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1 Introduction and main results

In recent years, because of the important applications of fractional differential equations
to engineering, physics, chemistry and biology, the existence and multiplicity of solutions
for fractional differential equations have been investigated extensively by different meth-
ods such as fixed point theory, degree theory, monotone iterative technique and upper
and lower solutions method (for example, see [1-4] and the references therein). It is well
known that the variational method is an effective tool to deal with existence and multi-
plicity of solutions for integer-order ordinary differential equations which have variational
structures. For the fractional ordinary differential equation, a pioneering work by a vari-
ational method was presented by Jiao and Zhou in [5], where they studied the following
fractional differential equations with the left and right Riemann—Liouville fractional inte-
grals:

%(%OD?S(”/U)) + %tD}ﬂ(u’(t))) + VF(t,u(t))=0, a.e.tel0,T],
u(0) =u(T) =0,

(1)

where T > 0, OD;ﬁ and tD_Tﬁ denote the left and right Riemann-Liouville fractional inte-
grals of order 0 < B < 1, respectively, F : [0, T] x RN — R and VF(¢,) is the gradient of F
at x. They established the variational structure of system (1), some embedding relations of
working spaces, and some existence results of solutions for system (1) under subquadratic
and superquadratic conditions, respectively. Subsequently, some authors applied a varia-
tional method to different kinds of fractional differential equations and some interesting
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results were given (for example, see [6—15] and the references therein). Especially, in [9],

Zhang and Li considered the following fractional differential equation:

:D5(GDYu(t)) = VW (¢, u(t)), tel0,T],
u(0) = u(T) =0,

()

where {D? is the left Caputo fractional derivative, and they obtained the following theo-

rem.

Theorem A ([9], Theorem 1.1) Suppose that the following conditions hold:
(A1) W(t,0)=0forallt € [0,T], W(t,u) > a(t)|u|’ and |V W (t,u)| < b(t)|ul’* for all
(&, u) € [0, T] x RN, where 1 <6 <2 is a constant, a : [0, T] — R* is a continuous
function and b : [0, T] — R* is a continuous function;

(A2) thereis a constant 1 <o <0 <2 such that
(V W (t, u), u) <oW(t,u) foralltel0,T]anducRY;

(A3) W(t,u)= W(t,—u)forallt € [0,T) and u e RN,

Then (2) has infinitely many nontrivial solutions.

Impulse phenomena exist extensively in the real world and impulsive differential equa-
tions are often used to describe these phenomena. In the last decade, by using the varia-
tional methods, the problems on existence and multiplicity of solutions for integer-order
impulsive differential equations with different boundary value conditions have been stud-
ied deeply. We refer to the papers in [16-21] and the references therein. In comparison
to the integer-order impulsive differential equations, there are less results for the frac-
tional impulsive differential equations by variational methods. In 2014, Rodriguez-Lépez
etal. [22] and Bonanno et al. [23] considered the fractional impulsive differential equation
with the right Riemann-Liouville fractional derivative and left Caputo fractional deriva-

tive:

(D% (DY u(t)) + a(t)u(t) = Af (¢, u(t), t#t,aetel0,T],
AGDEYEDYw) () = uQi(u(t)), i=1,2,...,1 (3)
u(0) = u(T) =0,

where a € (%, 1], both A and u are positive parameters, f € C([0, T] x R,R), Q; € C(R,R)
and a € C([0, T],R). By using variational methods, they found that Eq. (3) has at least
one or three solutions. Subsequently, in [24—27], several results are given along this direc-
tion by variational methods. For example, recently, Heidarkhani etc. [12] considered the

following perturbed impulsive fractional differential system:

tD‘;j(ai(t)OD?iui(t)) = )‘-FM,' (t’ I/t) + H/Gu,'(t: Lt) + hi(ui), t 7{t]3t € (0’ T)r
AGDF DY u)() = Lj(ui(t), j=1,2,...,m, (4)
u;(0) = u;(T) =0,
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for 1 <i <N, where u = (u1,...,uy), 0<o; <1, A>0, u >0, T >0, a;, € L>([0, T]),
F,G:[0,T] x RN — R are measurable with respect to ¢ for all #x € RN and contin-
uously differentiable in u for almost every t € [0,7], and 4; : R — R is a Lipschitz
continuous function for 1 < i < N. By using a three critical point theorem due Bo-
nanno and Candito [28], they found that system (4) has at least three distinct weak so-
lutions.

As a natural extension of Eq. (3), Zhao and Tang [29] considered the p-Laplacian frac-
tional impulsive differential equations:

DY (D, (DY u(t))) + |ut) P 2ult) = f(t, u(t)), te(0,T),
AGDSH DD W) (E) = Qilu(ty), i=1,2,...,1, (5)
u(0) = u(T) =0,

where f € C([0, T] x R,R), Q; € C(R,R) and ®,(x) = |x["~%x (p > 1) for all x € RN. By using
critical point theory, they obtained two multiplicity results of solutions for Eq. (5) when f
satisfies the superquadratic conditions.

Motivated by the work in [5, 6, 11] and [29], Xie-Zhang [30] investigated the existence of
infinitely many solutions for the following (p, q)-Laplacian fractional impulsive differential
system:

D% (o) D, (DX (D)) = VW (£, u(t), t)), a.e.tel0,T]

DE(y ()P (DL v(8)) = VoW (5, u(t), (D)), ae.te[0,T],
A(DEHp@,((DYw)) (L) = VI (u(t)), i=1,2,...,1 (6)
A(DF (y @, 6DIV))(s) = VHi(V(s), j=1,2,...,m,

u(0) =u(T) =0, v(0)=w(T) =0,

where T >0, @ € (117, 1] withp>1,8¢€ (%, 1] with g > 1, @4(x) = |x|*%x (s > 1 and s = p, g),
D% (or tD/;) denotes the right Riemann—Liouville fractional derivative of order « (or 8),
¢D¥ (or SDE ) is the left Caputo fractional derivative of order « (or 8), p,y € L>([0, T],R*),
I,H;: RN(N >1) — R are continuously differentiable, i = 1,2,...,,j=1,2,...,m,0=ty <

<<t =T,0=89<81< - <Sus1 =7T,and

c (4

A(DT (pPp (D)) (&) = DT (0 @y (D)) (67) = D (0P (D)) (£7),

(4

A(DE (v @4 (D)) (s) = DI (v @4 (DY) (57) = D (v @4 (D7) (57),
where
DI (02, () ) = fim 1 (5, (01) 0
D (0@ (;0Fu)) (67) = Jim D (0@, ;D u)) 1),
th_l (V 2, (ngV)) (S;) = Slgg th%_l(Vd)q ((C)Df"))(s)’
]

D5 (V 2, (f)Dtl6 V)) (S]_) = SIHE tDI;_l (V D, ((C)Df ")) (s),
]



Liu et al. Advances in Difference Equations (2019) 2019:100

W :[0,T] x RN x R¥N — R satisfies the following assumption:
(WO0) W(t,«,y) is continuously differentiable in (x,y) € RN x RN for a.e. t € [0, T), mea-
surable in t for every (x,y) € RN x RN, and there are ai,a, € C(R*,R*) and
b e L*([0, T];R") such that

’W(t,x,y)’ + !VW(t,x,y)’ < [ozl(|x|) +az(|y|)]b(t),
L) + VL@ <ai(lxl), i=1,2,...,0,

[HO)| + |[VHO| <ax(lyl), j=12...,m

for all (x,y) € RN x RN and a.e. t € [0, T]. They assumed W (t,x,y) = —K(t,x,y) +
F(t,x,y) for a.e. t € [0, T] and all (x,5) € RN x RN, where K has sub-(p, q) linear
growth and F has super-(p, g) liear growth. By using the symmetric mountain pass
theorem, they obtained system (6) has infinitely many weak solutions.

In this paper, we investigate the existence and multiplicity of solutions for system (6).
Different from [30], we use the least action principle and an extension of Clark’s theorem
to prove our results. We assume W has sub-(p, q) linear growth on (x,y) € RN x RN so
that system (6) has at least one weak solution, and we assume W has partially sub-(p, q)
linear growth on (x,y) € RN x RN and is even for all (x,y) € RN x RN so that system (6)
has infinitely many weak solutions. To be precise, we obtain the results below.

Theorem 1.1 Suppose that (WO0) and the following conditions hold:
(A) p~:=essinflo 7] p(£) > 0, ¥~ := essinfyo,77 ¥ () > 0;
(W1) thereexistconstants d; € [0, 17%;’)’ d, € [0, q’%q), y1 € (0,p], 2 € (0,q) and g1, 82,85 €
o B
LY([0, T], R*) such that

W(t,x,y) < di|xlP + daly|? + g ()27 + @(O)|y1T7 + g3(¢)

forae. t€(0,T] and all (x,y) € RN x RN, where C, = % and Cg = %;

(I11) there exist positive constants ky, ky and vy € [0, p) such that
Ii(x) = —ky %"t — ky

forae. te[0,T)andallx eRN,i=1,...,1;
(H1) there exist positive constants ks, ky and v € [0, q) such that

H;(y) > —ks|y|™ — ky

forae. te[0,T)andallyeRN,j=1,...,m.
Then system (6) has at least one weak solution.

Remark 1.1 There exist examples of functions satisfying the assumptions in Theorem 1.1.
For example, let p > 1, > 1, p(t) = y(t) = € + 1, [;(x) = =In(1 + |x|P), i = 1,..., 1, Hy(y) =
—In(1+ [y|),j=1,...,m,and

W(t,x,9) = (e + 1)[In(1 + |xf") + In(1 + [y/7)]

for all (x,y) e RN x RN and a.e. t € [0, T].

Page 4 of 14
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Theorem 1.2 Assume that (WO0), (A), (I1), (H1) and the following conditions hold:
(W1) there exist constants 81 >0, 8, >0, w1 € [0,p), i € [0,q) and f1,f> € L}([0, T];R*)
such that

W(t,x,y) < @)™ + fo(8) 1y

fora.e. t€[0,T) and all (x,y) € RN x RN with |x| < 8; and |y| < 8;

(W2) W (t,0,0) = 0 and W (t,x,y) = W(t,—x,—y) for a.e. t € [0, T) and all (x,y) € RN x
RN

(W3)

W (t,x,y)

—— " =+00 uniformly fora.e. t €[0,T];
lsbl0 TP + 17 Jormiy o

(I1)" there exist positive constants Iy, Iy, 83 and vs € [0, p) such that
Li(x) = —Llx|™ — I

forae. t€[0,T) and all x € RN with |x| <83,i=1,...,1;
(H1)' there exist positive constants I3, ly, 84 and vy € [0, q) such that

Hi(y) = ~ls|yl™ s

forae. t€[0,T) andally e RN with |y| <84,j=1,...,m;
(I12) there exists a constant by > 0 such that

Ii(x)

im <b, i=1,...,1
lx|—0 |x|?

(H2) there exists a constant by > 0 such that

H;(y)
im
lyl=0 |yl

<by, j=1,....m

(I3) I;(0) =0 and I;(x) iseven inx c RN, i=1,...,1;
(H3) H;j(0)=0and Hy(y) iseveniny e RN, j=1,...,m.
Then system (6) has infinitely many weak solutions.

Remark 1.2 There exist examples of functions satisfying the assumptions in Theorem 1.2.
Forexample,letp =4,q =5, p(t) = y(£) = €' +1, I;(x) = —el 4 Li=1,...,,Hyy) = e 4 1,
j=1,...,m,and W(t,x,9) = (£ + 1)(|x|> + |y|?) for all (x,y) € RN x RN and a.e. t € [0, T].

It is easy to obtain similar theorems to Theorem 1.1 and Theorem 1.2 for the p-Laplacian

fractional impulsive differential system:

DF(p )P, (DY u(?)) = V,W(t, u(t)), aetel0,T],
AGDS (p@p((DFw)) (&) = VI (u(ty), i=1,2,...,1 (7)
u(0) = u(T) = 0.

Page 5 of 14
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Theorem 1.3 Suppose that the following conditions hold:
(WO0)Y W(t,x) is continuously differential in x € RN for a.e. t € [0, T|, measurable in t
foreach x € RN, and there are functions a € C(R*,R*) and b € L*([0, T]; R*) such
that

|W(t,x)| + |[VW(t,%)| < a(lx])b(2),

[L@)| + VL@ <a(xl), i=1,2,...,1

forallx e RN and a.e. t € [0, T};
(A) p~ =essinfy,1 p(£) > 0;
(W1)" there exist constants d € [0, z%)’ y €(0,p), and g1, € L*([0, T),R*) such that

W(t,x,y) <dlxl’ + @ (O)xP™ + g(2)

fora.e.t€[0,T) and all (x,y) € RN x RN;
(I1)" there exist positive constants ki, ko and v; € [0, p) such that

Ii(x) > ki x| — ko

forae te[0,Tlandallx eRN,i=1,...,1L

Then system (7) has at least one weak solution.

Theorem 1.4 Assume that (WO0)', (A)', (I11)" and the following conditions hold:
(W1)" there exist constants 8§, >0, u € [0, p) and f € L([0, T];R*) such that

W(t,x) < f(0)]xl"

fora.e.te[0,T) and all x € RN with |x| < 8y;
(W2) W(t,0)=0and W(t,x) = W(t,—x) for a.e. t € [0, T) and all x € RV;
(W3)

W(t,x)
im
lx[—>0 |x|?

= +00;

(I11)"" there exist positive constants Iy, Iy, 83 and v, € [0, p) such that
Li(x) = -l x| - I

forae. te[0,T) and all x € RN with |x| <85, i=1,...,1;
(I2)" there exists a constant b > 0 such that

Ii(x)
im —
lx[—0 |x]?

(13) I;(0)=0,L(x) iseveninx € RN, i=1,...,1

Then system (7) has infinitely many weak solutions.

Page 6 of 14
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Remark13 Ifp=2,p(t)=1and [;(x) =0fora.e. t € [0,T] andallx e RN, i=1,...,/, then
Theorem 1.3 reduces to Theorem 5.46 in [31]. Hence, Theorem 1.3 generalizes Theorem
5.46 in [31]. In Theorem A (Theorem 1.1 in [9]), W is required to satisfy the subquadratic
condition for all x € RN while (W1)"” is a partial sub-p linear growth condition, which is
only for all x € RN with |x| < §. Hence, Theorem 1.4 is still different from Theorem A even
ifp=2and [;(x) =0 forallx e RV, i =1,...,I. Moreover, in Theorem 1.4, a condition like
(A2) in Theorem A ((W2) in Theorem 1.1 in [9]) is not required. There exist examples of
functions satisfying the assumptions in Theorem 1.4 with p = 2 but not satisfying those in

Theorem A. For example, let N =1, p = 2 and

@+ 1)xl2, iflx <1,
W(t,x) =
&+ Dx?,  if x| > 1.

2 Preliminaries

Let E be a real Banach space and @ € C(E, R). If any sequence {u} possesses a convergent
subsequence, where {u;} satisfies @ (i) is bounded and @'(u;) — 0 as k — 0o, then one
say that @ satisfies the Palais—Smale (PS) condition (see [32]). We use the following two

lemmas to prove our results.

Lemma 2.1 ([32]) LetE beareal Banach space and @ € C'(E,R) satisfy the (PS) condition.
If @ is bounded from below, then ¢ = infg @ is a critical value of .

Lemma 2.2 ([33]) Assume that (E, | - ||) is a Banach space and ® € C*(X,R). Suppose that
@ satisfies the (PS) condition, is even and bounded from below, and @ (0) = 0. If for any
k € N, there exists a k-dimensional subspace X* of E and py > 0 such that SUPxkns,, ® <0,
where S, = {u € E|||u|| = p}, then at least one of the following conclusions holds:
(i) there exists a sequence of critical points {uy} satisfying @ (ux) < 0 for all k and
lurll = 0 as k — oo;
(ii) there exists r > 0 such that for any 0 < a < r there exists a critical point u such that
lu|| = a and ®(u) = 0.

Next we recall the definitions of Riemann-Liouville fractional derivatives and Caputo
fractional derivatives and some related lemmas. Assume a, b € R. Suppose that AC([a, b])
denote the space which consists of all absolutely continuous functions u : [a,b] — RY.
Set

(10, T1,RY) := {ulu € C*([0, TT,RN), u(0) = u(T) = 0}
and the norm ||#|| o = max[o,r; |#(¢)| and for s > 1,

T
LS([O, T],RN) = {u|u: [0, T] —>]RN,/ |u(t)|sdt<oo}
0

and the norm ||ul|s = (fOT lu(2)|* di)'s.
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Definition 2.1 ([31, 34]) Assume that f € ACl[a, b] and 0 € (0, 1). Define

1

anf(t) = ”14—9)% / (t-5)"f(s)ds, t>a,

d t
Dif(t) = —ﬁ 7 / (s—t)°f(s)ds, t<b.

Then ,D! and ;D are called the left and right Riemann-Liouville fractional derivatives of

order 6 of the function f, respectively.

Definition 2.2 ([31, 34]) Assume that f € ACl[a, b] and 0 € (0, 1). Define

c Y _ 0—1 o7 _ 1 ‘ O
eDif(t) = D, f(t)_il’(l—@)/a(t $)7f'(s)ds,

DYf(t) =Dy f () = _r / b(s — ) (s) ds.
' ra-e) ),

Then ¢D¢ and ¢DY are called the left and right Caputo fractional derivatives of order 6 of

the function f, respectively.

Let Eg’S(O, T) be the closure of C°([0, T], RN) with the norm:

T T 1/s
lleels = (/ |5Dfu(t)|sdt + / |u(t)|s dt) , Yue Eg’S(O, T),
0 0

where 6 € (0,1] and s > 1. Then E5* is reflexive and separable Banach space and u, $D/u €
L5([0, T],R) if u € ES*(0, T) (see [5]).

Proposition 2.1 ([5]) Assume that 0 € (0,1] and s> 1. For any u € Eg’s(O, T),
lellzs < CollgD wllzs,

where Cy = %.If@ > 1, then

0
l#lloo < Chs00llgDr tllLss

Ll and s =
o

r®)@s—s'+1)s

where Cg 00 = =5

Proposition 2.2 ([5]) Assume that }9 <0 <1land1<p< oo, and the sequence {u} con-

verges weakly to u in Eg’p. Then ux — u in C([0, T],RN).

Define E = E;*(0, T) x Eg'q(O, T) with the norm || (s, V)| = llull, + ||Vll, for all (u,v) € E,

where o, 8 € (0,1]. Then E is a reflexive and separable Banach space.
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Definition 2.3 ([30]) For any (4, w) € E, if the following conditions hold:

I

T
/0 (p(®)| D5 u(e)” *ng‘; u(t), DY h(t)) dt + Z(Vli(u(t,-)), h(t:))

i=1

T
- / (VW (2, u(2), v(1)), h(2)) dt = 0,
0

T m
/0 (r @, D{v(e)["eD (), 5D h(e)) dt + Y (VH; (u(s)), w(s)))

j=1
T
_ / (9, W (6, u(0), v(©)), () dt = 0,
0

then (i, v) € E is defined as a weak solution of (6).

Define the functional @ : E — R by
1t Ny p 1t NN
D (u,v) = 1—9 p(t)|0Dt u(t)| dt + ;1 y(t)|0Dt v(t)| dt
0 0

l m T

+Zli(u(t) +ZH, v(s)) / W (&, u(), v(¢)) dt. (8)
i=1 j=1

Then @ € C'(E,R) and
(@' (u,v), (h,w))
T
_ fo (0(6)|° D e) P26 D (6),§ DE(D)) de
T -2
+ /0 (v ()]s D2v(e)|" e D v(e),§ DY w(t)) dt

T T
- / (VW (8, u(2), v(2)), h(t)) dt - / (Vo W (2, u(t), v(2)), w(2)) dt
0 0

+Z VI u(t) h(t) +Z VH v(s, w(s/)).
=1

i=1 j
A critical point of @ is a weak solution of system (6) (see [29-31]).

3 Proofs of theorems

Lemma 3.1 Assume that (WO0), (A), (W1), (I1) and (H1) hold. Then ® is bounded from
below on E.

Proof 1t follows from (W0), (A), (W1), (I1) and (H1) that

D (u,v) = lfT (t)‘CD"‘u(t)’pdt+l/T (t)’cDﬂv(t)’th+il-(u(t-))
)y P gly V0T e

T
+ ZHj(v(s,«)) - /0 W (&, u(t), v(0)) dt

j-1
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l

— T — T
> "—/ | Deue)|? dt + ”—/ cDfv)|" dt = > (k@)™ + ko)
p Jo q Jo i=1
m ; T -
_Z(k3|v(sj)| 2+ ky) —/ (di]u@®)]” + do|v@®)|" + @1 (O)|u@®)|”
j=1 0
+ @) + g(0) dt
> ”? lsDeul?, + % 16DEv||%, = Kalllull2s = kol — ksm[vI|22 — karm
T
-di C 6D u|?, - doCh lsDiv])%, —/ a1 (t)dt||ul|Psn
0
T T
- [ awdivizr - [ ga
0 0
>

(% —d1C§> lsDul?, + (% —dzcz> et

—kCY, 6D u|,, — ksmCy

pane 600V

oo
00

T T
-z [ e@aorulyy” - i [ e adipbvl

T
- / g3(2) dt — kyl — kym. 9)
0

Note that dl € [O’ 1%)! d2 € [0! ;T;])’ V1 € [O’p)’ vy € [O,Q): V1 € (O:p) and V2 € (O;Q)
a ]

Moreover, by Proposition 2.1, it is easy to see that ||§D{ul|;» and ||8Dt’6 v||1a are equiva-

lent to |||, and ||v|l4, respectively, which shows that [|(z, v)||£ is equivalent to the norm

1w, V)| := llulle + ||vllze. Thus (9) and Proposition 2.1 imply that @(u,v) — +00 as

|[(z, v)||[g — o0 and so @ is bounded from below on E. O

Lemma 3.2 Assume that (WO0), (A), (W1), (11) and (H1) hold. Then & satisfies the Palais—

Smale condition.

Proof The proof is standard (see, for example, [29, 30] and [31]). For any sequence

{(un, vu)}o2, C E, suppose that there is a positive constant C; such that

|¢(un: Vn)| <Cy, (1 + ” (tns Vn)“E) ||¢/(un: Vn)

g <C1, forallmeN, (10)

where E* is the dual space of E. Then (9) implies that ||(, v)|| . is bounded and then || (&, v) ||
is bounded. So there is a subsequence (u,, v,,) such that u, — u in E;*(0, T) and v, — v in
Eg‘q(O, T). Then Proposition 2.2 implies that ||, — #||c — 0 and ||v,, — v||oc — 0, and then
llety, — ut]lzr — O and ||v,, — v||ze — 0. With a similar proof to Lemma 3.1 in [29], we have
1605 u,(t) — §DYu(t)llr — 0 and ||§DS v, (£) — 6DEv(¢)||lza — 0. Hence |lu, — ull, — 0 and

Vi =vllg — 0as n— oo. O

Proof of Theorem 1.1 By combining Lemma 3.1, Lemma 3.2 with Lemma 2.1, the proof is

easy to complete. O
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Proof of Theorem 1.2 We follow the basic idea of the proof in [33]. We first investigate the

following modified system:

Do) D, (EDX (D) = V, W (£, u(t), W(2)), a.e.tel0,T],

DE(y ()P (DL v(8)) = VW (t, u(t), (D)), ae.te[0,T],
AGDE (o @, (DY w))(8) = VI(u(t)), i=1,2,...,1 (11)
AGDS (v @,6DEV))(s) = VE((s),  j=1,2,...,m,

u(0) =u(T) =0, v(0) =v(T) =0,

where j,»,I:I, ;RN > R are continuously differentiable, where i = 1,...,/and j=1,...,m,
and W : [0,T] x RN x RN — R satisfies (WO0) and the following conditions:
(i) W(t,xy) = W(t,—x,—y) forae. t € [0, T] and all (x,y) € RN x RY,
W (t,x,9) = W(t,x,y) for a.e. t € [0, T] and all (x,y) € RN x RN with |x| < &, and
ly| <85, and W(t,x,9) =0 fora.e. t € [0, T] and all (x,y) € RN x RN with |x| > §;
and |y| > 8y;
(ii) 7;(x) = Ij(~x) for a.e. t € [0, T] and all x € RN, I;(x) = [;(x), i = 1,..., for all x € RN
with x| < 83, and I;(x) = 0 for all x € RN with |x| > 83;
(iii) Fi(y) = Hi(~y),j=1,...,mforally e RN, Hi(y) = Hj(y), j = 1,...,m for all y € RN
with |y| <84, and H;(x) =0 for all y e RN with [y| > 8.
Then the solutions of system (11) correspond to the critical points of the functional
¥ : E — R defined by

b (u v)—lfT (t)|cDau(t)|”dt+1fT (t)|CDﬂv(t)|th+ii(u(t»))
W ply P gJo VN7 e

i=1

il T
+ ) _Hy(«s)) +/0 W (&, u(t), v(t)) dt. (12)
j=1

By (WO0) and (W1)/, it is easy to see that @ is well defined and @ € C(E, R). It follows from
(W1), (I1), (H1) and the definitions of W,1and H that W, 7 and & satisfy (W1), (I1) and
(H1), respectively. Hence, by the argument of Lemma 3.1, & (u,v) — +00 as [(, V) || = 00
and then it is bounded from below. Similar to the argument of Lemma 3.2, ® satisfies the
Palais—Smale condition.

Let X* be a k-dimensional subspace of X for any k € N. Then all norms are equivalent

in X*. Hence, there exist positive constants C, and Cs such that
llull}, = Callulb, IVl = CsliviiZ. (13)

It follows from (W3), (12) and (H2) that, for any given

+

1 /p* 1
M > max{ G (; + blng,pyoo), G (% + bszZ,q,Oo> }, (14)

where p* = esssupy ) p(£) and y* = esssupy 71 ¥ (£), there exists 8o := §o(M) > 0 such that

W (t,%,) = M(|xl? + y19), (15)

Page 11 of 14
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for all (x,y) € RN x RN with |x| + |y| < 8o, and

Ii(x) < b1|x/?, Hj(y) < balyl,

Page 12 of 14

(16)

for all x € RN with |x| < § and all y € RN with |y| <8y, wherei=1,...,/andj=1,...,m.

For any given 0 < px <

min(s051.5,5598) qefine
max{Ca,poo,Cg,q,00}’

Spi = {(”’V) EE|H (,v) ”E = 'Ok}'

Then, by Proposition 2.1, we have

letlloo + Voo < Capoclittlly + Cpgoollvlly < max{Cup,oc, Cogo0} || V)

S min{807 611 82! 83, 84}

(17)

for all (u,v) € S,,,. Then (13), (15), (16), (17) and the definitions of W, [ and &; (i = 1,...,,
j=1,...,m) imply that

~

D (u,v) <

IA

IA

,0+ T y+ T /
—/ |(C)D‘;‘u(t)|pdt+—/ o DEv(O)|"dt + by Y ()P
P Jo g Jo i=1

m T
+b22’v(sj)‘q—M/0 (’u(t)‘p+‘v(t)‘q)dt
j=1

)0+ )/+

el VG bl + ol — Ml — MIvI
,0+ V+

Ml VG 4 B1ICE o il + oo V1~ MGl
— MGV

(18)

for any (u,v) € S,,. So (14) and (18) imply that b (u, V)lspkmxk < 0. The conditions (i)—(iii),
(W2), (I3) and (H3) imply that ¢ isevenand & (0,0) = 0. Hence, Lemma 2.2 and Lemma 3.2
show that system (11) has infinitely many solutions {(ux, vx)} such that ||(z, vi)||[g — O as

k — oo. Then (17) implies that ||ux|lcc — 0 and ||vk|lcc = 0 as kK — o0. So there exists a

sufficiently large integer ko > 0 such that |u ()| + [vi(t)| < min{8o, 81,82, 83,84} forall k > ko.
Then the definitions of W, I; (i = 1,...,1) and I:I] (7 =1,...,m) imply that (u, v) are also

solutions of system (6) for all k > k.
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