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1 Introduction

Nonlinear differential equations have been widely applied to describe physical phenom-
ena in many scientific fields, such as physics, electronics and other engineering and applied
sciences. For hundreds of years, scientists have been studying both the exact and numer-
ical solutions of nonlinear problems [1-4]. Due to the inaccuracy of numerical solutions,
especially when we encounter very sensitive problems such as chaos, exact solutions have
important applications. Accurate solutions can also help us better understand physical
phenomena and models. Therefore, finding the exact solutions is of great significance.

A shallow water wave (or long wave) is considered a nonlinear dynamic system with
wavelength much longer than its depth. It is widely used to describe nonlinear phenom-
ena in the atmosphere and ocean. In order to describe and study the related nonlinear
problems, the KdV equation [5] has been established. However, in some situations, the
modified KdV equation should be applied when we discuss the effect of surface tension.
But in some conditions such as internal solitary waves in a two-layer fluid with surface ten-
sion where the KdV and mKdV equation are not valid at some thickness ratios, we need to
combine the KdV equation and mKdV, namely study the Gardner equation, which takes
the surface tension on solitary waves in a two-layer (stratified) fluid [6] into consideration.

The one-dimensional variable-coefficient Gardner equation

U + a(t)ug + by + c()thyey = 0, (1)
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where a(t), b(t), c(¢) are nonzero arbitrary functions, was proposed to describe internal
solitary waves that occur in coastal areas with inhomogeneous media and boundary, such
as the northwest continental shelf of Australia and the Baltic Sea [7, 8]. In this paper,
the trial equation method [9-14] and the complete discrimination system for polynomial
method [15-20] are applied to the generalized (1 + 1) dimensional Gardner equation with
variable coefficients. In order to ensure the existence of the solutions, the concrete exam-
ples of specific parameters are given.

In real life applications, most nonlinear differential equations (or systems of differential
equations) contain arbitrary functions of dependent variables and their derivatives. Ex-
tensive studies have been conducted by using various numerical and analytical methods
for the various forms of equations that emerge. However, these approaches may involve
approximate solutions [21]. In recent years, many useful methods have been put forward,
such as direct method [22], improved tanh—coth method [23], and so on. However, few
methods can get all the traveling wave solutions to the nonlinear equations. So Liu pro-
posed the trial equation method and the complete discrimination system for polynomial
method. By these two methods, many difficult problems have been solved [24]. According

to [10], we can see that, by taking a special traveling wave transformation

wxy,...t) =),  §=r1(O)x+mat)y+- - +w(t), ()
we can actually reduce the nonlinear differential equation with variable coefficients

Y (L, %, 9, Uy Uy Uy, ...) = 0, (3)
to the nonlinear ordinary equation

v (6,9, ki, ko, ou, 1, .. ) = 0. (4)
Then, by taking the following trial equation:

()? = Fw), )

and substituting Eq. (5) into Eq. (4), an ordinary equation system is obtained, and the trial
function F(u) could be a polynomial, rational function, or some other irrational function.
Upon getting the trial equation, we can obtain the integral form of the original equation

as

dé

JG(@) ©

+(E-&) =

where & is an integral constant. Then we can obtain the classification of all traveling wave
solutions to Eq. (6). For example, Yang applied Liu’s methods to the Gerdjikov—Ivanov

model, and the classification of the single traveling wave solutions was obtained [24].
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2 The classification of traveling wave solutions to (1 + 1) dimensional Gardner
equation with variable coefficients

To find the classification of traveling wave solutions to (1 + 1) dimensional Gardner equa-

tion with variable coefficients, we set

u(x,t) = ¢(§), & =k(t)x + o(t), (7)
where «(¢), w(t) represent nonzero arbitrary functions. Substituting Eq. (7) into Eq. (1)
yields

(k' (Ox+ ') +al)k()pg’ + bk ()p*P’ + c(t)3(t)p" = 0. (8)

Now we assume that (¢’)? is equal to a polynomial function, namely

(¢)" = aud” + @ 10"" +-- + a1 + ao, ©
and, via the balance principle, we get n = 4, so

((75’)2 = asd* + azd® + ayd® + a1 + ao. (10)
Then taking derivatives on both sides of Eq. (10), we have

¢"" = 6asp’¢’ +3azp¢’ + ard’. (11)

Substituting (11) into (8), we get

di(t) do(t)

TRt arc(t)k>(t) = 0, (12)
a(t)i(t) + 3asc(t)x3(t) = 0, (13)
bk (t) + 6asc()c3(t) = 0. (14)

Actually, this system of equations is not solvable. So we must impose some restrictions on
it. Setting a3 = 2b;a4, where b, is a constant, we have

a(t) = byb(t), (15)
dic(t)

e x=0, (16)
dw(t) B b(t)k(t)

i 6w a7

So we get «(£) = const, and by setting « (¢) = «, we obtain

o(t) = - f K:“) . (18)

2

Let

1 b 1
® = (ay)t <¢ + 51), £ = (ag)1E, (19)
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then Eq. (10) is deformed into
@gl =Pt 4 p@d? 1+ qD + 7, (20)

where

37,2
a) — Ebl aa

- ) (21)
A4
a) + (14]913 - ﬂzbl
g=—717—", (22)
N
1 1 3
=ay - —arby + ~ayb* — —aub*. 23
r=do 2611 1+46121 16ﬂ41 (23)
So we have
ao
-6 - [ . (24)
VO +p®2 + g + 7
Then the corresponding complete discrimination system is presented as [11]
D, =4, Dy =—p, D3 = -2p% + 8pr — 94, Es = 9¢* — 32pr,
(25)

27
Dy = —p3q2 + 4p4r + 36pq2 - 32p2r2 - Zq“ + 6473,

For the purpose of solving Eq. (24), the solutions of the complete discrimination system
of the fourth order polynomial in nine cases are discussed separately.

Case 1. D, =0, D3 = 0, D, = 0. In this case G(&) has a root of multiplicity 4, i.e., p = 0,
q =0, r =0, and then Eq. (20) is presented by

G(®) = d*. (26)
Therefore, by using Eq. (24), we have
®=-(61-5)" 27)

where & is an integral constant. The solutions of Eq. (10) can be shown to be

)

$(&) = Fa, (ate — &)~ L. (28)

2

For example, when ay =1,k = -6, b1 =1, b(t) =t + 1, we get w(t) = %tz + ¢ + ¢, and setting
¢ =0, we can get the solution of Eq. (1) as

(x,t) = 6r+ o4t h L (29)
u(x, ——<—x+2 + —$0> -3

Case 2. Dy =0, D3 =0, D, < 0. This time G(®) has a pair of conjugate complex roots of
multiplicity 2, i.e.,

G(®) = (@ - *+m?)?, (30)

Page 4 of 15
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where m > 0. By using Eq. (24), we can obtain
@ =mtanm(&; — &) + 1, (31)

which is a rational solution. So the solutions of Eq. (10) can be shown to be

o) = j:a;%‘mtan(m(aj*g -&)) - > (32)

For instance, when ay =1,k =-6,b; =1, b(t) =t + 1, p = 2, we have w(t) = %tz +t+c,and
setting ¢ = 0, we obtain the solution of Eq. (1) as

1 1
u(x, t) = tan (—6x + Etz +t— 50) — 5 (33)

Case 3. D, =0,D3 =0, D, >0, E; = 0. Now G(®) has a real root of multiplicity 3 and a
real root of multiplicity 1. Thus we have

G(®) = (@ - 1)3(D — m). (34)

When @ > 1, ® > mor & <[, @ < m, the solution of Eq. (24) is

B 41 — m)
TR e e (5)

where the expression (35) is a rational solution. So we can obtain the solutions of Eq. (10)
as

4-01;11(1—7}'1) +l—ﬁ. (36)
(1~ D2(a] & — &) ~ 4

P(E) ==+ 5

For example, when ay =1,k = -6, b1 =1, b(t) =t + 1, we get w(t) = %tz + 1+ ¢, and setting
=1, m=-3,c=0, the solution of Eq. (1) is given by

4 1

ux,t) = + =
2) 4(—6x+ 12+t —-£)2 -1 2

37)

Case 4. Dy, =0, D3 =0, Dy > 0, E; > 0. Here G(&) has two real roots of multiplicity 2,

namely
G(@) = (@ - D*(® - m)?, (38)

where [ > m. When @ > [ or @ < m, we can obtain the solution as

_ m—1 om-l (I - m) (& - &)
¢ = el-mGE—) _1 T [COth - 5 Li+m (39)
Then we can get the solution of Eq. (10) as
[ _%‘ ) % b
o16) - =1 [Coth< L _1} ot w0
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and, when m < @ < [, we have the solution as

-1 -1 [- -
P = —_e(l—VZ/:él—EO) — = m [tanh ( m)(;l 50) - 1:| +m. (41)
Similarly for
sy = 0 [tanh (omtais ~5) 1} m-2 @)

For instance, whenay =1,k = —6,b1 =1, b(t) =t + 1, p = =2, we have w(t) = %t2 +t+¢,and
setting c =0, and @ > 1 or @ < —1, we can get the solution as follows:

1 1
u(x, t) = coth<—6x + Etz +t— ?;‘0> —5 (43)

Case 5. Dy >0 and D; > 0, D3 > 0. This time G(&) has four distinct real roots, namely
G(P) = (P —o1)(D — x)(P — 3)(P — a), (44)

where a1, as, a3, oy are real numbers, and a7 > as > a3 > ay. If @ > o7 or @ < ay, then we

take the following transformation:

(g — o) sin? 0 — o (ot — 0ta)

45
(o1 — o) sin? 6 — (0t — a) @)
if a3 < @ < ay, we similarly use
o Gl —a3) S?nz 0 — oz(or2 — o) (46)
(0rg — ax3) sin” 6 — (ory — ag)
Substituting (45) or (46) into Eq. (24), we get
do
&—&=/
V(@ —a1)(P — a2) (P — a3)(P — g)
2 do
= / s (47)
Vo —az)(aa —as) J /1 -m?sin®6

where m? = % . By using Eq. (47) and the definition of Jacobi elliptic sine function

[25], we have

. (v(ou —ag)(on — o)
sinf = sn 5

(&1 —-&0), m) (48)

Combining Eq. (48) with the expressions (45) and (46), we obtain the solution of Eq. (24)
with corresponding conditions

o 22len = o) s 6 — ), m) — e (e - ) )
(o1 — crg) sm2 (LA (2 £ 1) (ory — )
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thus we have the solution of Eq. (10) as

1 fo— 1
ar(ar — aa)a,* SHZ(M( sE—&)m) —ai(or—as) by

(&) = 2 2 (50)
(e — ) sn2( L) (e )y 2

(03 —0g)

and

o _ o —as) s (I ) m) — s — ). -
(0ry — arg) sm2 (LA (2 £ 1) (ory — )

Moreover, we have

1
oo — 013)6144 sn (w( E—&),m)—az(ay —os) by

(&) = : A (52)
(g — arg) sn2(MLU) (e g0 ) (ary — aug) 2

Q
Ll

where 2 = (@1=2a)(@r—a3)
(a1-a3)(az—aq)

periodic solutions. For example, when a, =1,k = -6, b; = 1, b(t) = t + 1, we can get w(t) =

. Expressions (49)—(52) involve elliptic functions and are double

%t2+t+c. Settingc=0,ifp=-5,g=0,r=4, wehave oy =2, p = 1, 3 = -1, otg = -2.
When @ > a; or @ < oy, we get the solution

(53)

4sn’(3(—-6x+ 12+ £ 6 1
u(x,t): (2( X ? SO) )
2

4sn?(3(-6x + 312+t — &), 2*/—) 3 2

Case 6. Dy = 0 and D,D3 < 0. Now G(@) has a real root of multiplicity 2 and a pair of
conjugate complex roots, i.e.,

G(®) = (@ - p*[(® - 1)* + m?], (54)

where B, [ and m are real numbers. By using Eq. (24), we can get

ao
+(E — &) =
(&1 - &) / RN AT
1 €D +n— /(D —1)2+ m?
Y 7 o n , (55)
where
_ B-2
N R
B(B —2I) 50
= - +m? - .
n=v(B-0>+m TR
Correspondingly we have the solution of Eq. (24) as
o (e B0+ (E1-60) 6)jL\/(lgl)W(g E) (57)

=N B-DP P (E1-50) _ )2 _
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hence the solution of Eq. (10) is

1
(exV (B-)*+m>(a &-&) _ )+VB-DZ+m22-¢€) b

(58)
1 i 2
al[(exV B emagE—50) _eyp 1]

P(§) =

which is a solitary wave solution. Whena, =1, =-6, b1 =1,b(t) =t +1,8=1,1=-1,
m =2, we have w(t) = %tz +t + ¢, and by setting ¢ = 0, we can get the solution of Eq. (1) as

eiZﬁ(—6x+%t2+t—50) " 13;/5 _3 1

u(x, t) = (59)

[(e:I:Zﬁ(—6x+%t2+t—§0) _ %2)2 _ 1] 2

Case 7. Dy < 0 and D, D3 > 0. In this case G(@®) has two distinct real roots and a pair of
conjugate complex roots, thus G(®) is given by

G(@) = (® - )@ - y)[(@ - 1)* + m?], (60)

where 8, y, [, m are real numbers, 8 > y and m > 0. We now use the following transfor-

mation:
dycosf +d,
=—— 61
d;cosf +d, (61)
where
di==(B+y)ds - ~(B-)d
1—2 B+vy 3—2 B = v)ds,
do= (B +y)ds— = (B - y)d
2—5,3+J/ 4—5/3—1/ 3,
dy=p-1-"2
% (62)
dy =B —1-mfy,
o) = m* + (B -y -1)
mB-y)
fr=esE /el +1.
By choosing f;, > 0 and substituting expression (62) into Eq. (24), we have
£ ¢ / do
1—50=
VE® - B) @ - y)(® - 1)* +m?)
2
Sz (63)

i / ao
VF2mp (B -v) \/1—m%sin29’

2 2

2= T2 By Eq. (63) and the definition of Jacobi elliptic cosine function [25], we

where m
have

cosd zcn<—v¢2mf2(ﬂ—?)

o (&1 - &), le)- (64)

Page 8 of 15
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Combining expression (63) with (60) leads to the solutions of Eq. (24) given by

dy en(E2BET 6 ), ) + dy
b = .

2fym3

ds en(YELED) (e g0, my) + dy

2fpm3

(65)

Hence we can get the solution of Eq. (10) in the form

_1 (B, 1
5)_aﬁ[dlcn(i”ifzf;i”(azs—so),mz)mz] by )
. ‘ b
d3 cn(w(afé —&),my) +dy 2

2fmy

where expression (66) involves an elliptic function and is a double periodic solution. For
example, whenay =1,k =-6,b;=1,b(t) =t+1,8=1,y =-1,1=0,m=2,wehave a, = 3,
by=c=0,dy=-3,e; = %,_fg =2or—%,a)(t)= %t2+t+c. By setting f, = 2, ¢ = 0, we can
obtain the solution of Eq. (1) as

/10 1 /10 1
ulx,t)=—cn| — (-6x+ —2+t-& ), — | — =. (67)
2 2 5 2
Case 8. D, > 0 and D;D; < 0. This time G(®) has two pairs of conjugate complex roots,
namely
G(®)= (@ -a1)* + 1) ((® - 2)* + 13), (68)

where o, a0y, [; and [, are real numbers, /; > /; > 0. We use the transformation

ditanf + dy
= - = 69
dytanf + d, (69)
where
di = a1ds + 1 da,
dy = ondy - Ids,
)
d3 = _ll _f_i,
(70)
dy =01 —ay,
(O[l - 052)2 + l% + l%
€= >
2011
fi=er+./es-1,
and get
- / do
1— 68 =
V(@ —a1)2 + B)(D - ) + B)
d? + d?
3 + 4 (71)

) / do
b/ (3 + )+ d) )\ J1-m3sin0
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2
where m3 = j% By Eq. (71) and the definition of Jacobi elliptic functions, we can obtain
2

sinf = sn

<zz¢<d§ + )23 + d3)

d;+d;

(&1 - &), Wl2>, (72)

cosf =cn

<12J (3 + d3)(fd5 + d3)

di+d;

(&1 - &), le)' (73)

Combining expressions (72) and (73) with (69) yields

_disn(n(§1 = &), m») + da en(n(§1 - &o), m2)

- 74
d3 sn(n(&1 — &), my) + dacn(n(§1 — &), my) (74)
and
(&) = o sn(n(laj,l’é —£0),1m2) +dy cn(n(laa%‘é — o), ma)) % 75)
dssn(n(a, & — &), my) + dacn(n(ay & — &), my)
where
- by (3 + B) 73 + ) o6

d: + d?

Expression (75) involves elliptic functions and is a double periodic solution. When a4 = 1,
k==6b=1bt)=t+1,0; = 4,0@:—4, I =3, I, =2, we have o(t) = %t2+t+c,

ay = ¥, by=2,c0=-Y,dy=7,e,=3,r=3and = —2‘%%, Setting c = 0, we obtain

¥ sn(242‘é§(—6x + 32+t &), %) +2 cn(242‘é§(—6x + 32+t &), 23ﬁ)

u(x, t) =
~Uon(2/B (<6x+ 362+ - ), 22) + VT on(HE (-6x + 12 4 - o), 242)

(77)

N =

Case 9. Dy =0, D3 > 0 and D, > 0. In this case G(®) has two single real roots and a real
root with multiplicity 2. We obtain

G(@) = (P — 1) (@ - @2)(@ - 3), (78)

where a1, @, and a3 are real numbers, and ay > a3, a; = —*5%2. Denote & = (a; — as)(ar; —

a3). When @ > ay, g > 1 > a3, we get the solution of Eq. (24) as

2h

D = , 79
+(a — a3) sin[v/=h(&1 - &)] - (21 — oz — a3) 79

thus

2a,"h b
(s — a3) sin[V/oh(@F E — £0)] - Qon — oy —3) 2

&)= (80)

Page 10 of 15
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(a) (b)

Figure 1 (a) The 3D graph of a rational function solution u(x, t) appearing in Eq. (29), when k = -6,
w= %rz +tand & = 1; (b) the corresponding 2D graph for u(x, t), when t = 1

When o7 > ay or o7 < a3,

2h
@ = , 81
(0t — a3) cosh[Vh(&1 — &)] — (201 — ay — at3) &)

and then we have

20t h b
0(6) - - -3 (82)
(a2 — a3) cosh[Vh(at & - &)] — 2y —ay — a3)

For instance, if ay =1,k =—6,b1 =1, b(t) =t + 1, p = -9, g = —4, r = 12, then w(¢) = %tz +
¢ + c. Setting ¢ = 0, the solution can be obtained as
15 1

Ul ) = cosh[v/15(—6x + %tz +t—&)] +4 2 (83)

3 Numerical simulations for modified Gardner equation
In this section, numerical simulations of modified Gardner equation are given. According
to the solutions obtained above, each solution is chosen to carry out a typical numerical
simulation, using Egs. (29), (33), (37), (43), (53), (59), (67), (77) and (83). The 3D and the
corresponding 2D graphs of are drawn to present the nature of them. In addition, we only
focus on the positive one if there is a plus—minus sign in the selected solutions.

Case 1. For ay = 1, see Fig. 1.

Case 2. For a4 = 1, see Fig. 2.

Case 3. For a4 = 1, see Fig. 3.

Case 4. For a4 = 1, see Fig. 4.

Case 5. For a4 = 1, see Fig. 5.

Case 6. For a4 = 1, see Fig. 6.

Case7.Foray =1, see Fig. 7.

Case 8. For a4 = 1, see Fig. 8.

Case 9. For a4 = 1, see Fig. 9.
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e 7
u(x,1)
of
4[
. N, AW .
= 1 1 A
,2:
-4 :
el
(b)
Figure 2 (a) The 3D graph of a triangle function periodic solution u(x, t) in Eq. (33), when k = -6, w = %R +t
and &y = 1; (b) the corresponding 2D graph for u(x, t), when t =1
- )
u(x.t)
X
sl
07
08t
05
04
: : : X
-2 -1 1 2
(b)
Figure 3 (a) The 3D graph of a rational function solution u(x, t) illustrating Eq. (37), when k = -6, w = %t2 +t
and & = 1; (b) the corresponding 2D graph for u(x, t), when t =1
- )
e 7
u(x,1)
2
: : A Ly
2 1 1 2
-2t
-4}
(b)
Figure 4 (a) The 3D graph of a hyperbolic cotangent function solution u(x, t) demonstrating Eq. (43), when
K=-6w0= %tz +tand & = 1; (b) the corresponding 2D graph for u(x, t), when t = 1
- )

4 Conclusion

In this paper, we consider the generalized (1 + 1) dimensional Gardner equation with vari-
able coefficients. By taking a special traveling wave transformation, the original equation
can be changed into the integral form. Then by applying the trial equation method and

Page 12 of 15
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u(x.t)
15
-'I‘O -0‘5 0‘5 1‘0 X
ok
15k
(b)
Figure 5 (a) The 3D graph of Jacobi elliptic function solution u(x, t) appearing in Eq. (53), when k = -6,
w= %rz +tand & = 1; (b) the corresponding 2D graph for u(x, t), when t = 1
t
0
10
e
f
-10

Figure 6 (a) The 3D graph of a solitary wave solution u(x, t) reflected in Eq. (59), when k = -6, w = %[2 +tand
& =1; (b) the corresponding 2D graph for u(x, t), when t = 1

Figure 7 (a) The 3D graph of Jacobi elliptic function solution u(x, t) illustrating Eqg. (67), when k = -6,
w= %tz +tand & = 1; (b) the corresponding 2D graph for u(x, t), when t = 1

a complete discrimination system for polynomial method, the classification of the exact
solutions is obtained. Moreover, the solitary wave solutions and six kinds of double pe-

riodic solutions with Jacobi elliptic functions are given, which are very difficult to get by
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u(x,b)
- . < - L
(b)
Figure 8 (a) The 3D graph of Jacobi elliptic function solution u(x, t) demonstrating Eq. (77), when k = -6,
w= %rz +tand & = 1; (b) the corresponding 2D graph for u(x, t), when t = 1

Figure 9 (a) The 3D graph of a solitary wave solution u(x, t) appearing in Eq. (83), when k = -6, w = %fz +t
and &y = 1; (b) the corresponding 2D graph for u(x, t), when t = 1

other methods. In addition, some solutions with the specific parameters are also presented
in the paper, thus the existence of the solutions is proved. Our results may be helpful to
better understand the two-layer fluid with surface tension, and the problem with specific
boundary and initial conditions will be studied in a future work. Moreover, we can also
conclude that the trial equation method and the discrimination system for polynomial
method are powerful in solving differential equations with variable coefficients arising in

mathematical physics.
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