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1 Introduction

During the past years, state bounding estimation has been widely applied in control sys-
tems with actuator saturation, peak-to-peak gain minimization, and parameter estimation
(see [1-5]). A state bounding estimation is meant to get the corresponding state bounding
set which is limited by the inside and outside of the initial conditions. State bounding esti-
mation is so important that it has aroused much attention in control research. Meanwhile,
there have been several kinds of correlative applications of a state bounding estimation,
such as reachable set estimation and design actuator saturation for control systems (see
[1-53]).

Specially, by applying the S-procedure, an ellipsoid reachable set bounding was derived
for linear systems without time delays in [19]. However, time delays cannot always be
avoided in practice and they often cause the system’s instability and poor performance.
Recently, many researchers have studied many kinds of dynamic systems with time de-
lays (see [3, 6-25]). Thus, some researchers naturally have devoted efforts to investigating
the corresponding state bounding estimation for the dynamic systems with time delays.
In [7], a delay-dependent criterion for an ellipsoid reachable bounding set was derived by
Fridman and Shaked, applying a Lyapunov—Krasovskii functional. Later, in [11], a better
ellipsoid reachable bounding set was proposed by Kim using a Lyapunov—Krasovskii func-
tional with just one nonconvex scalar. Some new criteria for reachable bounding sets were
established by employing the maximal Lyapunov—Krasovskii functional in [14].

On the other hand, singular systems have been more intensively studied than state-space
ones because they can present a better description of the behavior for some systems. There
have been many singular systems in lots of practical systems, such as circuit systems, air-
craft modeling, chemical processes and economic systems. Leaving alone their practical
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performance, singular systems are worth investigating for their theoretical importance
and have drawn many researchers’ attention in recent years because their basis is different
from state-space systems. However, many researchers have successfully extended the ba-
sic theory of state-space systems to the singular systems. Recently, there have been several
contributions on the state bounding estimation for nonlinear singular systems by applying
different methods (see [11-19]). Particulary, Feng and Lam in [17] obtained the reachable
set estimation for singular systems with time delays by using a Lyapunov—Krasovskii func-
tional but not the maximal Lyapunov—Krasovskii functional.

In this paper, we extend the state bounding estimation to a singular system with time-
varying delay. By employing the maximal Lyapunov—Krasovskii functional and apply-
ing the new free-matrix-based integral inequality, some proper conditions are derived in
terms of LMIs and a new bounding estimation lemma and set are obtained for the studied
singular system.

Notations: Throughout this paper, R” denotes n-dimensional Euclidean space and R"*"
is the set of m x n real matrices. [+, -] represents an interval. The superscripts ‘~1” and ‘T”
stand for the inverse and transpose of a matrix, respectively. | - || refers to the Euclidean

vector norm. * denotes the symmetric block in a symmetric matrix. Sym(P) is defined as

€, €>0,

P + PT. For a real number ¢, use the notation €* = max{e, 0}, which means e* = {0 o

Matrix dimensions, if not explicitly stated, are assumed to be compatible for algebraic

operations.

2 Problem statement and preliminaries

Consider the following linear continuous-time singular system with time-varying delay:

Ex(t) = Ax(¢) + Dx(t - d(t)) + Bu(t), O
1
x(t) = ¢(t): te [_dMyo];

where x(¢) € R” is the state vector; the matrices E, A, D and B are constant matrices
with appropriate dimensions and rank(E) = n;; d(¢) is the time-varying delay satisfying
0<d, <dlt) <dy, dt) <d, d>0; u(t) € R stands for a disturbance which satisfies
uT (O)u(t) < u® < ||x]|%, where u is a real constant; ¢(¢) is the initial condition and contin-

uously differentiable on [—d, 0]. We denote ||¢]| = maX;ei_a,,,01 |1l

Remark 1 The initial condition for the studied system in [17] must be zero. However, the
initial condition in this paper either may be equal to zero or not equal to zero. It is obvious

that our discussed system is more general than the one in [17].

To discuss the state bounding problem for a linear continuous-time singular system with

time-varying delay, the next definitions are necessary.

Definition 2.1 If the singular system (1) is satisfied with one of the next conditions, re-
spectively, the system (1) is said to be regular, impulse free, stable and admissible:

(1) The singular system in (1) is said to be regular if the matrix pair (E, A) is regular.

(2) The singular system in (1) is said to be impulse free if the matrix pair (E,A) is

impulse free.
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(3) The singular system in (1) is said to be stable, if for any § > 0, there exists a scalar
€(8) > 0, such that, for any compatible initial condition x, satisfying ||xo|| < £(8), the
solution x(¢) of (1) satisfies ||x(¢)|| < 8 for ¢ > 0; furthermore, x(¢) — 0, when ¢t — oo.

(4) The singular system in (1) is said to be admissible if it is regular, impulse free and
stable.

Definition 2.2 For a given o > 0, system (1) with u(¢) = 0 (¢ > 0) is said to be «-
exponentially stable if there exists a positive constant p such that every solution x(¢, ¢)
of (1) satisfies the following inequality:

|x(t.8)| < pliplle™, Ve=o. )

For y > 0, let the ball B(y) be defined by B(y) = {x € R” : ||x|| < y}. By adopting the
concept of ball convergence in [16], we have the following definition.

Definition 2.3 For a given y > 0, the system (1) is said to be globally exponentially con-
vergent within the ball 3(y) if there exist a constant & > 0 and a non-decreasing function
K(-) such that the following inequality holds:

%K, )| <y +K(Ipll)e™™, Ve=o. ®3)

The main objective of this paper is to obtain delay-dependent conditions for the state
bounding problem of singular system (1). First, the conditions are investigated for the
existence of two balls, namely, B(y1) and B(y,) with the radii y1, y» explicitly dependent
on the upper bound %2 of the disturbance such that: (i) for all initial conditions in B(y1),
the corresponding state trajectories of the systems are bounded inside the ball B(y,) all
the time, and (ii) for all the initial conditions that are outside B(y;), the corresponding
state trajectories of the systems converge exponentially (with a convergence rate o) within
B(yz). Then the conditions are derived for the reachable set bounding of (1) with zero
initial condition and the «-exponential stability of (1) without any disturbance.

In the following, some necessary lemmas are introduced.

Lemma 2.1 ([18]) Let x be a differentiable function: [a,b] — R". For symmetric matrices
Q e R™", Y, € R¥31, Ys € R¥3" and any matrices Yo € R¥31, My € R¥*", M, € R¥™"

satisfying

i b» M
Y = k Y3 M2 > 0,
* * Q

the following integral inequality holds:

b
—/ % (5)Qx(s)ds < w ' Qw, (4)

where

T

b
w = |:xT(a),xT(b), ﬁ/a 7 (s) ds} ,
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2 = |:(b—(l)(Y1 + %Yg)] + Sym{M1171 +M2H2},

Iy =e; — ey, IT) = 2e3 —e; — e,

€1 = [170;0]7 €y = [0)I>0]1 €3 = [0’0;1]'

Lemma 2.2 ([17]) Let 0 < t,, < tar, 0 < A < 1, Q > 0, x(£) be a continuous vector-valued
Sunction on [, ti]. If |x(£) | < AMlx(E=T (@) +Q, ¢ > 0, then ||x()|l < sup_,,, <,<o IIxIl + %

Lemma 2.3 ([17]) If system (1) is regular and impulse free, there exist two nonsingular
matrices M and N such that

I, 0 A, 0
MEN =| ™ ., MAN-=|""! )
0 0 0 I

Let

#(t) = N'x(t) = [’:‘1(”] ,

X2(t)

where x1(t) € R and X,(t) € R\, Denote

Dy D B
MAN= | 72, MB=|.].
Dy1 Dy B,

Then system (1) is a restricted system, equivalent to the following one:

5‘61(1') = 1211&1 (t) + bllkl (t - 'L'(t)) + f)quz (t - 'L'(t)) + Blu(t), (5)
0= &z(t) + bm&fl (t - T(t)) + bzz&z(t - 'L'(t)) + Bzu(t).

Lemma 2.4 Assume that there exist a functional V (x;) and positive scalars L1, y,, B €
(0,1) such that

(1) 2 |x@] < Vi) < rallxl?®, >0, )

(2) Vi) + @ Vix) < Bu” (B)ule), 7)

where x, represents the state trajectory {x(t +0) : 0 € C[~dy,0]}. Then every solution x(t, ¢)

of (1) satisfies
lxt. )| < 5—;‘? + (i—jwuz - f—;‘j)e V> 0. 8)
Proof Notice
Vixe) +aVi(x) < Bul (t)u(t). )

By multiplying both sides of the inequality in (7) with e**, we have

V(%) + ae® Vix,) = 4 eV (x,)) < Beul (H)u(t). (10)
dt
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Then, by performing the integral of (10) from 0 to T > 0, it is not difficult to obtain

e Vixr) — Vixg) = / Be“ uT (£)u( t)dt</ /Se"‘tuza,’t—é 2(e*T -1). (11)

o

By simple computation, it is easy to get
—at ﬁ 2( aT —aT _ ﬁ 2 ,3 2|, —aT
Vixr) < e Vixg)—u’(e*" —=1)e " = —u’ + | V(xo) - —u’ [e*". (12)
o o o
Finally, for all ¢ > 0, replacing T with ¢ in (12), we get
Vix,) < éu2 + |:V(x0) - éuzi|e‘“. (13)
o o

Taking (6) into account, we derive

|2t o) < ﬂ” ( lpll> - ﬁ”)e“f. (14)

The proof is thus completed. O

Remark2 Lemma 2.4 in this paper provides a basic tool for the problem of state bounding
not only containing the state convergence within a ball but also including the reachable
set bounding for a continuous-time singular system with bounded disturbance input. It
is obvious that Lemma 2.4 in this paper can be regarded as an expansion of Lemma 3 in
[17]. Particularly, taking g = :—2 and V(xy), it is easy to see that Lemma 2.4 is reduced to
Lemma 3 in [17], which was proved to be more useful for the reachable set estimation
of singular systems with bounded disturbances. Note that Lemma 2.4 in this paper can
also be applied to the case where there is no disturbance in system (1). In this case, the
studied problem is reduced to the «-exponential stability analysis for a singular system

with interval time-varying delay.

3 Main results
According to Lemma 2.3, we consider the following system’s state bounding estimation:

Jél(t) = AlfCl(t) + lA)ufcl (t - ‘L'(t)) + blzﬁ’\Cz(t - T(t)) + Elu(t), (15)
0= &g(t) + lA)zph (If — ‘L'(t)) + bzz&?z(t — ‘L'(t)) + Bzu(t).

Assumption 1 The matrix pair (E, D) is regular and ||b22 | <1.

Theorem 3.1 Under Assumption 1, the singular system (1) is bounded by the ellipsoid

o 2
B(e) = {x € R”|fo’jx < 'B—u}
o

~ _ _ N _ T’Ii)j 0 _
(P} = (S TPjS 1)n1><n1’Pj =77 |: 0 (1—77)l3'42:| T 1)
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if there exist positive R"*" matrices Pj, Q, Qa, Q3, X1, Xo, G1, Ga, G3, Gu, Gs, Ge, G7, Gg,
any R¥"*3" symmetric matrices

Yu Y Yis Yn Yo Y
i=|Yn Yo Y|, Ys=|Yn Yy Ya|,

| Y51 Y5 Y3 Y Yy Y

[(Z11 Zin Zis Zy Zyn Zis
Zi=\Zn Zn Zn|, Zy=\Zn Zn Zns|,

| Z31 Z3z Zss Zy Zzp s

any R¥3" matrices Yy, Z,, and any R¥*" matrices

Nll N21 Mll M21
Ni=|Np |, Ny=|Noyp |, My =|My|, My =| M
N13 Nz?, M13 M231

such that the following matrix inequalities hold:

2= (Qij)gxg (i,j= 1,2,...,8)<0, (16)
vy v» M

91 = * Yg M2 > O, (17)
|« * ETX,E]
[z, 7z, Ny ]

92 = * Zg N2 > 0, (18)
|« x ETX;E]

where

Qljzﬂji (irj=1)27-~'18)1
211 = Q1 + Q + Qs + eETPE — e " ETX,E + sym(G{ A),
Q13 = - ETX,E + AT G,,

213=GID+ AT G;,

214=GIA,
215=ATGs,
216 =A"Gs,

217=(PE+EU)" -G] +ATG;,

215 =GTB,

Y,
922 = —e""d"‘ETXzE - eiadm Q1 + (dM - dm)zeiadM (Yn + %)

+ (dpt — do) ™M (M + M),
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? d _dm 2 —adyy
12) + M(Mu - M)

253 =GID + (dy - d,)2e M (le + 3 5

(At = dy)e e

5 (My1 + Mya),

Tis\  (dy — dy)Pe et
13) + %(ZMB + Mo — Mys),

295 = (dy — dy)*e M (Y13 t3

257 =-Gj,
2:5=G, B,
—od T 2 ,—ad Yar Zu
@35 = ~(1= e Qs+ 5ym(GI D) + (dyr — dp)’e M Yoo 4 ==+ Zuy + 7
dv —d 2 —ady
. %(le ~2M3 +2N1 - 2Nny),
T 2 —ad, 212
234 =D" Gy + (dy — dy) €™ M| Z13 + 3
(dnr = doy)2e M
+ Mf(f\[lz —Ni1 = Nay = Nom),
T 2 —ad Y3 (dyt = dym) e
$235 = D' Gs + (dyg = dpn) e W Yoy + == ) + =M,

Zis\ (g — dy)2ein
13) + M(Nm +2N51 — No3),

Qgé = DTG6 + (dM - dm)2€7adM <Zlg + T )
23, =D'G, - Gl,
233=G, B,

Z d _dm 2 —ady
22) - M(le + 2N>)),

Q44 = —€MQy + (dy — d,)*e M <Zzz t3 5

Zz3> . (A — dyp)?e M

Q46 = (dyr — ) *e M (Zzs e 5 (=N13 + 2N33 — Na3),

243 =-G} +GIB,

Y-
255 = (dyg — dyy)*e M <Y33 + %) + 2(dpt — dy) €M M,

957 = —G5T;

253 = GLB,
2 _—ad, 233 2 _—ad,
266 = (dpr — dp) €™M\ Z3z + -5 )t 2(dpy; — d,p)*e M Ny3,

Q6= -G,
Q63 =G.B,
277 = danz +2(dy — d)? X1 — sym(Gy),
273 = GLB,

g3 = —pI + sym(G B).
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Proof Given a family of matrices P; > 0, Q; > 0, Q2 > 0, Q3 > 0, X; > 0, X, > 0, the pointwise
maximum Lyapunov—Krasovskii functional is defined as

Vinax = max{ Vy;(x) + Va(xe) + Va(xe) + Va(xe) } = max{Vj(x)}

= Vimax@®) + Va(x) + Va(x) + Valxy), j=1,2,...,N, (19)
where

Vi) = xT(t)ETP,Ex(t),

Vimax (%) = max Vy;(x),

V() = / T (0)Que(0)do

t t
+ / et xT(0)Qux(6) db + / e ~'x"(0)Qsx(0) ds,
tmdy t—d(t)

—dm t
Va(xy) = (dar — d) / / e 5T (0)ET X1 Ex(0) ds db,
—dp t+s

0 ¢
Valx,) = dy, / / e % T (0)ET XoEx(0) ds do.
—dy Jt+s
From Lemma 2.4, we have
}‘-1 ||x(t) ”2 S Vmax S )‘-Zth”Zr t Z O: (20)

where

15j<

Ay = min METPE),

Ay = max A(ETP,E) + max A(Q1)d,, + max A(Qx)dy + max A(Qs)da
1<j=N 1<j=N 1<j=N 1<j=N

+ max A(ETX\E)(dy — dy)® + max A(ETX,E)d2,.
1<j<N 1<j=<N

In order to better express the idea of our proof, define a set My« (x) := {j € {1,2,...,K}:
Vi(®) = Vinax()} for any x # 0. Therefore, Vj(x) < Vinax (%), if j # Mpax(x). Without loss
of generality, we assume that the first # ellipsoids intersect at x. In that case, My.x =
{1,2,...,n}. Thus one obtains for all k € {1,2,...,K}, xT (P -P)x<0,Vj<n.

Let n; = {x € R" : Vj(x) > Vi(x),Vk #}. Observe that x is differentiable if x € 1; \ Vi,
while x is nondifferentiable if x € [, 7; \ U;imﬂ nj.

Since the derivative of a convex function at a differential point can be regarded as a
special case of a directional derivative for the same convex function at a nondifferentiable
point, we combine these two situations and only illustrate the proof for the situation of a

nondifferentiable point in the following discussion. Therefore,

Vinax = xT(t)ETP/’Ex(t) + Valxy) + Va(xe) + Valxy), j€ Mmax (%), (21)

a‘/l,max(x) = C0{8P}x}, ] S Mmax(x)' (22)
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Calculating the derivative of Vi, we have

Vi Vimax(®%) = 2&7 () ET (P/E + Equ)x(¢)
= 2(Ex(£)) " PEx() + 2(Ei(£)) " PEoux(2), (23)
Va(x,) = —a Vo + 27 (£)(Qy + Qy + Q3)x(t) — e *x™ (¢ — d,y) Quix(t — )
— e~ MxT (¢t — dpr)Qox(t — dir)
—(1-7(@®)e D (£ - d(£)) Qsx(t — d(t))
<—aVy+xT()(Q1 + Qy + Qa)x(t) — e xT (¢ — d\,) Qux(t — dyy)
— e My T (¢ — dpr) Qo(t — dr)
— (1 - e xT (¢t - d(t)) Qsx(t - d(2)), (24)
Va(x:) = —a Vi + (dar — do)*%T () ET X, E(2)
—(dyi—dy) /t ::m 0057 (0)ET X, Ex(6) d
< —a Vs + (dy — d,p) %7 (t)ET X, Ex(t)
t—dpm

— (dyt — d)e¥m / *T(0)ET X, Ex(9) db, (25)

lffdM
t
Vi) = —aVy + d> 2T () ET XoEx(t) — d, / e 05T (0)ET X, Ex(0) db
t—dm

t
< —aVy +d*&T () ET XoEx(t) — d,e™m / %L (0)ET X,Ex(9) db. (26)
t—dm

By employing Lemma 2.1, there exist matrices Y1, Yo, Y3, Z1, Zy, Z3 € R¥>3", and any
matrices Ny, Ny, My, My € R¥" satisfying

i ©» M, Zl ZZ Nl
1= % Y3 M, >0, 9= % Zs N, >0
x x ETX,E % x  ETX,E

such that d,,, < d(t) < dy;. We have

Va(x,) < —a Vs + (dy — d)* &7 (VET X, Ex(2)

t—d(t)
—(dys — d,)e M / T (0)ET X1Ex(9) do

t—dpg

t—dym
—(dyt — d)e M / % (0)ET X, Ex(9) dO
t—d(t)

< —a Vs + (dy — d )% () ET X1 Ex(2)

1 t—dym
+ (dyg — dy)e @M |:xT(t - dm),xT(t - d(t)) / x7(9) d9:|

"d(O) —dw Jiaw
y [(d(t) —dm)<Y1 . %yg)}
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1 t—dy T
X |:xT(t - dm),xT(t - d(t)), m / " xT(Q)d91|

t—dm

+ (dyt — dy)e M [xT(t —dy),x" (£ -d(r)), d(t)%d / 7 (0) d@}

—d(t)
x Sym(M, (x(t - d(t)) - x(t - d,)))

t—dpm
+ (dyg — dy)e @M |:xT(t - dm),xT(t - d(t)), d(t);—d / " xT(G)d9:|

sym( M —2— [ T 0)d0 — x(t— d(®)) -t — d,)
* ym( 2<d(t)—dm /t-d(t)x ~ (e -dl) -t - m))

Ayt — dy)e | xT (¢ — d(e)), &7 (t - d ! O oy
e[ e=de) T g [ o]
X |:(dM —d(t)) (21 + %Zg):|

T
X |:xT(t - d(t)),xT(t —dy),

1 t—d(t)

m t—dpg

) B . . t—d(t)
dy — dy)e™ M| 17 (= d(0)), 6" (t = dpr)y -

+ (dyr = dp)e™ M | & (¢ - d(2)), " (¢ - dur) dy —d() Ji-a,

xT(e)de]

x"(0) o |

x Sym(Ni (x(¢ — du) — x(t - d(2))))

- t=d(t)
—adyp T(s_ Tie - -

+ (= dy)e o (£ = d(0), 27 (¢ = du), iy

xT(Q)dB_

2 t—d(t) -
X Sym(N2<m sy X (9) do —x(t—d(t)) —x(t—dM)))
< —a Vi + (dy — dp) %7 (t)ET X, Ex(t)

t—dym
+ (dyg — dyy)e @M |:xT(t - dm),xT(t - d(t)), d(t);—d / " x7(9) d9:|
X |:(dM —dm)(Yl + %Yg)]

1 t—dm T
X [xT(t—dm),xT(t—d(t)),d(t)_d /d() xT(G)d9:|

1 t—dm
+ (dM—dm)e_adM xT(t—dm),xT(t—d(t)),d(t)—d / 0 xT(G)dG
L —Ym Jt-d(t .

x Sym(M; (x(¢ — d(t)) — x(¢ — d,n)))
1 t—d,

" xT(0)do

(= dp)e (= dy) 2 (= d0) g |
—Om Jt-d(t) -

2 t—dm
X Sym<M2 <m ) xT(G) do — x(t - d(t)) - x(t - dm))>
1 t—d(t)

T
A —d®) i, (9)‘19]

+(dys — dy)e ™M [xT(t —d(0),x"(t - du),

X |:(dM - dm)<Zl + %Zg)i|
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1 t—d(t)

T
X |:xT(t - d(t)),xT(t —dum), x7(9) d9:|
A

—d(t) Ji-ay

1 t—d(t)

+(dyg — dyy)e M [xT(t —d(8)),x" (t - dy), =
M

T
—a0 ), (g)dg]

x Sym(Ni (x(t — dy) — x(t — d(2))))

1 t—d(t)

+(dy — d,y)e ™M |:xT(t —d(@)),x" (t - du), p
M

T
a0 )iy, (9)”’9]

9 t-d(t)
x Sym (Nz <m » x7(0)do - x(t - d(t)) —x(t - dM))). (27)

By applying the Jensen inequality in V,(x;), we have

Va(x) < —aVy +d2 2T (OET X, Ex(t)

— dye i (x(t) = x(t = dy)) ETXE(%(2) — 5(t — d)). (28)
Introducing the free weighting matrix G, we have
2§T(t)gT[—E5c,»(t) +Ax(t) + Dx(t - d(t)) + Bu(t)] =0, (29)

where

1 t—dm
_ T T T(s_ Tie T
£(t) = [x (0,67 (= dy) 6" (¢~ d(0) 5" (0= o), o= /t_d@ +"(0)do,

t-d(t) ,
m/d xT(G)dG,(Ea'c(t))T,uT(t)} ’

g = [Gl’ G21 G31 G41 GS, GG, G7) GS]'
Therefore, we have

V = Vmax + avmax(xt) - /SMT(t)M(t)
+ 2§T(t)gT[—Ea'ci(t) + Ax(t) + Dx(t - d(t)) + Bu(t)]
<" 02:0). (30)
Therefore, let A = Vinax + & Vinax (%) — BT (£)u(t). Obviously, we have
M
A< v (pr-px<0. (31)

k=1

According to Lemma 2.4, we have

2\ t) 2
||x(t,¢)||sy2+{(i—jumﬁ—ﬂ “) } e, Vt>0, (32)

ahy
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where

¥ = pu? A = min A(ETP;E)
’ ary’ ! 1<j=N =

_ Tp,
hy = max ME"PE) + max, MQ1)dy + max, MQa)dy + max, MQs)dy

1<j<
T 3 T 2
+ ]Igag](\[k(E X1E)(dy — dm)® + lrg;g])»(E X,E)dy,. 0O

Remark 3 Define y; = %yz. It is obvious that A; and A, are positive constants due to the
conditions from Theorem 1. Denote B; := B(y1), B2 := B(y»), then B; C B,. According to
the above inequality, it is easy for us to obtain two cases as regards the state trajectory of
the singular system (1). On the one hand, for any initial condition which belongs to B3;, the
corresponding state trajectory is bounded within the ball 3,. On the other hand, for any
initial condition which is outside B, as ¢ tends to infinity, the corresponding trajectory
converges exponentially within the ball B,.
When taking ¢(t) = 0, the singular system (1) is translated into the form

Ei;(t) = Ax(¢) + Dx(t — d(t)) + Bu(?), 63
33
x(t)=0 te[-dy,0].

It is obvious that the new system (33) is just a special case of the system (1). The reach-
able set estimation for system (33) has been mainly studied by employing the common
Lyapunov—Krasovskii functional in [17]. The corresponding bounding ellipsoids have also
been derived. In this paper, we apply the maximal Lyapunov—Krasovskii functional to pro-
vide a non-ellipsoidal reachable set estimation for the system (1).

Define the reachable set of (1) as follows:

Ry = {x(t) € R"|x(¢), u(t) satisfy (1) and ul (Ou(t) <u’t> 0}. (34)

From (34), it is easy to see that the reachable set of a system is regarded as a bounded set
of all reachable states starting from the origin by input disturbances with constrained peak
value. Since recently, the most interesting problem of estimation and control for dynamical
systems has been to find an estimation of the bounds of the reachable sets. Therefore,
many researchers have devoted efforts to investigating such conditions for deriving an
ellipsoid or a non-ellipsoid which bounds the reachable set of the system.

Let Q be a symmetric positive definite matrix and a scalar r > 0, the ellipsoid is defined
as follows:

e(Q,r) = {x e R\ xTQx < r}. (35)

By employing the Lyapunov—Krasovskii functional in (19), from Lemma 2.4, we obtain

2 2
Vix,) < ﬂ%(l - e"”) < ﬂ%, Vvt > 0. (36)

Note that V(x;) > x” (£)ET PiEx(t). Therefore, we are ready to get x” (£)E” P;Ex(t) < ’Saiz
By combining the definitions about R, (Q, r), it is not difficult to get the reachable set R,
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of system (1) under zero initial condition. The reachable set is bounded by the ellipsoid
e(ETPiE,r*), where r* = ’STMZ

xT())ETPEx(t) < ’37”2 stands for 27 () TTETSTS-TP;STISET#(¢t) < ﬁaiz, that is to say,
RT(OPA() < B2 with B = (STPS ™)y

Thus, the following inequality holds:

21| < e (37)

2 A .
with e = — 8% Obviously, ||x1(¢)]| is bounded.
o,/ minlsjsN )\,(P]‘)

On the other hand, from Assumption 1, it follows from Lemma 2.3 that

”562(1’) || = ”b215&1 (t - 'L'(t)) + f)gzﬁ%z (t - T(t)) + Bzu(t) ||

< IDarll€r + 1Da ||| %2 (¢ = T(®) || + I1B2 ]| . (38)

By employing Lemma 6 in [17], [|X2(¢)|| < €. That is, &1 (£) 5 &,(t) < 1.

2
€

It vields 1z ()] < su 2O + WPaler+iBalu _ypon o IDalle+lBalle 7o have
yields %2 (2)| < sup_g,, <, <o I¥()ll 1ol 1l 15l

AT <t)6i25c2(t> <1 (39)
2

with €, = ol + 1R2ller+iBallu
2= llol 1Dl

Then adding the inequality in (37) times 7 and the inequality in (39) times (1 — n)ﬁaiz,

we obtain
wo] 15 0 ([ae] _ s
X1 j X1 u
R 0w || <—. (40)
%(2) T2 ][220 o
That is,
N 2 A P, 0
T3 Bu A T o1 2 _r | -1
#Px==— B=(STRST), Ly BT [ 0 (1—n2)ﬂu2] r
620[

The next thing is to certify the regularity and non-impulsiveness characteristics of sys-

tem (1). It is not easy to get

ere  =n- |ETPE 0
ETPj=1>,TE=[ ' 0}20, (41)
o SR 9} 2
sym(ATP/) +Q-ETXE= |: 1 17i| <0, (42)
* 977
where

Page 13 0of 17



Xiao and Xu Advances in Difference Equations (2019) 2019:120

5(: e—otdmxz 0 , i)j: 1)1E+EQU 0 ’
0 0 G, G7

B |:Q1 +Qy+ Qs +aETPE 0 }

Q 0 d?ﬂXZ + (dM — dm)le

From (41)—(42), we get
sym(A"P)) - ETZE <0. (43)

Because rank(E) = rank(E) = 1, < n, there exist nonsingular matrices S and T such that

E-sr-|! °).
0 0

Denote

. [a, 4 ... Py P
A=SAT=|"" 72| p=FTpN=|"'" ",
A21 Agz P21 P22

Taking (43) into account, we have Pj = 0 and P;; > 0. Then pre-multiplying and post-
multiplying (43) by 77 and T, respectively, it is easy to obtain sym(AZ,Py,) < 0 showing
that Ay, is nonsingular. Thus, the pair (E,A) is regular and impulse free. In addition, by
simple computation, it is easy to certify that det(sE — A) = det(sE — A) and deg(det(sE—A)) =
deg(det(sE — A)). Finally, it is obvious that the system (1) is regular and impulse free.

4 Numerical examples
In this section, a numerical simulation example will be presented to demonstrate the ef-

fectiveness of our obtained results.

Example 1 Consider the two dimensional system (1) with

-0.6 -2 0 -1 0
E= , A= , B= ,
|: 1.1 i| |: 0 —O.7i| |:—1 —1i|
w0 poo,
sin(t)
We have given

04597 0.0270 b, _ | 08599 07400
"“10.0270 0.3100| " | —0.7400 2.1083 |

Figures 1 and 2 describe the reachable set estimation for the singular system (1) with

@(2) =0.
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151

-15

) i i i i i j
-1.5 -1 -0.5 0 0.5 1 1.5

Figure 1 The reachable set estimation for the singular system (1) with ¢(t) =0

-15F

i i i i i i

-2
-1.5 -1 -05 0 0.5 1 1.5

Figure 2 The reachable set estimation for the singular system (1) with ¢(t) =0

5 Conclusions

The problem of a state bounding estimation of a continuous-time singular system with
time delays has been investigated in this paper. Some proper conditions have been estab-
lished to guarantee the state bounding set for the singular system with time delays by using
the maximal Lyapunov—Krasovskii functional and employing the new free-matrix-based
integral inequality. The above methods can be extended to our future studies, such as of

fractional-order systems and memristor-based neural networks.
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