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is written as a system of two second-order equations by introducing two new
variables. Next, in order to design an implicit compact finite difference scheme for the
problem, we apply the compact finite difference operators to obtain a fourth-order
discretization for the second-order spatial derivatives and the Crank-Nicolson
difference scheme to obtain a second-order discretization for the first-order time
derivative. We prove the unconditional stability of the scheme by the Fourier method.
Then a convergence analysis is given by the energy method. Numerical results are
provided to verify the accuracy and efficiency of this scheme.
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1 Introduction
Let £2 = (0,a) x (0, b) and we consider the two-dimensional fourth-order hyperbolic equa-
tion with initial and boundary conditions:

@) uy+pANu=f(xyt), @yt e x0T,
b) uxy,0)=fixy),  FEluyo =£x)), (*)) e,
(©)  #tlx0 = (y,2), Ulx=q = h2(y, 1),
uly=o0 = h3(x, 1), uly=p = ha(x,t), te€[0,T],
(d) Aulzo=2100), Attly-q = 2, 1),
Auly-o = g3, 1), Auly-p = gulx,t), te[0,T],

where u; = %272“, Ay = 2472 + Zaxf—;yz + ?)473‘. (0,7, t) is the given source term. fi(x,y) and
fa(x,y) are initial value functions. 11 (y, t), ha (9, t), h3(x, £), ha(x, £) and g1 (9, ), 229, £), g3 (%, 1),
ga(x, t) are boundary value functions. p is a given positive constant.

The two-dimensional fourth-order hyperbolic equations have very important physical
background and a wide range of applications. For example, they can be used to describe the

vibration of a plate and in large-scale civil engineering, spaceflight, and active noise control
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(see [1-5]). Compared with the second-order equations [6—11], it is usually necessary to
use higher-order finite element methods or thirteen-point difference schemes in order to
solve the numerical solution of the two-dimensional fourth-order equations. The former
is difficult to calculate. The latter has some difficulties to deal with the boundary and only
achieves second-order accuracy.

The compact finite difference method, compared to the traditional finite difference
method, has a narrower band width and achieves a higher accuracy. Hence, they have
long been studied, for example, in [12, 13]. In the last few years, high-order computational
methods for different kinds of differential equations were studied (see [6-8, 12—17]). In
[14-16] fourth-order equations are written as a system of two second-order equations
by introducing two new variables. Then, in order to design a high-order scheme for the
problem, the spatial derivatives are discretized by applying the compact finite difference
method or compact volume method.

In this paper, we apply similar ideas to the two-dimensional fourth-order hyperbolic
equation (1). Firstly, the fourth-order equation is written as a system of two second-order
equations by introducing two new variables. Next, we use the compact operators to ap-
proximate the second-order derivatives in the space variables and rewrite the above prob-
lem as an initial value problem for a system of two second-order ordinary differential equa-
tions. Then we develop a two time level compact finite difference scheme. We prove the
stability for the high-order compact difference scheme by the Fourier method. The con-
vergence of the high-order compact difference scheme is given by the energy method.

The rest of the paper is arranged as follows. In Sect. 2 we formulate the fourth-order
compact finite difference scheme for problem (1). A stability analysis is given by the Fourier
method in Sect. 3, and a convergence analysis is given by the energy method in Sect. 4.
Numerical experiments are performed in Sect. 5 to test the accuracy and efficiency of the
proposed compact finite difference scheme. Conclusions are given in Sect. 6.

2 Compact finite difference scheme

To design a proper finite difference scheme, we set v=—pAu, w = ‘;—’: and reformulate

problem (1) in terms of the coupled system of second-order equations

(a) %—'Z—Av =f(x,9t), (xyt)e2x(0,T],

(b) pAw+ % =0, (xy1t) e x(0,T],

(€ wx0) =LKy,  vixy0)=-pAKy), @y e,

) Wlheo=32008),  Wleea = 5200,0), )
Whyeo = 28(x,8),  Wlyp = 2e(x,t), tel0,T],

(&) Vlx=0=-pg1 (1), VIx=a = =&, 1),
Vly=0 = —pg(x, 1), Vly=p = —pga(x,t), te[0,T].

Obviously, u is a solution to (1), if and only if (v, w) is a solution to (2).
Let i, = ﬁ, hy = ﬁ be the spatial step in the x and y directions, 7 = ]\Zj be the time
stepand x; = ih,, 0 <i < N;+1,y;=jh,,0<j <N, +1,t;y =kt,0 <k <N, h = max{hy, h,}.

k

k
ij’ v

i wf; and the
numerical solutions at the same mesh point will be represented by LI{]‘- , Vlf , Wf . At each

time level the number of unknowns is N, = N, x N,. Besides, we set £, 1= %(tk + tge1)-

The theoretical solutions #, v, w at the point (x;,y;, tx) are denoted by u
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Our compact method for (1) is based on the system (2). To do this, we set

k*% 1 k +1 k+5 1 k+1
i = 5("!} + ‘/; )’ Wy = = E(W{; Wy )’
s ked 1 N S s ey o 1ooga g
Vi~ = ;( ij _Vij)’ tWij ;( ij _Wij)’
EIRT —i(vk—v ) BT —i(wk—wk )
* i—%,} - hx i i-1j)? * l—%,} - hx ij i-1j)
S,V :i(v —vk ) sk :l(wlﬁ wk, )
y ij-% hy ij ij-1)7 y j 1 hy ij ij-1)"
1 1
2k _ 2k _ k k k
8xl/t; 2 ( z+1] 21/( TtV 1}) 8 ij H2 (Wi+1,j - sz'j + Wi—l,j)’
X X
1 1
2 k k 2 k k
8y1/l§ = —2(1/[’}.Jrl - 21/; + vi,j_l), Sowy = ) (wl.,jJrl 2w W 1)
y y

Using the Crank—Nicolson method to approximate (2a) and (2b) at the point (x;, 3}, ¢, 1 )

we get
k+ 75 k+ k+d k+ 75
@ iy -8y o
K+ k ~k+d
(b) pAwi/ + 8V 2 gl;z,
where
k+%
f;’)j :f(xi;yl’) tk+%)7
el [T?20%w [ 9t atv .
& T l2498 8 axarr | ayror? +0(e),
x Y (xi»}/jrtk+%)
1 2 3w *w 72 3%y
?{%[Wm}ﬂﬁ +0(r").
x “ (xiv}’jvth%)
Setting vy, = 0, vy, = ¥ and wy, = @, wy, = ¥, (3a) and (3b) can be rewritten as
k+d +1 k k k
(a) 3tW +3 (Qij +l9 +2) f(+2 <+2, (4)

k+ k k ~k
b) ot vyl ) ronl't =g

Defining the difference operators

K )
Ax:1+é(8§ Aj=1+-28

and applying a Taylor expansion, we get

k
sj = Ayz? + (Ry)l/,
2
Swa; = Ay

52Vl = A0 + (R,

xVij

82 k Ax%] (Vx)L/r (ry)w
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where
95K L 9ok
R)s=-2—2+0(K),  (R)s=-—-—2+0(K).
Re)i= =200 3w *OVR) R)y=-35575 +O0m)

et 3wk hy 9w
k x ij 6 6
= o(h?), +0O(h).
(rx)ll 240 9x6 + ( x) (J/) 7240 dyo ( }’)

Denote A, = AA, and B, = A;62 + Ax8y2. Hence, multiplying by A, both sides of (4), we
get

kel _k
(a) Ah(atw 5 - By} Ahﬁ;+ gy 5)
(b) Bk + A ) =22,
where
_k+d k+ k+d k+s
27 = Mgy - AR - AR = O(c? + B+ ),
Ak+2

ket k+3 2, 74, 14
) > = ALy, =O(r +hx+h).

,.J(+
gt/ Ahgij Y (Vx ij

Replacing v¢ W{‘l by their approximations VX Wk and neglecting the higher-order terms,

i)’ i)’
we derive a finite difference scheme as follows:

Ax(8 W’H%)—B vk*% A 1=i=Nol<j<N,1<k<N
n\0t W ;i h i o SI=Npl=]J=Ny, L=K=N, (6)
By W, +Ah(8t 2) 0, 1<i<N,1<j<N,1<k<N,

where the discretized boundary values and initial values are denoted by

oh oh
W(;(,j_ I(thk) Wfl\;xﬂ,}' Z(Y]’tk) OSjSNy+1,0§k§N,

oh
Wio= 5 Got), Wi = a—f(xi, t), 0<i<M,+1,0<k<N,

= ‘Pgl(y/’tk)» Vi) = —p20pt), 0<j<N,+1,0<k<N,
Viio = =pgs (i, ) Vi],(Nerl =—pg(xity), 0<i<N,+1,0<k<N,
Wi=h@y), 0<i<Ny+1L0<j<N,+1,
Vi =—pAilxyy), 0<i<N,+1,0<j<N,+1

Remark 2.1 From (5) it is easy to see that the local truncation error for this scheme is
O(t? + h).

3 Stability analysis

In this section, we adopt the Fourier method to analyze stability of the scheme (6). Assume
that /1 = g(t), where g(7) is a continuous function and g(0) = 0. In order to prove stability
of the scheme (6), we consider a difference scheme of the form

> AU =Y B, 7)

meN meNy
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where A,, and B,, are 2 x 2 matrices, Ny and N are finite sets containing 0, positive in-
tegers and negative integers, U/" is a two-dimensional column vector. Using the Fourier
method we get the growth factor G(x;, ;). Then the scheme (7) is stable if and only if the
family of matrices

{G"(x%10)i%0 =0 <Xy <+ <xn11 =4,

y0:0<y1<~-<yNy+1:b,n:1,2,...,N} (8)
is uniformly bounded. We introduce the following two lemmas.

Lemma 3.1 ([18]) To prove that the family of matrices (8) is uniformly bounded, it is nec-
essary and sufficient to prove that the family of matrices

{G”(x,y);0<x<a,0<y<b,n=1,2,...} 9)
is uniformly bounded.
Proof Accuracy is obvious, we now prove the necessity. We use the meshes with N, = 2™,
Ny =28 m=1,2,...,k=1,2,.... Denote by (x,,7,) the grid points in the mesh for given
m and k, where x, = %,yq = 2%,19 =1,2,...,m,q=1,2,...,k. Assume

|G (%pr )| <M,0<nT <T,

where M is a constant that has nothing to do with partition. We set t — 0, therefore,
h — 0, then

”Gn(xp!yq)” <M, n=12,....

Noting that the bisecting points {(x,,7,)} are dense on [0,a] x [0, b], and G(x, ) is a con-
tinuous function, we get

||G”(x,y)||§M, 0<x<a,0<y<bn=12,.... O

Lemma 3.2 ([18]) Assume G(x,y) is an 2 x 2 matrices and use gj; to represent the element
of the ith row and the jth column. The eigenvalues of G are A1 and ,,. The family of matrices
{G"(x,y)} is uniformly bounded if and only if

(a) Mz(%)’”fl; i=1,2;0§x§ﬂ,0§y§b,

(B)  1G(x,y) - 3(g11(x:9) + g2 (% )| (10)
<M1= MG+ 2@ y) —22x9)]), 0<x<a,0=<y<b.

Remark 3.1
(1) From the relationship between roots and coefficients in the quadric equation
A2 — b — ¢ = 0, the modulo of two roots is not bigger than one if and only if

b|<1-c<2. (11)
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(2) In the condition (B),we need to calculate the norm of a 2 x 2 matrix. We usually use
the Frobenius-norm, which is defined as

2 }
1Kl = (Z |kl;|2) : (12)

ij=1
for a matrix K = (k;).
Theorem 3.1 The scheme (6) is unconditionally stable.

Proof We use the Fourier method to prove the stability of the scheme (6). Using the defi-
nitions of A, and By, the scheme (6) is written as

(1) 144 [c1 +10(ca + ¢3) + 100c¢4] — (rldl + 2rady + 2r3ds — 20r1dy)
144 [c1 +10(c; + ¢3) + 10004] + 5= (r1d1 + 2r2d2 + 2r3d3 - 20r1d4) 13)
2) ﬁ(’"lcl +2r5¢) + 2r3¢3 — 20r1¢4) + 157 [d1 + 10(d3 + d3) + 100d,]

(1’161 + 21’262 + 21’3C3 - 207’164) + [dl + 10(d2 + dg) + 100d4]

where

T T

rx:ﬁ: ry:ﬁ;
y

ri=Tx+Fy, 1y =5ry =Ty, r3 =51y — Iy,
X

k+1 k+1 k+1 k+1
a=Wia+ Wi i Wi+ Wi

cy = ‘)Vl']i+1 Wk+l c3 = ‘)Vi];+1 Wk+l Cy= ‘)Vi];+l,

i+1,? ij+1’

k+1 k+1 k+1 k+1
d=V; im1y-1 + Vit + Vi + Vi

_ y/k+1 k+1 k+1 k+1 _ y/k+1
dZ-Vi— ‘/l+1]’ ds = Vz; 1 Vz;+1’ d4_vi,j ’

~ _ wrk k
= Wi_l,j_1 + Wi_LjJrl + W+1] 1+ wk

i+1,j+1°
EE:W +VV1+1]’ é;,=VV” 1+VVtk}+l’ a_szkV
dl_ 1/1+V 1]+1+‘/l+1]1+‘/l+1]+1’
62\2: +‘/l+1]’ d3_ ij— 1+‘/z/+1’ 674=V;/;

Let W, = Vielohegioamhy, VK = yheiohsgioamhy where vf and v are the amplitude at time
level k, o1 and o, represent the wave numbers in the x and y directions. By inserting these
expressions into the coupled scheme (13), we have

[EIZL (eial (j—1)hy ei(rz(m—l)hy + €l (=1)hy eit’fz(m*])hy + el (+Dhy eiUZ(m_l)hy

+ei01(j+1)hxei02(m+l)hy) + E(e
144

ioyjhy eiag (m-1) ioyjhy ei0'2 (m+1)hy

"+ e

o . o . 100 . ., .
+ ewl(]—l)hxewzmhy + ewl(]+1)hxewzmhy) + ewljhxewgmhy V11(+1

144

_ |:i(rx + ry)(eiol(/—l)hxeiaz(m—l)hy + eiol(/—l)hxeiaz(erl)hy

Page 6 of 19
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+ eiol(j+1)hxeio*2(m—l)hy + eial(j+l)hxei02(m+l)hy) + %(srx _ ry) (eial(j—l)hxeiazmhy

+ eial(j+1)hxeiazmhy) + %(Sr"y _ rx)(eialjhxeiaz(m—l)hy + eialjhxeiaz(m+l)hy)

10 AT
_ E(rx + ry)eml/hxezazmhy V12<+1

[ﬁ (eim =D gioa(m=1hy | pio1 (=D ioa(m+Dhy | o1 (i+1)hs yioa (m=1)hy

+ eial(j+1)hxeiaz(m+1)hy) + ialjhxeiaz(m—l)hy + eialjhxeiag(m+l)hy

Tl

o ) o ) 10
+ elal(]—l)thIUZV”hy + elal(]+1)hxezazmhy) +

o . . .
ezauhx emzmhy Vll<
144

+ |:2_14 (Vx + ry) (eial (j—l)hxeiaz(m—l)hy + eiq (j—l)hxeiaz(m+1)hy

+ elal (j+1)hy ezaz(m—l)hy + ewl (1+1)hxel¢72(m+1)hy) + E (5rx _ ry) (em] Q—l)hxezazmhy

+ ewl(/+1)hxeltfzmhy) + E(Sry _ rx)<ezayhxewz(m—1)hy + ewllhxemz(m*'l)hy)

10 g
_ E(rx + ry)ewl]hxemzmhy]vl;

- (rx + ry)(e”’l (j=1)hy ewz(m—l)hy + 1 (j=1)hy ewz(m+l)hy 1 o1 (j+1)hy et(rg(m—l)hy

+ el01(1+1)hxel02(m+1)hy) + E(er _ ry)(e"” (]—l)hxemzmhy + elal(]+1)hxez<72mhy)
1 Lo L 10 Lo

+ —(Sry _ I’x)(eml]h"eWZ(m_l)hy + elﬁuhxelffz(WIH)hy) _ _(rx + ry)eml]hxemzmhy V11<+1
2 12

+ [ 1i4 (eial (j=1)hyx eiaz(m—l)hy + eial (j—1)hyx eiaz(m+1)hy + eim (j+1)hy eiag(m—l)hy

+ eial(j+1)hxei02(m+1)hy) + ialjhxeiag(m—l)hy + eialjhxeiaz(mﬂ)hy

(e
144

io (j—1)hy jioomh io1 (j+1)hy jioomh 100 iojhy jioomh k+1
+ U Dz gloamhly . glor (i gl y)+—144e1"ez v vy

=—p [i(rx + ry)(eial (]’—l)hxeiaz(m—l)hy + eial (]’—l)hxeiaz(m+1)hy + eial(j+1)hxeiaz(m—1)hy
+ eial(j+1)hxei62(m+1)hy) + 11_2(5rx _ ry)(eial(j—l)hxeiazmhy + eial (j+1)hxeirrzmhy)
i(S )( iojhx Lioa(m-1)hy ioyjhy ifrz(m+1)hy) E( ) iojhx Lioamhy |k
+ Gy —ra)(e e te e — e e Vi

+ [ﬁ(eiol(jl)hxeiaz(ml)hy + eiol(j—l)hxeiaz(erl)hy + eial(]'Jrl)hxeiag(m—l)hy

+ eial(j+1)hxei62(m+1)hy) + 0 (eialjhxeiaz(m—l)hy + eicljhxeiaz(mﬂ)hy

144

100 ok eiazmhy:| V12<.

+ eiol(j—l)hxeiazmhy + eiol(j+1)hxei02mhy) + T

Page 7 of 19
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Dividing the above equations by e/ gi®2"hy e get
|:L (eiol (~hy) eiGZ(’hJ/) + eial (*hx)eif’?hy + eiolhx eiUZ(’hy)
144

) . 10
+ elUlhxelehy) o

144 (eiaz(—hy) + eiazhy + eit'fl(—hx) + eiUlhx) + @}vnﬂ

144 |1
_ [i(rx + ry)(eial(—hx)eiaz(—hy) + eim(—hx)eiazhy + eialhxeiaz(—hy)
, , 1 . ,
+ g1t giozhy) 56— ry) (€1 4 glonlix)
1 ) . 10
+ E(Sry — 1) (2T 4 gio2hy) E(rx + ry)] vyt

_ [ﬁ(em(—hx) P2 Iy) 4 i1 () gioshy o1 ion ()

) ) 10
+ ezolhxewzhy) +

) , , : 100
ioo(=hy) iooh io1(—hy) io1h n
144(82 v+ €72 1 el "+el")+—:|v1

+ |:2_14'(rx + ry) (eitfl(—hx)ei(fz(—hy) + eial(—hx)eiazhy + eialhxeiag(—hy)
, , 1 . ,

+ i1/ gloaky ) 3 (51, — 1)) (€ ha) e"”hx)
1 ) . 10

+ — (57 — 1) (€2M) 1 &2y _ —(r, 4 1)) [V
12( y = 1a)( ) 12(x y) |Va

and
p[i(rx + ry)(eial(—hx)eiﬂz(—hy) + eial(—hx)eiazhy + eialhxeiUZ(—hy)

, , 1 . ,

+ ezmhxemzhy) + E(srx _ ry) (eml(—hx) + elclhx)
1 ) . 10

(<hy) h 1
+ E(Sry - V,C)(e“r2 ) 4 @2 y) - ﬁ(rx + ry)] Vit
+ [ﬁ(eial(—hx)eiq(—h}/) + eial(—hx)ewzh}, + ei”lhxeiaz(—hy) + eimhxeinzhy)

N 10 (eiaz(*hy) ¥ ey | pior(he) | emh") + @]le

144 1442
=—p [i(rx + ry)(eiol(—hx)eiaz(—hy) + eial(—hx)eiaghy + eialhxeiaz(—hy)
, , 1 . ,
+ ewlhxemghy) + ﬁ(5rx _ ry) (elUl(—hx) + ezalhx)
1 . . 10
+ E(Sry — 1) (€2 4 ef72hy) — E(rx + ry)] Vi

+ I:ljl"[L (eicq(—hx)eiag(—hy) + eio'l(—hx)eio'zhy + eiolhxeioz(—hy) + eid]hxeio'zhy)

+ l_O(ei(fz(—hy) + eidzhy + eiﬂl(—hx) + eialhx) @ VVl‘
144 144 | 2

(14)

(15)
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Equations (14) and (15) can be written as

a b\ [V a -b\ [V
—pb a) \vk “\ o k]’ (16)
2 poa J \
where

1
a=— [4 cos 01/, c0s 021, + 20(cos o1 /1, + cos o l1y) + 100]

144
1 h ok h ook
= —|2( cos? I cos? 27 + sin® o1l sin? 27
36 2 2 2 2
h h
+10( cos? I + cos? kiie} + 14
2 2
>0,

1
b= ~a [4(rx +1y) cos 0111, cOS 021y, + 4(57, — 1) cos o1 /i

+4(5ry — ) cos ol — 20(ry + 1) |

.Y

cos 011, c0S 021 + 508 01 /1, — €O 021, — 5)

r
- gy(cos o1h, cos oyl — cos o1hy, + 5cos ok, — 5)

2 h h h h
= T (cos? T o2 2% _ cos? 2% +2c0s? 2% o
3 2 2 2

2r o1h ok o1h ok
- 22| cos? Tx cos? Y _ cos? * 4 2c0s? =2 -2

3
>0.

Then from (16) we immediately get the matrix of growth of the scheme (13),

-1
a b a -b 1 a’ - b? —2ab
Glore, 0shy) = = o)
-pb a pb a a’l+b*p \ 2pab a’*-b*p

By calculation, we achieve the quadratic equation about eigenvalues of the growth matrix

G(o1hy, 02hy) as follows:

PRIl D it ) A (18)
a2 +b2p" a2+ b2p)2 a2+ b2p)2
Obviously, we have
2 _ l’)2 b
o= £ Py g NP ) (19)
a+b2p a2+ b2p
Al = (a® - b’p)* + 2ab /p)* _ (a®+b%p)* _ 20)
. (@ +b*p)? @+bpp2

That is, the condition (10«) in Lemma 3.2 is satisfied.
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Next, we have

1
H G(o1hy, 02hy) - 3 (g11(017y, 02hy) + g (01 By 02 1y) )1 H

W (1)

a’+b%p
ab

’1 — ’)\1(0’1]’19‘,0'2]’@)” + ‘)\1(0’1]’1,6,0'2}13,) — )»Q(Ulhx,o'ghy)| = 4\/ﬁm

(22)

Hence, there exists a constant M > % Y \1/%,,2 such that (108) holds for any r, > 0, r, > 0.
Then from Lemma 3.2 we know that the difference scheme (13) is stable. (N

4 Error analysis

In this section we give the convergence analysis by the energy method. We introduce the
spaces Sy = {ulu € RN+D>xNo#2)} 60 — (1 € RNe2XWN+D) =y 1 = Ui = UNy+10 =
0,0<i<N;+1,0<j<N,+1}.Vu,ve 52, we define inner products and norms as follows:

xNJ’

(,v) = Z Z wiViihyhy,

i=1 j=1

Nyx+1 Ny

(8x14,8xv) = Z Z(qul'_%,j)(‘sxvl’_%,j)hxhw

i=1 j=1

Ny N}/
82u v ZZ 6 < Uij vl,h hy,
i=1 j=1
Ny+1 Ny
28 U, 8xv) Z Z (828 ul_,] ) (8 Vi1 e
i=1 j=1
Ny Ny+l
(878ym,8,v) = D > (838,01 ) Gyv, 1 sy,
i=1 j=1
Nx NJ’
282 ZZ uu v,,h hy,
i=1 j=1
lull® = (), 118,241 = (84, 8),
Ny+1 Ny+1
18:8,ll> = ) Y~ Gudyusy_y ;1) hahy.
i=1 j=1

Similarly, (87u,v), (8,u,8,v), ||8,ul/* and [|8,8,u||* can be defined.
For the error analysis, we first note that our numerical scheme is based on (5) with

higher-order terms dropped,

k+1 Wk
w.. - 1 k
Ah( : T l]) - EBh(V{;H ) Ahfz/ i'+2’

1<i<N;,1<j<N,1<k=<N,
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_Bh( L1 4 k) +Ah<u> :Egg%
1<i<N,1<j<N,1<k<N,
where
B <G, [ <Gl e, 23

with C;, C; positive constants. And our numerical scheme (6) is equivalent to

Wikl _ wk 1y 1
Ah( ij - t/) 5 (Vk+1+Vk) hf:’fz’

1<i<N,1<j<N,1<k<N,
k+1 Vk
B (W + W) + A, <7u) =0,
T
1<i<N,1<j<N,1<k=<N.

Letting Ei{‘j = Wk and nl = V - Vk replace the approximation errors, we can get

the error equatlons

1

_k+3
AL - ) - SBulnf™ 4 ) = 7%,

1<i<N,,1<j<N,1<k=<N, (24)

pT e+ d
—Bu(EF + &) + Au(ns - ) =18y %

1<i<N,1<j<N,1<k<N. (25)

Using the discrete Green formula, we know that the difference operators 8,% and 63 are
self-adjoint and symmetric positive definite. We find that the difference operators Ay, By,
are self-adjoint and symmetric positive definite as well. To give the error estimate, the
lemmas used later are first given as follows.

Lemma 4.1 ([7]) For any grid function u,v € Sg, we have
(1) (Ahu: V) = (I/[, AhV)’ (Bhu) V) = (M: BhV)r
(2) (82u,v) = (u,82v), (87u,v) = (u, ;).

Lemma 4.2 ([19, 20]) For any grid function u € S)), we have
1) Flull® < (Agw, ) < [lull?, 3lluel) < (Ayu, ) < [Jull’;
() Sllull* < (Apu, ) < ul’;

(3) (A, 8uu, 8,1) < A(Ayu, ), B3 (ALSyu, 8,u) < 4(Aus, u).

Theorem 4.1 Let {w, X} be the solution of Eq. (2) and {W*, VX} be the solution of scheme
(6). For the compact finite difference scheme, assuming that both r, and r, are bounded, we
have

Ogl(a)éT{Hwk W + |V - VE||} < C(z* + 1Y). (26)

Page 11 of 19
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Proof Taking the inner product with £¥*! + £k on both sides of (24), we have
(Ah($k+1 _ sk)’éku + ék) _ %(Bh(nku + Uk)’ékﬂ + Ek) _ t(§k+%,§k+l + fk)- (27)
Taking the inner product with 7! + n* on both sides of (25), we have

%(Bh(gk“ + gk)’ e nk) + (Ah(nk+1 B nk)’nkﬂ + nk) _ r(fg*“%, ey nk). (28)

From Lemma 4.1 we have

(Bh(nk+1 + nk)’%-k+1 + gk) — (Bh(§k+1 + gk)’nk-H + nk) (29)

Multiplying by p both sides of (27), we have

p(Ah(Ek+1 _ Ek)’%-kJrl + Ek) _ %(Bh( k+1 ) %-kJrl E )

:pt(glw%,gkﬂ +£_.k)' (30)

Combining (28) with (30), we obtain

p(Ah(§k+1 _ Ek)’é.kﬂ + Sk) + (Ah(nk+1 _ nk), nk+1 + nk)

_ pt(§k+%’§__k+1 + é.k) + t(§k+%, nk+1 + nk).
Using Lemma 4.1, we obtain

p(Ah$k+11€k+1) _,O(Ahsk )+ (Ahnk+l /<+1) (Ahnk) nk)
1
2

= pT(E 265 + €4+ T @200 ).
By the inequality ab < 1 (a2 + b?) and (a + b)? < 2(a> + b?), we get
p (A" E50) — p(ARE",E5) + (A 0**) — (A", ")
< T e pr (J 1 [6517) + 1821+ < (1™ 7+ 1 ).
Summing k from 0 to 1, then
p(ARE™E™Y) — p(ARE%E°) + (Awn™ ™) = (Ann®,1°)

T (oked ! ks
< §Z(P||gk*2H2+ 1852 %) + oz (&5 + 1))
k=0 k=0

cr (I 1),

k=0
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which implies that
p(Ahngl’g:rHl) + (Ahﬁ"+1, nn+1)

< 0(Ag8%) + () + 5 3 (o847 + @)
k=0

n+l n+l

+2pt Y &8P+ 2e )t
k=0 k=0

From Lemma 4.2 and g}}, =0, 77?,; =0 we have

n n+l
(ﬂ||€”“|| # ) < 5 Yo (ollg [+ [ ) + 20 Z , (81)
k=0
which implies that
2 2 9T & 1,2 1,2, 97 s 2 2
plem "+ 7= 5 2ol 1+ 182 1) + 5 D(e 6517 + ). (32)
k=0 k=0
Applying the discrete Gronwall lemma to (32), we get
pllem P+ [ * < e 3o (ollg 2 + [ ). (33)
k=0
From (23) we obtain
n n
3 e ETe TRV SIS e e e o)
k=0 k=0
Hence
plem I+ [ | < (2 + i)’ (35)
This completes the proof. O

5 Numerical experiments
In this section we give some numerical results for the two-dimensional model problems
given below. These results are obtained by using Matlab.

Example 1 We seek the numerical solution for the following problem:

(a) un+A2u:f(x,y,t), 0<x,y<1,t>0,
b) wxy,0)=fixy),  Fluy =&y, 0=<xy<l,
(©)  tlx=0=my1), Ulx-1 = ha (9, 1),
uly=0 = h3(x,1), uly-1 = ha(x,t), t>0,
(d) Auly-0=210,0), Auly-1 =20, 0),
Aulyo = g3(x, 1), Auly-1 =galx,2), t=>0.

(36)
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The theoretical solution is taken as u(x,y,) = e sin(wx) sin(wy). f(x,y,£), the initial
and boundary value functions in (36), can be obtained from u(x, y,t). We have v(x,y,t) =
2m2e " sin(mx) sin(y) and w(x,y,t) = —mwe "t sin(rrx) sin(ry). The compact difference
scheme (6) is used to solve the problem (36). As comparison with our method, the central
difference scheme is used to solve this problem.

In our numerical results, errors and computational orders in L2-norm and L®-norm of
the compact difference scheme and the central difference scheme are given in Tables 1-4.
From these tables we can find that the compact difference scheme can achieve a higher

accuracy and efficiency than the central difference scheme in identical mesh. The exact

Table 1 Errors and computational orders of compact difference scheme for W

h T (W = wl| 00 order &~ W-wll 2 order &~ CPU (s)
- 2 2408e-03 - 1.204e-03 - 0210328
55 L 1.215e-04 431 6.076e-05 431 2012129
20
= w2 2.192e-05 4.22 1.096e-05 422 16.707314
= £ 6.618e-06 4.16 3.309e-06 4.6 65458675
40
% el 2.634e-06 413 1317e-06 413 192643835
1 1
= 2 1.246e-06 4m 6.230e-07 411 484401023

Table 2 Errors and computational orders of central difference scheme for W/

h T (W = w00 order &~ W-wll 2 order &~ CPU (s)

- o 1.279e-01 - 6.395¢-02 - 0.187456

55 L 3.655e-02 181 1.827e-02 181 1381777
20

= w2 1.646e-02 197 8.229¢-03 197 12.942769

5 - 9.296e-03 199 4.648e-03 199 53.898653
40

= ol 5.960e-03 1.99 2.980e-03 1.99 161459585

& L 4.143e-03 199 2071e-03 199 429.255721
60

Table 3 Errors and computational orders of compact difference scheme for V

h T IV =v| 00 order ~ V=vl,2 order &~ CPU (s)
o o 1.306e-03 - 6.532e-04 - 0210328
55 L 5.261e-05 463 2631e-05 463 2012129
20
= A 9.433e-06 4.24 4.717e-06 424 16.707314
% ey 2.850e-06 416 1425e-06 416 65.458675
40
o= o 1.136e-06 4.12 5.680e-07 4.12 192643835
1 1
% el 5.379e-07 410 2.690e-07 410 484401023

Table 4 Errors and computational orders of central difference scheme for V

h T IV =v| 00 order ~ V=vl,2 order ~ CPU (s)

- o 8.573e-02 - 4.286e-02 - 0.187456
> -1 1.447e-02 257 7.237e-03 257 1381777

20

= e 6.001e-03 217 3.006e-03 217 12.942769
5 = 3.304e-03 208 1652e-03 208 53.898653
o= o 2.092e-03 205 1.046e-03 205 161.459585
& L 1445e-03 203 7.225e-04 203 429.255721

o)

=
o
=]

™
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Figure 1 Exact solution v

exact solution v
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Figure 2 Exact solution w
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Figure 3 Numerical solution V
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results v(x,y,t) and w(x,y,t), with a mesh for /, = &1, = 0.05 are plotted in Figs. 1 and 2

for ¢ = 1, respectively. The numerical results {Vg*l} and {Wl-;”l}, with a mesh for i, = I, =

0.05, are plotted in Figs. 3 and 4 for ¢ = 1.

Example 2 We consider the numerical solution for the problem (36) with the exact solu-

tion

—(x-0.5)2—(y-0.5)2

u(x,y,t):tze 2 , 0<xy<1,0<t<l.
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Figure 4 Numerical solution W w=0.0025h,=0.05 0, =0.05

T
WSy,

nurmerical solution W
=}

Table 5 Errors and computational orders of compact difference scheme with 8 =10 for W

h T W =wl| 00 order &~ W-wll2 order &~ CPU ()
& w2 5.803e-07 - 3316e-07 - 0315426
> L 4.149e-08 381 1.840e-08 417 2235077
20
1 1
= w2 7.796e-09 412 3.417e-09 415 16917521
= L 2358e-09 416 1.046e-09 411 64.900482
40
= ol 9320e-10 416 4.199-10 410 193079116
1 1
= ol 4528e-10 396 1.998e-10 407 494024067
Table 6 Errors and computational orders of central difference scheme with 8 =10 for W
h T W= wl| 00 order & W-wll,2 order & CPU (s)
- o 2.906e-05 - 1.608e-05 - 0.141896
1 1
> 2 7313e-06 1.99 4.063e-06 1.98 1483480
1 1
s w2 3.253e-06 2.00 1811e-06 1.99 13.124587
= L 1.830e-06 2.00 1.019e-06 2.00 53.583567
40
= o 1.172e-06 2.00 6.528e-07 2.00 166.170702
= el 8.139e-07 2.00 4.534e-07 2.00 434362674

Then f(x,y,t), the initial and boundary value functions in (36), can be obtained from
u(x,y,t). And we get the functions

4, 2x — 1)2 2y —1)2 —(x-0.5)2—(y-0.5)%
V(x’y’t)z(ﬁ_( ,32) _(yﬂ2)>tze 7, 0s=xys<l0s<t<],

w(x, y,t) = 2te B , 0<xy<l,0<t<l.
The compact difference scheme (6) is used to solve the non-homogeneous problem with
B=10and B = %.

Errors and computational orders in LZ2-norm and L>®-norm of the compact difference
scheme and the central difference scheme with 8 = 10 are given in Tables 5-8. Tables 9-12
show errors and computational orders in LZ2-norm and L*®-norm of the compact differ-
ence scheme and the central difference scheme with 8 = 11—0. From these tables we can see

that the compact difference scheme can achieve a higher accuracy than the central differ-

Page 16 of 19
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Table 7 Errors and computational orders of compact difference scheme with g =10 for V

h T IV =v| 00 order ~ IV=vl,2 order ~ CPU (s)
1 1

- o 2711e-07 - 1.367e-07 - 0315426

* 1 1347e-08 433 9.382e-09 387 2235077
20

* o 2.201e-09 447 1.691e-09 423 16917521

= -1 6.851e-10 401 5.122e-10 415 64.900482
40

o= o 2.889%-10 393 2.052e-10 4.10 193.079116

= 1 1405e-10 395 9.756e-11 408 494.024067
60

Table 8 Errors and computational orders of central difference scheme with 8 =10 for V

h T IV =v]jo0 order &~ V=vl,2 order &~ CPU (s)

1 1

& o 1.673e-05 - 9.189e-06 - 0.141896

> 507 4.142e-06 201 2230e-06 2.00 1483480

= w 1.844e-06 2.00 1.022e-06 2.00 13124587

= w? 1.036e-06 2.00 5.752e-07 2.00 53.583567

= el 6.628e-07 2.00 3.682e-07 2.00 166.170702

= o7 4.603e-07 2.00 2.558e-07 2.00 434362674

Table 9 Errors and computational orders of compact difference scheme with 8 = % for W

h T W —wl| 00 order ~ IW=-wll,2 order ~ CPU ()

- # 1.915e-03 - 1.065e-03 - 0.330710
* 21? 1.379e-04 3.80 7.647e-05 3.80 3.542983
% w2 2.823e-05 391 1.539-05 395 18320414
% L 9.027e-06 3.96 4.847e-06 402 68.516085

40

= o 3670e-06 403 1.976e-06 402 221.163513
& ;? 1.767e-06 3.01 9.499e-07 402 540.818697

Table 10 Errors and computational orders of central difference scheme with 8 = % for W

h T W =wl| 00 order & IW-wll,2 order & CPU (s)

- L 1.146e-01 - 3.162e-02 - 0.242853
10

* 07 2.780e-02 204 7.803e-03 202 1429410

= 5 1.239e-02 1.99 3.480e-03 1.99 13.395006
30

1 1

- ol 6.961e-03 2.00 1.958e-03 2.00 53.665479

= = 4453e-03 2.00 1.253e-03 2.00 160.600921

= 2 3.092e-03 2.00 8.699e-04 2.00 411886623

Table 11 Errors and computational orders of compact difference scheme with 8 = % for v

h T IV =v|c0 order ~ V=vl,2 order ~ CPU (s)

- o 9.674e-02 - 2651e-02 - 0330710
* o 5.744e-03 4.07 1.572e-03 4.08 3542983
= W 1.130e-03 401 3.094e-04 401 18320414
5 £ 3.570e-04 401 9.772e-05 401 68.516085

40

o= o 1461e-04 4.00 3.999e-05 4.00 221163513
& el 7.040e-05 4.00 1.928e-05 400 540.818697

Page 17 of 19
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Table 12 Errors and computational orders of central difference scheme with g = % for v

h T IV =v|c0 order ~ V=vl,2 order ~ CPU (s)
1 1
& & 2112 - 5.087e-01 - 0.242853
55 L 5.117e-01 2.04 1.234e-01 205 1429410
20
1 1
= o 2.261e-01 201 5455e-02 201 13.395006
= -1 1.270e-01 201 3.063e-02 201 53.665479
40
o= # 8.118e-02 2.00 1.959e-02 2.00 160.600921
1 1
& = 5635e-02 2.00 1.360e-02 2.00 411886623

ence scheme in identical mesh when they are applied to solving the problem based on the
Gaussian pulse.

6 Conclusions

In this article, we have developed a compact finite difference scheme for two-dimensional
fourth-order hyperbolic equation. The stability of the scheme is proved by using a Fourier
analysis and the convergence of the scheme is obtained. The numerical results show that

this scheme has high order of accuracy and is efficient.
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