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Abstract

This paper is devoted to investigating the dynamics of a diffusive Leslie—-Gower
predator—prey system with ratio-dependent Holling Il functional response. We first
establish the stability of positive constant equilibrium, and show the condition under
which system undergoes a Hopf bifurcation with the explicit computational formulas
for determining the bifurcating properties. Especially, when the positive constant
equilibrium loses its stability, a supercritical Hopf bifurcation with spatial
homogeneous and stable bifurcating periodic solution occurs. Finally, we discuss the
existence and nonexistence of nonconstant positive solutions with the help of
Leray-Schauder degree theory and the implicit function theorem.
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1 Introduction

As one of the most common mutual relationships between two populations in nature,
predator—prey relationship plays a significant role in ecology and mathematical biology.
In mathematics, one way to model this relationship is by using differential equations with
various types of predator’s functional responses, which is a key component of a predator—
prey relationship. Leslie and Gower in [16, 17] introduced a functional response, called
Leslie—Gower functional response, to describe that reduction in predator population has
a reciprocal relationship with per capita availability of its preferred food. A Leslie—Gower

predator—prey system generally has the following form:

&= (1 - £) - yf (),
& =)’(1 _1%);
x(0) > 0,9(0) >0,r,5,K,p >0,

(1.1)

where p is the conversion factor of the prey into the predator, and the term y/(px) is called
the Leslie—Gower term representing the loss of the density of the predator due to rarity of
the prey.
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In recent years, there have been many theoretical results obtained for system (1.1) with
different functional responses f(x), such as Holling type I (f(x) = ax) [3, 8, 12, 14], Holling
type II (the so-called Holling—Tanner model, f(x) = mx/(b + x)) [2, 8, 9], Holling type III
(f(x) = mx?/[(a + x)(b + x)]) [8, 11], and Holling type IV (f(x) = mx/(b + x)) [19]. There
is a recognition that spatial distribution patterns and dispersal mechanisms can cause
the complexity and rich dynamical behavior of ecological modeling. The Leslie-Gower
predator—prey system with diffusion has been investigated in a certain range [4-6, 13,
22].

In characterizing predator’s functional response, ratio-dependent functional response is
an important form. It is a predator-dependent functional response and has a better mod-
eling for a predator—prey system [1, 10, 15, 18, 24, 25, 28, 32]. Motivated by the existing
studies and the above considerations, we replace f(x) by f(x/y) and consider spatial dis-
tribution patterns and dispersal mechanisms in (1.1). Making a suitable nondimensional

scaling, system (1.1) reduces to

%—’;:dlAu+u(l—u)—u§’f;flz, x€2,t>0,
% =dyAv+ (1 -7), x€2,t>0, 12)
Ju =2, x€082,t>0,

u(0,x) = up(x) >#£0,v(0,x) = vo(x) >£0, x€ £2,

where u(x, t) and v(x, t) represent the densities of prey and predator at location x € 2 and
time ¢ > 0, respectively. £2 € R” (n € N) is a bounded domain with smooth boundary 9£2.
d; and d, are diffusion coefficients, and «, m, B are positive constants. In [26], Shi and Li
introduced system (1.2) and established the stability of the positive equilibrium and uni-
form persistence of the solution semiflows. Shi et al. in [27] considered the existence of
the Turing—Hopf bifurcation where the Turing instability curve and the Hopf bifurcation
curve intersect. Yang and Li in [30] obtained a sufficient condition for global asymptotic
stability of the positive equilibrium by constructing recurrent sequences and using an it-
erative method. Zhou in [33] established the existence and the bifurcating properties of
Hopf bifurcation of system (1.2) by using 8 as a bifurcating value.

The purpose of the present paper is to investigate dynamics of system (1.2), including the
stability of the unique positive equilibrium, the existence and the bifurcating properties of
Hopf bifurcation, the existence and nonexistence of nonconstant positive solutions. The
main contributions have three aspects:

1. A larger parameter range of local stability of the unique positive constant
equilibrium is established;

2. Using the predation rate « as the bifurcating value, we show that system (1.2)
undergoes a Hopf bifurcation and derive the explicit computational formulas for
determining the bifurcating properties. In particular, a supercritical Hopf
bifurcation with spatial homogeneous and stable bifurcating periodic solutions
occurs;

3. If the diffusion coefficients di, d, are sufficiently large, then system (1.2) has no
nonconstant positive solutions. With the help of Leray—Schauder degree theory, the
existence of nonconstant positive solutions can be obtained when d;/d, is small
enough.



Chang and Zhang Advances in Difference Equations (2019) 2019:76 Page 3 of 23

Our paper is organized as follows. In Sect. 2, we establish the stability of the unique pos-
itive constant equilibrium. In Sect. 3, we discuss the condition under which system (1.2)
undergoes a Hopf bifurcation and derive the explicit computational formulas for deter-
mining the bifurcating properties. Especially, a supercritical Hopf bifurcation with spatial
homogeneous and stable bifurcating periodic solutions occurs. Finally, we investigate the
existence and nonexistence of nonconstant positive solutions by using a priori estimates,
Leray—Schauder degree theory, and the implicit function theorem.

2 Stability of constant equilibria
In this section, we investigate the stability of constant equilibria of (1.2). From [26], we
know that system (1.2) has a unique positive solution, denoted as E* = (,0) with 6 =1 —
al/(1+m),if a <1+ m.]Itis not difficult to see that system (1.2) has a semi-trivial constant
solution E; = (1,0).

To discuss the stability of constant equilibria of system (1.2), we first make some no-
tations. It is well known that the operator —A in 2 with the homogeneous Neumann
boundary condition has eigenvalues

i€ Ai={p;:0=po<py <---<p;<---,ieNo} (2.1)

and the corresponding eigenfunctions are ¢;;, where Ny := N U {0}. Let S(u;) be the sub-
space generated by the eigenfunctions ¢;; corresponding to w;, m(u;) be the multiplic-
ity of p;, and {¢,7}Z(l“i) be an orthonormal basis of S(u1;). Define X;; = {c¢; : ¢ € R?},
X = @;:(1’”))(,7, and

X= {(u,v)T € [Cl(.(_z)]2 :0,u=0,v=0o0n 8.(2}
satisfying X = @5, X;.
The stability of the equilibria can be obtained by analyzing the distribution of the eigen-

values of the characteristic equation corresponding to the linearized system of system
(1.2). Then we have the following results.

Theorem 2.1 E; = (1,0) is unstable.

Proof The linearized system of system (1.2) at E; can be written as

()2 (0) (0 3) (),

with D = diag(ds, d,). By using the fact above, the corresponding kth characteristic equa-
tion of (2.2) is

22— (=(dy + da)us + B = 1)A + (drdapi — (Bdy — do) i — B) = 0. (2.3)
When k = 0, two roots of (2.3) are —1 and 8, which implies that E; is unstable. O

Theorem 2.2 E* is locally asymptotically stable if one of the following statements holds:
(A) m>1landa <1+ m;
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(B) m<1andot§%;

(C) m<1,B<im M<oz<(1+,8)%,m/1dZ—;>c~z’:: Lom

1+m’ 2 B(l+m)’
2 ~
(D) m<1,ﬁzh—$,%<a<l+m,and§—;>d.

Proof We now prove the local asymptotic stability of E* by analyzing the distribution of
eigenvalues at £*. The linearized system of system (1.2) at E* is

e\ _pal?). K K\ (e (2.4)
Yy 4 B -B)\v)’ '

and the kth characteristic equation of (2.4) is

22 = TRi (o)A + DETx (@) = O, (2.5)
where
20 a(m—-1)
Ki=—-1, Ky=— 2.6
! (1 + m)? 2 (1 +m)? 26)

and

TRi(a) = —(dy + do) ik + K1 — B,

DETy(«) = didapui — (Kida — Bed) pux + 0. (2.7)

Note that if TR;(«) < 0 and DET)(«) > O for all i,j € Ny, then E* is locally asymptotically
stable. It is clear that if K; < 8, then TRy(«x) < 0 and TRy («) < 0 for all k € N. If K; < 0, that
is, @ < (1+m)?/2, then, obviously, TRi(x) < 0 and DET(«) > O for all k € Ny. If 0 < K; < 83,
that is, (1 + m)*/2 <o < (1 + B)(1 + m)*/2, then TRo(«) < 0 and TR;(ep) < O for all j € N.
Note that

2
DET(x) = dldzpl,]% - <<ﬁ - 1>d2 - ﬂd1>:u’k + Bo

> dvdap — ((2(1 +m) _ 1>d2 - ﬂd1)ﬂk

(1 +m)?

= Mk(dleMk - ((é : Z)>d2 - ,Bdl))'

Then DET () >0 forall @ <1+ m, if m <1 and dy/d, > (1 — m)/(B(1 + m)) or m > 1. To

sum up above, we obtain the local stability of E* and complete the proof. O

Figure 1 shows the region of stability of equilibrium E* in the m — « plane. E* is globally
stable with the m — « plane belonging to the yellow region, which is given as (go + 0)(1 +
m)?e5 —a(1—meo)(1+6) >0 with &g = 1 —a/(24/m) > 0 in [26]. E* is locally asymptotically
stable with the m — o plane belonging to the red region (corresponding to case (A) and
case (B) in Theorem 2.2), which is also given in [26]. Here we give a new local stability

region of E* (see the blue region) corresponding to case (C) or case (D) of Theorem 2.2.
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The Stable Region of E-

Unstable

Global Stable

o] 0.5 1 1.5 2 25

Figure 1 The parameter ranges in the m -« plane for the stability region of £*. Here d; =3, d, =0.5

3 Hopf bifurcation and its properites

In this section, we focus on the case that system (1.2) undergoes a Hopf bifurcation near
E* for the spatial domain 2 = (0,/7) with / € R* = (0, +00). Then the eigenvalue p,, is
n%/1% and the corresponding eigenfunction ¢, (x) is cos(nx/[) for all n € Ny and x € £2. Our
results in this section can also be adapted to higher spatial domains. By cases (A) and (B)
of Theorem 2.2, the potential bifurcating value should satisfy a € ((1 + m)2/2,1 + m) with
m < 1. To study Hopf bifurcation near E*, we need to verify the condition under which
the corresponding characteristic equations of the linearized operator of system (1.2) have
a pair of simply pure imaginary roots, all other eigenvalues have non-zero real parts, and
the transversality condition holds.

From [31], if ¢* is a Hopf bifurcation value, then there exists k € Ny such that

TRk(a*) =0, DETk(a*) >0, and 1)
3.1
TR;(*) #0, DET;(a*) #0, for; € No/{k},

and for the unique pair of complex eigenvalues §(«) £ iw(cr) near the imaginary axis,
8'(a*) #0, (3.2)

where TRy («) and DET(«) are defined in (2.7).

If k = 0, then TRy(a) = K7 — B, DETy(c) = BO > 0. Let TRy(«x) = 0, then o = g := (1 +
B)(1+m)?/2 with B < (1-m)/(1+m),and TR;(ap) < 0, DETj(etg) > 0if dy /d > d for allje N,
which implies that there exists a pair of simple pure imaginary roots of the characteristic
equations of system (2.5) at E*, and other eigenvalues has negative real parts.

We now consider ag < o < 1 + m. It follows from TRy(x) = 0 that o = a4 = g +
(1 + m)*(dy + da)k*/(21%). In this case, for each j € No/{k}, TRi(ax) # 0, DET (o) > O if
dy/dy > d. 1t is noted that there are only finite positive integers k satisfying (3.1) since
ak € («o, 1 + m). Then the maximum positive integer, denoted as Nj, is the integer part of
IJ/A =m—BQA+m)/((dr +da)(1 +m)).

We next verify the transversality condition (3.2). If §(«) £ iw(«) are the roots of (2.5),
then

dy +dy) K2
5(a) = TRS(“) L 1; 2)1—2 " +“m)2 1 ;’8, (o) = vDETx(@) - 82(a),
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and

/ * 1
8(a )=(1+m)2

>0,

where o* represents one of the bifurcating values o with k € [0, N;].
Summarizing our analysis above, we obtain the following conclusion.

Theorem 3.1 Assume that m< 1 and B < (1 —m)/(1 + m). If d1/d, > d, then system (1.2)
undergoes a Hopf bifurcation near E* at o = o, where

2 2
o= *2’“) (1 B+ (dy +d2)’;—2>, kel0,N],

and N, is the integer part ofl\/(l —m - B(1 +m))/((d1 + d2)(1 + m)). Moreover, the spatial
homogeneous bifurcating periodic solutions bifurcate from o = ay, and the spatial non-
homogeneous bifurcating periodic solutions bifurcate from o = oy with k € [1,Ny].

We now establish the computational formulas for determining the properties of Hopf bi-
furcation, including the bifurcating direction and stability of periodic solutions bifurcating
from E* at o = g with k € [0, N;], by using the normal form theory and the center mani-
fold argument presented in [7, 31]. Fix k € [0, N1], let & = o, @ = w(ak), 6=1-a&ll+m),
and A = Hiw(ax) = i@ be the purely imaginary roots. By making the change of variables
u(x,t) —6 — u(x, t) and v(x, t) — 6 — v(x, 1), system (1.2) can be rewritten as an abstract

form at o« = @ by
U =L&)U+ F@& U), (3.3)

where U = (u,v)7,

L(@) = d 0 A+ K K
0 dy B -B

(D O)as ot =1 it? , (3.4)
0 d B -B

F@,U) - (F e ”)) ,

Fz(a, U)

and

PG 1) = —— i ,

1 +m)2((1 + m)O? + u? + mv2 + 20(u + mv))

5 2
Fy(a,U) = ﬁ(v+§)<1 - Lq) - Bu+ Bv- M,
u+6 u+6

A =—(1+m)®0* + (2(1 +m)? - 2&)u3 -1 +m)ut+ 2m((1 +m)? - &)uv2
—a(m—1)mv® — mu*v(@3 +m) + (1 +m)*) — (1 + m)*0*(@ - 1 +4u

+m(2u +2v - 1)) — 0 (41 + m)*u® + 2mu(&(5 + m) + (1 + m)*(v - 2))v
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-m(26(1 - m) + (1 +m)*)V* + u?(&(5 + 2m + m*) + (1 + m)*(2mv - 5)))
-1+ m)éZ((6 +7m + mz)u2 + m(Z& + (1 +m)(-2+ v))v

+2u(a(2 + m) + (1 + m)(2mv — 2 — m))).

Define (-, -) to be the complex-valued L? inner product on a Hilbert space X¢ as
14
(Ul,Uz) =/ (ﬁ1u2+171v2)dx, L[iz(u,»,vi)TeX@ = X +iXwithi= 1,2.
0

Let

L*(~)— d1A+k1 ﬂ
= K, doA-B]"

Then the corresponding eigenfunctions of L(&) and L*(&) for eigenvalues A = £i® are
q=q(x) = (1,b)7 cos(kx/1), q =q"(x) = (a’,;, bZ)T cos(kx/[),
respectively, where

dw-K @ | Ky —dyp
=+ — aj=—+———i,
I(z 1(2 21—‘k 2C()I—‘k

K. o k
by = 2, Tk :/ cos®( —« ) dx,
Za)Fk 0 l

and g and g* satisfy (¢*,¢) = 1 and (g*,g) = 0.
LetX = XC D XS with

by

Xc={zg+zq:2z€C}, Xs={U eX:(q", U)=0}.

Thus, for any U = (u,v)T € X, there exist z € C and w = (w;,w,)T € X such that U =
zq + zq + w. Substituting it into system (3.3), we get

z=iwz+ {q", F), (3.5)
w=La)w+ H(z,z,w),

where
H(z,z,w) = Fo - (q*, Fo)q — (7", Fo)q, (3.6)
and
o 1 1 \
Fo=F(a,zq+zq+w)= EQuu + gCuuu +O(IU)*),
here,

Qqq = (ck, di)T cos®(kx/l), Qg7 = (e, fi) T cos®(kx/), Cuga = (gr> 1) T cos® (kx/1)
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and
2a(m - 3)ym(@* - 0 +dipr)?) 4am(3—m)O + dyji)d
cr=-2+ = .~ +1 = ~
K2(1+m)30 K3(1+m)30
d - 28(&* — (0 + dyu)?) B l.4/3(§ +d1 L)@
K20 R0

. 263 — m)ym((0 + dy i) + &%)
- _

- _ 2,
K2(1 +m)30

20 + dipe)” + )

fe=

i
—2am ~ 2T ~
o= W (3(0 + dyi)* (4K2(1 = m) + Ky (1 + (m — 6)m)
—dy (1 + (m - 6)m) i) + (2K5(3 + (m — 8)m) + 3K (1 + (m — 6)m)
-9 i20ma ~ 5 )
— 3d1(1 + (m - 6)}’}’1)/1,]()&) ) + m([(z (9 +m" - 14‘7}’1)
+ 4-1~<11~<2(3 + (m - 8)m) + 31~<12(1 + (m — 6)m) —4d,\K, (3 + (m — 8)m)uk
- 6d11~(1(1 + (m — 6);71),11,/< + 3(1 + (m — 6);71)(61%,@,2< + 5)2)),
i 2B(3(0 + dypi)* + @) . 4B0 +dipr)d
= — — i
¢ K26 K6
Denote
H. H,
H(z,zw) = %zz + Hi2z + %zz +O(l2] - wl). (37)

Then comparing the coefficients of the same order of z and z in (3.6) and (3.7), we have

0, k=0, 0, k=0,

Hy = . Hy = .
(ck di)T cos?(§x), k€N, (ex fi)T cos*(§x), keN.

Let
LN

- Woa_
w= 722 + W22 + TZZ +0O(|z?).

Then, by [7, 31], we have

-1 (B+da g +20i)cy +Kody 20k
35 Ceprtar iy saong,) 5 (1% ke
Wao =
X k=0,
1 ( (Brdapp)er+Kofy 2k
E(ﬁekﬂdl#k*f(l)fk) cos’(7x), keN,
w1 =
0, k=0.
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Denote

Z=ibz + Z %zi? +O(|z1*). (3.8)

2<i+j<3 7*

Then, comparing (3.5) and (3.8), when k = 0, we have Q,,,5 = Qu,y7 = 0,

=——(a(m-3)m(K? - K? + &) - 2BK:0(1 + m)® — K2(1 + m)0
g0 K22(1+m)39( (K? - K3 ) —2BK> 5 )

+ ———(BKy(1 + m)3(6% = &%) + am(m — 3)(K162% + (K + 2K>)@*
s mpah (BKx( )*( )) ( ) (K1 (K3 2)®%)

+ K K2(1 + m)30),
&(m —3)m(62 + &) i

_ 4 — _((6? + &) (@mK,(m - 3)
RA+mpd K1+ mpab ( )(@mky

gu=-1-

+ BK(1 + m)®) + Ko K3 (1 + m)*0),

8B -m)m+ (1 +5m —2m?)) 2B(B( + m + 4m?) + (4m? — 3m - 3))
N BT+ mP(BA—m2) — (m—12) ' (L+ BB +m) +m— 1)1 - m?)d)

)

and when k € N, we get go0 = g11 = go2 = 0 and

&1 =2(q" Quing) + (@ Quang) + (¢ Caga) = @11 + igour,

where

-1

—  (-3BK(1+m)%@ +d 0 +dy i)’ + &
21(23(1+m)65)292( B Ko (1 +m)°(0 +dyjui) (0 + dip)” + &%)

1R =

+&@*(m - 3)*m*((0 + dypw)? + @) (23} + 207 — 2K, 0

— (5dxkKs +2d1 2Ky + Ko)) i) + K3 (2K — 2dh pic — 5dapuie) 0% (1 + m)°

+ alkom(1 + m)*(3K; (1~(2(9 +m* — 14m) — 2d, (3 + m®* — 8m) i) &>

+ 30 (—6K; (m — 1) — d1 Ky (9 + m* — 14m) i + (3 + (m — 8)m) (di iy + &%)
+ 2K (m - 3)(1 + m)(f(l2 + 21~(22 —(6d; + 5dy) Koy + dlu,%(Bdl +7dy) + 5)2)5
— (m = 3)(1 + m)(1ux (2(2d; + 5d2)K;5 — 2d (3dh + 5d) Ko pui

+d2(2dy + 7dy)pi}) + (2 ik — 2K + Tdopi)@d?) 0

+K2(3(3 + (m - 8)m)@” + (m — 3)(1 + m)A(6K, — 641 j1x — Tda k)

- B+ m)*(a(m - 3)m(((0 + drx)* + @) (2KT + 3K3 - 5(dy + do) Ko i
+2d}pd + Ko (5K, — 4dy ) + 20%) + Ko (707 - 7Ky - 5K,

+ 7d1,uk)(é + dluk))é) + I~<22(1 +m)® (—3(—9~ —di i )® + (7I~(l2 + 10K, K,

+3K3 — (7d2Ks + 2d1(7Ky + 5Ks)) i + 7dijuf + 70%)0 + 5K20%))),

g1 = (2B%K,(1 + nfz)6(5(9~ +dip)t + 700 + dy i)’ + 2504)

4K3(1 + m)5@362

+2a%m*(m - 3)*((0 + dypi)* + @) (2K* + 5o pax ((d pax — K1) (0 + i )
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Let

i
c1(0) = — (gzogu —2|gnl* -
20

+@?)) +2K3 (207 + 5da i (K — dyur)) (1 + m)°6% — am(1 + m)*(9OKT (1

+(m —6)m)®* + 9d1 (1 + m(m — 6)) uid* + 3K3 (9 + (m — 14)m)&*

+9(1 + m* — 6m)@°® — 2Ky (m — 3)(1 + m)®* (5da Koy + 4K5 — 20%)6

+ 2d3 Ko 113 (<9(3 + m® — 8m)@* + 5dy(m - 3)(1 + m) i) + 2K3(9(Ko (3 + m?
~8m) —2d1 (1 + (m — 6)m) i) &* — 5o K0 (m — 3)(1 + m) i) + dipfd* (9K3 (9
+m* = 14m) + 18(1 + m* — 6m) " — 2Ky (m — 3)(1 + m)0 (15d2 K pic — 20%))
+ K7 (9% (K3 (9 + m® — 14m) — 6d1 K (3 + m* — 8m) jux + 2(1 + m?

- 6m) (3d; i + %)) — 2K, (m* — 2m — 3) (15da i (K — dy puie) — 20*)0)

+2d1 Ko i (180° K3 (m — 1) — 9(3 + m® — 8m) @™ + (m — 3)(1 + m) (4K
+5do i (2K3 + @°))0) — 2K (184 (1 + m? — 6m) ™ (ds iy + @°)

—9K5(3 + m® — 8m)@* (3d1} + &%) + Kopuye(m — 3)(1 + m) (15d3dr 13

+ (4d; + 5d5)®%)0 + 2K3 (9(m — 1)@” + 5da (m* — 2m — 3) 11,0

+ K3 (9d1 (9 + m* — 14m) uy® + 2(m - 3)(1 + m)d (20* — 15d1d>113)) )

+ B +m)* (K31 +m)* (90 + diux)*@* + 3@ + 10(—(0 + di ) (K}

+ K (Ko = 2d ju) + pie((dy — dn) K + pd?)) + (Ky — dip)@? )0

+ 10K, (Ky — di114)0?) + 2&(m — 3)m(5K; + 5K (4K, — 5d k) — 5peie(d p

— Ko (~di Ky + do Ky + d k) + (Ko — dh i) (K3 + (5 — 11d) Kopuy

+10d; 1) &* + (Ky - 51 jui)* — Ko (2K, + 5y pie)@” + 5d i (K — d 11x)*) 6
+5K3 (6K5 +2(0* + 5diju3) + Ko ((da — 16dy) i +0)) + K7 (20K;

—10d; ju (52 3 + 30°) + 3K (7@7 + 5d i (8 pax — dapk — 0))

+5K3 (3(dy — 6d1) pk +20)) + K1 (5K + 5(5d 11 + 6d iz + &%)

+2K3 (60 — 5d1 jux (20 + 3(3dy — da) i) + 5K (3 — 8dr) pux + 6)

+ Ky (15d3 i (dopi + 0) — 80d i — 424y jurd* + 5% (dapui +9))))).

lgozlz) L& = Re(c1(0))
) 2 = _f}
3 2 Re(V(@)) 59

T, = —%(Im(cl(O)) +u2(Im(X(@)))), B3 =2Re(c1(0)).

Then the coefficients in (3.9) determine the properties of the Hopf bifurcation as follows:

(i) w3 determines the direction of the Hopf bifurcation: if u3 > (<)0, then the direction
of the Hopf bifurcation is forward (backward), that is, the bifurcating periodic

solutions exist with a > (<)a;

(i) B; determines the stability of the bifurcating periodic solutions on the center

manifold: if 85 < (>)0, then the bifurcating periodic solutions are orbital
asymptotically stable (unstable);

Page 10 of 23
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(iii) T, determines the period of the bifurcating periodic solutions: if T5 > (<)0, then the
period increases (decreases).
In particular, when & = 0, it follows from (3.9) that

12m B

_ ; 2,2
@O = T Gam —a—m) s Am - DA+ m)es (201 ~3m)
+ B*(7 + m(6 + m)(3 + 8m)) + B(m(~26 + m(53 + 8m)) - 7)), (3.10)
and
. 12m 0
M= AT —pasm
. 24m
B

S T mPBArm) —(—m) "
_ 2(B*(m(=36 + m(=51 + 10m)) = 7) + B(7 + m(8 + m(=53 + 10m))) + 2(1 — 3m)?)
B 3B(1+ B)(m— 1)1 + m)2(B(1 + m) — 1 + m)?

T, .
This means that when o = «, system (1.2) undergoes a supercritical Hopf bifurcation and
the bifurcating periodic solution is spatial homogeneous and orbital asymptotically stable.

Remark 3.1 Compared with [33], here the reason for using « as a bifurcating parameter
is that we can give a more detailed analysis of Hopf bifurcation when the spatial homoge-
neous bifurcating periodic solution comes out, including the accurate bifurcation direc-
tion, the certain stability of bifurcating periodic solution, and the computational formula

of the tendency of the period.
In order to illustrate our results, we do some numerical simulations for different «. Let

d =3, dy = 0.5, =2, B=0.1, m=04<1,

up =0.2 + 0.1cosx, Vo =0.2 +0.1sinx.

A straightforward calculation leads to the first bifurcating value o = 1.078. When o =
0.578 < a, Fig. 2 shows that the solution of system (1.2) converges to £* = (0.587,0.587).
When « = ag, Fig. 3 shows that system (1.2) undergoes a Hopf bifurcation and the peri-
odic solution bifurcates from E* = (0.23,0.23). In this case, using the formula of (3.10),

u(x,) v(xt)

Figure 2 £* =(0.587,0.587) is locally asymptotically stable with o = 0.578
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u(x.t) vxt)

Figure 3 System (1.2) undergoes a Hopf bifurcation near £* = (0.23,0.23) with o = 1.078

¢1(0) = =5.324 - 1.965i and T, = 3.244 > 0 imply that the period of the bifurcating periodic
solution increases.

4 Nonconstant positive solutions
In this section, we establish the nonexistence and existence of nonconstant positive solu-
tion (u(x), v(x)) € [C*(£2) N C1(£2)]? of system (1.2), where (u(x), v(x)) satisfies

diAu+u(l—u)— oy =0, x€8,

u2+m1/2
dyAv+ Byv(l-+) =0, x € 2, (4.1)
du _ 0
S =5,=0, x€082.

4.1 A priori estimates of nonnegative solutions
In this subsection, we derive a priori estimates of nonnegative solutions of system (4.1).
We first introduce some known results.

Lemma 4.1 (Maximum principle [21, 22]) Assume that f € C(82) and c; € C(82) with j =
1,2,...,n.
(i) Ifw e C(£2) N C*(82) satisfies

Ao+ YL oy +f(x) >0, xe,
ho =0, x €082

and w(xp) = max, g w(x), then f(xo) > 0.
(ii) Ifw € C1(2) N C*(2) satisfies

Ao+ S Wy +f) <0, xe 2,
ava) Z 0; X € 89

and w(xy) = min, s w(x), then f(xy) < 0.

Lemma 4.2 (Harnack inequality [20, 22]) Ifu € C*(£2) N C'(£2) is a positive solution of

Au(x) + b(x)u(x) =0, x¢€ £,
o,u=0, x €02,
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where b € C(£2) N L*°(£2), then there exists a positive constant L which depends only on M,
satisfying ||b|| o < M, such that

max u(x) < L min u(x).
xe2 xe2

We now establish a priori estimates of nonnegative solutions of system (4.1).

Theorem 4.1 If (u(x), v(x)) is a positive solution of system (4.1), then

0 < min #(x) < minv(x) < max v(x) < max u(x) < 1.
xe2 xe2 xe2 xe2

Proof Assume that (u(x), v(x)) is a positive solution of system (4.1). From the first equation
of system (4.1), we have

au’v

diAu+u(l-u)= -5 =0.
u® + my
Let u(xo) = max, s u(x). From Lemma 4.1, we have u(xo)(1 — u(xo)) > 0, that is,
max,. g u(x) < 1.
Let v(x1) = max, g v(x). Then we have

0< ﬂV(x1)<1 - Vm)) < ﬁV(xl)(l _Ya) >

u(x1) u(xo)

that is, max, g v(x) < max, s u(x).
Let v(x;) = min g v(x). It follows from Lemma 4.1 that

g (1-22) <o,
u(x,)

that is, min, g v(x) > u(xy) > min, s u(x). O

Theorem 4.2 Assume that d is a positive constant. If di > d, then there is a positive con-
stant L such that each positive solution (u(x), v(x)) of system (4.1) satisfies

0 < max u(x) < L min u(x).
xe2 xe2

Proof Let

bx) = u(x) (1 ) - uzau(x)v(x) )

dy (x) + mv2(x)
Then the first equation of system (4.1) can be written as
Au(x) + b(x)u(x) = 0. (4.2)

From Theorem 4.1, we have b(x) € C(£2) N L*°(£2). It follows from Lemma 4.2 that the
conclusion of Theorem 4.2 holds. O
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From Theorems 4.1 and 4.2, we conclude that there exists a positive constant ¥ such
that

minu(x) >k,  minv(x) >« (4.3)
xe2 xe2

for any d; > d and any positive solution (u(x), v(x)) of system (4.1). By using the standard
Schauder theory for elliptic equations, we also conclude that there exists a positive con-

stant « such that
”M”2+y <k, ||V||2+y <k (44)

for all dy,d, > d and each positive solution (,v) € C>*7(£2) x C**7(£2) of system (4.1),

where d is a positive constant and y € (0, 1).

4.2 Nonexistence of nonconstant positive solutions
In this subsection, we explore the nonexistence of nonconstant positive solutions of sys-
tem (4.1) for different diffusion coefficients d, d.

We first show that if diffusion coefficients of predator and prey are both sufficiently large,
then system (4.1) has no nonconstant positive solutions. Let # = [22|™ [, oulx)dxand v =
|27 fg v(x) dx for any positive solution (u, v) of system (4.1). It is clear that f_Q (u—u)dx =
Jo(v = ¥)dx = 0. Multiplying the first equation of system (4.1) by u — & and the second

equation of system (4.1) by v — ¥, then integrating on £2, respectively, we have

d1/|V(u u| dx = /(u w)u(l —u)dx — /(u u)uz‘x:‘n‘q’vz
= L1(u,it) + Ly(u, i1, v), (4.5)
dg/’VV v|dx ,3/1/ v[(l——)—v(l %)]dx
:,3/ (v=9)2dx + Ls(u, v, V), (4.6)
fe)

and the following.

Theorem 4.3 Let dy be a positive constant. Then system (4.1) has no nonconstant positive

solutions for any dy, d, > dy.

Proof Assume that (1, v) is a positive solution of system (4.1). From Theorem 4.1 and (4.3),
we have k <u,v<1landk <it, ¥ <1 foranyx e §2. Then

Li(u,u) = /Q(u - L't)[u(l —u)—u(l - L't)] dx

:/(u—z})z(l—u—it)dx
2

< fg(u—mz dx,



Chang and Zhang Advances in Difference Equations (2019) 2019:76

LZ(”rﬁ:V)Z—a/(u_ﬁ)( uv 2y )dx

o u2 +mv: U2+ mi?

(e — 2)*mvv*(u + it)
= - d
¢ /g ( *

u? + mv2)(u? + mv?)

—a / (u— &) v — V)i (uz - me/) dx
2

(12 + mv2)(u? + mv?)

(u—-n)(v-vu? -,
50{/9( (mvv—u?)dx

u? + mv2)(u? + mv?)

< u:)lwfg(u—ﬁ)(v—f/)dx

EBl</ (u—ﬁ)zdx+/(v—17)2dx),
2 Q

2 32
Ls(M,V,l_/)=—,3/Q(V—17)(%—§)dx

_oV+V V2 _ _
:—,B/S2(V—v)27dx+,3/9E(u—u)(v—v)dx

§Bz</9(u—it)2dx+/;Z(V—D)zdx>,

where By = a/(2(1 + m)k*) and B, = B/(2«?). It follows from (4.5) and (4.6) that

<!

d, / |V(u - ﬁ)|2dx <@ +B1)/ (u—u)dx + B / (v-7)2dx (4.7)
2 2 2
and
d2/ IV-7)| dx < (8 +Bz)/ (v-7)*dx +32/ (u - i1)* dx. (4.8)
2 2 2
Combining (4.7) and (4.8) and applying the Poincaré inequality, we have
d1/ |V (u - ﬁ)|2dx+d2/ |V(v—7)| dx
2 2

5(1+Bl+Bz)f(u—ﬁ)zdx+(ﬁ+Bl+Bz)/(v—f/)zdx
2 2

B 2 )
5;(/;2|V(u—u)‘ dx+/g‘V(v—V)‘ dx),

where B = max{1l + By + By, B + By + By}. If min{d1,d>} > dy := B/u1, then V(u —iz) = V(v —
v) = 0 for any x € §2, which implies that # and v are both constants when ds,d; > dy. This
completes the proof. O

We now prove that if the ability of the predators to hunt is strong and the predators move
slow or the preys move fast, then system (4.1) has no nonconstant positive solutions.

Lemma 4.3 If (i, V) is a nonconstant positive solution of system (4.1), then

_ o v(x)
O<n:=min —: < 1.
xe2 U(x)

Page 15 of 23
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Proof Ifthe conclusion is not true, then v(x) > u(x) for any x € £2. Integrating the second

equation of system (4.1) on £2, we have

0:ﬂ/9v(x)<l—%)dx<0,

which is a contradiction. g

Theorem 4.4 If o > 1+ m and dy/d, < B, then system (4.1) has no nonconstant positive

solutions.

Proof Denote y,(x) = v(x) — nu(x) for any € (0,1] and

Swmmhgf@wme—&%ﬂ) lQm_m_;ﬂimzﬂL)

4 u? + m(y, + nu)?

Then

1
8(u,0,m) = nu[d%(l -n)- d_l(l —u-7 +a:m2>] = nup(u,n),

where

Py,
Y (R

Note that if d»/d; < B and @ > 1 + m, then

p(u,0)=1+£—i>0, p(u,l):i 1< ¢ —1)>0

dl dz dl dl " d_l 1l+m
and
, _u 2 4 2
,on(u,n) = d_l + m(—aﬁﬁm n + (2d1ﬂ —dga)mn +d20[ —dlﬁ) >0,

1
Pl =5 >0

for any u > 0 and n € (0, 1], which means §(x,0,7) > 0 for any # > 0 and 5 € (0, 1].
It follows from Lemma 4.3 that there exists x € §2 such that 0 < 77 = u(x)/v(%) < 1. Let
¥i(x) = v(x) — u(x). Then

-Ay; =8(u,y7,1n) >0, x€82,
Vi = 8(u, ¥, 1) (49)
avyﬁZO, x€0S52.

From the strong maximum principle and Hopf lemma, we get y;(x) > 0 on £2, which is

contrary to y;(¥) = 0. Therefore, system (4.1) has no nonconstant positive solutions. [
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We next show that if the ability of the predators to hunt is weak and the preys move fast,

then system (4.1) has no nonconstant positive solution. For 0 < y < 1, we let

Y, = {u e C7(2) :/ udx = O},
fo)

Yy ={ueC*(2):0,u=00ndf2}, Y3 =Y NYy,
u=t+owwitht € Randw € Ys. Let & =d;! and

ot + w)*v
— | dx,
(t + w)?* + mv?

hl(é,t,w,v):ﬁ/g[(r+a))(l—t—w)—
Ea(t +w)v
hhE t,0,v)=Ao+E(T +0)(1-T-w) - -£AE T, 0,v),

(t + )% + mv?

h3(&,1,w,v) :dzAv+,Bv(1 Y >,
T+w

H(é’ T,w, V) = (hlrh21h3)T($x T,w, V)-

It is clear that H : R? x Y3 x Yy — R x Y; x C”(£2) and (1, v) is a solution of system (4.1)
if and only if H(¢, 7, w,v) = 0. It follows that

1217 [, (K1t + Kyo + Kyv) dx
D (1, ,V) := Hr,0,)(0,6,0,0) = Aw ,

dryA\v—Bv+ BT + Bw

where 6 = 1-«/(1+m), K; and K; are defined in (2.6). A straightforward calculation yields
the following.

Lemma 4.4 @ is an isomorphism.

Proof To obtain the conclusion, we only need to prove that

|.(2|-1/ (Kt + Ko + Kyv)dx = T, (4.10)

2

Aw = d, x €, 3,wls0 =0, /a)dx:O, (4.11)
2

dryA\v—-Bv=v-B(t+w), x€8,
d,v=0, x €082

(4.12)

has a unique solution for any given (7,®,7) € R x Y; x C”(£2).
It is easy to see that system (4.11) has a unique solution w € Yj since @ € Y;. From (4.10)
and (4.11), we have

/ vdx = (T - tK)K, L £2).
2
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Integrating the first equation of system (4.12) over §2, we obtain

T= (/ vdx + fﬂ|.Q|)(|.Q|ﬂ(K1 +1<2))‘1. (4.13)
2

Then system (4.12) has a unique solution v, and v satisfies

,3/ vdx = B1|82] —/ vdx. (4.14)
Q Q
This means that @ is an isomorphism. O

Let di € (0, +00) and (&, V') be positive solutions of system (4.1) with d; = d’. By using a

method similar to that mentioned in [23], we have the following lemma.

Lemma 4.5 Assume that o < 1+ m and (u',v') — (iL, V) uniformly on 2 as d. — d, €

[0, +00]. If i and V are positive constants, then (i1,V) = (6,0).

Theorem 4.5 Assume that o < 1+m and dy > 1 is a fixed constant. Then system (4.1) has

no nonconstant positive solution for any d, > d; .

Proof We claim that system (4.1) has only a positive solution (9, 0) in a small neighborhood
of (9,0). In fact, it follows from Lemma 4.4 that @ ! exists and is a bounded linear operator.
By using the implicit function theorem, we conclude that there exists a constant ¢ > 0 such
that, for all 0 < &£ < ¢, H(§,7,,v) = 0 has a unique positive solution (6,0,6) in the small
neighborhood B, (6,0, 8). This implies that when d; > 1/¢, system (4.1) has only a positive
solution (0,6) in B.(0,0).

Assume that (&, V') is the nonconstant positive solution of system (4.1) with d; = d' €
(0,+00) and d} — +o0. It follows from (4.4) that (#/,v) — (&, V) in [C*(£2)]? as d} — +oo.

From Theorem 4.1 and (4.3), we conclude that (z, ¥) is bounded and # > 0 satisfies
-Au=0, x € §2, ou=0, x € 082.

This means that # is a positive constant. Substituting it into the second equation of system
(4.1), we get

Av+ Bv(l—v/u) =0, x € 82, 2,V =0, x €082,

which implies that v = 7. It follows from Lemma 4.5 and («/, V') — (i, ») that (i, ¥) = (6,6)
and there exists iy such that (u,v") = (9,0) for any i > iy and each d} > 1/¢. This is a con-

tradiction to that (u/,v/) is a nonconstant positive solution of system (4.1). a

4.3 Existence of nonconstant positive solutions
This subsection is devoted to investigating the existence of nonconstant positive solutions

of system (4.1) for « € ((1 + m)*/2,1 + m) by using Leray—Schauder degree theory. There
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exists a unique positive constant solution E* = (0,0) if @ < 1 + m. Let

u(l — u) — v
W (U) := w2 ey 4.15
u ( pu =) ) (4.15)

with U = (1,v)T € Xand (I - A)7! be the inverse of I — A. Then system (4.1) can reduce to
Gy, dy, U):=U~(I-A){D'W(U)+ U} =0, (4.16)

where I — A satisfies the homogeneous Neumann boundary condition. Frechét derivative
of system (4.16) with respect to U at (9,6) is

Guldi,d2,60,0) =1 (I - 2)"{D ' Wy(6,6) + I} = 0.

Obviously, ¢ is an eigenvalue of Gy;(d;,d,,6,0) on X; with i € Ny if and only if ¢(1 + u;) is
an eigenvalue of the matrix

—Ki/ld -Ky/d
L= il - D\ Wy 0,0) = [~ K/ 2 ) (4.17)
-Bldy i+ Bldy

where Kj and K are defined in (2.6). Then

detLr—L(d dop? — (do Ky — Bd4) »+ﬁ0)—i5(d d, 1t;)

l_d1d2 1024; 2881 1) _d1dz 1,42, i),

where

S(dy, da, 1) = drdo i — (do Ky — B + B6. (4.18)

In order to obtain the existence of nonconstant positive solutions of system (4.1), we
need the following two lemmas.

Lemma 4.6 Ifm<1,a € (1+m)?/2,1+m) and d\/dy < d_, then S(d1,dy, 1) = 0 has two
positive roots

d, K, — Bdy = VA
paldy,dy) = PR P 5 (4.19)
2d:1d,

where
AS = (dz[(l - ,Bdl)z - 4d1d2ﬂ9, and d_= (29 + 1(1 -2 9(9 + 1(1))/,3

Proof 1t is not difficult to show that S(d;,d,, i) = 0 has two positive roots if and only if
Ag>0and

Kid, — Bd, 1 20
Udy,dy) = = d -1)-d 0.
(d1,d>) 2d,d, 2d1d2( 2((1 +m)? ) lﬂ) g
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A direct calculation gives

2
As =By + Zﬁ( o i 1>d1d2 +Kid;

1 +m)

) 2 dl 2 20em dl 2
_d2<ﬁ (d_2> +2ﬁ<(1+m)2—1)(d—2>+1(1>.

Note that if o > (1 + m)2/2 and d;/d, < K1/B, then I(d},d,) > 0. Combining with & < 1 + m
implies that m < 1. This means that 2am/(1 + m)? — 1 < 0. Let

20m
1+ m)?

r(d) = p>d® +2,3< - 1)d+1<12.

The discriminant of the roots of r(d) = 0 is A, = 16820(6 + K;) > 0. Hence, r(d) = 0 has
two positive roots

dy = %(29 + K1 £2/60(0 + Ky)). (4.20)

When d <d_ or d > d,, we get r(d) > 0. On the other hand, r(K;/8) = —4K;0 < 0. That is,
ifdi/dy <d_, then Ag >0 and I(d1,d,) > 0. This shows that (4.19) holds. O

For a fixed d; > 0, if d, is sufficiently large, then d;/d, < d_ holds. Let
R(dy,dy) ={n=0:pu_(di,dy) < < pi(di, do) }.
From (4.19), we have

lim M_(dl,dz) =0, lim MJr(dl,dz) = I(l/dl > 0. (421)

dy—+00 dy— +00

Lemma 4.7 ([23, 29]) If S(d1,da, vi) # 0 for all u; € A, then index(G(d1,d»,-),(6,0)) =
(-1)°, whereo = ZmeR(dlydz)M m(u;) when R(dy,dr) N A # ¢ and o = 0 when R(dy,d>) N
A =¢. In particular, if S(d1,da, 1) >0 for all o > 0, then o = 0.

Theorem 4.6 Assume that di and B are fixed positive constants and m <1, o € ((1 +
m)%/2,1 + m), Ki/dy € (jux, tixe1) for some k € N. Ifozl m(u;) is odd, then there exists a
positive constant dy such that, forany dy, > dy, (4.1) has at least one nonconstant positive
solution.

Proof From (4.21) and K;/dy € (i, ti+1), there exists dy > 1 such that, for any d > ds,
0<pu_(dr,dy) < py <--- < pg < py(d1, da) < fhicsr- (4.22)

It follows from Theorem 4.3 that system (4.1) has no nonconstant positive solutions for
any d,dy > dy. We choose oAil > dy and cAig > max{c_iz, dp} such that Kl/;il < 1 and

0 < pu_(di,dy) < pi(dr, da) < 1. (4.23)

If the conclusion of Theorem 4.6 is not true, then there is some d; such that system (4.1)
has no nonconstant positive solutions for d, > 212. For t € [0,1], we let D, = diag(td; + (1 -
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t)t;ll, tdy, + (1 — t)cAiz) and consider the following system:

-D,AU=W(U), xe$,
3,,1,[ = 0, PAS 89;

(4.24)

where W(U) is defined in (4.15). It is clear that (4.24) is equivalent to
w(U,t)=U-(I-AHD'WU)+U} =0, UeX.
Note that ¥(U,1) = G(dy, dy, U), ¥ (U,0) = G(dh, dy, U) and

Guldy,d»,0,0) =1 — (I - A){diag(dy,do) ™ Wy (0,0) +1}

0,

Guldr,d5,0,0) = I - (I - £) ™ {diag(dy, dy) ™ Wu(0,6) + 1} = 0.
It follows from Theorems 4.5 and 4.3 that ¥ (U, 1) = 0 and ¥ (U, 0) = 0 have no noncon-
stant positive solutions.
By using (4.22) and (4.23), we have
Rid,do) N A = (1, iz ot Rldido) N A=,
which implies that

index (¥ (-, 1),(0,0)) = (-1)Z1 709 =1, index(¥(-,0),(6,0)) = (-1)° = 1.

From Theorem 4.1 and (4.3), we have «/2 < u, v < 2 for any solution (u, v) of system (4.1)
on £2. Let

O = {(u,v)TEX:£/2<u,v<2,xe[_2}.

Then ¥ (U,t) #00n 3O forallz € [0, 1]. It follows from the homotopy invariance of Leray—
Schauder degree that

deg(¥(-,0),0,0) = deg(¥ (-, 1), ©,0). (4.25)

Note that ¥ (U,0) = 0 and ¥ (U, 1) = 0 have only the constant solution (6,0) in ® and

hence,

deg(¥(-,0),©,0) = index(¥(-,0),(0,0)) = 1,

deg(¥(-1),0,0) = index (¥ (-, 1),(6,0)) = -1,
which is a contradiction to (4.25). The proof is complete. d

From Theorem 4.6, if dy/d; is large enough and m < 1, then Fig. 4 shows that system
(4.1) has a nonconstant positive solution.
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Figure 4 The nonconstant positive solution of system (1.2). Here d; = 0.005,d» =20, =1,m =04, B =0.1
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