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1 Introduction
The infinite integrable nonlinear Schrodinger (NLS) equation hierarchy [1] reads as

ips +A2K2[p(x, t)] —iA3K; [p(x, t)] +A4K4[p(x, t)] —iA5Ks [p(x, t)] +---=0, (1)
which is used to investigate the higher-order dispersive effects and nonlinearity. Here
plx,t) denotes a normalized complex amplitude of the optical pulse envelope. The co-

efficients A; are arbitrary real constants, and K;[p(x, t)] are the /th-order operators in the
NLS hierarchy

Ky[p(x,1)] = pax + 20Ip17,

1(3 [p(x: t)] = Pxxx T 6|p|2px¢

_ * 2 2 2 2 % 4
Ky[p(,1)] = Prxx + 60" D% + 4p|ps|” + 8| prx + 20° P, + 611",
Ks [P(x; t)] = Pxxxxx T 1O|p|2pxxx + 30|P|4px + loppxp;x + IOPP:Pxx

+20p* paprx + 10p2p5,
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Here the subscripts of p(x, ) mean the partial derivatives with respect to the scaled spatial
coordinate x and time coordinate ¢ correspondingly. And the superscript * represents
complex conjugate.

As a matter of fact, Equation (1) covers many nonlinear differential equations of impor-
tant significance, some of which are listed as follows:

(i) For the case of A; =0, > 3, Equation (1) is reduced to the fundamental nonlinear
Schrédinger equation describing the propagation of the picosecond pulses in an
optical fiber.

(ii) For the case of A, = % and A; =0, [ > 4, Equation (1) is reduced to the Hirota
equation [2—-5] describing the third-order dispersion and time-delay correction to
the cubic nonlinearity in ocean waves.

(iii) For the case of A, = % and A; =0, [ > 5, Equation (1) becomes a fourth-order
dispersive NLS equation [6, 7] describing the ultrashort optical-pulse propagation
in a long-distance, high-speed optical fiber transmission system.

(iv) For the case of A, = % and A; =0, [ > 6, Equation (1) becomes a fifth-order NLS
equation [8] describing the attosecond pulses in an optical fiber.

In recent years, researchers have devoted their attention to many higher-order NLS
equations truncating from Equation (1). For instance, an eighth-order NLS equation was
under study [9]. The interactions among multiple solitons were discussed, and oscillations
in the interaction zones were observed systematically. As a result, it was found that the os-
cillations in the solitonic interaction zones possess different forms with different spectral
parameters and so forth. In a follow-up study [10], the Lax pair and infinitely-many con-
servation laws were derived via symbolic computation, which verifies the integrability of
equation.

All the time, seeking exact solutions of nonlinear models is of an especially important
significance in the study of various nonlinear phenomena [11-15]. With this in mind, in
this paper, we investigate in detail an eighth-order NLS equation [16]

Pt + Prxxxxxxx + 16|p|2pxxxxxx +2p Zp;xxxxx +56p *pxpxxxxx + 4Opp:pxxxxx

+ 12PPuD s + 98IPI P + 168D s + 112" PrexProxcr + 720D P

+ 28p2 |p|2p;kxxx + 42p;2cp:xxx + 4'4ppxxp;xxx + 68prxxp;xx + 476|p|2p*pxpxxx

+ 252p P Drrx + 308D |DI* PP + B08PiDrabrrs + TOP" Pl + 196PuPaxlly

2
+ 168p|p|°pupies + 56P° PP + 280p|° P + 1456|p|* |px|* px + 490(p*) " pipix
2 2
+238p” (1)) pax + 588Ip1° P3P} + 33607 Ipi i, + 140Ip1 PP}, + 420° (1)
+3921pI°plpsil” + 322|pp"py,. + 1820, 1%, + 5601p| " p; + 5601p|*plp.|*
2

+420p"p; |ps|* + 140p° |p ()" + 378|psl'p + 70IpI°p = 0, (2)
which works as a model for describing the propagation of ultrashort nonlinear pulses. The
same scalar equation can be found from Equation (1) where K(x, £) have the same meaning
as Hy,1(p, —p*). Here p(x,t) denotes a normalized complex amplitude of the optical pulse
envelope.

The principal aim of this paper is to determine multi-soliton solutions for the eighth-
order NLS equation (2) with the aid of the Riemann—Hilbert approach [17-29]. This paper
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is divided into five sections. In the second section, we recall the Lax pair associated with
Equation (2) and convert it into a more convenient form. In the third section, we carry
out the spectral analysis, from which a matrix Riemann—Hilbert problem is set up on the
real axis. In the fourth section, the construction of multi-soliton solutions for Equation
(2) is detailedly discussed in the framework of the Riemann—Hilbert problem without re-

flection. A brief conclusion is given in the final section.

2 Lax pair
Upon the Ablowitz—Kaup—Newell-Segur formalism, Equation (2) is associated with the
following Lax pair [16]:

v, =UWY, U=ico +iQ, (3a)

7
W=V,  V=128ic% +128ic’Q+ Y (25) "V, (3b)
k=1

where ¥ = (¥, ¥,)7 is a vector eigenfunction, ¥; and ¥, are the complex functions of x
and ¢, the symbol T signifies transpose of the vector, and ¢ is an isospectral parameter.
Furthermore,

(o 0- 0 p Vo - -i*Fe(p,q) i 'Hi(p,q)
o 1)’ - o)’ MG FRpg) )
and

Hpq)=-ps Gwad=-4.  (Bpq),=-pGip,q) - qHi(p,q),
Hin(p,9) = 20Fp,q) + (H D) ,,  Grn(p,9) = —29Fk(p,q) - (Gk(p,9))

Particularly,

Fip,q)=pa,  H(p,q) = 20q ~ Pxx;

Go(p,q) = =20°P + @u»  F2(p,q) = P2q — P

H3(p,q) = 6pqps — Pazer  G3(P,q) = 694G — Grxrs

F3(p,q) = Pz + qPux — Pxdx = 30°4,

Hy(p,q) = —6p°q* + 64} + 4pPsdy + 8DqPxx + 20" Gx — Prcxnns

Gu(p,q) = 6P° 4 — 6P — 4GP+ — 8Pqqx — 20" Dz + Grxans

Fu(p,q) = —6pq°px + 69°qx — Paxx + Pilfxx + qPaxx — Pl

Hs(p,q) = —30p>q*ps + 10p2qx + 20qp.Pss + 10pq.sx + 10pPsqrr + 10PGPrkx — Pranes
Gs(p,q) = ~30p°q*qx + 10425 + 1044 Pxx + 10qPsGx + 10pqqsxs + 20PG1Gx — Grxrans
F5(p,q) = 10p°q” — 54°p; — 5P’ — 10pq° Prx — 10p°Gax + Prxllx — GuPicrx — Pl
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Hg(p,q) = 20p*q* — 70pq°p? — 60p*qp.q. — 10p°q — 500° @D + 50P2q.Psx + 20qP2
— 209”4 + 20P2 s + 22Dl + 30D Drcx + 18PGuDxr + 8PPa G
+12PGP xxx + 2P Grnxx — Prxraes

Go(p,q) = —204"p” + 10¢°p}, + 604° ppsqy + 704p> @ + 204° s — 20q.p1x
+ 500 ¢ Gx — 50Pxxtlx — 220Pxxax — 200 — 8qqxDsxx — 18G4 Gns
— 300G rrr — 24" Prxrr — 12Dqxar + Guxsrns

Fo(p,q) = 300°¢°px — 30p°¢* g — 104p7qx + 10pD:q. — 206° pxpix + 10pqqspax

— 10pqPsGx + 200° Gallax — 10PG* P + GxPxx + 1007 qfxx — Paracan
— @xPaxxx + Pallanes + QPranxx — Pllsxns

Hy(p,q) = 140p°¢’px — 7047 P} — 280pqp’qy — 700> qopsx — 280pq D — 140p° GG
+70q.p%, — 140P>qPaGx + 112D3P sl — TOP* T P + 98PacPrs
+ 70qPaxPrxx + 42PGuxPrnx + 283G cxx + 28PPraunx + 42GPPDcra
+ 28PGxPrxxx + 14PPxGxxnx + 14DGPxxrzy — Prxxxaxxs

G7(p,q) = 1409’ ¢ 4, — 704° P — 280pqp.q; — 700°q, — 140pq> @prx — 140pq° Dl
— 280p%qqx s + 112G Prxtx + TOPx, + 28 2Puxx + 28 GxxPrxs
— 70P° @ Grxx + 98D + 42qP sl + TOPPurx s — 144G D
+ 28GPaGxxx + 42D Grxxrx + 14PG G xxrrx — Guxxxxns

Fr(p,q) = -35p*q* + 70pq°p + 70p° " paqs + 70p° 4 + 219347 + 70p° P

— 284Dl = 14PAePax — 214702 + TOP° @ G — 149D Gox — 28DDx0x
— 56pqPxxx — 210 Qo — 2847 DD — 14PAqDsrr — 14D Gnn
— 289" Guxx — Prvanx — 14D Proxer + GuxProxer — 1407 qranx

+ PxxQxxxx — GuPrxxxx — PxQxxxxx T QPxxxxxx T PQxxxxxx-

Then the reductions g = —p* and = —t exactly result in Equation (2) based on the zero-

curvature equations.

Let us now rewrite the Lax pair (3a)—(3b) in a more convenient form:

v, =i(co +Q)¥, (4a)
¥, = —(128ic% + Q) ¥, (4b)
where

7
Q= (0* b ) ;o Qu=128ic7Q+ Y (26) VL.

k=1
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3 Riemann-Hilbert problem

In this section, we focus on putting forward a matrix Riemann—Hilbert problem for Equa-
tion (2). Now we assume that the potential function p(x, £) in the Lax pair (4a)—(4b) decays
to zero sufficiently fast as x — Fo0. It can be known from (4a)—(4b) that when x — +o0,

icox-128ic8ot
¥ o pe's sot,

which motivates us to introduce the variable transformation

v = Meigox—lZSigSUt

Under this transformation, the Lax pair (4a)—(4b) can be changed into the form

My =iclo, ul + Ui, (5a)
e =—128ic%[o, u] - Qup, (5b)

where [, -] is the matrix commutator and U; = iQ. From (5a)—(5b), we find that tr(lL/;) =
tr(Q1) = 0.

In the direct scattering process, we will concentrate on the spectral problem (5a), and
the ¢-dependence will be suppressed. We first introduce two matrix Jost solutions p1 of
(5a) expressed as a collection of columns

po= (el lncly), s = (s [sa), (6)
meeting the asymptotic conditions at large distances

u-—1I, x— —o0,
ny—>1I, x— +o0.
Here the subscripts of i indicated refer to which end of the x-axis the boundary conditions

are required for, and I stands for the identity matrix of size 2. Actually, the solutions 114
are uniquely determined by the integral equations of Volterra type

M:m/ SN () (5, )70 dy, (7a)
-0
wy=I— / S DL (Y) 1y (9, )70 dy. (7b)

After direct analysis on Equations (7a)—(7b), we can see that [p_];, [i+], are analytic for
¢ € C* and continuous for ¢ € C* UR, while [u,];, [-], are analytic for ¢ € C~ and
continuous for ¢ € C~ UR, where C~ and C* are respectively the lower and upper half
¢-planes:

C™ ={s eC|Im(s) <0}, C* ={s €ClIm(s) > 0}.

Next we set out to study the properties of 1+ In fact, it can be shown from Abel’s identity
and tr(l;) = 0 that the determinants of 4 are independent of the variable x. Evaluating
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detpu_ at x = —oo and det i1, at x = +00, we get detuy = 1 for ¢ € R. In addition, u_E and
w,E are both fundamental solutions of (3a), where E = e/s°%, they are linearly dependent

n-E=u,ES(s), seR. (@)

Here S(5) = (sk),,, is called the scattering matrix and detS(s) = 1. Furthermore, we find

from the properties of py that s1; allows analytic extension to C* and sy analytically ex-
tends to C~.

A matrix Riemann—Hilbert problem is closely connected with two matrix functions: one
is analytic in C* and the other is analytic in C™. In consideration of the analytic properties

of ., we set

Pi(x, ) = ([n-]1s [4]2) (%, 6), )

defining in C*, be an analytic function of ¢. And then, P; can be expanded into the asymp-

totic series at large-¢

M p@ 1
PI:P(O)+L+L+O<—>, ¢ — o0. (10)
1 2 3
S S S

Inserting expansion (10) into the spectral problem (5a) and equating terms with the same

powers of ¢, we obtain
ilo, PP+, P? =PY,  i[o,P”]=0,
which yields Pgo) =1, namely P; - las ¢ € C* — oo.
For establishing a matrix Riemann—Hilbert problem, the analytic counterpart of P; in
C- is still needed to be given. Note that the adjoint scattering equation of (5a) reads as

szig[arH]_Hull (11)

and the inverse matrices of 4 meet this adjoint equation. Then we express the inverse

matrices of p- as a collection of rows

(e
:u’:lzl = ([Zzl 2) 4 (12)

which obey the boundary conditions 3! — T asx — £00. It is easy to know from (8) that
E7'uT = R()E 1T (13)

where R(s) = (ri7),, ., = S71(¢). Thus, the matrix function P, which is analytic for ¢ € C~
is constructed as

-171
Py(x,6) = ({2_1}2) (@ 5). (14)
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Analogous to P;, the very large-¢ asymptotic behavior of P, turns out to be P, — I as
ceC — o0
Carrying (6) into Equation (8) gives rise to

—2igx
([M—]p [u,]z) = ([MJr]l, [,U-+]2) ( S121i§x S12€ ) ’

$21€ 822
from which we have
(p-]; = su1lps]y + 5218714 ],.

Hence, P; is of the form

Py = ([T [ed) = ([sdy [ ]) ( s 0) :

Sa1€ 1
On the other hand, via substituting (12) into Equation (13), we get
w1 [ o re ) ((uit]
2] \rae¥s® oy (u;112)’
from which we can express [u~!]! as
(' = [+ rpe ™ (w2
As a consequence, P, is written as
(u'1t rin ripe 2\ ([t
Py = ap) T 12 )
(3] 0 1 (137
With two matrix functions P; and P, which are analytic in C* and C~ respectively in
hand, we are in a position to deduce a matrix Riemann—Hilbert problem for Equation

(2). After denoting that the limit of P; is P* as ¢ € C* — R and the limit of P, is P~ as

¢ € C~ — R, a matrix Riemann—Hilbert problem can be given as follows:

i 1 rlze—zigx
P (x,¢)P*(x,¢) = ) , 15
(x §)P* (%, 5) (sme%x 1 (15)

with its canonical normalization conditions as

Pix,c)—> 1, ¢eC'— oo,

Pyx,¢)—>1, ¢eC — oo,

and r11811 + 112821 = 1.



Kang et al. Advances in Difference Equations (2019) 2019:188 Page 8 of 14

4 N-Soliton solution

Having described a matrix Riemann—Hilbert problem for Equation (2), we now turn to
seeking its multi-soliton solutions. To achieve the goal, we first need to solve the Riemann—
Hilbert problem (15) under the assumption of irregularity, which signifies that both det P;
and det P, possess some zeros in the analytic domains of their own. From the definitions
of Py and P, as well as Equation (8), we have

detPi(s) =su(s), ¢eC,

detPs(c) =ri(s), ¢ceC,

which means that detP; and det P, have the same zeros as s1; and ry; respectively, and
1= (8" =82

With the above analysis, it is now necessary to reveal the characteristic feature of zeros.
Manifestly, the potential matrix Q possesses the symmetry relation Q" = Q, upon which
we deduce

1h(s™) = 3 (s). (16)

Here the superscript 1 stands for the Hermitian of a matrix. For facilitating discussion, we
introduce two special matrices J; = diag(1,0) and J, = diag(0, 1), and express (9) and (14)

in terms of
Py=pJ1+ pida, (17a)
Py =it + it (17b)

A direct computation of the Hermitian of expression (17a), using relation (16), generates
that

Pi(c*)=Py(s), ceC, (18)
and ST(¢*) = $71(¢), which leads to

s11(c®) =ru(s), ¢ceC. (19)

This equality implies that each zero £¢; of s1; results in each zero £¢;’ of r1; correspond-
ingly. Therefore, our assumption is that detP; has simple zeros {¢; € C*,1 <j < N} and
det P, has simple zeros {; € C7,1 <j < N}, where ¢; = gj*. The full set of the discrete scat-
tering data is composed of these zeros and the nonzero column vectors v; and row vectors
Uj, which satisfy the following equations:

Pi(g)v; =0, (20a)
5,P2(&) = 0, (20b)

Taking the Hermitian of Equation (20a) and using (18) as well as comparing with Equa-
tion (20b), we find that the eigenvectors fulfill the relation

Oj=v/, 1<j<N. (21)
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Differentiating Equation (20a) in x and ¢ and taking advantage of Lax pair (5a)—(5b), we

arrive at
y;
Pi(g)) ™ —igiov; | =0,
v, .
Pl(g/)<a—t1 + 1281gjsavj) -0,

which yields

icix—128ic8t)o .
Uj=e(§/ g/)vj,o, 1<j<N.

Here vjp, 1 <j <N, are complex constant vectors. Making use of relation (21), we have

—igH jox8 .
Oj _ U;:Oe( is; x+128L§I t)cr, 1 <j< N.
However, in order to derive soliton solutions of Equation (2), we investigate the

Riemann—Hilbert problem (15) corresponding to the reflectionless case, i.e., so; = 0. We
introduce an N x N matrix M defined as

ﬁkvj B
M = (My)nxn = - , 1<kj<N.
Sj = Sk / NxN

Thus the solutions [30] to problem (15) can be determined by

)] 29
k=1 j=1 §- §]
Py(c) =T+ Z Z wy M ', (22b)

=1 -1 S — Gk

where (M‘l)kj denotes the (k, j)-entry of M~!. From expression (22a), it can be seen that
N N
== 2w (M),
k=1 j=1

In what follows, we shall retrieve the potential function p(x, ) based on the scattering
data. Expanding P; () at large-¢ as

p  p® 1
P1(§)=H+L+L+O<—3>, ¢ — 00,
S S

and carrying this expansion into (5a) gives rise to
Q=—[0.P"].

Consequently, the potential function is reconstructed as
o0 =2(P)

with (Pgl))12 being the (1,2)-entry of Pil)
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To conclude, setting the nonzero vectors v = (o, Bx) T and 6; = icrx — 128ig,§t, the
general N-soliton solution for the eighth-order NLS equation (2) is written as

p(x,t)=—2ZZa pre’ k(M) (23)
k=1 j=1
where

* =050 x p 0540
agoje kT + BrBie’k

My =
’ Si—si

1<k,j<N.

The bright one- and two-soliton solutions will be our main concern in the rest of this
section. For the simplest case of N = 1, the bright one-soliton solution can be readily de-

rived as

S1—¢7

0F -6,
px,t) = =20, B7 e
’ |a1|2679f761 + |ﬁ1|2e9f*91 ’

(24)

where 0; = ic1x — 12813‘ t. Furthermore, via fixing «; = 1 and setting ¢; = a; + zbl as well
as |B1|* = e¥1, the solution (24) is then turned into the following form:

plx, t) = —2il~)1;3fe9f_91e_‘§1 sech(@l* +6; + El), (25)
where

0} +6) = —2byx + 20484 byt — 1433645 b3t + 143364505t — 20484, bt

0F — 6) = —2iax — 7168ia2 b5t — 7168iaShit + 17920iat bt + 256ib%t + 256ia°
Hence we can further write the bright one-soliton solution (25) as

plx, t) = —2il~71;3fe9f_91e_51

x sech{~2b;[x — (1024a] — 7168} + 7168a; b} — 1024a,b%)t] + &1}, (26)

from which it is indicated that the solution (26) takes the shape of hyperbolic secant func-

tion with peak amplitude
H =2|p;|bre ™
and velocity
V =1024a] — 7168a3b? + 716845 b} — 10244, 55.
To show the localized structures and dynamic behaviors of one-soliton solution (26),

we select the involved parameters as a; = 0.3, l~91 =0.25, a1 = B1 =1, & = 0. The plots are
depicted in Figs. 1-3.
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Figure 1 One-soliton solution (26) with a; =0.3, by =025, a1 = B =1,& =0.(a) Perspective view of
modulus of p; (b) The soliton along the x-axis with different time in Fig. 1(a)

T~
5 10
X
034 /
\\ i
049\ /
W/
——=5—— 0 =5
(b)

Figure 2 One-soliton solution (26) with a; =0.3, b1 =025, a1 = B1=1,& =0. (@) Perspective view of the real
part of p; (b) The soliton along the x-axis with different time in Fig. 2(a)

Figure 3 One-soliton solution (26) with a; = 0.3, by =025, a1 = B1=1,& =0. (@) Perspective view of the
imaginary part of p; (b) The soliton along the x-axis with different time in Fig. 3(a)
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Then, for the case of N = 2, the bright two-soliton solution for Equation (2) is generated
as

2 % *
plt) = MMy — M1 My (ozl,Bfeel My, — 011/3;302 My,

- 0l2,3ikeef_02M21 + Olzlg;e%_ezMn), (27)

where

o [Pe 0 4 By Pl oo™ 4 By el 2

11 ) 12 = )
M " My = "
S1—61 S2—61
* —05-0 * 0% +6 2 —05-0 2 05 +6
M. - 2o '+ B3P M, = 2l e 2+ |fo] €22
21 = " , 22 = " ’
S1— 6 S2— 6o

and 0) = ig1x — 128ic¥t, 0, = icox — 128ic8t, ¢y = ay + iby, Cr=dy + ib.
After assuming that o3 = oy = 1 and 8, = B, as well as | B; |2 = %1, the bright two-soliton
solution (27) becomes

2
plxt) =
MiaMsy — M1 My

*_ *_ *_ *_
x (BT My, — B3e”2 ™\ My — B2 My, + By’ 2 M), (28)

where

My = L cosh(6; +61 +&1),
1

2¢ef1 ( )
My = ——— cosh(6; + 0, + &1),
2 G —an + i + o IR
2ef1
My = — ———cosh(0; + 61 + &),

(@1 — ay) + (b1 + by)

My, = —;eél cosh(@ék +6y + 51).
by
The localized structure and dynamic behaviors of two-soliton solution (28) are depicted

in Fig. 4 via a selection of the parameters as follows: a; = 0.3, l~71 = Z)z =02, a1=ay =P =
Po=1l,ay=61=6=0.

5 Conclusion

In this investigation, the aim was to explore multi-soliton solutions for an eighth-order
nonlinear Schrédinger equation arising in an optical fiber. The method we resort to was
the Riemann—Hilbert approach which is based on a matrix Riemann—Hilbert problem.
Therefore, we first described a related Riemann—Hilbert problem via analyzing the spec-
tral problem. After solving the resulting Riemann—Hilbert problem without reflection,
we finally derived the expression of general N-soliton solution explicitly. We remark that
this work mainly emphasizes the effectiveness of the Riemann—Hilbert method in dealing
with higher-order nonlinear differential equation. Specifically, an eighth-order nonlinear
Schrédinger equation is considered, which can also be generated from the AKNS hierar-
chy [29].
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—— 50— 0 =50

(a) (b)

Figure 4 Two-soliton solution (28) with a; =0.3, br=b=02,a1 =0 = Bi=p=1a=£=5=0.
(a) Perspective view of modulus of p; (b) The soliton along the x-axis with different time in Fig. 4(a)
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