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1 Introduction

The theory of fractional derivative first appeared in the 1690s by the correspondence be-
tween L'Hospital and Leibniz. After that, many researchers developed this area in different
directions because of its wide application in solving practical problems in the fields of vis-
coelasticity, biological science, ecology, aerodynamics, etc. The recent history of fractional
calculus can be found in [1]. During this development, a variety of initial and boundary
conditions (BCs), such as classical, nonlocal, multipoint, periodic/anti-periodic and inte-
gral boundary conditions, were investigated. Many new results were obtained recently in
fractional differential equations with nonlocal multipoint and with nonlocal multi-strip
integral boundary conditions involving Caputo derivative; for example, see [2—-6] and the
references cited therein. In 2015, Caputo and Fabrizio [7] proposed a new definition of
fractional derivative with a smooth kernel involving the exponential function. Other def-
inition was introduced by Atangana and Baleanu [8] where the kernel appeared via the
Mittag-Leffler function. These generalized fractional derivatives have been studied by
many researchers. Recently, Jarad et al. [9] generated Caputo and Riemann-Liouville gen-
eralized proportional fractional (GPF) derivatives involving exponential functions in their
kernels, thus the newly defined derivatives possess a semi-group property and they provide
a generalization to the Caputo and Riemann-Liouville fractional derivatives and integrals.
A variety of results can be found in the recent literature; for example, see [10-18] and the
references therein.
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In this paper, we study the following fractional problem:

CDI%x(t) = f(t,x(t), DP*x(t)), 1<q<2,te[0,1],pe€(0,1),
x(o) =0y,

(1)
CD*x(1) = as |, C" CDrPx(s)ds + g Zﬁf BED P x(yy),

0<l<n<y1 <Y< <Yma<lre(0,1),

where «; (i = 1,2,3) are positive real constants, f is defined on an Orlicz space Lg([0, 1])
and ¢D?* denotes the generalized proportional fractional derivative of Caputo type. It is
imperative to mention that the nonlocal multipoint and substrip BC (1) can be explained
in the sense that the linear combinations of values of the GPFD of Caputo type of the
unknown function at the right end point ¢ = 1 of the interval under consideration is pro-
portional to the sum of the values of the GPFD of the unknown function on the strip (¢, )
and scalar multiplies of discrete values of the unknown function at y; (i = 1,2,...,m - 2).

This kind of BC plays a key role in formulating chemical, physical, or other processes
involving some peculiarities occurring inside the domain. On the other hand, distinct ap-
plications of applied sciences such as population dynamics, chemical engineering, blood
flow problems, can be represented by an integral BC. For more details, for example, see
[19, 20].

In another direction, in 1931, Birnbaum and Orlicz [21] introduced a generalization
of the classical Lebesgue spaces L,, 1 < p < +00. This generalization is called an Orlicz
space and is found by replacing the function x” in the definition of L, by a more general
convex function F, which is called the N-function. Recently, the existence of solutions of
differential equations was investigated; see, for example, [22, 23].

In the present paper, we study Caputo type fractional differential equations with non-
local multipoint and substrips boundary conditions (1) involving the generalized propor-
tional derivative and let f be a function in an Orlicz space. We discuss the existence of a
solution for a nonlinear boundary value problem using some fixed point theorems. Finally,
we present an example for illustration of the main result.

2 Preliminaries

We recall some basic concepts needed throughout this paper including Orlicz spaces and
fractional calculus. For more details as regards Orlicz space, the reader can refer to [24]
and for fractional calculus one can see [9, 25-27].

Definition 1 Let ¢ : [0,00) — [0, 00) be right continuous, monotone, increasing function
with
(i) ¢(0)=0,
(i) lim;— 00 ¢(2) = 00,
(iii) @(¢) > 0 whenever ¢ > 0.
Then the function defined by

Flx) = / “odt, x>0,
0

is called the N-function. Alternatively, the function F is an N-function iff F is continuous,

even, and convex with
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(1) hmx—>0 % =0

(iii) F(x) >0ifx>0.

’

Definition 2 For an N-function, we define
X
F- [ ol0d 5o
0

where ¢! is the right inverse of the right derivative of F, is called the complementary of
F and it satisfies the condition

F*(x) = sup{tx—F(t) tt> 0}, Vx> 0.

(i) The function F* is also N-function.
(ii) The complementary pairs F and F* satisfy the following Young inequality:

xt < F(x) + F*(t), Vx,t>0.

Definition 3 A function F : [0,00) — [0, 00) is called a Young function if it is convex and
satisfies the conditions

F(0) = li%l F(x)=0 and lim F(x) = cc.
x—0* xX—>00

Remark 4 If a Young function F satisfies ¢(0) = 0 <= x = 0, then the conditions
F F(x)

@ _ 0 and lim,_, o, = = o0 hold; then F is called an N-function.

limye 0 = %

Definition 5 Let F be an N-function and let F* be its complement. Then F is said to
satisfy the A,-condition if

) 2)
1m Ssu
oo F(x)

< 00,
that is, there is a k > 0 such that F(2x) < kF(x) for large values of x.

Definition 6 (Orlicz space) For an N-function F, the Orlicz space Lr([0,1]) is the space
of measurable functions #: [0,1] — R such that fol F(|u(x)|) dx < co. This space endowed
with the Luxemburg norm, i.e.,

1
lleellF = inf{k > 0:/ F<|u;x)|>dx§ 1},
0

and the pair (Lg([0, 1]), ||#||F) is a Banach space.

For an Orlicz space, the Holder inequality holds, that is,

1
/ wvdx < 20|ull|Vlie
0

where u € Lg([0,1]) and v € Lg«([0, 1]).
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Definition 7
1. For an at least #-times continuously differentiable function u : [0,00) — R, the

Caputo derivative of fractional order ¢ is defined by
c 1 ¥ n-1-q, (n)
Diy(x)= —— | (x—-8)""" " (t)dt, n-1l<qg<nn=I[ql+1,q>0,
I'(n-q) Jo

where [g] denotes the integer part of the real number g and I" denotes the gamma
function.

2. The Riemann-Liouville fractional integral of order ¢ for the continuous function u
is defined by

Iu(x) = %q) fox(x -0 u(t)dt, q>0,

provided the right-hand side is pointwise defined on (0, 00).

Definition 8 (The GPF integral [9]) For p € (0,1] and o € C with R(«) > 0, we define the
left generalized proportional fractional integral of f starting by a,

1

(f) @ = pma)/ &7 - (O .

Definition 9 (The GPF dervative of Caputo type) For p € (0,1] and « € C with R(«) > 0,
we define the left generalized proportional fractional derivative of Capotu type starting
by a,

(CDP) @) = 1" (D f) @)

1 X
- p"far(n—a)/a ¢

where 7 = [R(a)] + 1.

p-1
P

(x—t) (x— t)nfa—l (Dn,pf) (t) dt,

Theorem 10 ([9]) For p € (0,1] and n = [R(a)] + 1, we have

n-1 k, »
A0 (D)) =f @) = —(Dp—ZQ(” (x— 0T 0,
k=0 ’

We base our considerations on the following fixed point theorems in our main results.

Theorem 11 (Krasnoselskii’s fixed point theorem [28]) Let P be a closed, convex, bounded
and nonempty subset of a Banach space X. Let Ty, T, be operators such that

(i) T1(uq) + To(uy) belong to P whenever uy, u; € P.

(i) T is a compact and continuous and T, is a contraction mapping.

Then there exists uy € P such that ug = T1(ug) + To(uo).

Theorem 12 (Schaefer’s fixed point theorem [28]) Let X be a Banach space. Assume that
T : X — X is a completely continuous operator and theset V ={u e X :u=¢Tu,0< e < 1}
is bounded. Then T has a fixed point in X.
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For convenience, we denote

p-1

1-ple? 1- n
A1=(1 pler flz( P) epsz,ds
pr2-r) p=r2-r
m-2 el
(l_lo)e 4 v 2—r
as;ﬁlpl_rl—,(z_r)(yl) ’
_ ajax(1-p) [6 2_r_e”T?1;€,2_r] 0{10[2(1—,0)2
2T ol (3 -7 02T (3—71)
p-1
ai(l- p) i yier Gl =pe
p Nt ., A
+a32ﬂl 1’F(2 (Vl) 1 rF(Q,— )
A
A*=22,
Ay

Lemma 13 For any f € L¢([0, 1]), the solution of the fractional boundary problem

CDTPx(t) =f(), 1<g=<2,tel0,1],
x(0) = ay,

2
€D x(1) = oy [ €D P x(s)ds + a3 Y1177 BED P x(yi), ?
0<C<n<y1<ym< - <yYma<l, re(0,1),

is
Loy
x(t) = m%@ /0 ePT(t_S)(t - 8)T7'f (s,x(s), “D*" x(s)) dis
n s pTA(S*M) _ \q-r-1
+ pa(2) [062/{ (/o : pqu(f(q it)r) f (1, (), “DPP x(us)) du> ds
m=2 Vi pT Yi—s) g-r-1
e ;ﬁi/o : o 1(*);q - )) 1 (s5,2(5), "D’ x(5)) dis
1 pT (1-s) —r—1
- /0 ¢ e rﬁl(q f):) £ (5,x(s), S DPPx(s)) dsj| 1 (8), 3)
where
_ 1 Lt A 0 4
Ml(t) A_te P 17/ ) ( )
,l,Lz(t) = (0(1 +A*If)€pT?1t. (5)

Proof The general solution of the fractional differential equation (2) is given by

p-1

1
x(t) = (I77y)(¢) + chtkeTt,

Page 5 of 19
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that is,
x(8) = (I7°9) () + (co + c18)e 7, ©)

where ¢y, ¢; € Rare arbitrary constants. Using the condition x(0) = &1, we get ¢y = ;. Now,
by applying the second boundary condition, we have

n
(2%]
C1 =A*+—
A1 J;

m-2
(177 )@ ds + 22 37 AlITT) ()
i=1

1 -
— A_l (Iq "y)(l).

Substituting from ¢y and ¢; in (6), we get (3). O

3 Existence results
In this section, we discuss the existence of solutions to the BVP (1). We shall assume that
f is in the Orlicz space Lr[0,1]. For 0 <p < 1, let X = {x: x,“D?*x € C([0,1],R)} denotes
the Banach space of all continuous functions on [0,1] into R endowed with the norm
llll = sup{|x(z)| + |“DP x(t)], ¢ € [0,1]}.

Now, we define an operator T : X — X associated with the problem (1) by

(Tx)(t) =

s pT(S*M) _ —r—1
+ i (t) |:a2 /n </0 € (s —u)? f (,2(u), CDPP x(us)) du) ds
¢

Pt T (q—7)

Yi epT_l(ny)(yi _ S)q—r—l

m—2
o ; b /0 Pt I'(q—r) S (5,2(s), “DPx(s)) ds

/1 eﬂT?l(l—s)(l _ s)q—r—l
0

T (G- 1) f(s,x(s), CD”"’x(s)) ds:| + pa(2), (7)

where 11, (1o are given by (4) and (5). Therefore, the problem (1) has solutions if and only
if the operator T has a fixed point.

Lemma 14 Let g € (1,2] and r € (0,1). Let F be a Young function which has a Young com-
plement F* satisfying

t t
/ F* (Sq_l) ds< oo, and / F* (sq_’_l) ds<oo, t>0.
0 0

Then the operator T exists and is well defined.

Proof Letq € (1,2], r €(0,1) and x € X. Define a function

sl ifse[0,8],t >0,
Yi(s) =

0 otherwise.

Page 6 of 19
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We show that y; € Lp«[0,1]. By using appropriate substitution and properties of the

Young functions, one obtains

/IF*<|%(S)|>¢S _ /tF*<(t—s)ql>dS
0 o 0 o

! 1

1\a1 [er't
- = * (g—1 .
B <a> »/0 F (S )ds,

by the assumption of the theorem, we get vr; € Lr+[0, 1]. Similarly, set

1 ifse[0,t],£>0,
Va(s) =

otherwise;

one can get Y, € Lp+<[0,1]. Next, we show that T is well defined, i.e., Tx(¢) € C([0, 1], R).
Let0 <7 <t<1.Then

[(Tx)(®) - (Tx) ()|

qu(q)/ 7t = 5)17f (s,2(5), D x(s)) ds

pmq) f "7 )1 (5,59, D () ds

I3 (S u) q-r—1
+ @ - 1 [ f (f 2 prE ,'F(Sq ”3) Lf(u,x(m,DP'px(u))!du)ds

m-2 Yi |epT?1()/i—5)|(yi _g)arl

/ |€ p —s)|(1 )q—r—l ”
P T (q—1) [f (5,6(s), D" x(5)) | ds | + |a(®) = ()]

" pir q)/ €7 )= 97 |1 (5.2(5), D x(9) | ds
"o q)/ €7 )= 97 |1 (5.2(5), DPx(5) | ds

pmq)/ €7z = )11 |f (5,90, D" x(9) | ds

n s ijl(S*u) _ .\q-r-1
+|u1(t)—m(f)l[az / ( / & pq_,'r(jq_”z) v(u,x<u>,pp,px(u))|du>ds
g

m=2 }/;|p)/z |(l_)r1
+ a3 ;,Bi/(; € - rrz/q_s) [f(s,x(S),Dp’px(S)ﬂdS

1,509 (1 _ g-r1
_/0 le pqr1|f(1q_si) lf(S,x(S)pr’px(S))idS:|+|,U.2(t)—,u,2(‘[)|.
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. p-1,
Since |e » °| <1, we have

[(Tx)(®) - (Tx) ()|

= (g /o (£ =87 = (r =8| (5,5%(5), D x(s) | s

+ i [ 19 0,072 s

+ |11 (8) = pa (7))

@2 ! ’ —r-1 X
X {m/; (_/(; |(s — ) |V(u,x(u),Dppx(u))|du) ds
t o ,1-. Zﬂz/ |(vi = )77 |f (s, %(5), DPPx(s)) | s
S /1’(1 =) [f (s, %(5), DPPx()) | ds | + |2 () = pa(T))|
P4 (q—71) Jo i H2AE) = Ha

1
RS

+ |11 (8) = pa (7))

|:,oq T - r)/ </ |(s—u)q_r_l|[f(u,x(u),D””’x(u))|du) ds

m-2 )
o3 Yi o ,
g o ) 1049 (o, D) s

W/ |1 =97 |f (s,(5), D””x(s)){dsi| + |12

0 otherwise,

[(t—s)T1 = (r —5)T°Y| ifse]0,7],
x1(s) =

and

[(t—s)| ifse[r,t],
x2(s) =

0 otherwise.

The functions x;, i = 1,2 belong to L+ [0, 1] with || x;l|p« < h(|t—t]),i = 1,2 where i : R —

R* is a continuous, increasing, function with /(0) = 0. Using the Holder inequality, we have

|(T)(8) = (Tx)(2)]|

< Sirig Wl + e JIf e
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1 (0%
t— I e Y gov7 Lo L Y/ o |
¥ f'[<|,41| [pq_,”q_”z) (nt7*t = o)

o

m-2
1
3 z : q-r
+ ). -
pW”Yq—r+1)k1&% p*ﬂYq—r+D}>”ﬂ“+

then, for 0 < | — 7| < § and by the continuity of /1, we see that Tx is continuous, which

completes the proof. d
Our first existence result is based on Schaefer’s fixed point theorem.

Theorem 15 Assume that there exists A € C([0, 1], R") such that
If (&,x(2), “DPPx(8))| < A(t)  fort € [0, 1] with ||A]| = rrhe)ul(]|)»(t)|.
tel0,

Then the problem (1) has at least one solution on [0,1].

Proof We shall show that the operator T is completely continuous. Let G C X be a
bounded set. Then, for all x € G, we get

e=Liey) |t = )77 |f (s,%(5), D" x(s)) | ds

p (s—u) q-r-1
|M1(t)||:062/ (/ |e pr= "1|“((q _u:) [f(u,x(u),D””’x(u))|du> ds

m-2 Vi 'D—_l()/i—s) . o)g-r-1
ra3y B / le” Wy —s) If (s, %(s), D" x(s)) | ds
i1 0

(@) <

1 (q—r)

1 |e S 19| (1 — g)a-r-1
—/0 ,Oq rF(q_ ) lf(s’x(s)er'px(S)Hds

by using the condition |f(t,x(t), “DP*x(t))| < A(¢) for t € [0, 1], we obtain

T (¢ )11 ()| ds

p (=) (o _  \g—r-1
+ |M1(t)||:062/ (/ |e = ,Tiq u)) |)»(u)|du> ds

m=2 Vi |e'DT?1()/i—S)|( 5 q-r-1
Yi—S)
+Olsz/3i/ : |A(s)| ds
=1 YO0

(T)0)| <

1 (q—r)

1 07_1(175) _o)a-r-1
_/0 le ,oq’1|"((lq_5,),) |)\(s)|ds:|+|,u2(t)|,
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From the above inequality, we obtain

Al
p1I(q) Jo

|2 ]
+t:[?11|M(t)|[ (g - r)/ </

ITx|| <

| e _s|(t s)Ttds

(e ”)| —u)? du) ds

_asflAll / L . 1
Ty —8)T ds
pq r]"(q V') Z | Vi—

”)“” / L2 —s) q r—1
ds | + sup |ua(t)
pq " —r) | | te[0p1]| 2 |
A 4T oAl ”sq,,ds
T pil(g+1) p1 (g —r+1)

asll2] R _
e L ey |

IA 1l ‘T az || Al
T pil(q+1) M| pt (g -1 +2)

(r]q—r+l _ é.q—r+1)

asllA 141
Zﬂz e

1 el
pt I (g—r+1) 4

= M.
Now,

(€D T2) (1)
- (D @)

p-1

P17 (q~

T
r+1):| Ha

n s eT(S—M)(S _ u)q—r—l
C y,p 0
+~DF (,ul(t) |:a2/{ </(; D T 1) f(u,x(u),D” x(u)) du> ds

m-2 Vi 21 (y,) a1
+ a3 Z Bi / ¢’ i=9) £ (s,%(s), DPP x(s)) ds
0

P17 (q—r)

p-1

1 T(l—s) _ g1
_/ e (1-s)7 f(s’x(s),Dp,px(S)) d{|) n CDp’pm(t)
0

p?I'(q—r)

= ; 'DT t—s) _ :
T prr(1-p) /0 (t=s)7D’(1"f)(s) ds

p-1

n S o (s—u) (S _ u)q—r—l
+ D2 1 (0)| @ / (/ ‘
m 2o \Jy o r(g-7)

P17 (q—r)

f(u,x(u),Dp’px(u)) du) ds

m-2 vi L), g-r-1
+ o E ,Bi/ ¢’ i =) -f (s,%(s), D" x(s)) ds
=1 V0

1 ”T 1-9) 1 _ \qg-r-1
_/ ¢ 0=y f (s, %(s), D" x(s)) ds} + D s (0).
0

p1 I (q—r)

(10)

Page 10 of 19
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p-1
. A 1-p *1-p —-t
Since DP(I°f)(s) = —irjs?™, “DPPui(t) = gtrmmy and “DPPus(e) = SLrE T,
Eq. (10) becomes

)L||t‘7‘
CpPP T(t B U L / ef’ 9\t —5) P ds
| ] < 1P (@) (1-p) |

1 a|[A]l
+
APl 2-p)| p17T(q-1+2)

o asllAl Zﬂ ar Al
Pt (g—r+1) Vi Pt (g—r+1)

(nq—r+1 _ é.q—r+1)

Areie

.

pPI(2~p)

t-» A*el l’eth
Put 81 (¢) = PTG and 8, () = TG and set §;(¢) = maxe(o,1){8:(£)}, i = 1,2. Then
we have
A[gTP
[DP Tx(0)| < )

T p?I(q) I (2-p)

N aZH)‘-” —r+1 —r+l
51(8)| ——="28 (par q-r+
+aul )|:,o‘17—’1“(q—r+2)(77 ¢ )

a3 Al Z r (Al
o ﬁl l _
pT I (g—r+1) 4 Pt (-1 +1)

+ gz(t)

= M. (11)
Next, for 0< ¢ < £, <1 and for all x € G, we get

|(Tx)(tz)— (Tx)(t1)]

qu q) / Tty =5y f (s,(s), DP"x(s)) dis

,0 tl -s) g1 : ,Dp»P
pqr(q) / ¢ (61 =) f (s, %(s), D" x(s)) ds

pl S—U gq-r-1
+ |M1(t2) - /.Ll(tl)| |:O[2/ </ |e q r]|§(§q _uz) lf(u,x(u),Dp’px(u)) | du) ds

m-2 y,lp% |(l_)7r1
+a3 ;ﬂi/() € e rpz/q_i) If (s, %(s), D" x(s)) | ds

LS ) -t
_/0 TG [f(s,x(s),D”’Px(s))ids + !uz(tz)—u2(t1)|

= pq%@ /0 1 |ep74(t2—s) |(t2 —s)t! [f(s,x(s),Dp‘px(s)) | ds

Page 11 0of 19
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t —
" il () / e 12— 59171 f (5209, D (5) | ds

qu / e £ S}(t —8) T |f (s,x(s), D" x(s)) | ds

=L (s-u —r-1
+|m(tz>—m(t1>l[az f (f 2 e ,'F(S o v(u,x(u),wx(u))|du)ds

(q-r)

= vi |ep/’;1(1’i*5)|(y, _g)ar-1
. L 0
+ 03 ; Bi /o P T (q—7) If (s,(s), DP* x(s)) | ds

P 1-s) —r—1
,/le pqul‘(lq I)I J(5,(), D (s )}dS}szfz — fa(t1)].

Therefore, by the hypothesis of the theorem, we obtain

Al
(Tx)(82) - (Tx) (1) | < m{[Z(tz -1)T— (e -¢])]

‘e ﬂ 2Ly t1)[(tg_til)—(t2—t1)q]}

o1y
e’ m—m[ @l (e

|Aq] Pt (q—r1+2)
as||All fIA]]
e Zﬂt i
Pt (g-r+1) 4 P (g—r+1)
+ |A*|€%t2|lf2—t1|. (12)

In a similar way, we can get

Al =27 7)
p1 P (q)I" (2 ~-p)
+|81(t2) — 81(11) |

oz || Al (nq—r+1 _ g.q—r+1)
P17 (q—r1+2)

|(CDPP T) (1) - (CDPP T) (1) <

‘XB”)”” q r
+
pT- ’F(q—r+1)zﬂ’ !

I
P T (g=r+1)

+[82(82) — 8

where
6" -4
81(t) = 6:1(t)| = ———, 13
|81(82) - 81(t1)| Ap T 2-p) (13)
Py 9o
A* 2t 4 p
153(62) — 8ot} < A1E 7 1o 5 14)

pPI(2-p)
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Then

A ? —67)
p?PI'(q)I"(2 -p)
R
+ e —
|A1lp?T(2-p)

a4l ( g-r+l _ é.q—r+1)
P17 (q—r1+2) "

|(CDPP T) (1) - (CDP Te) (1) <

aBll)‘” q r
+
P T (q - r+1)Zﬁl !

I
P T (g=r+1)

p-1 - _
|A*|e 2 t2|t; P_t} P|

15
pPI'(2~p) (15)

The functions ¢4, ¢, 977, t'? are uniformly continuous on [0,1] where 1 < g < 2,
1-p>0,qg-p>0. Then, by the Arzela—Ascoli theorem, the sets {T'(x) : x € G} and
{¢DP* T(x) : x € G} are relatively compact in C[0, 1]. Therefore, T(G) is a relatively com-

pact set in X. Next, we consider the set

K={xeX:x=¢Tx,0<e<1}.

Then K is bounded. Indeed, let x € K. So, x = ¢ Tx, 0 < ¢ < 1. For any ¢ € [0, 1], it follows
from |x(£)| = | Tx(t)| that

Il < qr”(“' 1)+ﬁ1[ q,ﬁf"A” e
pT(q + piT(q—r+

as|| Al r (|2 _
t— E o | TR
-+ D) &P T e | T

which proves the boundedness of the set K. Thus, by Schaefer’s fixed point theorem, the
operator T has at least one fixed point. Hence, the problem (1) has at least one solution

on [0, 1], which completes the proof. d

For our purpose, we write

0,=6 1 (16)
T par(g+ 1)

ta—r

T TG )
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where
1 a2F(4+1) ril —r+l
- 1 t e M q-r+ _ q-r+
WWI)( +M1()[pq_,r(q_r+2)(n )
L wsllg+l) asl(g+1) mzzﬂ ar I'g+1)
P T(g—r+1) &Y "o g—r+) | )
tq_p _ [0%)
6, = S+(t q-r+1 _ .q-r+l
2= per@re-p )[pq-rr(q—m) U

m-2
9 L
" o1 (g —r+1) ;'B% P (g —r+ 1)i|’

Next, we use Krasnoselskii’s fixed point theorem to show the existence of solutions of
the problem (1).

Theorem 16 Let f: [0,1] x R x R — R be a continuous function such that the following
conditions hold:
(HY) |f(t,%%) —ft,99)| <L(x—y| +[x+79|) forall t € [0,1], x,9,%,Y € R, L > 0.
(H2) |f(t,x(t),“DPPx(t))| < c(t) for t € [0,1] and ¢ € C([0,1],R*) with |c| =
max;eo, lc(t)].
(H3) L6 < 1 where 6 = max{f1,0,} and 0, 0, are given by (16) and (17).

Then there exists at least one solution for problem (1) on [0, 1].

Proof We define
B, = {xeX: lx]l < r},
where r > ||c||6 + v with
0 =max{6;,6,} and v =max{i,,3,)}. (18)

First, we split the operator T given by (7) as T = T7 + T, on B, where

(Thx)(¢) = qr( ; / 221 (¢g) t —5)T7f (s, %(5), “DPPx(s)) ds,
n s ‘%l(sfu) _Ng-r-1
(T290) = 11 () |:Ol2 / ( /0 e f(q ), D ) du) ds
. _
m-2 vi B9 (), g-r-1
+os Zﬂi/(; ¢ p‘I—’I("J?q _Si) -f (s,%(s), D" x(s)) ds

1 T (A-s r-1
_/0 € o ’I("l(q j)q) f(s,x(s),DP»px(s)) dsj| + (a(t).



Shammakh and Alzumi Advances in Difference Equations (2019) 2019:94

For %,y € B, and using (18), we can get

” T, (%) — Tz@)” =

llcll o | — acll (nr+1 - o)
p1I(q +1) P17 (g—r+2)

as|lcll Lo llell
+ s
P T (q - r+1)zﬂl L ptT(g-r+1)

+ 1L, (19)

and
llclle??

p1?I(@I(2~p)

< asllc|l rl rtl
8 t . en q-r+ _ q-r+
+ 1()|:quF(q—r+2)(n ¢ )

[Co 1)@ - (D)@ =

asllcll -
+
pi " (g-r+1)4 Zﬁl Vi

llcll <
- m} + 52(t). (20)

Then, by (11), we obtain
IT1®) - @) | < llcllo +v=<r
and
| (€D T0)®) - (D" To)®) | < llclls +v <7,

which shows that T (x) — T>(%) € B,. Next, we show that T5 is a contraction. Let x,y € R,
t € [0,1]. Then, by using (H1), we have

| T2 (%) - T2 |
= Sllp |T2(x) — Tz(y)|
te[0,1]
n e /, ~L(s- M)(S_u)q—r—l
(e [ ([ g Stesten st )

Vi epT?l(Vi—S)(yi _ S)q—r—l

m—2
o ; & A p?" (g —r) S (s:%(9), D" (s)) ds

1 pT (A-s r-1
_ /0 e e I(}(q j):) f (5,(5), D" x(s)) dsj| + Mz(t))

n s pT_l(S*M)( _ )q—r—l
- <M1(f) |:0lz/; (/0 ‘ pq*’;(q it 7 -f (4, y(u), D" y(u)) du) ds
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Vi pT?l(Vi—S)( - )q—r—l
+ a3 Z Bi /0 ¢ pq—’FJ;q _Sr) f(s,y(s),Dp”’y(s)) ds

1,5 0=9)01 _ oyg-r-1
[ f(s,y<s),Dpvpy<s>)ds}+u2<t>)‘

< sup L[|x() - y(&)| +|“D" x() - “D*’y(1)|]

te[0,1]
{M[w /j( /%d) @
<Lljx- yllﬁzlépl{lm(ﬂ[ fcn( OS%W)dS

(i)t P -grt
S [ s |

< LO:llx—yll < LOlx - yll, (21)

where

7-0 !

T par(g 1)

Similarly,

1(CD?* T5) (%) = (CDP* T2) ()| < LOa2llx — ¥l < LOlx -y, (22)
where

_ tap

0y =0y —

pI P (@) (2-p)

Therefore, by (H3), the operator T is a contraction. It remains to show that T is contin-

uous and compact. We have

(T1x)(t) =

P (g / Ry s, (6, D x(9) ds
0

Then, by the continuity of f, the operator 77 is continuous. Also,

1
Il = S s 16—t D7t s
llcll

T pil(g+1) (23)
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Further,

” (CDp’pT1)(x)H = sup <—”C”tq_p )
teio] \ PP (@) (2 - p)

liel

S (24)
pI P (q)I"(2-p)
Now, for £; <t and #1, £, € (0, 1] with sup , ,)c10,1)x5, x5, f (£:%, )| = w, we have
w
[(T1x)(t2) — (T1x)(11)| < m{[z(tz - 1)7 - (t1 - t})]
+ epT_l(Q‘“)[(tZ -t]) - (-1)T]} (25)
and
c o wit; " -t
|(“DP* T1x) () - (“DP* Thx) (1) | < (26)

p? P ()l (2-p)

Therefore, as (t, — t;) — 0, the right-hand sides of (25) and (26) tend to zero independent
of x. Thus, T; is equicontinuous and so it is relatively compact on B, according to the
Arzela—Ascoli theorem. Then the operator T is compact. By using Krasnoselskii’s fixed
point theorem, there exists at least one solution of (7) on [0, 1], and the proofis complete. (I

The following example shows the applicability of Theorem 15.

Example Consider the problem

|DPPx(t)|

DI x(0) = (e 1= (o)) Infe+ 1= [x0]) + 0

te0,1],

x(o) =aq,
n m-2
CDPx(1) = ay / CD"Px(s)ds + a3 Z B:ED"x(y1),
¢ i=1

where 1<g<2,pe(0,1) and r € (0,1). Here,

|DPP ()|

F(b% D x(0) = 2+ 1= [0 In(t + 1= [x0)]) + 2500

and then
If (&%, DPPx(t))| < (¢ + 1)In(t + 1) + 1.

If we take F(x) = e’ — 1, then F is an N-function satisfying

/01 F([f(u(x)) }) dx < 00,

from which it follows that F belongs to the Orlicz space Lr[0, 1]. Observe that

If (&%, DPPx(2)) | < A (8),
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where A(¢) = (¢ + 1) In(¢ + 1) + 1. Therefore, Theorem 15 applies and there exists a solution

for a problem (1) on [0, 1].
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