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1 Introduction

It is commonly known that fractional differential equations (FDEs) are a generalization of
ordinary differential equations and integration of arbitrary (noninteger) orders. With the
help of fractional calculus, the natural phenomena and mathematical models in different
fields of science and engineering can be accurately described. FDEs have also plentiful
applications in such fields as chemistry, electrochemistry, biology, mechanics, polymer
rheology, economics, control theory, viscoelasticity and damping, blood flow phenomena,
biophysics, and so on (see [1, 2] and the references therein). Much important advances
have also been made in the theory of fractional calculus and fractional ordinary and partial
differential equations; for more detail on fractional calculus theory and applications, we
refer the reader to the monographs of Podlubny [3], Diethelm [1], Kilbas et al. [2], and
Zhou [4].

Applying various tools and techniques of nonlinear analysis as the fixed point theorems,
the coincidence degree theory, the monotone iterative methods, critical point theory, and
variational methods, many researchers have explored the existence and multiplicity of so-
lutions for nonlinear fractional initial and boundary value problems (see [5-28] and the
references therein), and coupled systems of nonlinear FDEs; see, for ecample, [13, 18, 19,
29-32]. Ahmad and Alsaedi [13] studied the following fractional differential system:

°Dyu(t) = f(t,°D*v(¢)), u® =n, 0<t<l,
°DIv(t) = g(t,“DPu(t)), uP =g, 0<t<l,
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where ¢D denotes the Caputo fractional derivative, p,o € (m—1,m),a, 8 € (n-1,n), m,n €
N,p>a,0>8,k=0,1,2,....m—-1, p,o,0,B8 ¢ N, and ny, & are suitable real constants.
By applying the nonlinear alternative of Leray—Schauder theorem in a cone the existence
and uniqueness results for such coupled systems are obtained.

Based on variational methods and critical point theory, Jiao and Zhou [21] investigated
the existence of a weak solution to the following nonlinear FDEs:

DT (0DY u(t)) = VF(t,u(t)), ae tel0,T],
u(0) = u(T) =0,

where o € (0,1], ¢D¢ and D% are the left and right Riemann-Liouville fractional deriva-
tives, respectively. F : [0, 7] x RN — R (N > 1) is an appropriate given function, and
VFE(t,u) is the gradient of F at u.

Galewski and Molica Bisci [26] considered the following one-dimensional fractional
problem:

%(OD‘}‘l(gD‘}u(t)) — D (ED%u(t) +f(t,u(t) =0, ae. te[0,T],
u(0) = u(T) =0,

where o € (%, 1], <D denotes the Caputo fractional derivative, oD‘;”1 and tD‘;'l are the
left and right Riemann-Liouville fractional derivatives of order @ — 1, respectively. By
using variational methods the existence of at least one nontrivial solution for this one-
dimensional fractional problem has been obtained under an asymptotical behavior of the
nonlinear term at zero.

Bai [15] studied the multiplicity of weak solutions for the following perturbed nonlinear
FDEs:

DA (oD u(t)) = 2a®)f () + ng(tu(t)), ae.te0,T),
u(0) = u(T) =0,

where o € (0,1], ¢D¢ and D% are the left and right Riemann-Liouville fractional deriva-
tives, respectively, A, i are nonnegative parameters,and f : R— R, g:[0,7] x R — R, and
a: [0, T] — Rare continuous functions. By using a recent variational principle of Bonanno
and Molica Bisci [33], some sufficient criteria of the existence of infinitely many solutions
depending on the parameters A and p are established.

Zhao et al. [31] studied the existence of weak solutions for the following coupled non-
linear fractional differential system:

DY (a(t)oDYu(t)) = AF, (¢, u(?),v(t)), 0<t<T,
D5 (b()oDIv(t) = AE,(t,u(t),v(t), O<t<T,
w©0)=u(T)=0,  v(0)=wT)=0,

where «, 8 € (0,1], A is a nonnegative real parameter, F,, and F, denote the partial deriva-
tives of F with respect to u, v, respectively, and F : [0, T] x R? — Riis a suitable given func-
tion such that F(-,x, y) is continuous in [0, 7] for any (x, y) € R2. By using a potent method
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due to Bonanno and Marano [34], some sufficient conditions for the existence of at least
three weak solutions on the parameter X are obtained. For applications and examples of
fractional-order systems, we refer the reader to [35-38].

Motivated by the papers mentioned, in this paper, we are interested in the existence
results for the following perturbed fractional differential system:

DY (a(t)oDYu(t)) = AF, (¢, u,v) + uG,(t, u,v) + i(u), O0<t<T,
tD‘;(b(t)onv(t)) = AF,(t,u,v) + uG,(t, u,v) + ho(v), 0<t<T, (Py)
u(0) =u(T) =0, v(0) =v(T) =0,

where XA, @ are positive real parameters, 0 < «,8 < 1, a,b € L*[0,T] with ag :=
essinfiorya(t) > 0 and by := essinfjo, 7 b(t) > 0, oD} and D% denote the left and right
Riemann-Liouville fractional derivatives of order y, respectively. For convenience, we
list the following assumptions on F, G and /1, h,.
(FO) F:[0,T] x R? — Ris a function such that F(-, 4,v) is continuous in [0, T] for any
(u,v) € R?, F(t,-,-) is a C! function in R?, and F; is the partial derivative of F with
respect to s;
(GO) G:[0,T] x R? — R is measurable with respect to ¢ for every (u,v) € R?,
continuously differentiable in R? for a.e. ¢ € [0, T], and G,, G, denote the partial
derivatives of G that satisfy the following condition:

’

sup  max{|G,(u,v)
Vi<t

G,(-u, v)|)} € Ll([O, T]) for all £ > 0; (1.1)

(HO) 71,54, : R — Rare Lipschitz continuous functions satisfying #;(0) = 0, i = 1,2, with
Lipschitz constants Ly, Ly > 0, that is,

|hix1) = Bi(xs)| < Lilay —xal,  i=1,2, (1.2)

for all x1,%, € R.

In this paper, by defining an appropriate functional space and constructing the corre-
sponding variational framework, we employ a potent method due to Ricceri [39-41] to
deal with the system (P, ;) and gain several new existence results for weak solutions in
terms of distinct values of the parameters A, i belonging to real intervals. It is worth re-
marking that we obtain the multiplicity results for two cases: where the primitive function
F of F,, and F, is subquadratic and where it is asymptotically quadratic as |(&, v)| — co. In
addition, we assume that the primitive function G of G, and G, satisfies a general growth
condition allowing us to apply the variational method. We present two examples to illus-
trate the applicability of our main results.

2 Preliminaries and variational formulation

To apply critical point theory to investigate the existence of weak solutions for the system

(Py,u), we recall some basic notations and lemmas and construct a variational framework.
Let X be areal Banach space, and let Ty denote the class of all functionals @ : X — Rthat

possess the following property: if {w,} is a sequence in X converging weakly to w € X and

lim,,_, o inf @ (w,) < @ (w), then {w,} admits a subsequence converging strongly to w. For
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example, if X is uniformly convex and ¢ : [0, +00) — R is a continuous strictly increasing

function, then the functional w — ¢(||w||) belongs to the class .

Theorem 2.1 (see [39]) Let X be a separable reflexive real Banach space, and let @ :
X — R be a coercive sequentially weakly lower semicontinuous, C* functional belonging
to Yx, bounded on each bounded subset of X, with derivative admitting a continuous in-
verse on X*. Let W : X — R be a C! functional with compact derivative. Assume that ® has

a strict local minimum xo with @ (xg) = ¥ (xo) = 0. Finally, setting

. vx) . ¥ (x)
61 = max4 0, limsup Jlimsup —— ¢,
Ixll>s00 P®) xoxy P(%)

v (x)
8= sup  ——,
xe®=1((0,+00)) P (x)

we assume that 81 < 8.

11 1
8781 0
0), there exists ¢ > 0 with the following property: for every \ € [a, b] and every C* functional

Then, for each compact interval [a, b] C ( ) (with the conventions - = +00 and ﬁ =

J : X — R with compact derivative, there exists * > 0 such that, for each n € [0, u*], the
p

equation
@' (x) = A (%) + ' ()
has at least three solutions in X with norms less than o.

We need the following two results of Ricceri to guarantee the existence of three solutions

for a given equation.

Theorem 2.2 (see [40]) Let X be a reflexive real Banach space, and let I C R be an interval.
Let @ : X — R be a sequentially weakly lower semicontinuous, C' functional bounded on
each bounded subset of X, with derivative admitting a continuous inverse on X*. Let - :
X — Rbea C! functional with compact derivative. Assume that

lim (P(x) - A¥(x)) = +00

llxll—+

for all . € I and that there exists p € R such that

sup inf(@(x) + k(p - lI/(x))) < inf sup(q§(x) + A(p - lll(x))).
rel ¥€X x€X yer

Then there exist a nonempty open set A C I and a positive number o with the following
property: for every A € A and every C' functional —] : X — R with compact derivative,
there exists * > 0 such that, for each . € [0, u*], the equation

D' (x) = A (x) - ' (¥) =0

has at least three solutions in X with norms less than o.
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Proposition 2.3 (see [41]) Let X be a nonempty set, and let @, ¥ be real functions on X.
Assume that there are r > 0 and xo,x1 € X such that

'
D (x9) = ¥(xo) =0, D(x1)>r, sup Ux)<r (xl).
xed=1((—00,1)]) D (x1)

Then for each p satisfying

v
sup Ukx)<p<r (xl),
xed~1((—00,r)]) P (x1)

we have

sup inf (@ (x) + A(p — ¥(x))) < inf sup(P () + A(p - ¥ (x))).

1>0 xeX xeX 1>0

Let C°([0, T], RN) be the set of all functions x € C5°([0, T], RN) with x(0) = »(T) = 0 and
the norm

[l]| oo = max|x(z)|. (2.1)
[0,7]

Denote the norm of the space L7([0, T],RN) for 1 < p < oo by

T 1/p
Il = ( /O x)f ds)

The following lemma shows the boundedness of the Riemann-Liouville fractional integral
operators from the space L?([0, T'], RN) to the space L?([0, T],RN), where 1 < p < cc.

Lemma 2.4 ([20]) LetO0<a < 1and 1 < p < oco. Then, for any f € L7([0, T],RN),

10D | ooy < 75 Wfllroay  for€ €10,6,€ [0, 7],

1"( +1)

where (D;“ is left Riemann—Liouville fractional integral of order o, and I is the gamma

function.

Definition 2.5 Let 0 < o < 1. The fractional derivative space Ej is defined by the closure
of C5°([0, T'1, R) with respect to the weighted norm

T 9 T ) 1/2
||u||a:</(; a(t) oD u(t)] dt+/0 |u(t)| dt> , Vueks. (2.2)

Clearly, EY is the space of functions u € L?[0, T] having an «a-order fractional derivative
oD%u € L?[0, T] and u(0) = u(T) = 0. From [20, Proposition 3.1] we know that, for 0 <@ <

1, the space Ef is a reflexive separable Banach space.

Lemma 2.6 ([31]) Let 0 <« < 1. For any u € E§, we have
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T® T ) 1/2
<— a(t)|oD¥u(t)|” dt ; 2.3
”WH_FWH%@KA (©)]oD u(t)| ) (23)
(i) fa> %, then
Ta—% T ) 1/2
U)o £ ————F——— a(t)|oD? u(t . 2.4
Il = s ([ atloDtutol) (24)
By (2.3) we can take E§ with the norm
T ) 1/2
lutlle = <f a(t) oD u(t)| dt) , Yueks, (2.5)
0

in the following literature.
Similarly to [20, Proposition 3.3], the space Ef (or Eg ) possesses the following property:

Lemma 2.7 Assume that % <a <1 and the sequence {u,} converges weakly to u in Ej:
ur — u in C([0, T],R), that is, ||ux — tt|lcc — 0 as k — oo.

We further denote by X the space Ef x Eg , which is a reflexive Banach space endowed

with the norm
||(M, V) ”x = [lulle + IV p- (2.6)
Obviously, X is compactly embedded in C°([0, T],R) x C°([0, T],R).
Definition 2.8 By a weak solution of problem (P; ;) we mean any (u, v) € X such that
T T
| attwzatenpiaodt + [ bouDfviendixerds
0 0
T T
- / Iy (u(2))x(2) dt — / ho (v(2))y(2) dt
0 0
T
=A / (Fu (& u(0), v(8))x(2) + F, (2, u(t), v(t))y(2)) dt
0
T
+ 1 / (GM (t, u(t), V(t))x(t) + G, (t, u(t), v(t))y(t)) dt
0

for every (x,7) € X.

To investigate problem (P; ), we define the functionals @, ¥,/ : X — R by

1 1
D (u,v) = =|lul + = IVIIZ = H(u,v), (2.7)
2 2B

T T
U (u,v) = / F(t,u(t), v(t)) dt, J(u,v) = /0 G(t, u(t), v(t)) dt, (2.8)
0

Page 6 of 20



Zhao et al. Advances in Difference Equations (2019) 2019:142

where

T T z
H(u,v) = /0 Hy (u(2)) dt + /0 Hy(v())dt,  Hi(z) = /0 hs)ds, i=1,2. (29)

Clearly, ¥ and J are well-defined continuously Gateaux-differentiable functional at any

(#,v) € X, and their Gateaux derivatives are

T

' (u,v)(x,y) = /0 (Fu(t, u(®), v(0))x(2) + F, (t, u(t), v(2))y(2)) dt,
T

T (u,v)(x,y) = /0 (Gu(t, u(2),v(2))x(2) + Gy (£, u(t), v(t)) (1)) dt

respectively, for every (x,y) € X.

For convenience, put

. 1 Ll T20t L2 TZIS (2 10)
p’m“{*er+nv%’+(FW+nvm}’ ‘

R PR Y i LT ol
”"mm{ T (Tt 1)ay’ '(r(ﬁ+1>)2bo}' A0

We introduce the following hypothesis:
(H1) %<a,/3 <landk >0.
Lemma 2.9 The functional @ is sequentially weakly lower semicontinuous and bounded

on X, and @' admits a continuous inverse on X*.

Proof Let {(uy,vy)} C X, (U, V) = (4,v) in X. From Lemma 2.7, (u,,v,) converges uni-

formly to (&, v) on [0, T], and limy,— o inf || (41, vi1) ||x > ||(4, v)||x. Thus

2, 1 2 .
liminf @ (u,,v,) = hmmf —||u,,|| + =llvallg ) = lim H (e, v,)
2 n—00

n—00

1 1
= Sllullg + S IWIG = Hw,v) = @@, v).

So @ is a sequentially weakly lower semicontinuous functional.

Since hy, hy are Lipschitz continuous and satisfy /;(0) = /,(0), we have |k;(s)| < L;|s|,
i=1,2, for all s € R. Moreover, let §2 be a bounded subset of X, that is, there is a constant
¢ > 0 such that ||(%,v)| x < c for any (4,v) € £2. By (2.3) and Lemma 2.7 we have

T T
& (u,v) < %||u||i+ %||v||?;+ / Hy (u(t)) dt| + /0 Hz(v(t))dt‘

0

< Sl + —wwﬂ+£1/|mw|m+——/|wn|m

1 L T> , (1 L,T*
(5 (Fa+UP%>”” (2 mrw+nﬂm)”“

IA

Page 7 of 20
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< ol +1vii3)

62

N D

IA
s

(2.12)

|

Hence @ is bounded on each bounded subset of X.

Next, we will show that @": X — X* admits a Lipschitz continuous inverse. Obviously,
@ e CYX,R) and

T T
(@' (u,v), (x,9)) = fo a(t)oDY u(t)oD3x(t) dt + /0 b(£)oDv(t)oDP y(¢) dt

T T
- / Iy (u(2))x(8) dt — / ho (v(2)) y(2) dt
0 0
= <¢1(l/l),x> + (452(1’),)’),

where
T T
(q§1(u),x>:/ a(t)OD‘;‘u(t)oD‘j‘x(t)dt—/ hl(u(t))x(t) dt, VxeEj,
0 0

T T
(@2(v),9) = /O b(t)oD} (t)oDly(t) dt - /0 hy(v(8))y(®)dt, Yy € Ej.

For any u,x € Ej, it follows from (1.2), (2.3), and (2.11) that
T 2
(dh(u) —Dq(x),u— x) = / a(t) (OD‘;‘ (u(t) - x(t))) dt
0

_ /OT(hl(u(t)) — Iy (x(0))) (u(0) - x(2)) dt

T

T
> /0 a(®)(, D% (ut) - x(0)))* dt - L, / (u(2) - %(2))

0

*dt

Ll TZot

>(1- —————— ) u-x|? > — x|
_( (F(a+1))2a0>” g = wllu—xll;

Thus we deduce from the assumption « > 0 that @; is a uniformly monotone operator.
Similarly, it is easy to show that @, is also a uniformly monotone operator. So @’ is uni-
formly monotone.

For any (u,v) € X \ {(0,0)}, we have

(D' (u,v), (u,v))
Il (e, v) Il x
_ fOT(u(t)loD?u(t)IZdt +b(t)|oD} u(t)|*) dt - fOT(h1(u(t))u(t) + ha(v(t))v(2)) dt

llatlle + NIvIlg

Kl + IvIE)

- )
lulle + [IVIIg

which implies that

(@' (u,v), (u,v))

lw)ix—oo  [I[(u,v)llx



Zhao et al. Advances in Difference Equations (2019) 2019:142

2.2
since limy,y_ 400 % = 400, %,y > 0. It follows from the Minty—Browder theorem [42,
Theorem 26.A] that @’ is a Lipschitz continuous inverse on X*. O

Lemma 2.10 The functionals ¥ and ] are continuously Gdateaux differentiable in X, and
their derivatives W', J' are compact.

Proof We claim that the functional ¥ is sequentially weakly upper semicontinuous and
¥’ : X — X* is a compact operator. Indeed, for fixed (1, v) € X, suppose that {(u,,,v,)} C X,
(¢4, Vu) = (u,v) in X as n — +oo. Then (u,,v,) converges uniformly to («,v) on [0, T].
Hence

T T
lim sup ¥ (uy,v,) < / lim sup F(t,uy,,v,)dt = / F(t,u,v)dt =¥ (u,v),
n—+00 0 H—> +00 0

which yields that ¥ is sequentially weakly upper semicontinuous. On the other hand, tak-
ing into account that F(t,-,-) is a C! function in R? for all ¢ € [0, T], so it is continuous
in R? for all ¢ € [0, T], and we have F(¢, u,,v,) — F(t,u,v) as n — +00. By the Lebesgue
convergence theorem, ¥'(u,,v,) — ¥'(u,v) strongly, which implies that ¥’ is strongly
continuous on X. Therefore ¥’ is a compact operator.

Analogously, we can deduce that J' (i, v) is a compact operator for any (u,v) € X. O

Similarly to the proof of [21, Theorem 5.1], we have the following:

Lemma 2.11 Let % <o, B <1and(u,v) € X.If (u,v) is a nontrivial weak solution of prob-

lem (P,,,,), then (u,v) is also a nontrivial solution of problem (P, ;).

3 Main results and proof
In this section, we investigate the existence of at least three weak solutions for problem
(P5,). For the convenience of the reader, put

T2a—1 TZﬂ—l
M= max{ },

(I'(@))?a0(2a = 1) (I"(B))*bo(28 - 1)
2 2

- et I+ 2016
2 [, F(t,u,v)dt

T
,(u,v)eX,/O F(t,u,v)dt>0},
(3.1)

T
2 [ E(t,u,v)dt

Ay = (max{o, lim sup 2f° (2 ) ,

lww)lx—+oo lullg + VI — 2H (u, v)

] 2fOTF(t, u,v) dt -1
lim sup 3 5 .
ww—o llullg + [Ivilg — 2H (u,v)

For a given constant € € (0, %), set

1 T T
Ala,€) 262—T2{/0 a2 gp 4 /ET a()(t = eT)20-9 g
' 2(1-0) g 2 1-a
+ at)(t-(1-e)7) dt-2 a(®) (- (1 -e)Tt) “dt
(-1 a-oT
T . T .
‘2/ a(t)(* - €Tr) adt+2/ a(®)(f* - €Tt +6(1 - €)T?) “dt]
€T (1-)T
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and
1 g 21-p) ’ 2(1-p)
B(B,¢) = W{/; b(t)t dt+/€T b(t)(t—€T) dt
T 21-p) ’ 2 1
+ b(t)(t—(1-€)T) dt—2 b@)(£* - (1 -€)Tt) "dt
(1-€)T (1-€)T

r 2 1-8 r 2 2\1-8
—2/ b(t)(£* - €Tt) dt+2/ b(t)(* - Tt +e(1-€)T?) dt},
€ (

T 1-6)T
Ar:=min{A(a,€),B(B,€)},  Ay:=max{A(a,€),B(B,¢€)}.
For any d > 0, we denote by £2(d) the set
{(09) € Rt |x” + |y <} (3.2)

Theorem 3.1 Assume that (FO), (HO), and (H1) hold. Moreover, assume that there exist a
constant n > 0 and a function @ = (w1, ) € X such that
(B1)

. maxsefo, 7 F(t, 14, v) maxeo,71 F(¢, 4, v)
maxj limsup 3 3 , limsup 3 3 <n;
()= (0,0) [e]* + |v| [(4,1)| = +00 [ue]* + v

(B2)

2TMy _ Sy E(tw1(8), n(0) dt

K plwr 2 + llozl3)

Then, for any compact interval [a;,as] C (X1, r2), there exists a positive constant o with
the following property: for every A € [a1,a;] and for two Carathéodory functions G,, G,
satisfying (GO), there is 8 > O such that, for each u € [0, §), problem (P, ,,) has at least three
weak solutions with norms less than o.

Proof Our aim is to apply Theorem 2.1 to our problem (P, ,) by taking X = Ef x Eg en-
dowed with the norm ||(&,v)|lx defined before. Obviously, X is a separable reflexive Ba-
nach space. It follows from Lemmas 2.9 and 2.10 that the functional @ is sequentially
weakly lower semicontinuous, with continuous Géateaux derivative, and bounded on each
bounded subset of X. @" admits a continuous inversem and ¥ and J are continuously
Gateaux-differentiable functionals in X with compact derivatives.

It is easy to see that %||u||§ + %”VH/ZS belongs to T (see the beginning of Sect. 2). Now
we prove that @ (u,v) € Tx. Let {(u,, vi)} C X, (uy, v,y) = (4,v) in X, and lim,,_, o, inf @ (u1,,,
vy) < ®@(u,v). By Lemma 2.7, (u,,v,) converges uniformly to («,v) on [0, T]. Thus there
exist constants c;, ¢z > 0 such that [|u,]|e < ¢1 and ||V, |loc < ¢; for any n € N. Then

un(t)
/ |s| ds
u(t)

\Hy (1 (8)) = Hy (u(0)) | < Ly < %(’%(ﬂ’z + |M(t)‘2) < %(C% + [lull%,)

and

L L
< F (@] + [W0") = TS + i)

|Ha (va(£)) = Ha(v(2))| < Lo

vn(t)
/ |s| ds
v(t)
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for any n € N and ¢ € [0, T]. Furthermore, Hy(u,(t)) — Hi(u(t)) and Hy(v,(t)) — Ha(v(t))
at every ¢ € [0, T], and by the Lebesgue convergence theorem

T T
H(un,vn):/ Hy (u(2)) dt+/ H(va(t)) dt
0 0

T T
N / Hy (u(t)) dit + / Hy(v()) dt
0 0
=H(u,v),
which vyields that liminf,,_, o H(u4y, vs) < H(u,v). Thus, {(4,,v,)} has a subsequence con-

verging strongly to («,v). Therefore & € Tx.
Due to assumption (1.2), we infer that

T
e %nun%—nvnﬂ '/ Hi (u dtH/O HZ(V(t))dt'

(1! , (1 L, T% 5
= (5 - 2<r<a : 1))2 )””““ ' <E I 1))2190)"””*3

Sl + 1v13) (33)

v

for all (i,v) € X. So @ is coercive and has a strict local minimum (g, v9) = (0,0) with
D (uo, vo) = ¥ (uo, vo) = 0.
Fix & > 0. According to (B1), there exist 01, 05 with 0 < 07 < g3 such that

F(t,u,v) <(n+ 8)(|M|2 + |v|2) (3.4)

for all t € [0, T] and |(u,v)| € ([0,07) U (09, +00)). In view of (F0), F(¢, u,v) is bounded on

t € [0, T] and |(&,v)| € [01,02], so we can choose p1,p, > 0 and 11, 7o > 2 such that
E(t,u,v) < (n+&)(|ul® + [vI*) + p1|ul™ + pa|v]™
forall £ € [0, T] and |(u, V)| € [01,02]. So, from (2.9) we have
T T
¥(u,v) <(n+e) (|u|2 + |v|2) dt+/ (p1|u|” +p2|v|’2)dt
0 0
< (n+&)TM(llully + IvI3) + TZ (lllZ + i)

for all (4,v) € X, where

T% 3 71 Tﬁ—f 2
¢ zmax{” 1<F(Ol)x/7ﬂo(20f—1)) b Z(F(ﬁ)\/bo@ﬁ—l)) } '
Hence

W (u,v) 2TM(n +¢€)
lim sup .
(u,v)=0 D (u, V) K

(3.5)
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Furthermore, by (3.4) again, for any (i, v) € X \ {(0,0)}, we have

W (u,v) fl(u,v)lsaz F(t,u,v)dt fl(w)lwz F(t,u,v)dt

-1 1 1 1
D(w,v)  gllull + 3IvIG - Hwv)  5llul? +3lvIE - Hu,v)

2T SUPcjo, 7}, w00 F (&t V) 2TM(n + e)(lull} + ||V||%;)

i (llull2 + [IvII3) k(a2 + IvIIE)

_ 2T Supte[0,T],|(M,V)|€[0,O’2] F(t, u, V) + 2TM(T] + 8)
(w2 + IvIi3) K

’

which implies that

U (u,v) - 2TM(n + ¢)

_ 3.6
) lx—+00 D (1, v) — K (3.6)

Since ¢ is arbitrary, combining with (3.5) and (3.6), we have

. W (u,v) . W (u,v) 2TMn
81 =max40, lim , lim <
) —0 @ (U, V) wy)lix—+oo @ (u,v) K
and
5 ¥ (u,v) W (u,v)
2 = sup = sup
wn)ea1(0r00) PUY)  @wrexiio00) PW,v)
foT F(t,w,wy) dt
>
sloill2 + 3 loall} + Hw, ws)
T
- 2f0 F(t, w,wy) dt
~ p(llon ]2 + IIwzllfg)
2TMn
> —— >4,
K

Then, for each compact interval [a;,a5] C (A1, 1), there is o > 0 with the following prop-
erty: for all A € [a;1,a3] and G € (GO), there exists § > 0 such that for p € [0, ], problem
(Py,..) has at least three weak solutions with norms less than o. a

Theorem 3.2 Assume that (FO), (HO), and (H1) hold and there exist I,q € L'([0, T],R*),
three positive constants d, 0y, 0, and constant vector ¢ = (c1,¢2) € R%, ¢1,¢3 > 0, with d <
2MA(c} + ¢3) and 61,6, € [0,2), such that

(B3) F(t,u,v)=0forallte[0,eTIU[(1—-¢€)T,T), |u| < I'(2-a)cy, and

v < I'(2-B)ca;
t,u,v)| < I(t)(|ult + |v|"2) + g(t) for every (u,v) € X and a.e. t € [0, T];
(B4) |E( ) < UB)(ul™ + [v™2) + q() y (u,v) € X and [0, T]
(B5)
(9T F(, T2 - a)ey, T2 - B)ey) dt
max F(t,u,v) < . LT . L 2 )
£€[0,7),(u,v)e2(d) IMT pDo(c? +c3)

where 2(d) = {(€,7) e R : |u|? + |v|? < d}.



Zhao et al. Advances in Difference Equations (2019) 2019:142 Page 13 of 20

Then there exist an open interval A C [0, +00) and a positive constant o with the following

property: for every A € A and for two Carathéodory functions G, G, satisfying (GO), there

is 8 > 0 such that, for each p € [0,8), problem (P,,,,) has at least three weak solutions with

norms less than g.

Proof For any A > 0 and (u,v) € X, according to (3.3) and (B4), we have

D (u,v) — A (u,v)

where

1 1 g
Sl + S ) =3 [ Fu e
0

\

1 1 r
> §||u||i + 5||v||§ — H(u,v) —A/ 1e) (lul™ + [v|2) dt
0

T
—A/ q(t) dt
0

T
K
2 5 (Il + V1) - 26 fo 1) de(lull? + V1)

T
Y /0 q(t) dt,

\

Ta—% a1 Tﬁ—% b2
0= ) .
max{ (F(awao(za = 1)) (F(ﬁ)\/bo@ﬁ = 1)> }

Since 61,0, € [0,2), we have

lim  (@(u,v) - A¥(4,v)) = +oo forall A > 0.

V)l x—+o00

For every r > 0, by the definition of @ and (3.3) we have

@t (]—oo, r])

= {(u,v) eX:d(u,v) < r}

C ) e X lulll +IvIG < %}
clwwex: Wnunb (F(ﬁ));fszﬂ_” Wi, < %}
c (u,v)eX:|u(t)|2+|v(t)|2§¥,forallte[O,T]}. (3.7)
Therefore
sup ¥(u,v) < max ¥(u,v)
(wv)ed1(1-00,r]) (wv)e2(2dr)

T
=  max / F(t,u,v)dt
)J0

(uv)e2(2dr

<T max F(t,u,v).
£€[0,T),(u,v)e2(2Mr)
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Choose w = (w1 (), w2 (£)) with
Lalay, te0,eT],
01() =1 T2 -a)c, teleT,(1-¢)T], (3.8)
oo (T ), tell-e)T,T],

and

ey, te0,eT],
'(2-p)c, teleT,1-¢e)T], (3.9)
LB (T 1), tel1-e)T,T.

w(t)

Clearly, ®;(0) = w;(T) = 0 and w; € L2[0, T] for i = 1,2. A direct calculation shows that

o
=

ﬁt ’ te [O,ET[,
oDfwi(t) = { (£ - (t—eT)™®), teleT,(1-€)T],
:—;(tl‘“ —(t-eT'*—t-1-D™), tell-¢)T,T],
and
241-h, te[0,eT],
oDl wy(t) = { L (tF — (t— eT)'P), telel,(1-€)T),
2P —(t-eD)F -(t-1-e)T)P), te]d-eT,T).
Furthermore,

T
/ at)|oDfan (0)|” dt

0
eT (1-€)T T )
:/ +/ +/ (a(t)‘oD‘t"wl(t” )dt
0 eT (1-e)T
2 T

1

T
—a (e
= €272 {/(.) ﬂ(t)ﬂ(l )dt+ /ET d(t)(t_ (1 —6)T)21 )dt

T
¥ / a®)(t-1-e)T7) " at
1

-e)T
r T

_2/ “(t)(tz‘(l—f)Tt)l'“dt—zf a(t) (2 — (1 - )Te) ™ d
eT A-T

T
+2/ a(t)(tz—eTt+e(1—e)T2t)1_adt}
(1

—-)T

=20} A(a,€)

Page 14 of 20
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and

T
/ b(0)|oDf ws(2)|* dt
0

€T (1-)T T 5 )
=/ +/ +/ (b(6)[oD; wa(t)|") dt
0 €T (1-e)T
2 T

T
- & f b)) dt + f bt — TP dt
€2T2 0

eT

T
+ / be)(t-(1-T)" P dr
a

-e)T
r 1 T 1
—2/ b(e) (£ - eTe)' ™ dt—Z/ b(o) (£ - (1-e)Te) " dt
eT (1-e)T

T
+2/ a(t)(t2—eTt+e(1—e)T2t)1_ﬁdt}
(1-e)T
=2¢5B(B,€).
Thus, @ = (w1(t), w1(£)) € X, and

241 (e} + 63) < o[l + llanll} < 245(ct +63).

Obviously, @(0,0) = ¥(0,0) = 0. Choose r = xd " \where M is given in (3.1). From d <

2
2M A (c} + ¢3) and (3.7) we have

2Mr = kd < 2cMA; (¢} + 63) < 2M® (w1, w2),

which means that @ (w1, w;) > r. According to (B3) and F(t,0,0) = 0, we have

T eT (1-e)T T (1-e)T
f F(t,a)l,a)z)dtZ/ +/ +/ F(t,a)l,wz)dtZ [ F(t,a)l,a)z)dt.
0 0 eT (1-€)T eT

So

) ¥ (w1, w7) _ fOTF(t)wl!a)2)dt

(w1, w2) sllonl2 + 3l - Hwr, @)

SO OTE@, T2 - @)er, T2 - B)ey) dt
pAs(ct +c3)

>

Ckd [5OTR@T@-a)e, T2 - per)dt
oM pha(ct +3)

. max F(t,u,v)
t€[0,T],(u,v)e82(d)

=T- max F(t,u,v) > sup ¥(u,v).
te[0,T],(uv)e2(24r) (v)ed-1(-0or])

Thus we can fix p such that

¥ (u,v)
sup Uu,v)<p<r .
(u,v)ed=1(]-o00,r]) D (u,v)

Page 15 of 20
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By Proposition 2.3 we have

sup inf (cb(u, V) + A(p —Y(u, v))) < inf sup(cb(u, V) + k(p — ¥y, V))).

1>0 (uv)eX (wv)ex 2>0
So, according to Theorem 2.2, for each interval A C [0,+00) and ¢ > 0 we have: for any
A € A and G € (Gy), there exists § > 0 such that, for every p € [0,8], @' (u,v) — AW (1, v) —
wJ'(u,v) = 0 has at least three solutions in X with norms less than ¢. Therefore problem

(Py,1) has at least three solutions in X with norms less than o. O

For the particular case of F(¢,u,v) = ¢(¢)f (1, v), where ¢(t) € L*([0, T];R) \ {0}, f(&,v) €
CY(R% R), we can deduce the following two corollaries of Theorems 3.1 and 3.2, respec-

tively.

Corollary 3.3 Assume that (HO) and (H1) hold. Moreover, assume that there exist a con-
stant ) > 0 and a constant vector @ = (w1, ;) € R?\ {(0,0)} such that
(B1)

u,v ) u,v
max_ ¢(t) - max{]im sup %, lim sup %} <n
te[0,T] (#,1)—0 | + |V |(u4,v)|— +00 Y

(B2)!

2TMn  flwy, @) fi o(t)dt

K p(lwill2 + lloal3)

Then, for each compact interval [ay,a,] C (A1, 12), there exists a positive constant o with
the following property: for every A € [a1,a3] and for two Carathéodory functions G,, G,
satisfying (GO), there exists 8 > 0 such that, for each p € [0,8), problem (P, ;) has at least

three weak solutions with norms less than o.

Corollary 3.4 Assume that (HO) and (H1) hold and there exist five positive constants Iy,
qo, d, 61, O, and a constant vector € = (c1,¢3) € R%, c1,¢0 > 0, with d < 2MA1(C% + c%) and
01,65 € [0,2), such that
(B3) o) (u,v) =0 forallt€[0,eTIU[1-€)T,T], |u| <T'(2-0a)ci and |v|<T'(2-
Blca;
(B4 |f(w,v)| < Lo(|ul®t + |v|?2) + qo for every (u,v) € X;
(B5)'

dc  f(r@-a)e, 2= B)er) [5 " p(t) dt
2M ||l pLa(ct +c3) ’

max f(u,v) <
(u,v)e.Q(d)f( )
where 2(d) = {(u,v) e R? : |u)? + |v|*> < d}.
Then there exist an open interval A C [0, +00) and a positive real number o with the fol-
lowing property: for every A € A and for two Carathéodory functions G, G, satisfying (GO),
there exists 8 > 0 such that, for each 1 € [0, 8), problem (P,,,,) has at least three weak solu-

tions with norms less than .

Finally, we present two examples to illustrate our abstract results.
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Example 3.5 Consider the following fractional boundary value problem:

DYO((1 +1) - oDu(t)) = AF,(t, u,v) + uG,(t,u,v) + hy(u), 0<t<2,
DI85 - 0DY8(t) = AE,(t, u,v) + WG, (6,1, v) + I (v), 0<t<2, (3.10)
u(0) = u(2) =0, v(0) =v(2) =0,

where T =2, =0.6, 3=0.8,a(t)=1+¢, b(t) = %, and /11 (u) = 2—10u, hy(v) = % sinv. More-
over, for all (¢, u,v) € [0,2] x R?, put

F(t,u,v) = 10(1 - 2¢) (u® + V) <; 1)

In(e + u2 +12)

and
Gt u,v) = (1+ ) (lul¥ + [v]3).

Obviously, /13, 4, : R — R are two Lipschitz continuous functions with the Lipschitz con-
stants L; = 75, Ly = 35 and 711(0) = /2(0) = 0; F(2,0,0) = G(£,0,0) = 0 for all £ € [0,2], and
conditions (F0), (GO), and (HO) hold. By simple calculations we get

1
ap =1, by = 3’ o~ 1.3494, k ~ 0.6506, M=~ 3.7271.

Taking n = %, we easily verify that (B1) is satisfied. Moreover, we have 1 > ﬁ and Ay >

2.6184. In fact,

2 2
_ lullge + IVIIG.s + 2H (u, v)

(wVeX 20 f02(2t ~1)dt? +?)(1 - ——5—)

In(e+u2+v2)

1 - Nullge + IvIGs + 2H (u,v)

_— . 1
20 [t - 1)dt X (@2 + V)1 = )

e+ru+v2)

1 el + 1VI13s)
40 " wnex M(Jul3 + VI35 (1 ~ rs)

n(e+u“+v

1
229

v

and Ay > %Mn A 2.6184. On the other hand, choosing w;(¢) = I'(1.4)£(2 — t) and w(¢) =
I'(1.2)t(2 - t), we have w;(0) = w;(2) =0, i = 1,2, and

10 5
oDy (£) = (2)°* - 71,‘1'4, oDy (t) = 102 — §t1.2‘

Hence we have [l |5, ~ 3.8275, |lws |5 g =~ 1.0596, and

2
2TM F(t, w1, w7) dt
T~ 03819 < o Loveddt 703,
K plloilige + loallgs)

which implies that condition (B2) holds. Hence, by Theorem 3.1, for any compact interval

lai,a3] C (ﬁ,2.6184), there exist a positive constant o with the following property: for
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every A € [ay,a;], there exists § > 0 such that, for each u € [0,38), problem (3.10) has at
least three weak solutions with norms less than p.

Example 3.6 Consider the following fractional differential system:

DY7P((2 + 1) - 0DO7Pu(t)) = AE, (6, u,v) + nGut,u,v) + hi(w), 0<t<l,
DY((1+83) - oDYBu(t)) = AF, (¢, 1, v) + nGy(t, u,v) + o (v), O0<t<1, (3.11)
u(0) = u(1) =0, v(0) =v(1) =0,

where T =1, =0.75, B =08, a(t) =2+ t, b(t) = 1 + %, and Iy (u) = § sinu, hp(v) = 35v.
Moreover, for all (¢, u,v) € [0,1] x R?, put F(t,u,v) = (p(t)(|u|% + |v|%), where

and G(t, u,v) = £2(|ul3 + |v[$).

Obviously, /11, h; : R — Rare two Lipschitz continuous functions with the Lipschitz con-
stants L; = i, Ly, = é and /;(0) = h,(0) = 0; F(£,0,0) = G(¢,0,0) = 0 for all £ € [0, 1]. By sim-
ple calculations we have that a¢ = 2, by = 1, and

M = 1.2302, Kk ~ 0.8520, p =~ 1.1480.
Letting € = %, we obtain P(x,€) &~ 7.9576 and Q(B,€) ~ 4.4641. Hence A; = 4.4641 and
Ay =7.9576. Take d = %, c1=¢Cy = %, lb=1,40>0,6, = %, and 6, = %. Then all the condi-

tions in Corollary 3.4 are satisfied. In fact, conditions (B3)" and (B4)’ hold, and by direct

computation we have
L dcoMal (@ + &) ~ 06102
5 =d< 1(c1+02)~ .

and

sde  J((021),1(0.2) fff p(t)dt
max  f(u,v) ~ 0.8147 < 1

. ~ 1.8223,
(u,v)eﬂ(%) A4||(;0”L1 pAZ

which implies that condition (B3)" holds. By Corollary 3.4 there exist an open interval
A C [0,+00) and a positive constant ¢ with the following property: for every A € A, there
exists § > 0 such that, for each u € [0, ), problem (3.11) has at least three weak solutions

with norms less than g.

4 Conclusion

In this paper, we investigated the existence of solutions for a class of fractional differential
system with two control parameters. By constructing a variational framework and using
some critical points in theorems of Ricceri, we obtained several new existence results for
at least three weak solutions in terms of different values of the two parameters A, u. It is

worth remarking that we suppose the primitive function G of G,, G, to satisfy a general
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growth condition allowing us to apply a variational method. In addition, we obtain the
multiplicity results for two cases: where the primitive function F of F,,, F, is asymptotically
quadratic and where it is subquadratic as |(, V)| — oo.
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