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1 Introduction

Fractional differential equations and integrals are valuable tools in the modeling of many
phenomena in various fields of science and engineering. Indeed, numerous applications
have been addressed in viscoelasticity, electrochemistry, control, porous media, electro-
magnetism, etc. For examples and details, we refer the reader to the monographs [2, 4, 5,
16, 19, 21], and a series of recent research articles; see [23—27] and the references therein.
Recently, many researchers studied different fractional problems involving the Caputo and
Hadamard derivatives; see, for example, [3, 6, 7]. Some classes of fractional differential
equations on unbounded domains have been considered in [13]. Sufficient conditions for
the oscillation of solutions of ordinary and fractional differential equations are given in
[15, 22]. On the other hand, oscillation and nonoscillation solutions of impulsive equa-
tions have been discussed in [11, 12, 14].

The method of upper and lower solutions has been successfully applied to the study of
the existence of solutions for ordinary and fractional differential equations and inclusions.
See the monograph [20] and the paper [1, 10], and the references therein.

This paper deals with the existence of oscillatory and nonoscillatory solutions for the
following class of initial value problems for the Caputo—Hadamard impulsive fractional

differential inclusion:

el y(t) € F(t,y(t)), ae.t €] = (t b)), )
y(&) =L((&)), k=1..., 2)
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y(1) =y ®3)

where HCD‘;‘k is the Caputo—Hadamard fractional derivative of order 0 < o < 1, F: ] X
R — P(R) is a multivalued map, P(R) is the family of all nonempty subsets of R, y, € R,
L e CRR), 1=ty <ty < - <ty <buy1 <+ <00, (&) = limy_ o+ y(&x + h) and y(;) =
limy,_, o+ ¥(¢x — h) represent the right and left limits of y(¢t) at t = ¢, k= 1,....

This paper initiates the study of oscillatory and nonoscillatory solutions for impulsive
fractional differential inclusions involving the Caputo—Hadamard fractional derivative.

2 Preliminaries
In this section, we introduce notations, definitions, and preliminary facts that will be used
in the remainder of this paper.

Let C(J, R) be the space of all continuous functions from J into R.

llyllo = sup|y(8)].
te]

Let BC(J,R) be the Banach space of all continuous and bounded functions from J into R
with the norm

[7lls0 = sup|y(z)|,
te]

and let L*(J, R) be the Banach space of Lebesgue integrable functions y : ] — R with the

norm

T
Iyl = f ly(t)| dt.
1

By L*°(J,R) we denote the Banach space of measurable functions y: /] — R which are
essentially bounded, with the norm

Iyl Lo :inf{c> 0: |y(t)| <, for a.e.te]}.

Denote by AC(J, R) the space of absolutely continuous functions from J into R.
For a given Banach space (X, || - ||), we set

Pa(X) ={Y € P(X) : Y closed},
Py(X) ={Y € P(X) : Y bounded},
P (X) = {Y ePX):Y compact},
Pepov(X) = {Y € P(X) : Y compact and convex}.
A multivalued map G : X — P(X) is convex (closed) valued if G(X) is convex (closed)

for all x € X. G is bounded on bounded sets if G(B) = .. G(x) is bounded in X for all

B € Py(X) (i.e. sup,cp{supflyl : y € G¥)}}).
G is called upper semicontinuous (u.s.c.) on X if, for each xy € X, the set G(xp) is a

x€B

nonempty closed subset of X, and for each open set N of X containing G(xy), there exists
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an open neighborhood Nj of x such that G(Np) C N. G is said to be completely continuous
if G(B) is relatively compact for every B € P,(X). If the multivalued map G is completely
continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed
graph (i.e. x, = %, ¥y = Y4 Yu € G(x,) imply y, € G(x,)). G has a fixed point if there is
x € X such that x € G(x). The fixed point set of the multivalued operator G will be denote
by Fix G. A multivalued map G :J — Py(R) is said to be measurable if for every y € R, the

function
t— d(y,G@t)) =inf{|y —z| : z € G(1)}
is measurable.

Lemma 2.1 ([17]) Let G be a completely continuous multivalued map with nonempty com-
pact values, then G is u.s.c. if and only if G has a closed graph.

Definition 2.2 A multivalued map F:J x R — P(R) is said to be Carathéodory if:
(1) t— F(t,u) is measurable for each u € R;

(2) u— F(t,u) is upper semicontinuous for almost all £ € J.

For each y € C(J,R), define the set of selection of F by
Sroy = {v € L' ([1, TL,R) : v(t) € F(t,y(0)) ace. t € [1, T1}.

Let (X,d) be a metric space induced from the normed space (X, | - |). The function H, :
PX) x P(X) - R, U {oo} given by

Hy(A,B) = max{sup d(a, B), supd(A, b)}
acA beB

is known as the Hausdorff-Pompeiu metric. For more details on multivalued maps see
the books of Hu and Papageorgiou [17].

Let us recall some definitions and properties of Hadamard fractional integration and
differentiation. Let § = t%, and set

ACJ(LR) = {y:] — R, 8" 'y(t) € ACU, R)}.

Definition 2.3 ([19]) The Hadamard fractional integral of order r > 0 for a function /1 €
L'([1,+00),R) is defined as

e = o [(10gl) )
[h(t)_l“(r)/l (logs> . ds,

provided the integral exists for a.e. £ > 1.

Example 2.4 Let g > 0. Then

(Int)**9; fora.e. t e [1,+00).

1
Hrling =
Ir2+gq)
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Definition 2.5 ([19]) The Hadamard fractional derivative of order r > 0 applied to the
function & € AC§([1, +00), R) is defined as

(Hth)(t) =4" (Hlf’"h)(t),
where n—1<r<mnn=[r] +1,and [r] is the integer part of r.

Definition 2.6 ([18]) For a given function & € AC}([a,b],R), such that 0 < a < b, the
Caputo—Hadamard fractional derivative of order r > 0 is defined as follows:

n-1

H H (Sky(“) s\
Dy =D | ) - Y (log;) ®,

k=0

where Re(a) > 0 and 7 = [Re(a)] + 1.

Lemma 2.7 ([18]) Let y € AC§([a,b],R) or C{([a, b],R) and o € C. Then

n-1

8% k
HE(HeDy)(6) = y(0) - Y z(,“) <log ;";) :

k=0

3 Main results

we consider the space,

PC(,R) = {y:]—> R,y e C((tk,tk+1],R),k= 0,...,

and there exist,y(t,’;) and y(t,;),k =1,...,with y(t,;) = y(tk)}.
This set is a Banach space with the norm
lyllec = sup|y(2)].
te]

Let us start by defining what we mean by a solution of problem (1)—(3).

Definition 3.1 A function y € PC N AC((¢, txs1),R), k = 0,..., is said to be a solution
of (1)—(3) if y satisfies the inclusion HCD‘;j(y(t) € F(t,y(t)) a.e. on (t, tx+1) and conditions
y(&) = L), k=1,..., (1) = ys.

The following concept of lower and upper solutions was introduced by Benchohra and
Boucherif [8, 9] for initial initial value problems for impulsive differential inclusions of first
order. This will the basic tool in the approach that follows.

Definition 3.2 A function u € PC N AC((tx, tx+1),R), k = 0,..., is said to be a lower
solution of (1)—(3) if there exists v; € L'(J,R) such that v,(¢) € F(¢,u(t)) ae. t € J,
HCD‘t’;u(t) < F(t,u(t)) on (tx, tre1) and u(tf) < Li(u(tx)), k = 1,.... Similarly, a function
v e PCNAC((tx, trs1),R), k= 0,..., is said to be an upper solution of (1)—(3) if there ex-
ists vy € L'(J,R) such that v,(¢) € F(¢,v(¢)) a.e. t €], HCDZV(t) > F(¢,v(t)) on (&, trs1) and
v(ty) = L(v(t), k=1,....
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For the study of this problem we first list the following hypotheses:
(H1) F:J x R — Pgpov(R) is a Carathéodory multivalued map.
(H2) For all r > 0 there exists a function /4, € L*°(J,R*) with

}F(t,y)’ <h(t) forae.tejandalll|yl <r.
(H3) There exist u and v € PC((tx, tx+1), R), k = 0,..., lower and upper solutions for the
problem (1)—(3) such that u <wv.

(H4)

u(t;)< min L)< max L) <v(g), k=1,....
(&) yelule)n(E) Y yelule ()] 0) = v(t)

(H5) There exists / € L'(J,R*) such that
Hy(F(t,y),F(t,y)) <U6)ly—yl; foreveryy,y€R,
and
d(0,F(t,0)) <l(t); ae.te].

Theorem 3.3 Assume that hypotheses (H1)—(H4) hold. Then the problem (1)—(3) has at
least one solution y such that

u(t) <y(t) <v(t) forallte].
Proof The proof will be given in several steps.

Step 1: Consider the following problem:

Hepg(t) e F(t,y(t)), tely:=to,t], ()

y(1) = ys. (5)
Transform the problem (4)—(5) into a fixed point problem. Consider the modified problem

"Dy (0) € F(t, (m)(®),  te, ©)

¥(1) =y 7)

where 7 : C(J;,R) — C(J1,R) be the truncation operator defined by

u(t), y(t) < ul(t),
(t)@) = {9(8),  u(t) <y(t) < v(z),
v(t), y(t) > v(t).

Page 5 of 15
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A solution to (6)—(7) is a fixed point of the operator G : C([to, £1], R) —> Pep v (C([f0, 111, R))
defined by

1t «l d
G(y): {heC([to,tl],R)Zh(t)=y*+mA (10g§> g(s)?s}’

where g € S}, and
Sty =18 €Sk, 18(8) = vi(t) on Ay and g(t) < va(£) on Ay},

Sll_-,ry = {g eL'(J1,R):g(t) € F(t, (ry)(t)) forae te/; },
A= {t er:yt) <u(t) < v(t)}, Ay = {t €Jy:u(t) <v(t) <y(t)}.

Remark 3.4
(i) For eachye C([t, t1],R), the set 5'}” is nonempty. In fact, (H;) implies there exists
83 € Sp,p,» 50 We set

g=ViXa, +V2XA, T V3XA3s

where
Az ={te]i:alt) <y(t) <)}

Then, by decomposability, g € S} .
(ii) By the definition of 7 it is clear that for all r > 0 there exists a function
h, € L*(J1,R*) with

}F(t, (ty)(t)’ <h,(t) forae. te];andall H 7(y) ”oo <r.

We shall show that G satisfies the assumptions of the nonlinear alternative of Leray—

Schauder type. The proof will be given in several steps.
Claim 1 A priori bounds on solutions.

Lety € AG(y) for some A € (0,1). Then there exists g € S”}E,Zy such that for some A € (0,1)
we have, for each t € J;,

1t «l d
J’(t)=k|:y*+m ) (logz) g(s)?s]

This implies by (H2) that for each ¢ € /; we have

1 t £\ ds
F(a)/to(log;) )]~

(log 2)°

Ia+1)

[y (O] < 1yl +

< |J/*| + ||hr1||Loo =M.

Page 6 of 15
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Set
u= {y € C([to,tl],R) : ”y”oo <M+ 1}

From the choice of U there is no y € U such that y = AG(y) for some A € (0,1). We first
show that G: U — Pep ev(C([t0, t1],R)) is compact.

Claim 2 G(y) is convex for each y € C([to, 1], R).

Indeed, if /11, /1, belong to N(y), then there exist g1, € S}:’W such that for each t € J;

i = ! t1 N a0, =12
y* F() OgS glssr L=1,2.
Let 0 <d < 1. Then for each ¢ € J; we have
1 t £\ ! ds
(dh1+(1 d)hz)(t) T <log— dgi(s) + (1 —d)ga(s)— |-
) ), s s

Since 8L __ is convex (because F(, (t9)(-)) has convex values),

F1,ty
dhy + (1 - d)hy € G(y).
Claim 3 G maps bounded sets into sets in C([to, t1],R).

Indeed, it is enough to show that for each g > 0 there exists a positive constant £, such
that for each y € B, = {y € C([to, 1], R) : [¥lloc < g} one has [|G(y)|p < £,.

Let y € B, and & € N(y) then there exists g € S}p’ry such that for each ¢ € J; we have

t a-1 d
We) =y, + F() <log§) %

By (H2) we have for each t € J;

1 t AN ds
0] <t 7 | (1 ;) ok

(log 21)
<yl + ﬁ”h gl =4

Claim 4 G maps bounded set into equicontinuous sets of C([to, t1], R).

Let uy,uy € J1, u1 < u and B, be a bounded set of C([o,#1],R) as in Step 2. Let y € B,
and /& € G(y) then there exists g € :S‘}p,ry such that for each t € J; we have

t a-1 d
He) =y, + F() <log§) %
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Then
|h( ) h( )|_ ;/uz o ﬂ a-1 (S)é L‘/‘ul o ﬂ a-1 (s)é
e = () Jy, & s g s Ila) Jy & s g s
(log ;2)
§m||hq||L°°~

As uy — u; the right-hand side of the above inequality tends to zero. As a consequence
of Steps 1 to 3 together with the Arzela—Ascoli theorem we can conclude that G : U —
Pep,ov(C([t0, 1], R)) is a compact multivalued map.

Claim 5 N is upper semicontinuous map.

Lety, — y*, h, € G(y,) and h,, — h*. We need to show that i* € G(y*). i, € G(y,) means
that there exists g, € gi ) such that, for each ¢t € J,

1 [t ol g
hy,(t):y*+r(a)/;0(log;—:) g,,(s)?s.

We must show that there exists g* € :S’E ") such that, for each t €],

. 1 [t e\, ds
h (t)=)’*+m/t0(log;> g (S)?~

Since F(t,-) is upper semicontinuous, for every € > 0, there exists a natural number 7,(¢)

such that, for every n > ny, we have
g,(t) e F(t, ty,,(t)) - F(t,y*(t)) +€B(0,1), ae.tec].
Since F(-,-) has compact values, there exists a subsequence g, (-) such that
Gun ()= Vi) asm— oo,
and
g'() e F(t, ry*(t)), aete].
For every w € F(t, Ty*(t)), we have
€ () =& (O] =< [@1,, (&) = w]| + [w—g*(8)].
Then

|G (6) = g ()] < d(gn,, (£), F (£, T¥*(1))).

Page 8 of 15
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We obtain an analogous relation by interchanging the roles of g, and g*, and it follows
that

| (6) = g (0)| < Ha(F (£, Tya(0)), E(t, Ty (1))

= l(t)“_yn _y* ||oo

Then

t a-1 d
|hnm(t)—h*(t>|sﬁ f (log§> ) -6

(log )
<

to

“TI'a+1)

t
(log T)“/ I(s) dSHy,,m -y ||Oo
to
Thus

i, — 1] < (log%)a

T
<>o—m(logT)/1 1s)ds|yn, — 5[, — 0, asm— oo.

Hence, Lemma 2.1 implies that G is upper semicontinuous. As a consequence of the non-

linear alternative of Leray—Schauder type, we deduce that G has a fixed point y in U which
is a solution of the problem (6)—(7).

Claim 5 Every solution y of (6)—(7) satisfies

u(t) <y(t) <v(t); forallte].
Let y be a solution of (6)—(7). We prove that

u(t) <y(t); forallte .

Suppose not. Then there exist 1y, T, with 7; < 75 such that u(zy) = y(t;) and
u(t) > y(t); forallte (r1,m).

In view of the definition of v one has
Hepoy(e) e F(t, u(t)); for all ¢ € (71, T2).

An integration on (3, ¢], with ¢ € (71, 7o) and there exists g(-) € F(-, u(-)) yields

1 t el g
9O -3) = 1 / 1 (1og z) O

Since u is a lower solution to (4)—(5),

t a-1 d
u(t) —u(ty) < %/ﬁ (logg) g(S)?S; te(n,n).
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It follows from y(t;) = u(t;) that

u(t) < y(t); forallte (r1, 1),

which is a contradiction, since u(t) > y(¢) for all £ € (71, 7). Consequently

u(t) <y(t); forallte].

Analogously, we can prove that

y(t) <v(t) forallte .

This shows that

u(t) <y(t) <v(t) forallte].

Consequently, the problem (4)—(5) has a solution y satisfying u# < y < v. Denote this

solution by y,.
Step 2: Consider the following problem:

TDf y(e) € F(t,5(0)), telh:=[t,ta, (8)
y(8) =L (yo(t))- 9)

Consider the modified problem

HCD‘;‘ly(t) €F(t,y(t)), ae.te), (10)
y(t1) =1 (0o(87))- (11)

A solution to (10)—(11) is a fixed point of the operator G; : C([t1, t2], R) —> Pep o (C([t1, £2],
R)) defined by

t

1 [ ot ds
6i0) = {ne it ) 0= 1 [ (10et) e +nGol)

where g € S! . Since yo(t1) € [u(t), v(t7)], (H4) implies that
u(t)) < h(yo(t)) < v(&),

that is
u(ty) <y(8) =v(5).

Claim 1 A priori bounds on solutions.
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Lety € .G;(y) for some A € (0,1). Then there exists g € S}” such that for some A € (0,1)

we have, for each ¢t € J,,

1ot «td
y(t)=x[y*+m f <log§) g(s)f”l(yo(tl))}

This implies by (H2) that for each ¢ € /; we have

1 t t a-1 dS
t " log = it
@) < 1yl + e /:1 <ogs> lg(6)|
(log 2)° .
=< |y*| + ”T:I_I)th”LOC + V(tl) =M.

Set
u-= {y € C([tl,tz],R) Hylloo <M+ 1}.
From the choice of U there is no y € dU such that y = AG;(y) for some A € (0, 1). Using the

same reasoning as that used for problem (4)—(5), we can conclude the existence of at least

one solution y to (10)—(11).

Claim 5 Every solution y of (10)—(11) satisfies
ut) <y(t) <v(t); forallte].

Let y be a solution of (10)—(11). We prove that

u(t) <y(t); forallte],.

Suppose not. Then there exist 73, 74 with 73 < 74 such that u(z3) = y(z4) and
u(t) > y(t); forallte (r3,7a).

In view of the definition of t one has
Hepay(e) e F(t, u(t)); for all £ € (z3, T4).

An integration on (3, ¢], with ¢ € (13, 74) and there exists g € F(¢, u(t)) yields

t a-1 d
e~ y(z3) = ﬁ / (1og§) RS

3

Since u is a lower solution to (4)—(5),

t a-1 d
u(t) — u(ts) < %/n (IOgg) g(S)?S; t € (t3,T).
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It follows from y(t3) = u(t3) that
u(t) <y(t); forallte (t3,14),
which is a contradiction, since u(t) > y(¢) for all ¢ € (r3, 7a). Consequently
u(t) <y(t); foralltej,.
Analogously, we can prove that
y(t) <v(t) forallte],.
This shows that
u(t) <y(t) <v(t) foralltel,.

Denote this solution by y;.
Step 3: We continue this process and take into account that y,, := y|j,,_, .4, is a solution
to the problem

Hepe  y(t) €F(,(1)),  ae.t €= [t tml, (12)
() = Ln (¥ (1)) - (13)

Consider the following modified problem:
HCD;le(t) eF(t,y(t), ae.t€]y (14)

(t0) = Ln (1 (£,-1))- (15)
A solution to (14)—(15) is a fixed point of the operator
Gon : C(ltm-1, ), R) —> Pep.ey (C([tme1, ], R))

defined by

t a—1 d
Gm(y)z{heC([tm_l,tm],R):h(t)zﬁ / <10g£> g(s):s+lm(y(t;n_1))}.

Using the same reasoning as that used for problems (4)—(5) and (8)—(9) we can conclude
the existence of at least one solution y to (12)—(13). Denote this solution by y,,_;.
The solution y of the problem (1)—(3) is then defined by

¥o(2), telto,tl,
(8,  te(, bl
y() =
Ym-1(2),  t € (tm-1,tml,

The proof is complete. d
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3.1 Nonoscillation and oscillation of solutions
The following theorem gives sufficient conditions to ensure the nonoscillation of solutions
of problem (1)—(3).

Theorem 3.5 Let u and v be lower and upper solutions, respectively, of (1)—(3) withu <v
and assume that

(H5) u is eventually positive nondecreasing, or v is eventually negative nonincreasing.
Then every solution y of (1)—(3) such that y € [u,v] is nonoscillatory.

Proof Assume that u is eventually positive. Thus there exists T}, > £, such that
u(t)>0 forallt>T,.

Hence y(t) >O0forallz > T,,and ¢ #t, k= 1,.... For some k € N and t > t,,, we have y(£;) =
Ii(y(t)). From (H4) we get y(¢7) > u(t;). Since for each /1 > 0, u(tx + h) > u(y) > 0, then
Li(y(t)) > 0 for all tx > T,,, k = 1,..., which means that y is nonoscillatory. Analogously, if
v is eventually negative, then there exists T, > £, such that

y(t) <0 forallt>T,

which means that y is nonoscillatory. This completes the proof. d
The following theorem discusses the oscillation of solutions to problem (1)—(3).

Theorem 3.6 Let u and v be lower and upper solutions, respectively, of (1)—(3), and assume
that the sequences u(ty) and v(tx), k = 1,..., are oscillatory. Then every solution y of (1)—(3)
such thaty € [u, V] is oscillatory.

Proof Suppose on the contrary that y is a nonoscillatory solution of (1)—(3). Then there
exists T, > 0 such that y(¢) > 0 forall £ > T),, or y(¢) < 0 for all £ > T}, In the case that y(t) > 0
for all £ > T, we have v(#) > 0 for all > T),, k = 1,..., which is a contradiction since v(t)
is an oscillatory upper solution. Analogously in the case y(¢) < 0 for all £ > T, we have
u(ty) <0forall t; > T), k=1,..., which is also a contradiction, since u(t;) is an oscillatory

lower solution. O

3.2 An example
We consider the following impulsive fractional differential equation:

Hepey(t) e F(t,y(t)), aete)=(t, trs1),0<a<lk=1,..., (16)

2(&) = k(&) k=1,..., (17)

y(1) = s (18)
where

F(t:y) = {V eR :fl(t:y) <V sz(t»y)},
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fifo :] xR — R. We assume that for each ¢ € ], f1 (¢, -) is lower semicontinuous (i.e., the set

{y e R:fi(t,y) > 8} is open for each § € R), and assume that for each ¢ € ], fa(t, ) is upper
semicontinuous (i.e., the set the set {y € R : fo(t,y) < §} is open for each § € R). Assume
that there are z € L*°([0, T'], R*) such that

max(|fi(t,9)], |o(t.y)|) <2(t), t€],andallyeR.

It is clear that F is compact and convex-valued, and it is upper semicontinuous. Assume
that there exist g;(-), g2(-) € L*(J, R) such that

a®) <max([it,9)], |at.y)]) <@t) forallte/,andyeR,

and foreacht €]

t d t d
flgl(s)f §1k</1 gl(S)?S), keN,

t d t d
/lgz(s)?s Zlk(/l gz(s)?s), keN.

Consider the functions

u(t) :=/1 gl(s)é, v(t) :=/1 gQ(S)é.

N N

Clearly, u and v are lower and upper solutions of the problem (16)—(18), respectively; that

is,

He Do) §f(t, u(t)) forallt e Jandally e R,
and

Hepoy(e) zf(t, v(t)) forallt € Jandally e R.

Since all the conditions of Theorem 3.3 are satisfied, the problem (16)—(18) has at least one
solution y on J with u <y <v.If g1(¢) > 0 then u is positive and nondecreasing, thus y(t) is
nonoscillatory. If g5 (£) < 0 then v is negative and nonincreasing, thus y(¢) is nonoscillatory.
If the sequences u(tx) and v(¢) are both oscillatory, then y(¢) is oscillatory.
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