoo — (g Azooko + 71§ Azo0&o))»

hoo2o = —(Mo( 2iw)) " 1(Aozo — (1§ Aozo&o + 71y Aozo&o) )

&‘
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hoooz = x/—_(MO(O)) (Aooz — (13 Aoo2&o + 71§ Aonako))»

hot1o = x/——(MO(O)) (Auo — (g A110&0 + g A11080))»

Hu01 = \/——( (i) 1(Alol —np A101€n,),

hu,o11 = ﬁ(Mn*(—iwc))_l(Aou -n} Aonién,),

1 _
Hnyo002 = \/7_7{ (Mo, (0)) Aoz,

hnayi10 = (0,0)7.

From [26], we have the following expressions of Cyj, Dy, and Ejy:

Coto = ——nTA Cios = ——nTA
210 = 6t Mo 41210, 102 = 6l Mo 411025
Ciut = ——nT A Coos = ——nT A
111 = 6t My, 1115 003 = 4l 1410035
1
Dyio = —-(nla TA Aol + = |ndA
210 6l7rwci< (770 200) (770 110) |770 110| |710 020|
Doz = SImo i(—2(770TA200) (13 Aooz) + (ng A110) (g Acoz) +2(ng Aooz) (n,5. Ar01))»
C
1
Dy =— Im((n” A I'A)),
111 3w, m((ﬂn* 101)(7’10 110))
Doz = — A TAom)),
003 3w, m(("ln* 101)(7’/0 002))
1
Eyp= 3\/1— ng ((Fxo + EoaF11)h) 0110 + (o2 Foo + F11)h01)1o
+ (Fyo + 5021:11)1’15)12)00 +(Fn + éozFoz)hgog),
1
E1p2 = mm{((ﬁo + E02F11)hin + (EoaFoz + Fi)hiag
+(Fyo + %‘n*an)hf},fwl +(Fi1 + fn*zFoz)hfi)ml),
1
Ein = ﬁfli ((Fao + 5021:11)/’15,1*)011 + (§o2Fo2 + F11)h£,i)011

+(Fyo + éozFu)hi,l*)ml +(Fi1 + éozFoz)hE,i)lol))

1
T (1)
+ 10, | (Fz0 + &n,aF )( h " )
77*( 20 + &2l 11 3in o110 t 32l 2*110
1 2)
+ (Fi1 +&n,oF )( h ))
11 2F 02 N o110 + 3«/? 4)110

Ego3 = ((on + En*zFu)( N 00)02 Whg)n*)ooz)

1 2)
+ (Fiy +&n,oF )( I ))
11 nx2402 \/; 0002 3 2[ 271* )002
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A

Figure 2 Bifurcation diagrams and dynamical classification near the Turing—Hopf point. The yellow line and
mazarine line are Dy; the purple line and red line are Ry; the green line is Ty; the blue lineis T,

Letz; = vi —ivq, 2p = v +iVy, 23 = v3, then the normal forms Eq. (37) can be written in real
coordinates v. Moreover, let v; = 2ccos @, v, = »sin @, v3 = ¥, we can rewrite the normal
forms from real coordinates to cylindrical coordinates. Finally, removing the azimuthal
term and truncating at third order terms, the normal form is as follows:

=0 () + K116 + k102602,
. (38)
U= Olz(,l,L)l? + K21%219 + K22193,

where

a1() = Re(Bi1)u1 + Re(Bar) o, as (i) = Bispr + Boz o,

k11 = Re(Baip), k12 = Re(Biga), K21 = Bi11,k22 = Boos.

It is easy to know that truncated normal form (38) is equivalent to the four-dimensional
smooth ODE system with Hopf—Hopf bifurcation in [30]. If k11«25 > 0 holds, we know that
the dynamics of system (23) is topologically equal to normal forms (38) at the neighbor-
hood of the bifurcation point.

5 Numerical simulations
In this section, we verify the theoretical analysis by numerical simulations. Let £2 = (0, )
and choose the following parameters:

d; =0.02, dy =0.35, b=0.35, 5 =0.6,
mj = 0.5, my = 0.3, h=0.3.

Then one can check that system (23) has a positive steady state E4(0.6115,2.6044) and

r(us) = 0.0775 > 0, &4 _ 1(u) = 0.0976 > 0, A = 0.00044 > 0. From Theorem 3.4(ii),
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2.65
0.62

v(x,t)

3 T >l ™~ o~
~. S s T
27 o 1000 2 o 1000
= e 600 > =< 600
1N 400 1N
S 200 < 200
Distance x [ Time t Distance x 0 o Time t

Figure 3 When (1, 1) =(0.22,0.132) lies in region @, the positive constant steady state £4(0.6115,2.6044) is
asymptotically stable, where u(x,0) =0.6115-0.01 cosx, v(x,0) = 2.6044 + 0.01 cos x

TS " 000

. " 4000
§ TS 2000
Distance x (V) Time t Distance x [ Time t
(a) (b)
12 28
1
27
08
Zos F26
5 =
04
25
0.2
0 24
3 T 3
. e ~._ =
27 e 6000 2 e 6000
> il 4000 e o 4000
T 2000 T 2000
Distance x 0 o Time t Distance x 0 o Time t
(c) (d)

Figure 4 When (11, u2) =(0.2,0.016) lies in region @, system (23) has two stable nonconstant steady states,
where u(x,0) =0.6115 - 0.001 cos x, v(x,0) = 2.6044 — 0.001 cos x in (a) and (b) and
u(x,0)=0.6115-0.001 cos x, v(x,0) = 2.6044 — 0.001 cos x in (c) and (d)

we know that system (23) undergoes Turing—Hopf bifurcation at P*(A7,r(us) A7) =
(0.1388,0.0705) (see Fig. 1(a)) and

0.0271c; —0.007
D oy = 0.0775a; R N T Y T
o(or) < o1 1(on) ey 0.02 + 0.09760;

Setting n, = 1, the normal forms truncated to the third order terms are

3¢ =(0.038711 — 0.547) 3 — 0.00285¢% — 0.00925¢82,

. (39)
¥ = (0.0671 11 — 0.1333142)8 — 0.0081 <9 — 0.0421093.
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Distance x 0 o

Distance x ; ) 2000
(c) (d)

Figure 5 When (11, (1) = (0.4,0.0204) lies in region ®), system (23) has an unstable constant steady state
E4(0.6115,2.6044) and a stable nonconstant steady state, where

u(x,0)=0.6115 - 0.005 cos x, v(x,0) = 2.6044 — 0.001 cos x. The simulate time is from 0 to 800 in (a) and (b) and
the simulate time is from 2000 to 6000 in (c) and (d)

In the parameters plane (o1, ), the dynamics of the original system (23) can be equivalent
to normal forms system (39) near the Turing—Hopf bifurcation point P*. And we have that
2> 0 and ¥ is a real number.

There exist a zero equilibrium py (for all 12; and p,), three trivial equilibria p;, p3, and
two nontrivial equilibria p3 for system (39):

Po = (0? O);

p1 = (v/13.9353 41 — 179.895611,0),  for iy < 0.0775u1,

Py =(0,4/1.594811; —3.1672u,), for 1y < 0.5035u;,

p7 = (y/23.839; — 467.9284115, +4/—2.976111 + 86.552347)

for oy < 0.05091 and wy < 0.0344 1.
The critical bifurcation lines are the following:
Do : o =0.077511; Ri: iy =0.50351;
T1: 3 =0.050911, g >0; Ty :up =0.03440m1, o >0.

Then we can draw the bifurcation diagram in the (i1, t2) parameter space (see Fig. 2).

There are four straight lines Dy, R1, T1, T, and the (i1, to) plane is divided into six re-
gions marked as @-®.
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Figure 6 When (11, ;£2) = (0.1,0.005) lies in region @, system (23) has an unstable constant steady state
E4(0.6115,2.6044) and a stable spatially inhomogeneous periodic solution, where

u(x,0)=0.6115-0.015cos x, v(x,0) = 2.6044 — 0.001 cos x. The simulate time is from 0 to 1500 in (a) and (b) and
the simulate time is from 6500 to 8000 in (c) and (d)

In region @, system (39) has an asymptotically stable equilibrium py. So system (23) has
an asymptotically stable constant steady state (see Fig. 3). In region @, system (39) has
an unstable equilibrium p, and two asymptotically stable equilibria pZi. Thus, system (23)
has two stable nonconstant steady states (see Fig. 4). In region ®), system (39) has two un-
stable equilibria py, p1 and two asymptotically stable equilibria pzi. Hence, system (23) has
two stable nonconstant steady states (see Fig. 5). In region @, system (39) has four unstable
equilibria py, p1, 192i and two asymptotically stable equilibria pf. It follows that system (23)
has two stable spatially inhomogeneous periodic solutions (see Fig. 6). In region &, sys-
tem (39) has three unstable equilibria py, 1}92jE and an asymptotically stable equilibrium p;.
Therefore, system (23) has a stable spatially homogeneous periodic solution (see Fig. 7). In
region ®, system (39) has an unstable equilibrium p, and an asymptotically stable equi-
librium p;, which implies that system (23) has a stable spatially homogeneous periodic
solution (see Fig. 8).
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