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et al. [48] proposed the system of fractional di�erence equations

⎧
⎨

⎩

…�νy1(t) = f (y1(t + ν1),y2(t + μ … 1)),

…�μy2(t) = g(y1(t + ν1),y2(t + μ … 1)),
(1.1)

for t ∈N0,b+1 := {0,1,2, . . . ,b + 1} whereb ∈N0, with the di�erence boundary conditions

⎧
⎨

⎩

y1(ν … 2) =�y1(ν + b) = 0,

y2(μ … 2) =�y2(μ + b) = 0,
(1.2)

where 1 <μ,ν ≤ 2, 0 <β ≤ 1, andf ,g :R →R are continuous functions.
Goodrich [51] studied the coupled system of fractional di�erence equations

⎧
⎨

⎩

…�…νx(t) = λ1f (t + ν … 1,y(t + μ … 1)),

…�…μy(t) = λ2g(t + μ … 1,y(t + ν … 1)),
(1.3)

for t ∈N0,b+1, with the nonlinearities satisfying no growth conditions

⎧
⎨

⎩

x(ν … 2) =H1(
∑n

i=1 aiy(ξi)), x(ν + b + 1) = 0,

y(μ … 2) =H2(
∑m

j=1 bix(ζi)), x(μ + b + 1) = 0,
(1.4)

where 1 <ν ≤ 2, 1 <μ ≤ 2,λ1,λ2 > 0, andH1,H2 are continuous functions.
In this paper, we aim to study the coupled system of singular fractional di�erence equa-

tions

⎧
⎨

⎩

…�α1u1(t) = F1(t + α1 … 1,t + α2 … 1,�β1u1(t + α1 …β1),u2(t + α2 … 1)),

…�α2u2(t) = F2(t + α1 … 1,t + α2 … 1,u1(t + α1 … 1),�β2u2(t + α2 …β2)),
(1.5)

with fractional sum boundary conditions

⎧
⎨

⎩

u1(α1 … 2) = 0, u1(T + α1) = λ2�
…θ2g2(T + α2 + θ2)u2(T + α2 + θ2),

u2(α2 … 2) = 0, u2(T + α2) = λ1�
…θ1g1(T + α1 + θ1)u1(T + α1 + θ1),

(1.6)

where t ∈ N0,T := {0,1, . . . ,T}, 0 < λi < Γ (αi)

(T+αi)
αi…1∑T

s=0(T+θi+1…σ (s))θi…1gi(s+α1…1)(s+αi…1)αi…1, αi ∈
(1, 2],βi,θi ∈ (0, 1],gi ∈ C(Nαi…2,T+αi ,R

+) are given functions,Fi :Nα1…1,T+α1…1×Nα2…1,T+α1 ×
(0,+∞) × (0,+∞) → [0,+∞) are are continuous and may be singular atui = 0 and
t = αi … 2,T + αi wherei = 1,2.

This paper is organized as follows. In the next section, we present some de“nitions and
basic lemmas. In Sect.3, we prove the existence of solutions of the boundary value problem
(1.5)…(1.6) by employing the upper and lower solutions of the system and Schauder•s “xed
point theorem. An example and application of our results are presented in the last section.

2 Preliminaries
As the following, we provide some notations, de“nitions, and lemmas which are used in
the main results.
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Definition 2.1 The generalized falling function is de“ned bytα := Γ (t+1)
Γ (t+1…α) , for any t and

α for which the right-hand side is de“ned. Ift + 1 …α is a pole of the Gamma function and

t + 1 is not a pole, thentα = 0.

Theorem 2.1 ([22]) Assume the following factorial functions are well defined. If t ≤ r, then
tα ≤ rα for any α > 0.

Definition 2.2 For α > 0 andf de“ned on Na, the α-order fractional sum off is de“ned

by

�…αf (t) :=
1

Γ (α)

t…α∑

s=a

(
t …σ (s)

)α…1f (s),

wheret ∈Na+α andσ (s) = s + 1.

Definition 2.3 For α > 0 andf de“ned on Na, the α-order Riemann…Liouville fractional

di�erence of f is de“ned by

�αf (t) := �N�…(N…α)f (t) =
1

Γ (…α)

t+α∑

s=a

(
t …σ (s)

)…α…1f (s),

wheret ∈Na+N…α andN ∈ N is chosen so that 0≤ N … 1 <α ≤ N .

Theorem 2.2 ([22]) Let 0 ≤ N … 1 <α ≤ N . Then

�…α�αy(t) = y(t) + C1tα…1+ C2tα…2+ · · · + CN tα…N ,

for some Ci ∈R, with 1 ≤ i ≤ N .

We next propose a lemma dealing with a solution of a linear variant of the boundary

value problem (1.5).

Lemma 2.1 For i, j ∈ {1,2} and i �= j, let 0 < Λ < 1,P(h1,h2),Q(h1,h2) ≥ Λ, 0 < λi <
Γ (αi)

(T+αi)
αi…1∑T

s=0(T+θi+1…σ (s))θi…1gi(s+α1…1)(s+αi…1)αi…1, αi ∈ (1, 2],θi ∈ (0, 1] be given constants, hi ∈
C(Nαi…1,T+αi…1,R), gi ∈ C(Nαi…2,T+αi ,R

+) given functions, and let φi(u1,u2) be given func-
tionals. The problem

…�αi ui(t) = hi(t + αi … 1), t ∈N0,T , (2.1)

ui(αi … 2) = 0, (2.2)

ui(T + αi) = λj�
…θj gj(T + αj + θj)uj(T + αj + θj) (2.3)

has the unique solution

u1(t) = tα1…1

{
λ1

ΛΓ (θ1)

T+1∑

s=0

(
T + θ1 + 1 …σ (s)

)θ1…1g1(s + α1 … 1)(s + α1 … 1)α1…1P(h1,h2)
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+
λ2

ΛΓ (θ2)

T+1∑

s=0

(
T + θ2 + 1 …σ (s)

)θ2…1g2(s + α2 … 1)(s + α2 … 1)α2…1Q(h1,h2)

}

…
1

Γ (α1)

t…α1∑

s=0

(
t …σ (s)

)α1…1h1(s + α1 … 1), t ∈Nα1…2,T+α1, (2.4)

u2(t) = tα2…1
{

(T + α2)α2…1

Λ
P(h1,h2) +

(T + α1)α1…1

Λ
Q(h1,h2)

}

…
1

Γ (α2)

t…α2∑

s=0

(
t …σ (s)

)α2…1h2(s + α2 … 1), t ∈Nα2…2,T+α2, (2.5)

where

Λ =
λ2(T + α2)α2…1

Γ (α2)

T+1∑

s=0

(
T + θ1 + 1 …σ (s)

)θ1…1g1(s + α1 … 1)(s + α1 … 1)α1…1

…
λ1(T + α1)α1…1

Γ (α1)

T+1∑

s=0

(
T + θ2 + 1 …σ (s)

)θ2…1g2(s + α2 … 1)(s + α2 … 1)α2…1, (2.6)

P(h1,h2) =
1

Γ (α1)

T∑

s=0

(
T + α1 …σ (s)

)α1…1h1(s + α1 … 1) …
λ2

Γ (α2)Γ (θ2)

×
T∑

s=0

T∑

ξ=s

(
T + θ2 …σ (ξ )

)θ2…1(
ξ + α2 …σ (s)

)α2…1

× g2(s + α2 … 1)h2(s + α2 … 1), (2.7)

Q(h1,h2) = …
1

Γ (α2)

T∑

s=0

(
T + α2 …σ (s)

)α2…1h2(s + α2 … 1) +
λ1

Γ (α1)Γ (θ1)

×
T∑

s=0

T∑

ξ=s

(
T + θ1 …σ (ξ )

)θ1…1(
ξ + α1 …σ (s)

)α1…1

× g1(s + α1 … 1)h1(s + α1 … 1). (2.8)

Proof For i, j ∈ {1,2} wherei �= j, using Lemma2.2and the fractional sum of orderα ∈ (1, 2]

for (2.1), we obtain

ui(t) = C1itαi…1+ C2itαi…2…
1

Γ (αi)

t…αi∑

s=0

(
t …σ (s)

)αi…1hi(s + αi … 1), (2.9)

for t ∈Nαi…2,T+αi . Using the boundary condition (2.2), this implies that

C2i = 0. (2.10)

Then, we have

ui(t) = C1itαi…1…
1

Γ (αi)

t…αi∑

s=0

(
t …σ (s)

)αi…1hi(s + αi … 1). (2.11)
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Taking the fractional sum of order 0 <θi ≤ 1 for (2.11), we obtain

�…θi u(t)

=
C1i

Γ (θi)

t…θi∑

s=αi…1

(
t …σ (s)

)θi…1gi(s)sαi…1

…
1

Γ (θi)Γ (αi)

t…θi∑

ξ=αi

ξ…αi∑

s=0

(
t …σ (ξ )

)θi…1(
ξ …σ (s)

)αi…1

× gi(s + αi … 1)hi(s + αi … 1), (2.12)

for t ∈Nαi+θi…2,T+αi+θi . From the boundary condition (2.3), we “nd that

C11(T + α1)α1…1…
1

Γ (α1)

T∑

s=0

(
T + α1 …σ (s)

)α1…1h1(s + α1 … 1)

=
λ2C12

Γ (θ2)

T+α2∑

s=α2…1

(
T + α2 + θ2 …σ (s)

)θ2…1g2(s)sα2…1…
λ2

Γ (α2)Γ (θ2)

×
T+α2∑

ξ=α2

ξ…α2∑

s=0

(
T + α2 + θ2 …σ (ξ )

)θ2…1(
ξ …σ (s)

)α2…1

× g2(s + α2 … 1)h2(s + α2 … 1), (2.13)

and

C12(T + α2)α2…1…
1

Γ (α2)

T∑

s=0

(
T + α2 …σ (s)

)α2…1h2(s + α2 … 1)

=
λ1C11

Γ (θ1)

T+α1∑

s=α1…1

(
T + α1 + θ1 …σ (s)

)θ1…1g1(s)sα1…1…
λ1

Γ (α1)Γ (θ1)

×
T+α1∑

ξ=α1

ξ…α1∑

s=0

(
T + α1 + θ1 …σ (ξ )

)θ1…1(
ξ …σ (s)

)α1…1

× g1(s + α1 … 1)h1(s + α1 … 1). (2.14)

After solving the system of equations (2.13) and (2.14), we have

C11 =
λ1

ΛΓ (θ1)

T+1∑

s=0

(
T + θ1 + 1 …σ (s)

)θ1…1g1(s + α1 … 1)(s + α1 … 1)α1…1P(h1,h2)

+
λ2

ΛΓ (θ2)

T+1∑

s=0

(
T + θ2 + 1 …σ (s)

)θ2…1

× g2(s + α2 … 1)(s + α2 … 1)α2…1Q(h1,h2), (2.15)
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and

C12 =
(T + α2)α2…1

Λ
P(h1,h2) +

(T + α1)α1…1

Λ
Q(h1,h2), (2.16)

whereΛ,P(h1,h2) andQ(h1,h2) are de“ned in (2.6)…(2.8), respectively.
Finally, substitutingC11 and C12 into (2.11), we obtain (2.4) and (2.5). The proof of this

lemma is complete. �

Corollary 2.1 Problem (2.1)–(2.3) has the unique solution which is of the from

ui(ti) =
T∑

s=0

Gi1(ti,s)g1(s + α1 … 1)h1(s + α1 … 1)

…
T∑

s=0

Gi2(ti,s)g2(s + α2 … 1)h2(s + α2 … 1) (2.17)

for ti ∈Nαi…2,T+αi , where

G11(t1,s) =
tα1…1
1

Λ

T∑

ξ=0

H11(ξ …α1 … 1,s) +K1(t1,s), (2.18)

G12(t1,s) =
tα1…1
1

Λ

T∑

ξ=0

H12(ξ …α2 … 1,s), (2.19)

G21(t2,s) =
tα2…1
2

Λ

T∑

ξ=0

H21(ξ …α1 … 1,s), (2.20)

G22(t2,s) =
tα2…1
2

Λ

T∑

ξ=0

H22(ξ …α2 … 1,s) +K2(t2,s), (2.21)

with

K1(t1,s) =
1

Γ (α1)

⎧
⎨

⎩

( λ1A1(T+α1…σ (s))α1…1

ΛΓ (θ1) )tα1…1
1 … (t1 …σ (s))α1…1, s ∈ N0,t1…α1,

( λ1A1(T+α1…σ (s))α1…1

ΛΓ (θ1) )tα1…1
1 , s ∈ Nt1…α1+1,T ,

(2.22)

K2(t2,s) =
1

Γ (α2)

⎧
⎪⎪⎨

⎪⎪⎩

[(T + α1)α1…1(T + α2 …σ (s))α2…1]tα2…1
2

+ (t2 …σ (s))α2…1, s ∈N0,t2…α2,

[(T + α1)α1…1(T + α2 …σ (s))α2…1]tα2…1
2 , s ∈Nt2…α2+1,T ,

(2.23)

H11(ξ + α1 … 1,s)

=
λ1

Γ (α1)Γ (θ1)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(T + θ1 …σ (ξ ))θ1…1[(Λ + 1)(T + α1 …σ (s))α1…1

× (ξ …α1 + 1)α1…1+ λ2A2
Γ (θ2) (ξ + α1 …σ (s))α1…1],

s ∈N0,ξ ,

(T + θ1 …σ (ξ ))θ1…1(Λ + 1)(T + α1 …σ (s))α1…1

× (ξ …α1 + 1)α1…1,

s ∈Nξ+1,T ,

(2.24)
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H12(ξ + α2 … 1,s)

=
λ2

Γ (α2)Γ (θ2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(T + θ2 …σ (ξ ))θ2…1[(T + α2 …σ (s))α2…1(ξ …α2 + 1)α2…1

+ λ1A1
ΛΓ (θ1) (ξ + α2 …σ (s))α2…1],

s ∈N0,ξ

(T + θ2 …σ (ξ ))θ2…1[(T + α2 …σ (s))α2…1(ξ …α2 + 1)α2…1,

s ∈Nξ+1,T

(2.25)

H21(ξ + α1 … 1,s)

=
1

Γ (α1)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(T + α2)α2…1(T + α1 …σ (s))α1…1

+ λ1(T+α1)α1…1

Γ (θ1) (T + θ1 …σ (ξ ))θ1…1(ξ + α1 …σ (s))α1…1,

s ∈N0,ξ ,

(T + α2)α2…1(T + α1 …σ (s))α1…1,

s ∈Nξ+1,T ,

(2.26)

H22(ξ + α2 … 1,s)

=
1

Γ (α2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1 …Λ)(T + α1)α1…1(T + α2 …σ (s))α2…1

+ λ2(T+α2)α2…1

Γ (θ2) (T + θ2 …σ (ξ ))θ2…1(ξ + α2 …σ (s))α2…1,

s ∈N0,ξ ,

(1 …Λ)(T + α1)α1…1(T + α2 …σ (s))α2…1,

s ∈Nξ+1,T ,

(2.27)

and

Ai =
(
T + θi + 1 …σ (s)

)θi…1gi(s + αi … 1)(s + αi … 1)αi…1. (2.28)

Lemma 2.2 For i, j ∈ {1,2}, i �= j and letting 0 < Λ < 1,P(h1,h2),Q(h1,h2) ≥ Λ, 0 <λi <
Γ (αi)

(T+αi)
αi…1∑T

s=0(T+θi+1…σ (s))θi…1gi(s+α1…1)(s+αi…1)αi…1, the Green’s functions are defined by (2.18)–
(2.20) and satisfy:

(X1) Gi1(ti),Gi2(ti) > 0 for all ti ∈Nαi…2,T+αi ;
(X2) There exist two constants ωi1,ωi2 such that for all (ti,s) ∈Nαi…2,T+αi ×N0,T ,

t
αi…1
i
Λ

T∑

ξ=0

Hii(ξ + αi … 1,s) ≤ Gii(ti,s) ≤ ωiit
αi…1
i , (2.29)

tα1…1
1 λ2Γ (α2)

Λ
≤ G12(t1,s) ≤ ω12tα1…1

1 , (2.30)

tα2…1
2 (T + α2)α2…1

Λ
≤ G21(t2,s) ≤ ω21tα2…1

2 ; (2.31)

(X3) ui(ti) ≥ 0 for all ti ∈Nαi…2,T+αi .

Proof (X1) is obvious. Here we only prove (X2)…(X3).
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Since 0 <Λ < 1 and from the fact thatHi1(ξ + α1 … 1,s),Hi2(ξ + α2 … 1,s) ≥ 0 for all

(ti,s) ∈Nαi…2,T+α1 ×N0,T , we have

t
αi…1
i
Λ

T∑

ξ=0

Hii(ξ + αi … 1,s) ≤ Gii(ti,s), (2.32)

tα1…1
1 λ2Γ (α2)

Λ
≤ G12(t1,s), (2.33)

tα2…1
2 (T + α2)α2…1

Λ
≤ G21(t2,s). (2.34)

By the de“nition of Ki(ti,s), we “nd that

K1(t1,s) ≤ λ1tα1…1
1

Γ (α1)Γ (θ1)

[
(T + α1 … 1)α1…1]2

(T + θ1 … 1)θ1…1 and (2.35)

K2(t2,s) ≤ tα2…1
2

Γ (α1)
(T + α2 … 1)α2…1(T + α1)α1…1. (2.36)

Letting

ω11 =
λ1

Γ (α1)Γ (θ1)

[
[
(T + α1 … 1)α1…1]2

(T + θ1 … 1)θ1…1

+ max
0≤ξ≤T

H11(ξ + α1 … 1,s)
Λ

]

, (2.37)

ω12 =
λ2

Γ (α2)Γ (θ2)
max

0≤ξ≤T

H12(ξ + α2 … 1,s)
Λ

, (2.38)

ω22 =
1

Γ (α2)

[

1 + (T + α1)α1…1(T + α2 … 1)α2…1

+ max
0≤ξ≤T

H22(ξ + α2 … 1,s)
Λ

]

, (2.39)

ω21 =
1

Γ (α1)
max

0≤ξ≤T

H21(ξ + α1 … 1,s)
Λ

, (2.40)

we obtain, for all (ti,s) ∈Nαi…2,T+α1 ×N0,T ,

Gi1(ti,s) ≤ ωi1t
αi…1
i and Gi2(ti,s) ≤ ωi2t

αi…1
i . (2.41)

Consequently, by (2.32)…(2.34) and (2.41), this implies that (X2) holds.

Next, we claim that (X3) holds. By (2.4)…(2.5) with the conditions 0 <Λ < 1,P(h1,h2),

Q(h1,h2) ≥ Λ and 0 <λi < Γ (αi)

(T+αi)
αi…1∑T

s=0(T+θi+1…σ (s))θi…1gi(s+α1…1)(s+αi…1)αi…1, we have

u1(t1) =
T∑

s=0

G11(t1,s)g1(s + α1 … 1)h1(s + α1 … 1)

…
T∑

s=0

G12(t2,s)g2(s + α2 … 1)h2(s + α2 … 1)
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=
1

Γ (α1)

[
2λ1tα1…1

1

Γ (θ1)

T∑

s=0

T∑

ξ=0

(
T + α1 …σ (s)

)α1…1(T + θ1 …σ (ξ )
)θ1…1

× (ξ + α1 … 1)α1…1…
(
t1 …σ (s)

)α1…1

]

+
tα1…1
1

Λ
P(h1,h2)

≥ [
tα1…1
1 …

(
t1 …σ (s)

)α1…1]
+

tα1…1
1

Λ
P(h1,h2) ≥ 0, (2.42)

and

u2(t2) =
T∑

s=0

G21(t1,s)g1(s + α1 … 1)h1(s + α1 … 1)

…
T∑

s=0

G22(t2,s)g2(s + α2 … 1)h2(s + α2 … 1)

=
tα2…1
2

Λ
Q(h1,h2) …

(t2 …σ (s))α2…1

Γ (α2)

≥ tα2…1
2 …

(
t2 …σ (s)

)α2…1≥ 0, (2.43)

so (X3) holds. The proof is complete. �

The following theorems [54] are provided to study the existence of positive solution to
the boundary value problem (1.5) in the next section.

Theorem 2.3 (Arzelá…Ascoli theorem)A set of functions in C[a,b] with the sup norm is
relatively compact if and only it is uniformly bounded and equicontinuous on [a,b].

Theorem 2.4 If a set is closed and relatively compact, then it is compact.

Theorem 2.5 (Schauder•s “xed point theorem)Let T be a continuous and compact map-
ping of a Banach space E into itself such that the set

{x ∈ E : x = ηTx, for some 0 ≤ η ≤ 1}

is bounded. Then T has a fixed point.

3 Main results
In this section, we aim to establish the existence result for problem (1.5)…(1.6). For each
i, j ∈ {1,2} where i �= j, we letEi : C(Nαi…2,T+αi ,R) be the Banach space for all functions on
Nαi…2,T+αi .

Therefore, the product spaceC = E1 × E2 is a Banach space. We consider the spaces

Ci =
{
(u1,u2) ∈ C : �βi ui(ti …βi + 1) ∈ C

}
,

for ti ∈Nαi…2,T+αi , and de“ne the norm by

∥
∥(u1,u2)

∥
∥
Ci

=
∥
∥�βi ui

∥
∥

Ei
+ ‖uj‖Ej ,
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where

∥
∥�βi ui

∥
∥

Ei
= max

ti∈Nαi…2,T+αi

∣
∣�βi ui(ti …βi + 1)

∣
∣ and

‖uj‖Ej = max
tj∈Nαi…2,T+αi

∣
∣uj(tj)

∣
∣.

Let U = C1 ∩ C2. Obviously, the space (U ,‖(u1,u2)‖U ) is also a Banach space with the

norm

∥
∥(u1,u2)

∥
∥
U = max

{∥
∥(u1,u2)

∥
∥
C1

,
∥
∥(u1,u2)

∥
∥
C2

}
.

A positive solution of problem (1.5)…(1.6) is a pair of functions (x1,x2) ∈ U satisfying

(1.5)…(1.6) with xi(ti) ≥ 0 for all ti ∈Nαi…2,T+αi and (x1,x2) �= (0,0).

From Lemmas2.1and2.2, we obtain the following lemma.

Lemma 3.1 For ti ∈Nαi…2,T+αi , i, j ∈ {1,2} and i �= j. If (u1,u2) ∈ U satisfy
(i) ui(αi … 2) = 0,ui(T + αi) = λj�

…θj gj(T + αj + θj)uj(T + αj + θj);
(ii) �αi ui(ti) ≤ 0 for all ti ∈Nαi…2,T+αi .
Then ui(ti) ≥ 0.

In what follows, we give the de“nitions of the lower and upper solution of problem (1.5)…

(1.6).

Definition 3.1 A pair of functions (χ∗
1 (t1),χ∗

2 (t2)) ∈ U is called a lower solution of prob-

lem (1.5)…(1.6) if it satis“es

…�αiχ∗
i (ti) ≤ Fi

(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)
,

χ∗
i (αi … 2)≥ 0,

χ∗
i (T + αi) ≥ λj�

…θj gj(T + αj + θj)χ∗
j (T + αj + θj).

Definition 3.2 A pair of functions (χ̄∗
1 (t1),χ̄∗

2 (t2)) ∈ U is called an upper solution of prob-

lem (1.5)…(1.6), if it satis“es

…�αi χ̄∗
i (ti) ≥ Fi

(
t1,t2, χ̄∗

1 (t1),χ̄∗
2 (t2)

)
,

χ̄∗
i (αi … 2)≤ 0,

χ̄∗
i (T + αi) ≤ λj�

…θj gj(T + αj + θj)χ̄∗
j (T + αj + θj).

The following assumptions are set throughout this paper: fori, j ∈ {1,2} and i �= j,
(H1) 0 <Λ < 1 and

∑T
ξ=0Hi,j(ξ + αi … 1,s) ≥ 0 for all s ∈N0,T .

(H2) Fi ∈ C(Nα1…1,T+α1…1×Nα2…1,T+α2…1× (0,+∞) × (0,+∞), [0,+∞)) are decreasing in
third and fourth variables, and

Fi
(
ti,tj,t

αi…1
i ,t

αj…1

j
) ∈ l1.
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(H3) For all � ∈ (0, 1), there exist constants 0 < ρi < 1 such that, for any (t1,t2,v1,v2) ∈
Nα1…1,T+α1…1×Nα2…1,T+α2…1× (0,+∞) × (0,+∞),

Fi(t1,t2,�v1,�v2) ≤ �…ρi Fi(t1,t2,v1,v2).

(H4) ςi ≤ gi(ti) ≤ Gi for all ti ∈Nαi…2,T+αi .

Remark Conditions (H2)…(H3) imply that Fi have a power singularity atui = 0 for i = 1,2.

Theorem 3.1 Suppose that (H1)–(H4) hold. Then problem (1.5)–(1.6) has at least one
positive solution (u∗

1,u∗
2), which satisfies

(
ςL…1tα1…1

1 ,ςL…1tα2…1
2

) ≤ (
u∗

1,u∗
2

) ≤ (
GLtα1…1

1 ,GLtα2…1
2

)
, (3.1)

where G := max{G1,G2},ς := max{ς1,ς2},Lρ := max{Lρ1
1 ,Lρ2

2 },

L := max

{

1,

∣
∣
∣
∣
∣
ωi1

T∑

s=0

F̃1(s) …ωi2

T∑

s=0

F̃2(s)

∣
∣
∣
∣
∣

1
1…ρ

,

∣
∣
∣
∣

ΛΓ (T + 2)
∑T

s=0

∑T
ξ=0H11F̃1(s) …

∑T
s=0

∑T
ξ=0H12F̃2(s)

∣
∣
∣
∣

1
1…ρ

,

∣
∣
∣
∣

ΛΓ (T + 2)
∑T

s=0

∑T
ξ=0H21F̃1(s) …

∑T
s=0

∑T
ξ=0H22F̃2(s)

∣
∣
∣
∣

1
1…ρ

}

, (3.2)

with

F̃1(s) := F1
(
s + α1 … 1,α2 … 1, (s + α1 … 1)α1…1, (α2 … 1)α2…1),

F̃2(s) := F2
(
α1 … 1,s + α2 … 1, (α1 … 1)α1…1, (s + α2 … 1)α2…1),

and ωi,j,Hi,j, i, j = 1,2 are defined in the previous section. In particular, if L = 1, then
(tα1…1

1 ,tα2…1
2 ) is a positive solution of problem (1.5)–(1.6).

Proof De“ne the cone

P =
{
(u1,u2) ∈ U :L…1

i t
αi…1
i ≤ �βi ui(ti …βi + 1) ≤Lit

αi…1
i

andL…1
i t

αj…1

j ≤ uj(tj) ≤Lit
αj…1

j for i, j ∈ {1,2} and i �= j
}
,

and the operatorT :U × U → U by

(
T (u1,u2)

)
(t1,t2) =

((
T1(u1,u2)

)
(t1,t2),

(
T2(u1,u2)

)
(t1,t2)

)
, (3.3)

for all (u1,u2) ∈P and

(
Ti(u1,u2)

)
(t1,t2)

=
T∑

s=0

Gi1(ti,s)g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)
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…
T∑

s=0

Gi2(ti,s)g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
, (3.4)

whereGi1(ti,s) andGi2(ti,s) are de“ned in (2.17)…(2.20).

Firstly, we claim thatT is well de“ned andT (P) ⊂ P . By Lemma2.1and (H1)…(H4),

we obtain

∣
∣
(
Ti(u1,u2)

)
(t1,t2)

∣
∣

=

∣
∣
∣
∣
∣

T∑

s=0

Gi1(ti,s)g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
T∑

s=0

Gi2(ti,s)g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
ωi1t

αi…1
i G1

T∑

s=0

F1
(
s + α1 … 1,t2,L…1

1 (s + α1 … 1)α1…1,L…1
1 tα2…1

2

)

…ωi2t
αi…1
i G2

T∑

s=0

F2
(
t1,s + α2 … 1,L…1

2 tα1…1
1 ,L…1

2 (s + α2 … 1)α2…1)
∣
∣
∣
∣
∣

≤ t
αi…1
i G

∣
∣
∣
∣
∣
ωi1

T∑

s=0

Lρ1
1 F1

(
s + α1 … 1,t2, (s + α1 … 1)α1…1,tα2…1

2

)

…ωi2

T∑

s=0

Lρ2
2 F2

(
t1,s + α2 … 1,tα1…1

1 , (s + α2 … 1)α2…1)
∣
∣
∣
∣
∣

≤ t
αi…1
i GLρ

∣
∣
∣
∣
∣
ωi1

T∑

s=0

F1
(
s + α1 … 1,α2 … 1, (s + α1 … 1)α1…1, (α2 … 1)α2…1)

…ωi2

T∑

s=0

F2
(
α1 … 1,s + α2 … 1, (α1 … 1)α1…1, (s + α2 … 1)α2…1)

∣
∣
∣
∣
∣

= t
αi…1
i GL. (3.5)

On the other hand, we have

∣
∣
(
T1(u1,u2)

)
(t1,t2)

∣
∣

≥ tα1…1
1

Λ

∣
∣
∣
∣
∣

T∑

s=0

T∑

ξ=0

H11(ξ + α1 … 1,s)g1(s + α1 … 1)

× F1
(
s + α1 … 1,t2,L1(s + α1 … 1)α1…1,L1tα2…1

2

)

…
T∑

s=0

T∑

ξ=0

H12(ξ + α2 … 1,s)g1(s + α1 … 1)

× F2
(
t1,s + α2 … 1,L2tα1…1

1 ,L2(s + α2 … 1)α2…1)
∣
∣
∣
∣
∣
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≥ tα1…1
1

Λ

∣
∣
∣
∣
∣
L…ρ1

1 ς1

T∑

s=0

T∑

ξ=0

H11(ξ + α1 … 1,s)g1(s + α1 … 1)

× F1
(
s + α1 … 1,T + α2 … 1, (s + α1 … 1)α1…1, (T + α2 … 1)α2…1)

…L…ρ2
2 ς2

T∑

s=0

T∑

ξ=0

H12(ξ + α2 … 1,s)g2(s + α2 … 1)

× F2
(
T + α1 … 1,s + α2 … 1, (T + α1 … 1)α1…1, (s + α2 … 1)α2…1)

∣
∣
∣
∣
∣

≥ tα1…1
1 · ςL…1

Γ (T + 2)
(3.6)

and

∣
∣
(
T2(u1,u2)

)
(t1,t2)

∣
∣

≥ tα2…1
2

Λ

∣
∣
∣
∣
∣
L…ρ1

1 ς1

T∑

s=0

T∑

ξ=0

H21(ξ + α1 … 1,s)

× F1
(
s + α1 … 1,T + α2 … 1, (s + α1 … 1)α1…1, (T + α2 … 1)α2…1)

…L…ρ2
2 ς2

T∑

s=0

T∑

ξ=0

H22(ξ + α2 … 1,s)

× F2
(
T + α1 … 1,s + α2 … 1, (T + α1 … 1)α1…1, (s + α2 … 1)α2…1)

∣
∣
∣
∣
∣

≥ tα2…1
2 · ςL…1

Γ (T + 2)
. (3.7)

Next, taking the fractional di�erence of order 0 <βi ≤ 1 for (3.4), we have

�βi
(
Ti(u1,u2)

)
(ti …βi + 1,tj)

=
T∑

s=0

[
�βi Gi1(ti,s)

]
g1(s + α1 … 1)F1

(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
T∑

s=0

[
�βi Gi2(ti,s)

]
g2(s + α2 … 1)

× F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
. (3.8)

By the same arguments as before and since�βiKi(ti,s) ≤Ki(ti,s), we obtain

∣
∣�β1

(
T1(u1,u2)

)
(t1 …β1 + 1,t2)

∣
∣

=

∣
∣
∣
∣
∣

T∑

s=0

[

�β1K1(t1,s) +
1

ΛΓ (…β1)

( t1+1∑

p=α1…1

(
t1 …β1 + 1 …σ (p)

)…β1…1pα1…1

)

×
T∑

ξ=0

H11(ξ + α1 … 1,s)

]

g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)
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…
1

ΛΓ (…β1)

( t1+1∑

p=α1…1

(
t1 …β1 + 1 …σ (p)

)…β1…1pα1…1

) T∑

s=0

T∑

ξ=0

H12(ξ + α2 … 1,s)]

× g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

T∑

s=0

[

K1(t1,s) +
(t1 + 1)α1…1(t1 + α1 …β1 + 2)…β1

ΛΓ (1 …β1)

T∑

ξ=0

H11(ξ + α1 … 1,s)

]

× g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
(t1 + 1)α1…1(t1 + α1 …β1 + 2)…β1

ΛΓ (1 …β1)

T∑

s=0

T∑

ξ=0

H12(ξ + α2 … 1,s)]

× g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
G1

T∑

s=0

G11(t1,s)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…G2

T∑

s=0

G12(t1,s)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤L∗Gtα1…1
1 , (3.9)

and

∣
∣�β2

(
T2(u1,u2)

)
(t1,t2 …β2 + 1)

∣
∣

≤
∣
∣
∣
∣
∣

(t2 + 1)α2…1(t2 + α2 …β2 + 2)…β2

Γ (1 …β1)

T∑

s=0

T∑

ξ=0

H21(ξ + α1 … 1,s)

× g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
T∑

s=0

[

K2(t2,s) +
(t2 + 1)α2…1(t2 + α2 …β2 + 2)…β2

ΛΓ (1 …β1)

T∑

ξ=0

H22(ξ + α2 … 1,s)

]

× g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
G1

T∑

s=0

G21(t,s)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…G2

T∑

s=0

G22(t,s)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≤LGtα2…1
2 . (3.10)

On the other hand, we have

∣
∣�β1

(
T1(u1,u2)

)
(t1 …β1 + 1,t2)

∣
∣
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≥ Γ (α1)(t1 + α1 …β1 + 2)…β1

ΛΓ (1 …β1)

∣
∣
∣
∣
∣

T∑

s=0

T∑

ξ=0

H11(ξ + α1 … 1,s)

× g1(s + α1 … 1)F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
T∑

s=0

T∑

ξ=0

H12g2(s + α2 … 1)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≥ tα1…1
1

ΛΓ (T + 2)

∣
∣
∣
∣
∣
ς1

T∑

s=0

T∑

ξ=0

H11(ξ + α1 … 1,s)

× F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…ς2

T∑

s=0

T∑

ξ=0

H12F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≥ tα1…1
1 ςL…1, (3.11)

and

∣
∣�β2

(
T2(u1,u2)

)
(t1,t2 …β2 + 1)

∣
∣

≥ tα2…1
2

ΛΓ (T + 2)

∣
∣
∣
∣
∣
ς1

T∑

s=0

T∑

ξ=0

H21(ξ + α1 … 1,s)

× F1
(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…ς2

T∑

s=0

T∑

ξ=0

H22(ξ + α2 … 1,s)F2
(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
∣
∣
∣
∣
∣

≥ tα2…1
2 ςL…1. (3.12)

Thus it follows from (2.5)…(2.7) and (2.9)…(2.12) that T is well de“ned andT (P) ⊂P .
Furthermore, by Lemma2.2, we obtain

…�αiTi(u1,u2)(t1,t2) = Fi
(
t1,t2,�βiTi(u1,u2)(t1,t2),Ti(u1,u2)(t1,t2)

)
,

Ti(u1,u2)(αi … 2,tj) = 0, (3.13)

Ti(u1,u2)(T + αi,tj) = λj�
…θj gj(T + αj + θj)Tj(u1,u2)(ti,T + αj + θj).

We let

χi(ti) = min
{

t
αi…1
i ,Ti

(
t
αi…1
i ,t

αj…1

j
)}

, (3.14)

χ̄i(ti) = max
{

t
αi…1
i ,Ti

(
t
αi…1
i ,t

αj…1

j
)}

. (3.15)

Since (tα1…1
1 ,tα2…1

2 ), (T1(tα1…1
1 ,tα2…1

2 ),T2(tα1…1
1 ,tα2…1

2 )) ∈P , we have

(χ1,χ2), (χ̄1, χ̄2) ∈P ,

χ1 ≤ tα1…1
1 ≤ χ̄1 and χ2 ≤ tα2…1

2 ≤ χ̄2.
(3.16)
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Let

(
χ∗

1 ,χ∗
2

)
=

(
T1(χ1,χ2),T2(χ1,χ2)

)
and

(
χ̄∗

1 , χ̄∗
2

)
=

(
T1(χ̄1, χ̄2),T2(χ̄1, χ̄2)

)
. (3.17)

Then, by (3.14)…(3.17) and (H3), we obtain

(
χ̄∗

1 , χ̄∗
2

) ≤ (
T1

(
tα1…1
1 ,tα2…1

2

)
,T2

(
tα1…1
1 ,tα2…1

2

))

≤ (
T1(χ1,χ2),T2(χ1,χ2)

)
=

(
χ∗

1 ,χ∗
2

) ≤ (χ̄1, χ̄2), (3.18)

(
χ∗

1 ,χ∗
2

) ≥ (
T1

(
tα1…1
1 ,tα2…1

2

)
,T2

(
tα1…1
1 ,tα2…1

2

)) ≥ (χ1,χ2). (3.19)

So, it follows from (3.13) and (3.16)…(3.19) that

�αiχ∗
i (ti) + Fi

(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)

= �αiTi(χ1,χ2)(t1,t2) + Fi
(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)

= …Fi
(
t1,t2,χ1(t1),χ2(t2)

)
+ Fi

(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)

≤ …Fi(t1,t2,χ1,χ2) + Fi
(
t1,t2,χ1(t1),χ2(t2)

)
= 0,

χ∗
i (αi … 2) = 0,

χ∗
i (T + αi) = λj�

…θj gj(T + αj + θj)χ∗
j (T + αj + θj),

(3.20)

and

�αi χ̄∗
i (t1,t2) + Fi

(
t1,t2, χ̄∗

1 (t1),χ̄∗
2 (t2)

)

= �αiTi(χ̄1, χ̄2)(t1,t2) + Fi
(
t1,t2, χ̄∗

1 (t1),χ̄∗
2 (t2)

)

= …Fi(t1,t2, χ̄1, χ̄2) + Fi
(
t1,t2, χ̄∗

1 (t1),χ̄∗
2 (t2)

)

≥ …Fi(t1,t2, χ̄1, χ̄2) + Fi
(
t1,t2, χ̄1(t1),χ̄2(t2)

)
= 0,

χ̄∗
i (αi … 2) = 0,

χ̄∗
i (T + αi) = λj�

…θj gj(T + αj + θj)χ̄∗
j (T + αj + θj).

(3.21)

Thus, it follows from (3.18)…(3.21) that (χ̄∗
1 , χ̄∗

2 ), (χ∗
1 ,χ∗

2 ) are lower and upper solutions of

problem (1.5)…(1.6), and (χ̄∗
1 , χ̄∗

2 ), (χ∗
1 ,χ∗

2 ) ∈P .

De“ne the function F∗
i and the operatorT ∗ in U by

F∗
i (t1,t2,x,y) =

⎧
⎪⎪⎨

⎪⎪⎩

Fi(t1,t2, χ̄∗
1 , χ̄∗

2 ), (x,y) < (χ̄∗
1 , χ̄∗

2 ),

Fi(t1,t2,x,y), (χ̄∗
1 , χ̄∗

2 ) ≤ (x,y) ≤ (χ∗
1 ,χ∗

2 ),

Fi(t1,t2,χ∗
1 ,χ∗

2 ), (x,y) > (χ∗
1 ,χ∗

2 ),

(3.22)

T ∗(u1,u2)(t1,t2) =
(
T ∗

1 (u1,u2)(t1,t2),T ∗
2 (u1,u2)(t1,t2)

)
, (3.23)

where

T ∗
i (u1,u2)(t1,t2)
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=
T∑

s=0

Gi1(ti,s)g1(s + α1 … 1)F∗
1

(
s + α1 … 1,t2,�β1u1(s + α1 …β1),u2(t2)

)

…
T∑

s=0

Gi2(ti,s)g2(s + α2 … 1)F∗
2

(
t1,s + α2 … 1,u1(t1),�β2u2(s + α2 …β2)

)
. (3.24)

It follows from the assumption thatF∗
i :Nα1…1,T+α1…1× Nα2…1,T+α2…1× [0,∞) × [0,∞) →

[0,∞) are continuous. Consider the following problem:

…�αi ui(ti) = F∗
i
(
t1,t2,�βi ui(s + αi …βi),uj(tj)

)
,

ui(αi … 2) = 0, (3.25)

ui(T + αi) = λj�
…θj gj(T + αj + θj)uj(T + αj + θj).

For i, j ∈ {1,2}, i �= j and for all (u1,u2) ∈ U , by (3.22) we obtain

∣
∣T ∗

i (u1,u2)(t1,t2)
∣
∣

≤ t
αi…1
i

∣
∣
∣
∣
∣
ωi1G1

T∑

s=0

F∗
1

(
s + α1 … 1,t2,�β1u1,u2

)

…ωi2G2

T∑

s=0

F∗
2

(
t1,s + α2 … 1,u1,�β2u2

)
∣
∣
∣
∣
∣

≤ (T + αi)αi…1G
∣
∣
∣
∣
∣
ωi1

T∑

s=0

F∗
1

(
s + α1 … 1,t2, χ̄∗

1 , χ̄∗
2

)
…ωi2

T∑

s=0

F∗
2

(
t1,s + α2 … 1,̄χ∗

1 , χ̄∗
2

)
∣
∣
∣
∣
∣

≤ (T + αi)αi…1G
∣
∣
∣
∣
∣
ωi1

T∑

s=0

F∗
1

(
s + α1 … 1,t2,L…1

1 (s + α1 … 1)α1…1,L…1
2 tα2…1

2

)

…ωi2

T∑

s=0

F∗
2

(
t1,s + α2 … 1,L…1

1 tα1…1
1 ,L…1

2 (s + α2 … 1)α2…1)
∣
∣
∣
∣
∣

≤ (T + αi)αi…1G
∣
∣
∣
∣
∣
ωi1Lρ1

1

T∑

s=0

F∗
1

(
s + α1 … 1,α2 … 1, (s + α1 … 1)α1…1, (α2 … 1)α2…1)

…ωi2Lρ1
2

T∑

s=0

F∗
2

(
α1 … 1,s + α2 … 1, (α1 … 1)α1…1, (s + α2 … 1)α2…1)

∣
∣
∣
∣
∣

≤ (T + αi)αi…1GL. (3.26)

By the same argument, we obtain|�βiT ∗
i (u1,u2)(t1,t2)| ≤ (T + αi)αi…1GL.

Thus,

∥
∥T ∗∥∥

Ci
=

∥
∥�βiT ∗

i
∥
∥

Ei
+

∥
∥T ∗

j
∥
∥

Ej
≤ [

(T + α1)α1…1+ (T + α2)α2…1]GL :=M.

Consequently, we have

∥
∥T ∗∥∥

U = max
{∥
∥T ∗∥∥

C1
,
∥
∥T ∗∥∥

C2

} ≤M,



Promsakon et al. Advances in Difference Equations        (2019) 2019:128 Page 18 of 22

which implies that T ∗ is uniformly bounded. Moreover, it follows from the continuity
of F∗

i and the uniform continuity of Gi1(ti,s),Gi2(ti,s) and (H2) that T ∗ : U × U → U is
continuous.

Let E ⊂ U × U be bounded. By the Arzelá…Ascoli theorem and Theorem2.4, we easily
know that T ∗(E) is equicontinuous. ThereforeT ∗ is completely continuous. Hence, by
using Schauder•s “xed point theorem,T ∗ has at least one “xed point (u∗

1,u∗
2) such that

(u∗
1,u∗

2) = T ∗(u∗
1,u∗

2).
Next, we will show that

(
χ̄∗

1 (t1),χ̄∗
2 (t2)

) ≤ (
u∗

1(t1),u∗
2(t2)

) ≤ (
χ∗

1 (t1),χ∗
2 (t2)

)
, ti ∈Nαi…2,T+αi . (3.27)

Firstly, we will prove that (u∗
1,u∗

2) ≤ (χ∗
1 ,χ∗

2 ). Suppose (u∗
1,u∗

2) > (χ∗
1 ,χ∗

2 ). According to the
de“nition of F∗

i , we have

…�αi u∗
i (ti) = F∗

i
(
t1,t2,u∗

1(t1),u∗
2(t2)

)
= Fi

(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)
. (3.28)

On the other hand, since (χ∗
1 ,χ∗

2 ) is an upper solution of problem (1.5), we have

…�αiχ∗
i (ti) ≥Fi

(
t1,t2,χ∗

1 (t1),χ∗
2 (t2)

)
. (3.29)

Letting zi(ti) = χ∗
i (ti) …u∗

i (ti), and from (3.28)…(3.29), it implies that

�αi zi(ti) = �αiχ∗
i (ti) …�αi u∗

i (ti) ≤ 0. (3.30)

Furthermore, since (χ∗
1 ,χ∗

2 ) is an upper solution of problem (1.5) and (u∗
1,u∗

2) is a “xed
point of T ∗, we have

zi(αi … 2) = 0, zi(T + αi) = λj�
…θj gj(T + αj + θj)zj(T + αj + θj). (3.31)

By Lemma3.1, we have

zi(t1,t2) ≥ 0.

So, (u∗
1(t1),u∗

2(t2)) ≤ (χ∗
1 (t1),χ∗

2 (t2)) for all ti ∈ Nαi…2,T+αi , which contradicts (u∗
1,u∗

2) >
(χ∗

1 ,χ∗
2 ). Therefore we have (u∗

1,u∗
2) ≤ (χ∗

1 ,χ∗
2 ) for all ti ∈Nαi…2,T+αi .

In the same argument, we have (u∗
1(t1),u∗

2(t2)) ≥ (χ̄∗
1 (t1),χ̄∗

2 (t2)) for all ti ∈Nαi…2,T+αi .
Thus (3.27) holds. Hence (u∗

1(t1),u∗
2(t2)) is a positive solution of problem (1.5)…(1.6).

From ((χ̄∗
1 , χ̄∗

2 ), (χ∗
1 ,χ∗

2 )) ∈P and (3.27), we obtain

(
ςL…1tα1…1

1 ,ςL…1tα2…1
2

) ≤ (
u∗

1,u∗
2

) ≤ (
GLtα1…1

1 ,GLtα2…1
2

)
.

This completes the proof. �

4 An example
In this section, in order to illustrate our result, we consider the coupled system of singular
fractional di�erence equations with fractional sum boundary conditions

…�
4
3 u1(t) = F1

(

t +
1
3

,t +
1
2

,�
1
2 u1

(

t +
5
6

)

,u2

(

t +
1
2

))

,
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…�
3
2 u2(t) = F2

(

t +
1
3

,t +
1
2

,u1

(

t +
1
3

)

�
1
3 u1

(

t +
7
6

))

, t ∈N0,10,

u1

(

…
2
3

)

= 0, u1

(
34
3

)

= 9�…3
4 (g2u2)

(
49
4

)

,

u2

(

…
1
2

)

= 0, u2

(
23
2

)

= 4�…2
3 (g1u1)(12),

where ai,bi,xi,yi > 0, 0 <xi + 1
3ai < 1,0 <yi + 1

2bi < 1,i = 1,2, and, fort1 ∈ N…2
3,34

3
,t2 ∈

N…1
2 ,23

2
,

F1
(
t1,t2,�

1
2 u1,u2

)
= t…x1

1

(
�

1
2 u1

)…a1 + t…y1
2 u…b1

2 ,

F2
(
t1,t2,u1,�

1
3 u2

)
= t…x2

1 u…a2
1 + t…y2

2

(
�

1
3 u2

)…b2,

g1(t1) =
1

200e + 10sin2 2π t1
and g2(t2) =

1
100π + 20cos2 2π t2

.

Hereα1 = 4
3,α2 = 3

2,β1 = 1
2,β2 = 1

3,θ1 = 2
3,θ2 = 3

4,T = 10. We can “nd that

0 <λ1 < 24.524, 0 <λ2 < 9.651, Λ = 0.248 < 1,

Clearly,
∑T

ξ=0 = Hij(ξ + αi … 1,s) ≥ 0 for all s ∈N0,10. So, (H1) holds.

For t1 ∈N…2
3 ,34

3
,t2 ∈N…1

2 ,23
2

, we obtain thatF1,F2 are decreasing inui,�αi ui, and

F1
(
s + α1 … 1,s + α2 … 1, (s + α1 … 1)α1…1, (s + α2 … 1)α2…1)

=
(

s +
1
3

)…x1
[(

s +
1
3

) 1
3
]…a1

+
(

s +
1
2

)…y1
[(

s +
1
2

) 1
2
]…b1

≤
(

s +
1
3

)…(x1+ 1
3 a1)

+
(

s +
1
2

)…(y1+ 1
2 b1)

∈ l1,

F2
(
s + α1 … 1,s + α2 … 1, (s + α1 … 1)α1…1, (s + α2 … 1)α2…1)

=
(

s +
1
3

)…x2
[(

s +
1
3

) 1
3
]…a2

+
(

s +
1
2

)…y2
[(

s +
1
2

) 1
2
]…b2

≤
(

s +
1
3

)…(x2+ 1
3 a2)

+
(

s +
1
2

)…(y2+ 1
2 b2)

∈ l1.

Therefore, (H2) holds.

For all � ∈ (0, 1) and (t1,t2,v1,v2) ∈ N…2
3 ,34

3
×N…1

2 ,23
2

× (0,∞) × (0,∞), we have

Fi(t1,t2,�v1,�v2) ≤ �…max{ai,bi}Fi(t1,t2,v1,v2),

Thus, (H3) holds. Also, (H4) holds for allti ∈Nαi…2,T+αi where

ς1 = 0.00181≤ g1(t1) ≤ 0.00184 =Gi and

ς2 = 0.00299≤ g2(t2) ≤ 0.00318 =G2.
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Hence, by Theorem3.1, this problem has at least one positive solution (u∗
1,u∗

2).
For a numerical example to show the existence of a positive solution, we give

F1(t1) =
1
2

t…1
2

1 and F2(t2) =
1

500
t…1

3
2 .

We can “nd that λ1 = 2.1,λ2 = 3.8,Λ = 0.041,P(F1,F2) = 6.697 andQ(F1,F2) = 0.054, then
we have

u1(t1) =
7.054Γ (t1 + 1)

Γ
(t1 + 0.666) … 1.120

t1…4
3∑

s=0

Γ (t1 …s)
2(s + 1

3)(1
2)Γ (t1 …s …1

3)
,

u2(t2) =
573.023Γ (t2 + 1)

Γ
(t2 + 0.500) … 1.128

t2…3
2∑

s=0

Γ (t2 …s)
(s + 1

2)(1
3)Γ (t2 …s …1

2)

for t1 ∈N…2
3 ,34

3
,t2 ∈N…1

2 ,23
2

. Therefore, we obtain

u1

(

…
2
3

)

= 0, u1

(
1
3

)

= 6.299, u1

(
4
3

)

= 7.533, u1

(
7
3

)

= 8.211,

u1

(
10
3

)

= 8.636, u1

(
13
3

)

= 8.914, u1

(
16
3

)

= 9.097, u1

(
19
3

)

= 9.211,

u1

(
22
3

)

= 9.275, u1

(
25
3

)

= 9.299, u1

(
28
3

)

= 9.291, u1

(
31
3

)

= 9.257,

u1

(
34
3

)

= 9.201, and

u2

(

…
1
2

)

= 0, u2

(
1
2

)

= 507.828, u2

(
3
2

)

= 761.740, u2

(
5
2

)

= 952.173,

u2

(
7
2

)

= 1110.866, u2

(
9
2

)

= 1249.722, u2

(
111
2

)

= 1347.692,

Figure 1 The graph ofu1(t1) wheret1 ∈N 1
3 ,34

3
andu2(t2) wheret2 ∈ N 1

2 ,23
2
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u2

(
13
2

)

= 1489.247, u2

(
15
2

)

= 1595.619, u2

(
17
2

)

= 1695.343,

u2

(
19
2

)

= 1789.526, u2

(
21
2

)

= 51878.999, u2

(
23
2

)

= 1964.406.

In Fig.1, the graphs of solutionsu1 andu2 are plotted in a two-dimensional space.
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