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1 Introduction

Let (82, F,{F:}t>0,P) be a filtered probability space that satisfies the usual hypotheses of
completeness and right continuity. { W;};>¢ is a one-dimensional standard Wiener process
on (£2, F,{F:}t=0,P). In this paper, we are concerned with the Holder-estimates of mild
solutions for the following nonlocal stochastic partial differential equations (SPDEs for
short):

du(t,x) + (=A) T u(t, x) dt = h(t,x) dt +f(t,x)dW,, t>0,xeR?,

(1.1)
u(t,®));=0=0, xeR4,
where @ € (0,2], (=A)? is the fractional Laplacian on R

When « = 2, these SPDEs have been studied widely. W*2-theory was well established
by Pardoux [15] and Rozovskii [16]. A more general W24-theory was founded by Krylov
[9-11] for 2 < g < 0c0. Krylov’s result was then generalized by Denis, Matoussi, and Stoica
[5] for g = oo to nonlinear SPDEs.

There is also some Holder estimates for solutions of (1.1) when « = 2. As f(t, -) belongs
to L7 with large enough g (or g = 00), / vanishes and R is replaced by a bounded domain
(with smooth boundary), the space and time Hoélder estimates have been discussed by
Kuksin, Nadirashvili, and Piatnitski [12, 13]. This result was further developed by Kim
[8] for general Holder estimates for generalized solutions with L,(L,) coefficients. Using
a different philosophy, Hsu, Wang, and Wang [6] discussed (1.1) with « = 2 for general
f (u dependent). By applying a stochastic De Giorgi iteration technique, they built the
Holder estimates for weak solutions on [T,27] x R? (T > 0). Recently, by using the heat
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kernel estimate technique, Wei, Duan, and Lv [18] also derived the Holder estimates for
stochastic transport-diffusion equations driven by Lévy noises.

When o € (0,2), Chang and Lee [4], Kim and Kim [7] studied the L7 (2 < g < 00) the-
ory for SPDE (1.1). When f is bounded measurable, by constructing stochastic BMO and
Morrey—Campanato spaces, Lv et al. [14] established the BMO and Hoélder estimates for
solutions.

However, as far as we know, there have been very few papers dealing with the Holder
estimates for (1.1) with L coefficients. In this paper, we will fill this gap and derive the

Holder estimates for mild solutions. Here the mild solution of (1.1) is defined as follows.

Definition 1.1 Let« € (0,2) and P; denote the forward heat semigroup generated by neg-

ative fractional Laplacian —(~A)*’2. Suppose that u is given by
t t
)= [ Pt ) dr+ [ Peof 0w, (12)
0 0

We call z a mild solution of (1.1) if # € L ([0, 00); L>°(R% L?(£2))) which is F;-adapted

loc
and as a family of L%($2, F, P)-valued random variables is continuous.

Remark 1.1 Let p(t,x,y) be the transition density of symmetric «-stable process, then

p(t,x,y) = p(t,x —y) and
Prp(x) = / pt,x=yeO)dy, ¢eL!(R),q>1 (1.3)
R4

Moreover, p(t, -) is smooth for ¢ > 0 and from [4, Lemma 2.2] (also see [3, 19, 20]), we have

the following estimates:

d

’

tLx—y)x —A
P( X 3’) |y_x|d+a
(1.4)

Vopltx—)| ~ Iy =l (— a4
«P\L, y y |y_x|d+2+a :

For every t > 0, by the scaling property, then p(t,x—y) = t‘gp(l, (x—y)t~V%), which implies

1 _d+a
|8¢p(t,x—y)| §C(7/\t a . (1.5)
|y _ x|d+a
Our main result is the following.

Theorem 1.1 Let us consider the nonlocal SPDE (1.1) associated with o € (0,2). We
suppose that q > 2d/o v 2, f,h € L2 (Ry; L1(R? x £2)) which are F;-adapted. Let us set
¥ =(1/2 - d/(qa))(1 A ). Then there is a mild solution u of (1.1) and u € Llo(fC(R+;L°°(Rd;
L(£2))).

In addition, if g > 4(d + 1)/(1 A @), u € C*=([0,£] x R%GL1(2)) N LI~ (2;C) (R, x RY))

for every 0 < t < co. Moreover, for every t > 0, every 0 < 6 < 1, every bounded domain Q C
R4, every 0 < y < g, there exist two positive constants C(q,o,d,0,t) and C(q,«,d,y,0,t,Q)
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(independent of h and f) such that

”M”C@’([O,z]de;Lq(Q)) <C(g . d,0, t)[”h”Lw([o,t];Lq(Rdxg))

+ 1l oo 0,529 R x 2| (1.6)
and
E”””éb‘([o,t] Xa) < C(q, o, d, Y 9, t, Q)[”h”LOQ([O,t];Lq(RdXQ)) (17)
%
+ |lf||L°C([o,t];Lq(Rdx9))] ) (1.8)
where

C'([0,£] x RGL1(2)) = (1) €([0,£] x R L1(2))

0<0<v
and
L7 (2;C0 (R, x RY)) o= ) LP(Q; () Che(®R, x Rd)>.
1<p<q 0<6<

Remark 1.2 (i) In [4] Chang and Lee discussed (1.1); under the assumptions that / €
Hf;(T, RY), f e H,;HEM(T, R9) (T > 0 is a given real number, 0 < § < «/2), they founded the
HZI‘*‘" theory of solutions on R?. As a direct consequence, if k = 0 and ga > d, the Holder

estimate for solutions in space variable satisfies

t
]E/ ||u(s) ”é"(R”’) ds<oo, t>0,
0

where 0 is given by the Sobolev imbedding theorem. Different from [4], L°°(L?) integra-
bility in space and time variables is enough to ensure the Holder continuity of solutions in
space and time variables.

(ii) Our main idea comes from [13]. In [13], Kuksin, Nadirashvili, and Piatnitski argued
(1.1) with @ = 2 on a bounded domain. By estimating the tail probability, they gained the
space and time Holder estimates. Here, we study (1.1) on R? with « € (0,2). By using
the techniques developed in [13], we gain the space and time Holder estimates on every
bounded domain.

This paper is organized as follows. In Sect. 2, we present some useful lemmas, and Sect. 3
is devoted to giving the proof details.

Notations a A b = min{a, b}, aVv b =max{a,b}. R, = {r € R,r > 0}. The letter C will mean
a positive constant whose values may change in different places. For a parameter or a func-
tion g, C(p) means the constant is only dependent on ¢. N is the set of natural numbers,
and Z denotes the set of integral numbers. Let Q C R¥ (k € N) be a bounded domain. For
0 <6 < 1, we define C?(Q) to be the set of all continuous functions z on Q such that

|u(x) — u(y)|

ll#llco ) := sup|u@)| + sup ———== <o0.
#<Q syeQuty 1%
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2 Useful lemmas
Lemma 2.1 Let py € L1(R? x §2). Consider the Cauchy problem

qp(t,x) + (=A) I p(t,x) =0, t>0,x€R% pt,x)|1e0 = polx). 2.1)

Then, for any 0 < B < 1, the unique mild solution (given by (1.3) if one replaces ¢ by po) of
(2.1) meets the following estimates:

_B_4d
le@| cp@dy < Ct ¥ ® I poll g, P-as.we 2, (2.2)
and
d
ot +8,%) = p(t,x)| < Ct74@ 8P || poll pagay,  P-as. w € £2. (2.3)

Proof Obviously, the unique mild solution p of (2.1) can be represented by (1.3) if one
replaces ¢ by po. Hence, for any ¢ > 0,

p(t,x)| < /Rdlp(t,x—y)po(J')My

q-1
q_ q
< [ f d|p(t,y)\q—1 dy:| ool jaay, P-as. we K. (2.4)
R

According to (1.4), then

_q_ dla1
/ lp(6,y)| 7T dy < C / o dy+/
R4 izt i<t

9
§C/ — dy+/ (t a) 1a,’y:|
izt |J’| “ i<t

q _qd+a) dq
:Ct‘H/ Ll dy vt ql/ L dy
lyl=te lyl<t@

_q_
t d
o o

|y|d+a |y|d+a Nt

L
-1

(d+a) __dq
< Clemy Ty ]

__d_
- Cf @Da, (2.5)

Combining (2.4) and (2.5), then

_d
lp(t,x)| < fdlp(t,x —9)po®)| dy < Ct 4 || poll pg(pay,  P-a.s. w € £2. (2.6)
R

Let us calculate Vp and 9;p. For 1 <i < d, we manipulate that

8x,p(t¢x) =fdax,p(t;x—y)p0(y)dy;
R

which suggests that

q-1

q_ T
[Vo(t,x)| < |:/d|vp(f,y)|ql d)’:| ool agay, P-as. we$2.
R
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By virtue of (1.4) and analogue calculations for (2.5) imply that

/lep(t,y)lf%1 dy

4q_

<c[/ ||< ‘ /\t_ﬂ> s / ||< ! /\t—ﬂ> Hd}
= y @ Y+ y “ 'y
\y\ztdl |y|d+2+o¢ |y|<t0t |y|d+2+oz
q (d+1+ot q  _qld+2)
< CU Lty dy+/ | ylate e dy]
lyl=te lyl<te
g _qdiia) -2
-1 -1
<C[t# Tyl < |y=z§ + £ @ Da |y ® ’y::é]
__d+q
= Ct (g-De
Therefore, one arrives at
_d_1
|Vo(t,x)| < CE@ @ pollgay,  P-as. we 2. (2.7)
Applying the interpolation inequality
B
[0 s gy = Clo@ 12w | 2O 1 g (2:8)
to (2.6) and (2.7), (2.2) holds true.
Repeating the above calculations, and by virtue of (1.5), one derives that
_d _
|9:0(t,%)] < CE % Mol jagay,  P-aus. w € £2. (2.9)

The interpolation inequality (2.8) uses (2.6) and (2.9), for every t; > t; > 0, we get

_ﬂ_%
|loC,%) ”cﬁ([tl,tz]) <Ct; “llpollpagay P-as wes. (2.10)

From (2.10), inequality (2.3) is legitimate, and we finish the proof. a

Lemma 2.2 (Minkowski inequality [17]) Assume that (S1, F1, 1) and (Sa, F2, i42) are two
measure spaces and that G : S; x Sy — R is measurable. For given real numbers 1 < p; <
P2, we also assume that G € LP1(S1; LP2(S;)). Then G € LP2(S,; LP1(Sy)) and

[/S< \Gx,y)lplm(dx)) Mz(dy)i|

5[/( |G(x,2) |7 paa( dy)) m(dx)r. (2.11)
S1

The next lemmas will play an important role in estimating stochastic integrals.

Lemma 2.3 (Interpolation inequality) Suppose that 1 < p < py < 0o. Let E be a Banach
space and F be a linear operator from LP1($2; E) + LP2(§2; E) into the space L1 (§2) + LP2(£2).
If F is bounded from LP1($2; E) into LP1(§2) and also bounded from LP2(§2; E) into LP2(£2),
then F is bounded from L73(82; E) into LP3(S2) for every p1 < p3 < p».
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Proof When E = R, this result can be recovered from the Marcinkiewicz interpolation
theorem [1, Theorem 2.58]. For a general Banach space E, what we should do is to replace
8u(7) [1, pp. 56-57] by 8y, (7), and then the lemma is proved. O

Lemma 2.4 Let F be given in the introduction, that g be an F x B(R,) x B(R,) x B(R?)-
measurable function. Suppose that {M,(x)}>0 is a Brownian type integral of the form

t
Mt(x):/ gt,r,x)dW,,g(-,r,-) is F,-measurable.
0

Suppose that g > 2 and

r :
]E|:/ \g(t, 7, %) |2 dr] <00 for almost everywhere x € R, (2.12)
0

There exists a positive constant C(q) > 0, which is independent of x, such that for each t > 0,

E[|M,(x)|"] < C(q)IE[ /0 (e, r,x)|2dr:| " (2.13)

Proof First, we assume that F has the following form:

k

g2 =" gilt,2) 1), (2.14)
j=1

where k € N, gj are (2 x R, x R4 ]-}H x B(R,) x B(R?)-measurable, and 0 = £y < ; <
by<---<Ilg=tL.
For g = 2, by using the It6 isometry, we obtain

E|M,x)|* = Z(Wt, L7 1)g,(tx)

j=1

/ \g(t r,x)| dr. (2.15)
For g = 4, according to Burkholder’s inequality [2, Theorem 4.4.21], we also have

4 2
E’Mt(x < CE[/ !g (t,r,x ’ dr:| . (2.16)

k

Z Wt] Wt] 1 g] t, x)
=1

From (2.15) and (2.16), for every t > 0, the linear operator

t
F:g— / gt r,x)dW,
0

is bounded from L2(£2;L2(0,¢)) into L?(§2) and also bounded from L*(£2;L1%(0,t)) into
L*(R2). According to Lemma 2.3, F is bounded from L9(£2; L%(0,t)) into LI(£2) for every
2 < g <4,i.e,(2.13) holds true if g has the form (2.14). Observing that the functions which
meet condition (2.13) can be approximated by the step functions, we thus complete the
proof for g € [2,4].
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Analogously, for every even number and every step function of the form (2.14), one can
prove that (2.16) holds. In view of Lemma 2.3, one derives an inequality of (2.13) for every

q > 4. Then, by an approximating argument, we accomplish the proof. O

Remark 2.1 When g(t,r,x) is a deterministic function, the Marcinkiewicz interpolation

inequality is not needed. Indeed, an L? type interpolation inequality is enough.

Lemma 2.5 ([13, Lemma 4]) Let a function g satisfy the estimate

oscg = sup |g x) — g(y)| <Ky (2.17)

x,y€]

in any small cube ] which is a mesh of the grid 27"7%1, i.e., in any J = 27" + [0,27"]%*1,
where j € 741, Then, for any A € R4, one has
g+ A) = )| < 208,187 (2.18)

where [-] stands for the integer part.

3 Proof of Theorem 1.1

Proof The existence result follows by using the explicit formula

u(t,x) = /;/de(t—r,x—y)h(r,y)dydr+/Ot/de(t—r,x—y)f(r,y)dydW,,

where p(t,x — y) fulfills (1.4) and (1.5). By this obvious representation, to prove u is
a mild solution, we need to show u € L® (R,; L®(R% L*(£2))). Now let us verify that
u € L (Ry; L°(RY; LI(2))).

loc
If one uses Lemma 2.4 for given g > 2, then

loc

]E’u(t, x) ’q < C(gE pt—r,x—2)h(r,z)dzdr

q
R4

¢ 2 94
+C(q)E |: / dri| .
0

With the aid of Lemma 2.2 and the Holder inequality, we arrive at

/ pt—r,x—2)f(r,z)dz
R4

¢ L q
Elu(t,x)|" < C(q)’/(; /de(t—r,x—z)[E\h(r,z)|q]5 dzdr

+C(q)E|:f0 /Rp(t rx— z)[IELf(r,z)}]é

C(q)’/otul;d\p(r,y)\% dyrq dr

2(q-1) q

el [ eot®a]  af

2 1
dr]

sup IE/ |h(r,z)| dz

o<r<t

sup IE/ If(r,2)|" dz.

o<r<t
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By using inequality (2.5), one derives

||h||L°°([0t ;L4 (RY x £2))

]E|u(t x)|q < C(q)’/ r o dr

Y
r @ dr

q
N ioe o, pr0cea 2y
Observing that go > 2d, therefore

q —d q
Blu(t.9)|" < C@(1 + ) 1l e o oty * Wi qoamaay] (3-1)

Now let us consider point-wise estimates for mild solutions of (1.1). By the scaling trans-
formations on space and time variables, to prove (1.6) and (1.7) are true for u, it is sufficient
to show that # meets (1.6) and (1.7) on [0,1] x R and [0, 1]%*1, respectively. Initially, let
us check (1.6).

For every x1,x; € R4, ¢>0,

u(trxl) - M(t, xZ) = /(;t[Pt—rh(rrxl) —P[_rh(V,JC2)] dr

+ / [Pf—*if(r’xl) _Pt—xf(r!xZ)] dWr
0

According to (2.13), one derives that

E|u(t,%1) — u(t,%,)|" < C(Q){E’/t[Pt—rh(r>xl) = Py h(r,xy) | dr '
0

+E ’ } (3.2)

f [Pt_,f(r,xl) - P, f(r, xz)]2 dr
0

Let 0 < B8 < (1/2 — d/(qa))(1 A @) be a real number. In view of Lemma 2.1 (2.2) and
Lemma 2.2 (2.11), from (3.2), one concludes that

Elu(t,x1) - u(t,x,)|*

q

(Q)|x1 - x2|qﬂ ”h”LOO([Ot Lq(Rde))

L s 4
r o« 4 dr
0
£ E 2d
a qadr

20 ([0,£];L9 (RY x £2)) + Ilf”LOO([o t]; Lq(Rde))]

q
2

+ C(4)|x1 leqﬁ"f”Lm ([0,£;L9 (R9 x 2))

Clga,d, B, D)l = x| P |17l
Similarly, for every ¢ > 0, § > 0, one can define
u(t +68,x) — u(t,x)

t+8 t
:/ PH(;,,h(r,x)dr—/ P, h(r,x)dr
0 0

t+§ t
+ f Prssrf ) AW, - / Prof (1) AW,
0 0
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t+6 t
- [ Pstnydr+ [ [Pse ) - Pt )]
t 0

t+8 t
. f Pras of (r,2) AW, + / [Pras-of (1, %) = Prf ()] AW,
t 0

=1 +h++ /]

Let us estimate Ji,...,Js. To calculate J;, we use (2.5) to get

(g-1)

t+8 7
/ [/ |p(t+8—r,y)|q1dy:| dr
s,
/r_ﬁdr
0

594, (3.4)

q
Eh7 < Cllnl]

L®([0,6+8];L9(RE x £2))

= Clg)lal]

L([0,6+8];L9(R9 x £2))

q
E C(q:a d)”h” [Ot+5]Lq(Rd><.Q))

An analogue calculation also implies that

S

2(g-1

t+8 ~7
/ |:/ |pt+8—r,y)|q1dy] dr
8 o
/rq“dr
0

4
2

]E’|]3|q = C(q)”f”Loo ([0,£+8];L9 (R x £2))

q
2
<Clg) Hf“Loo ([0,6+81;L9 (R x £2))

QI

= €@ DI o pusppoeaxay’ (3.5)

For J5, we use Lemma 2.1 (2.3), one concludes that

t q
ELl <E / 1Prss (1, %) — Proh(r, )| dr
0

t . |7
< lIAll} (t—r) P a dr
0

L®([0,£+8] Lq(Rdx.Q))

C(q’aydrﬁ!t)”h”q ([0,£+8]; Lq(RdXQ))aﬁq‘ (36)

Similarly, one gains

t 3
|Prrsof (%) = Peyf ()| dr
0

t
/ (t- r)“zﬂ_é_g dr
0

< €400, B O o o 5100 20 (3.7)

E|))? <E

q
2

Ba
< )”fHLOO ([0,£+8]; Lq(wim))(S

Combining (3.4)—(3.7), one arrives at

Elu(t + 8,%) — u(t,x)|*

a _d
= C(q’“’d’ﬂ’t)[”h” oo (0,48 lLIREx 2)) T ||f”L°° [0,6+81,LI(RY % £2)) J[677= + 871],
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which implies

Elu(t +8,%) — u(t,x)|"

q q Ba
= Clgy o d, B D[ 0 5100 29) * W e o109 2 0 (3.8)

if § < 1.
Therefore, we accomplish from (3.3) and (3.8) that
E|M(t2,x2) - M(fl,x1)|q
q q
= C(‘Z» o, d' ﬂ)[”h”LOO([O,tz];Lq(RdeZ)) + ”‘f”LOO([O,tg];Lq(RdeZ))]
x (lta -t + |x2—x1|)ﬁq (3.9)
for every x1,x, € R%, 0 < t; < t, < 1. According to (3.1) and (3.9), (1.6) is true.

Notice that g > 4(d + 1)/(1 A @) and (3.9) holds for every 0 < 8 < (1/2 — d/(qa))(1 A @).
For a given sufficiently large natural number 0 < m € N, if one obtains

B= “ <l—i>(1Aa), (3.10)
1+m\2 qo
then
4B = -2 <l—i>(1/\a)> "M d+2)sd+1. (3.11)
1+m\2 qu 1+m

In view of (3.9) and (3.11), by using Kolmogorov’s theorem, « has a continuous version. It
remains to prove the Holder estimate (1.7) on [0, 1]%*!, and for writing simplicity, we set

A = 11l oo pzamd x 2)) + W oo o119 x 2))-

One introduces a sequence of sets: S, = {z € Z%*!|z27" € (0,1)%*'}, 0 < n € N. For an arbi-
trarye = (e!,...,e%*!) € N x Z% such that ||e||oc = MaXj<;<g;1 |€/| = 1,and everyz,z+e € S,,

we define v} = |u((z + €)27") — u(227")|. Then
]E|v;”e|q < Clg,o,d)AT27"P1,

Forany t >0 and K > 0, one sets a number of events A< = {w € 2|v}* > Kt"} (z,z+e €
Sy), it yields that

- Elv*|1 - C(g, o, d)AT27"P1
- K4t — Kiz1?

P(AZ)

Observe that, for each 7, the total number of the events A (z,z +e € S,,) is not greater
d+l)nqd+1 P ; _
than 2@+1739+1 Hence the probability of the union A” = U zrees, (Ujea=1 A
the estimate

ne
7¢) meets

., . 2-nBq
P(Ar) S C(q,Ol, d)A W

(d+1), q 2(d+l) !
2 "< (; ,Ol,d AqK_ .
=Clged) ((2%)4)
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For m > 0 large enough (given in (3.10)), one takes 8 by (3.10), T = 27#/”, then the prob-
ability of the event A = ., A7 can be calculated as follows:

P(A) < Clg, o, d)ATK ™1, (3.12)

For every point £ = (¢,x) € (0,1)%1, we have £ = Y vei2” (lleillo < 1). Denote & =
Zl €27 (£ = 0). For any w € A, we have |u(&x,1) — u(&)| < Kt¥*1, which suggests that

|u(t, x)| < ZI (Exe1) — (Ex) <I<Zr =K — K(zg—l)’l. (3.13)

k=0

Set v1 = Sup(, yc(o1)d+1 [4(E,%)|, then vy = sup(, ,cjo,1ja+1 |1(£,x)| since u has a continuous
version. For any 0 < y < g, it yields that

Ev) = )// " IP(vy > r)dr
0

cK o0
= y/ PPy > r)dr + y/ PPy > ) dr. (3.14)
0 K

If one chooses ¢ > (2% —1)71, according to (3.12) and (3.13), from (3.14) one finishes at

Ev) < (cK)” + C(q,a,d)ATy / P’ 1 dr < (cK) + Clq,a,d)ATy K771,
cK
which hints that
Ev] < C(g,a,d,y)A” (3.15)

if one chooses K = A.
Let us calculate the Holder semi-norm of u. For a solution of (1.1) and for every w € A,
inequality (2.17) holds for k,, = K. With the help of Lemma 2.5 (2.18), one has

|u((t,x) + A) - u(t,x)| < 2Kt At/

for (t,x), (t,x) + A € (0,1)%+1.
Let B be described in (3.10). For any 0 < 6 < 3, if one has = 277, we arrive at

’u((t,x) + A) - u(t,x)| <4K|A|,
which hints that
P([u]c()([o,l]dﬂ) > 4K) < P(A) < C(q, o, d,0)ATK ™.
Finally, for any 0 < y < g, analogue calculations of (3.14) and (3.15) imply that
Elltl g o101, < Cla @, v, 0)AY (3.16)

From (3.15) and (3.16), and observing that m € N is arbitrary, the desired conclusion holds
true. O
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