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1 Introduction

In recent years, fractional calculus has been one of the most popular topics in research
[1-5]. There are many different definitions and representations of fractional integrals and
derivatives in the literature, for instance, Riemann-Liouville integral, Riemann—Liouville
derivatives, Caputo derivative, Hilfer derivative, and so on (see [6—16]).

The fractional calculus has been used effectively to solve different kinds of problems
such as fractional relaxation and oscillation process, time fractional diffusive and wave
processes [4, 17-21], generalized Langevin and fractional Fokker—Planck equations [22—
33]. Furthermore, many authors have obtained the solutions of time fractional diffusion-
wave equations in a bounded domain in terms of the Mittag-Leffler type functions (see
[22, 31, 34—44]).

Here, we solve the following wave equation for a vibrating string:

2w(x, t)

Clwlnt) = —

- bCw(x, t) + g(x, ), (1)

with Caputo time fractional derivatives CY and C¢ oforders 1 <y <2and O<w <1, re-

spectively, using the conditions

W, D)oo = i(2), W, )le— = ha() (2)
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and

ow(x, t)

W(xr t)|t:0+ = @(x)r 9t

= D (x), ®3)

t=0,

wheret > 0,0 <x </, g(x,t), 11 (), h2(2), ©(x) and @ (x) are sufficiently well-behaved func-
tions, b is a positive constant, 7 is the memory time, and g(x, t) is the external force.
This problem has the solutions for x € [0,/] and in L(0, c0) such that

L(0,00) = {f: Ifllx =/Ooc[f(t)|dt<00},

where L(0, co)the Lebesgue integrable function deals with ¢.

This paper is organized as follows. In Sect. 2, definitions and properties of Mittag-Leffler
functions and fractional integrals and derivatives are presented. In Sect. 3, we consider the
fractional wave equation (1) and solve this problem by using the separation of variables
and Fourier expansion method. Also, some examples under the conditions are presented
in Sect. 4. Finally, in Sect. 5, we give a concluding remark.

2 Mathematical background
2.1 The Mittag-Leffler functions
The Mittag-Leftler functions [45] were studied and introduced in the following series:

S k
E,
(@)= kZ Mak+1) @

(z € C,Re(a) > 0).

A more general form of (4) was given by Wiman [46] in the form

Z ak+ﬁ

k=0

(z,B € C,Re() > 0).

It is obvious that, by using (4) and (5), we have E, ;(z) = E,(z). The Mittag-Leffler func-
tions are a generalization of the exponential, hyperbolic, and trigonometric functions since
E11(2) = €%, Ey1(2%) = cosh(z), E1(~2%) = cos(z), and Ey5(~2%) = sin(2)/z.

The generalized Mittag-Leftler functions were defined by Praphakar [47], that is,

e Ok é
kZz(;F(Olk+/3) k! (6)

(a,,B, y € C,Re(x) >0,Re(B) >0;z € (C),

where ()i is the Pochhammer symbol [48] defined by

Lly+k |5 k=0,y #0,

Y = I'(y) - yiy+1)---(y+k=1); k=12,....
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Note that EL ﬁ(x) E, g(x). The four parameter Mittag-Leftler function [49] was defined
by

VK _ (y))(}’l Zn
ﬁ( 2) = Z:1“(0m+/3) n!’

(a,ﬂ, y € C,Re(x) > max{O, Re(k) — 1},Re(/<) > O).

7)

From (6) and (7), we see that Eyﬁ(z) Eyﬁ(z)
The Laplace transform of the Mittag-Leffler functions (6) is represented by (see [47, 50])

B-1pv a _ Say_ﬁ
L[t Ea,ﬂ (ut )](S) (

s¢ —y)v’ ®

where | 5| < 1.

Now, we give basic definitions and properties that will be used throughout the paper.

Definition 2.1 (Riemann-Liouville integral (see [5])) Let 2 = [a,b] be a finite interval
of the real axis. The Riemann-Liouville fractional integral of order ; € C (Re(u) > 0) is
defined by

1 [* gt)dt
ro) e G-o

L gl = (x> a,Re(u) > 0). 9)

Definition 2.2 (Caputo derivative (see [4] and [51])) Lety >0,n=[y],and g € AC"[a, b].
The Caputo derivative of y > 0 is defined as

1__ [ £ D6 ds n-1<

— +1-n ’ )/ <n,

Cle®) =y (10)
) y=n

Note that the following expression gives us the relationship between the Caputo frac-

tional derivative (10) and the Riemann—-Liouville fractional integral operator (9) (see [4])
Clg(t) = Iy, g" (@),

where g is denoted by n-order derivative.
We give the Laplace transform for the Caputo fractional derivative in the following for-
mula (see [5, 52]):

00 n-1
L[C?g®)](s) = /0 e Clg()dt =57 Gs) - Y g¥(0,)s7 1, (11)
k=0

where y € (n - 1,n) and G(s) is the representation of Laplace transform for the function
g(t). Clearly, C1=0for y > 0.
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Definition 2.3 The integral operator £%:"° 5P (see [49]) was introduced by Srivastava and

Tomovski in the following form:

Exirg®) () = x( — 0P B S Tl — 0% (0) dt
e /“x el (12)

(0,1, v € C,Re(p),Re() > 0),
where Ef;; (2) is the four parameter Mittag-Leftler function given in (7).

When u = 0 and a = 0, the integral operator (12) coincides with the Riemann—Liouville

integral operator (9) such that

(E3730) () = (15 0) ).

3 Analytical results for the problem
In this section, we investigate the analytical solution of the proposed problem (1)—(3). In

order to obtain the solution, we need the following lemmas.

Lemma 3.1 Lets,b,a, A, € R* and u € R. Then the inverse Laplace transform of the func-

tion

1y pse 1 4 ygv2

f5)= 2 (13)

sV + bs® + A,

deals with
L)) =L [f ()] @)

oo
= by EP) (<At
oo
+ bZ(—b)pt 7= E(p+y1 o) (p+1)+1( )‘"ty)

00
v iy (P e (), (14)
p=0

where 0 <

)

Vb“

Proof Since 0 < <landO

yba

¢ 1

y—a Ans™®
¥4 b 1+ 3%

f(s)= (""" +bs* "+ us"?).

—Ot(]+l)+]/ 1 S—aj—l S—a(j+l)+y—2 }

Z( )\-n)]{ R b(sy,o, by +u(s},,a S

j=0

Page 4 of 14
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By using relation (8), we get
f©]o

o0
= Y (AVPIES L (<b )

+bY (a0 (~be~)

y—a,y(j+1)-a+1
j=0

+u Z( MO o (—bE )
j=0

G+1), (=btr-o)
vj
ZZ( M)t F((y-ap+yj+1) p

j=0 p=0

3 jyiel- G+1) (~btr )
b _)‘-n yj+l-a 4
' ;;0( " F'(ly-a)p+y(j+l)-a+l) p!

SNy G+1) (~ber ey
_ yj+l »
*”]ZOPZO‘ P TG ap v p

= ) (p+1) (~Ant’y
- _pyPly—ap J
DI e v e TR

j=0 p=0
3 . (P +1) (=ut”)
b i) j
Y G ey e D

o0 o0 .
+u Z Z(_b)pt(%a)ml (p+1) ' (—)»fxty)’
0 po F((y-ap+yj+2) }

[o¢]
= Y ES) L (hat)

(o]
+b) (bt P (=hnt”)

y,(y—a)(p+1)+1

o0
1)
vuy (bt g ().
p=0

Thus, we get the desired result.

Lemma 3.2 Lets,b,a, A, € R*. We have
1 o0
- > dptll o~
b l[mugn“ﬂ(ﬂ(ﬂ = Y O (EN ) @,
p=0

A b
0< <1,0<——«<1],
s7 + bs¥ sy«

An p+1 1
(y—a)p+y

where . is given in (12) and g,(t) is a given function.
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Proof Let

hs) = L[Z:(®)](s). (15)

Y + bs* + A,
We rewrite relation (15) in the following form:

—

N

h(s) = . —L|g.()|(s).
s) ¥+ b 1+sf,'ifx+b &6
Since0<m<1 we have

—a0+1

Z WL[En(t)](S)-

Jj=0

With the help of relation (8), we obtain

h(s):L[Z(—AnYtV(j*l AN btya):|(s)L[§n(t)](s)

- L[Z( L A (—Anty)}sm[zn(t)](s).

p=0

Applying the Parseval theorem for the Laplace transform (see [53])

| [ kts- g0 e |6 - L0006,

we have
h(s)—Z( b)pIL,|:/ (t — 7)r-prr= 1EP+; ap+V( Anlt =] )E,,(r)j|(s). (16)

Taking the inverse Laplace transform on both sides of (16), we get

L' [¢®]®)

L §n<t>]<s>](t) =Y B (E 8 ),

-1 [
sY + bs® + A, g
which is the desired result. g

The solution of the problem given by (1)—(3) is given in the following theorem.
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Theorem 3.3 The problem given in (1), (2), and (3) has a summable solution in L(0, 00)

with respect to t as follows:

wix, t) = Z T,(t) sin(?)
n=1

3 3 by(E “’”;I;Wgn)(t)sin(”’l’ )+h1<t)+ [1a(8) = 1 ()]

n=1 p=0
forx € [0,1], where

©) - (y-a)p £p+1) n*m?
Tu(®) = T,7(0.) Z(_b)pty EV (y-a)p+1 l—zty

p=0

S (y-)(p+1) po+D) i’
—a)(p+
+bY (b Ey,<ya>(p+1>+1(— 2 ty)

p=0

77(0,) & el plp+]) _nm?
¥ Z( by r—op+ EY (+y Do 5 ),

°>(0>
~ 2 (i (2) + 5 o () - I (8)))
—c <h1(t) + Z[hate) - hl(t)]> — bCw(x, t):| sin<”—7;x> dx, (17)

100, =7 / (@(x)—(hl(m [a(6) - hl(t)])
0

) sin(ﬁ) dx,
£=0, [

and
2 [~ (1 (t) + 7[ha() = 1 (8)]) nmx
1) _= inl =22
T,7(0,) = ] /0 (cb(x) o t0+> sm( ] ) dx.
Proof Suppose w(x, t) is given as
w(x, t) = W(x, t) + v(x, t). (18)

Clearly, conditions (2) satisfy v(x, t) where
v(x, ) = () + - [hz(t) ()] (19)
From relations (18) and (19), we get
W l0=0, W t)ls1=0.
By (3), we get

W, £)l im0, = O(x) = v(x, )]0, = O ),
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oW (x,t) B - ov(x, t) B
dat t=0, ox t=0, ’

By representing
Wx, 1) = Wix, t) + Wa(x, t)

and by using (1) and (18), we get

2

C}:[Wl(x’ t) + WZ(xr t)] = ga_xz[Wl(x) t) + WZ(xr t)] - bC:[Wl(x; t) + WZ(xr t)] +§(x; t),
where

- 3%v(x, 1)

g, ) =glx,t) + ——— — Clv(x,t) — bCIw(x, £). (20)

0x2

The problem now can be reduced as follows:

2W1(x, ¢t
C! Wi(x,£) = IWAED o 0),
0x?2

Wl (xr t)'x:O =0, Wl (x1 t)|x:l = 0»
d W1 (x, t)

Wl (xx t)|t=0+ = é(x)x ) = 5(96),
4 £=0,
and
2Wa(x,t ~
CY Wy(x,t) = % —bCIWa(x,t) + g(x, ), (21)
X
W (%, )50 = 0, WZ(x1 t)]x=1 =0, (22)
IWs(x, t
Wa(x, £)lt-0, = 0, % =0. (23)
t £=0,

Letting W1 (%, £) = X(x) T'(¢), the differential equations take the following forms:

CYT(t)+bCIT(t)+AT(¢) =0, (24)
d*X(x) ~
o +AX(x) =0, (25)

where X is called a separation constant. So, the solution of the Sturm—-Liouville problem
(25) deals with the function X(x) with boundary conditions:

X@)lx-0=0,  X(x)|x1=0. (26)

The eigenfunctions of the problem are given in the form X, (x) = sin(s/1,x) where A, =
”21—2”2, (0<A1 <Az <+ <Ay---). The relation for the eigenfunctions is satisfied by

l
/ X2 dx = | X S
0

where || X,||? = % is the norm of the eigenfunctions and §,,, is the Kronecker delta.

Page 8 of 14
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By using the Laplace transform, (24) is solved in the space L(0, 00). So, we get

sV]L[T,,(t)](s) —grt T,(IO)(0+) — g2 T,(II)(O+)
+b{s“L[ T,(8)](s) - s* T(0.)}

n

+ LaL[TW(®)](s) = 0. (27)

From (27), we get

Sy—l +bsa—1 + T? (04) y-2

S
L[T,0]6) - 700, o 28)

Y + bs* + A,

By using (14) and Lemma 3.1, the inverse Laplace transform of relation (28) yields

T,(t)
oo
. —ap pp+)
- T,S )(0+)|:Z(—b)pt()/ Dt)PEny_a)pH(_)Lnty)
p=0
o0
—a)(p+1) pp+1)
+ bZ(—b)Pt(V )p+ )Ey,;ry_a)(p+1)+1(—)\nty)
p=0
(1) 00
I (0.) (y-a)p+1 pp+1)
+ 790 )Z(—b)z'ty PR pra(“Pnt”) |,
n +) p=0

so we obtain the solution of W (x, £) such that
> . [ nmx
Wi (x,£) = 21: T,(2) sm<T>. (29)

By using the Fourier expansions, we find the solution of (21):

Wo(x,t) = ; wy(t) sin(ﬂlx), (30)
)= 250 sin(ﬁ), 61)

where g,(¢) is represented in (17). From (30), (31), and (21), we get

[e¢]

2[CLm0) +BCIw (D + ha(®) = Bol0)] sn(77) =0
if
CYwy(t) + bCYw,(t) + Aywy(t) — 24(t) = O, )

where n € N.
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Using the Laplace transform method (11) to (32), we get

S LLwa(0)](s) - sy*w;‘”(ou - s“*2w§}>(o+)]
+ b{s“L[w,,(t)](s) —s¢ }
+ Aull[wu (£)](s) - [gn(t)](S) =0. (33)

From conditions (23), it follows that % lt=0+ = 0 for p =0, 1. From (33), we get

1
Y + bs® + A\,

L{wa(®)](s) = L[&:(®)](s). (34)

Finally, we get the inverse Laplace transform of (34) and use Lemma 3.2 to obtain the

following result:

Wa(t) = Z( bY (Egint e Bn) (8). (35)
Thus, the proof is completed. d

4 Some applications of the main problem
In this section, we give some applications for time fractional wave equation (1)—(3) by

considering special cases of the external force, conditions given in (2) and (3).

Example 4.1 Let g(x,t) =0, O(x) = x(1 —x), @(x) =0, h1(£) = hy(¢) =0, x € [0,1] in the

above theorem. The time fractional wave equation takes the form as follows:

Zw(x, t)
0x2

Clw(x,t) = - bCIw(x,t),

where 1 <y <2 and 0 < « < 1, with the conditions

W(x) t)|x:0 =0, W(x! t)|x:1 =0
and
aw(x, t
W(x) t)|t:0+ =0, ( ) =0
0t |,

has the following solution

wix,t) = Y T,(t) sin(nrx), (36)

Page 10 of 14
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1-(-1)" - ~a)p plp+1) 2.2
Tn(t) = 4W |:Z(—b)plf(y )pE%(er_a)erl(—l’l 4 ty)
p=0

o0
(y—-a)(p+1) plo+1) 2.2
+bZ(—b)pt” o)+ Ey,(y—a)(p+1)+1(_n T ty)
p=0

o0
— 1
oot | @
p=0

When n = 2r (r = 1,2,...), we have T,,(t) = 0. Therefore, we have just the odd terms
T-1(2). Hence, the solution of (36) is w(x, £) = Y o) To,_1(£) sin[(2r — 1)7x].

Example 4.2 Let g(x,t) = ct"‘lEg,K(—t"‘), b=1,t=1,0k) =x1-x), ®x) =0, hi(t) =
hy(t) = 0, x € [0,1] in the above theorem. The time fractional wave equation takes the
following form:

32w(x, £)

Clw(x,t) = 2
x

-1
—bCw(x,t) + ct ' ES  (—1%),
where 1 <y <2, 1<« <2, cis any constant, with the conditions

W(xr t)|x:0 = 0¢ W(x¢ t)|x:1 =0

and

ow(x, t)
ot

t=0,

W(xr t)|t=0+ =0,

has the following solution

w(x, t) = Z T,(¢)sin(nmwx) + Z w,(t) sin(nmx),

n=1 n=1

where T,(¢) is given by (37), and

_ {1-(=1" = _ +e=lpy+l (_
() = 20— =3 (B ETENE (7).

ot
T P
Note that only odd terms T5,_1(£) and U, (¢) are not equal to zero for r = 1,2,...

5 Concluding remark
For y — 2, (1) becomes

I’wx,t)  9*wlx, 1)
a2 a2

—bCw(x, t) + g(x, ), (38)
with conditions

W, B)lx-0 = (@), WX, 0)leet = 2 (2), (39)

Page 11 of 14
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and

ow(x, t)

,t = :@ ]
w(x, )] s-0, (%) e A

=P(x) (40)

which is considered in [43].
The above problem has the solution (see p. 1558, [43], (27)-(29)) w(x,t) = Wi(x, ¢) +
Wo(x, t) + v(x, £), with

Wl(x, t) = Z{Z(_b)pt - apE(pzla)Iﬁl( )"”tz)

n=1  p=0

(o @]
+b Y (b ICNERD e (<2t

= p } 1o 0.sin( %), (a1)
p=0
W, 0) = Y Y (Y (Egai™ 8 () sin(@), (42)
n=1 p=0
v(x, £) = hy(t) + [h2(t) (1)) (43)
!
) = % /0 Zx, 1) sin<ﬂl") dx, (44)
%v(x, t ) 0%v(x, t)

- bCiw(x, t), (45)

g t) =gl t) + — 3 o

where A, = ”2132 u = T,Sl)(0+)/T,§0)(O+), T,(,O)(0+) =
%fol@(x) sin(%5%) dx, 7V0,) = %fol () sin(“5%)dx are Fourier coefficients, Ox) =
O (%) = v(%,8)|=0, and P (x) = D (x) — 2428}, .

It is easily observed that for y — 2, the solution which is given in Theorem 3.3 coincides
with (41)—(43).
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