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1 Introduction
The Zakharov—Kuznetsov (ZK) equation [1]

Uy + Uty + V2, =0 (1)

was first proposed by Zakharov and Kuznetsov to describe the evolution of weakly non-
linear ion-acoustic waves in a plasma consisting of hot isothermal electrons and cold ions
in the presence of a uniform magnetic field in the x direction. Equation (1) also appears in
many other scientific fields including geochemistry, optical fiber, and solid state physics
[2-5]. In [6], Shivamoggi provided a detailed discussion of the analytical properties of
Eq. (1). Nawaz et al. [7] found appropriate solutions for the ZK equations with fully non-
linear dispersion by the homotopy analysis method.

In 1999, Munro and Parkes considered a more realistic situation where the electrons are
non-isothermal [8]. With an appropriately modified form of the electron number density
givenin [9], they showed that the reductive perturbation can lead to the following modified
Zakharov—Kuznetsov (mZK) equation:

16(u; — kuy) + 30u2 Uy + Uy + Uy + Uszz = 0, (2)

where k is a positive constant. Later, in [10] and [11], Munro and Parkes addressed the
stability of solitary wave solutions and that of obliquely propagating solitary wave solu-
tions to the mZK equation, respectively. In 2016, by using an extended direct algebraic
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method, Seadaway presented traveling wave solutions to the mZK equation and analyzed
the stability for the electric fields and the electric field potentials [12].

It is noted that the mZK equation is a high dimensional nonlinear evolution equation
and, thus, the study of its reduction problem is of theoretical interest. The Lie-group
method, originally proposed by Sophus Lie, is a classical method to determine the sym-
metry reduction of partial differential equations (PDEs) [13-16]. During the past several
decades, there have been many extensions of the Lie-group method such as the nonclassi-
cal Lie group method [17], the CK direct method [18], the direct symmetry method [19],
and so on [20-24]. Among them, the direct symmetry method is an effective approach
for seeking symmetry reductions. In [25] and [26], the method was used to investigate the
Gardner—KP equation and the (2 + 1)-dimensional Jaulent—Miodek equation, respectively.
To our knowledge, there is no result concerning the application of the direct symmetry
method to the mZK equation partly due to its high dimension and nonlinear term u? Uy,
which motivates the present work.

Based on the above discussion, this paper considers the problem of seeking symmetry
reductions of the mZK equation. In Sect. 2, with the help of the direct symmetry method,
the symmetry and the corresponding vector field of the mZK equation are determined.
In Sect. 3, by solving the symmetry equation, similarity transformations are constructed,
which are applied to reduce the mZK equation to (2 + 1)-dimensional or even (1 + 1)-
dimensional equations. In Sect. 4, some exact solutions including trigonometric function
solutions, hyperbolic function solutions, and Weierstrass function solutions of the mZK
equation are presented in terms of the lower-dimensional equations. Finally, the conclu-

sion is provided in Sect. 5.

2 Symmetry analysis

For an arbitrary nonlinear evolution equation

(D(x; t, U, Uy, utww) = 0; (3)
where u, = 3—1 The function o (x,t, u, uy, Uy, .. .) is called a symmetry [27] of Eq. (3) if it

satisfies the following equation for an arbitrary solution u(x, £):
¢'(u)o =0, (4)

where

/ dp dp g dg
¢'(u)o =—o + Ox+ —Op+ — g+ .
ou Oty ouy 17

Note that Eq. (4) is a linear PDE of the symmetry o. Therefore the linear combination of
symmetry o is also a symmetry of Eq. (3).

According to Eq. (4), the symmetry of mZK equation must satisfy

16(o; — koy) + 15u’%oux + 3Ou%0x + Ogxx + Oxyy + Oxzz = 0. (5)
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Here, we set

oxy,z, tu) =alx,y,z,u + bx,y,2,£)u,
+cx,y, 2, uy + dx, ¥, 2, D,

+elxyz,u+gx,y,z21t), (6)

where a, b, ¢, d, e, and g are functions to be determined later. With the help of Maple,
one can expand Eq. (5) by means of Egs. (2) and (6). Then, taking the coefficients of # and
those of the derivatives of u to zero yields the following twenty-one determining equation

concerning a, b, ¢, d, e, and g:

Uxxxxx + — 7 0x = 0,

16

1
Uxxxxy * _gay =0,

1

Usxxrz © =gz = 0,

Uy : 3by —a; =0,

Uyxy : 2by =0,

Uyyy 1 2b, = 0,

Uyyy i by —a; +2¢, =0,
Uyy, : 2¢; + 2dy, = 0,
Uypr iby—as +2d, =0,
Uyy : 3byy =0,

Uy : Czz + Cyy +2€, =0,
Uyy iy + dyy +2e, =0,
u?u, : 15¢ + 30b, — 30, = 0,
u%uy :30c, =0,
uZu,:30d, = 0,
uiu,:15¢ =0,

uy : 16b; — 16kb, + 16ka; + ey, + e;, = 0,

uy:16¢; =0,

u,:16d; =0,
3

u? :30e, =0,

u:1l6e, = 0.
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Solving the above equations yields

ﬂ=80t+51,

1 2

b= =8gx — —kSot + 89,
3% 3% 2
1

c= §80y+83z+34,

1
d: g(SoZ— 83y+ 55,

25
e= -0,
3 0
g=0

where &, 81, 82, 83, 84, and &5 are arbitrary constants. Hence we obtain a general symmetry
of the (3 + 1)-dimensional nonlinear mZK equation

1 2 1
o = ((Sot + 81)14; + <§80x— §k80t+ 52>Mx + <§50y+ 53Z+ 84)14},
1 4
+ | =80z — 83y + &5 | u, + =Sou. (7)
3 3
The corresponding vector field of the above symmetry can be expressed as
0] 1 2 ad 1 ad
V=00t +81)— + | =80x— —kSot+ 82 | — + | =80y + 832+ 84 | —
(0+1)8t+(30x 3<0+2>8x+<30)’+ 32+ 4)8)1
16 83y + 6 0 48 0 (8)
+( 3802 - — = 8u—,
30T OO ) T 3%

which has the following infinitesimal generators:

o 1 9 2 9 1 9 1 90 4 0

el Lo 2,0 19 190 49
L T3 e 3% ax 3%y T 3%z 7 3%
9
V=2,
Y
9
V )
57 ax
9 9
V4=Z——y ,
dy oz
9
V—_’
5 ay
9
Ve=—.
°" 9z

The commutation relation of these infinitesimal generators is given in Table 1.
The adjoint representation can be defined by Lie series

2

€
Ad(exp(eV)V)) =V, — e[V, V] + o

[Vi’ [Vi’ ]}]]] ] (9)
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Table 1 Commutation relation of the Lie algebra of Eq. (2)

(2019) 2019:77

Vi V) Vs Vs Vs Vs

Wi 0 2kVs -V, -1V 0 -1Vs -1Vs
V) Vy - 2kVs 0 0 0 0 0
Vs Vs 0 0 0 0 0
Vs 0 0 0 0 Vs Vs
Vs 3V 0 0 Vs 0 0
Vs Vs 0 0 Vs 0 0
Table 2 Adjoint representation of the Lie algebra of Eq. (2)

V] Vz V3 V4 VS V6
V1 V] A1 €%V3 V4 G%VS G%VG
V) Vi-eV) + LoV V) Vs Vs Vs Vs
Vs Vi-&vs 12) V3 Vs Vs Vs
Vs % V) Vs Vs Ay As
Vs Vi - 1eVs V) Vs Vi +Vs Vs Vs
Vf, V] - ;8 V@ Vz V3 V4 -& Vs Vs V@

where ¢ is the parameter. The adjoint representation of the Lie algebra is given in Table 2,
where A =€V, — keﬁé(e% — 1)V, Ay =cos(e)Vs —sin(e) Vg, and Az = cos(g) Ve + sin(e)Vs.

3 Symmetry reductions

In this section we apply the obtained symmetry to deduce symmetry reductions of Eq. (2).
We first solve the symmetry equation o = 0 to obtain similarity variables and then substi-
tute them into the original mZK equation (2) to determine the corresponding reduction
equations. To obtain the similarity variables ¢, 1, w, and f(¢,n,w) of Eq. (2), we have to
solve the characteristic equations of o =0

dt dx dy dz du

T Tlg . 2 1 BTV T ag (10)
30t+5] 35096 3k80t+82 380y+532+84 38()Z 83y+55 35014

In terms of different choices of parameters 8y, 81, 83, 83, 84, and &5, we can get various
reduced equations of (2). In the following, let us discuss six concrete cases.

Casel 80=081=063=0,8,7#0,8, 70,85 #0

By solving system (10), one can get similarity variables as follows:

¢ =84x — 82y,
n = dsx — 82z,
w =1L,

u=f(¢,n o).

Using the above similarity variables, mZK equation (2) can be reduced to

16(f,, — kSafy — kSsf;) + 30F 2 (Safs + 85f;) + (83 + 6284)fece

+ (38385 + 8585)frcn + (38482 + 8584)fyny + (82 + 8385)fyyy = 0,

which is a (2 + 1)-dimensional PDE.

(11)

Page 5 of 14
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Case II. (S() = 53 =0, 51 7!0, 52 7’0, 84, 7’0, 55 #0
In such a case, the similarity variables of Eq. (2) are given as

¢ =681x — 8t
n =61y — dat,
w =61z — st
u=f(¢n o).

Substituting the above similarity variables into Eq. (2), one can obtain

—16(8; + k81)fy — 1684f, — 1685f,, + 308,12 f; + 83 (fsct + fny +frow) = 0. (12)

Caselll 8o =8, =08, =08,=85=0, 83 70

In such a case, the similarity variables of Eq. (2) are

L=y +2%
n==x,
w =t

u :f(g’ 1, ).

Substituting the above similarity variables into Eq. (2), the mZK equation can be reduced
to

16f,, — 16Kf, + 30 2f, + fyuy + 4Cficy + 4oy = O. (13)

CaselV. 50 = (34 = (35 = O, 81 7/0, 82 7{0, (33 7{0
Solving Eq. (10), we obtain

(=yt 42,

N =383x—68y arctan<

NI

w =83t -6 arctan(—),
z

u :f(é-’ n, ).

<

Hence Eq. (2) is reduced to a (2 + 1)-dimensional variable-coefficient PDE

4§Zf{§n + (5§§ + 5§)frmn + 3O§f%fn — 16k fy + 168 [, + 48y
+ 281820 + 0y = 0. (14)

CﬂS6V82=53=84=85=0,81 7/0,507/0

Page 6 of 14
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In such a case, the similarity variables of Eq. (2) are

B 8ox + Sokt + 3kd;
B (8ot + 51)%
_y
(8ot + 81)%,

z

B (50t+ 81)% ’

w= (8ot +81)3(L, n, ).

0]

Substituting the above similarity variables into Eq. (2) yields

1
90f2f; — 16¢f; — 16nf, — 160f,, + 383frcr + frww + 3rny — 64f = 0. (15)

Case VI. 51 =82=53=84=85=0,50 7/0
The similarity variables of Eq. (2) are given by

z
==,

V)

t
n=-,

y3

kt +x
= ,

J

u:f(g’n’w)yizl'

Thus, Eq. (2) is reduced to

1
16f, +30f,, + 30f 2£;, + (1 + @) foo + 20 0fs00 + (1 + %) frtwr

+ 120 ey + 128500 + 6N s + 420100 + I frp0 = 0. (16)

Remark 1 Inaddition to PDEs with constant coefficients, the direct symmetry method can

also be applied to investigate variable-coefficient PDEs. For instance, one can apply the

direct symmetry method to variable-coefficient reduced equation (13) to further reduce

the mZK equation.
In fact, it is not difficult to see that the symmetry of Eq. (13) satisfies
16(o,, — ko) + l5f_%crﬁ7 + SOf%cr,, + Oypy + 4800y + 40, =0, (17)
where we set
o (& m,.f) = a(g,m, )fy + b0, @)fy + (&, n, @)f, + e, n, @)f +8(8,7, ), (18)

where a, b, ¢, e, and g are functions to be found later. To ensure that the expansion of
Eq. (17) is true for an arbitrary solution f, we must take the coefficients of f and its deriva-

Page 7 of 14
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tives to be zero. Hence we have

¢ =¢,=0.
According to the same procedure, it leads to

a,=a, =0, b, =0, e, =e,=0, by, =0, g=0. (19)
Hence, Eq. (17) is reduced to

(128¢e;; +512b,, + 512kc,, + 128e; — 512kb,,)f%f,7
+(96by, — 32¢,)f 2fyy + (960b, — 960c,, + 480e)f%f,
+(~128a — 1282 ¢, + 256¢a + 1280b,)f o,

+(128a; + 128b,, + 256¢e; — 128¢,, + 1288 a,, )f%ﬁ,, =0. (20)

From Egs. (19)—(20), we obtain

2 1 2
a= —)»1{, b= —)»17’]——/()\,10)+)\,2,
3 3 3
4 (21)
c=Aw+ Az, ezgkl, g=0,

where A1, A2, and A3 are arbitrary constants. Thus we get a symmetry of Eq. (13) as follows:

2 1 2 4
o = §)\1§f{ + (g)»ln— gkklw+k2)ﬁ]+(klw+kg)]‘w+ g)»]f (22)

The corresponding characteristic equation of o = 0 is

dc dn dw daf
2 =71 2 = = T4, ¢ (23)
§)\.1§ §)\.17]— §k}\,1(,()+)\,2 )\-16!)+)\3 —g)\.lf
From Eq. (23) we can obtain the following similarity variables ¢, ¢, and F:
¢=(w+23)lcihy, @ =[(ko+n)iy +3kis +34,]/¢ 2y, o1
24

F(¢,¢) =f42‘

By using the obtained similarity variables, we obtain the further reduced equation of
Eq. (13)

119F,, + (¢ + 1)Eppy + 69@Fpy, + 16F4 + 25F, + 30F,F

+9¢>Fp4p + 39¢F,, = 0, (25)
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whichisa (1+1)-dimensional nonlinear PDE. Itis easy to find that the symmetry of Eq. (25)

satisfies the following equation:

119044 + (92 + 1)0pgp + 669044, + 1604 + 250, + 300,v/F

+15E,F 20 +9¢20,49, + 39904, = 0. (26)

Using the same direct symmetry method, we can reduce Eq. (25) to an ordinary differential

equation (ODE). Here we omit them.

Remark 2 1t is shown that (2 + 1)-dimensional Eq. (13) can be reduced to (1 + 1)-
dimensional partial differential equation Eq. (25). Similarly, Egs. (14)—(16) can be dis-
cussed by the same method. In theory, Eq. (25) can be further reduced to an ODE. This

problem will be discussed in our future work.

4 Discussion of the solutions of mZK equation

One of the main functions for finding symmetry reductions is to use them to seek exact
solutions. There are many effective direct methods that can be used to solve the obtained
reduced equations such as the tanh method [28], the homogeneous balance method [29],
the Horota bilinear method [30], the Darboux transformation method [31], and so on
(see [32-39] for reference). Here, we use the traveling wave transformation to transform

reduced equations (11) and (12) to ODEs for obtaining exact solutions. Let
0 = It + mn + now, (27)

where [, m, and n are nonzero constants. Then Eq. (12) can be transformed into an ODE

as follows:
Arf + Agf 1f + Asf” =0, (28)
where [ = df /d6, 0 = [(§1x — 82t) + m(81y — Sat) + n(812— 35¢), Ay = —161(85 + k81) — 16m8, —

16185, Ay = 308,14, and A3z = 83(1° + Im? + In?). The same procedure can be followed, then

reduced equation (11) is also transformed into Eq. (28), where

0 = (8% — 82y) + m(8sx — 822) + nt, (29)
Ay = 16(n — k84l — kS5m), (30)
Ay = 30841 + 3085m, (31)

Az = (85 +8584) 1% + (38385 + 8385) P + (38487 + 8584) Im”

+ (82 + 8385)m”. (32)
Integrating Eq. (28) with respect to the independent variable 6 yields that

2
Af + gAzf% +Asf" + Ay =0, (33)
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where A, is the integral scalar. Multiplying Eq. (33) by f’ and then integrating both sides,

we have

8
Af+ 1—5A2f% T+ Asf” + 2Auf + A5 = 0,

1
where As is the integral scalar. Using the transformation f2 = g, we obtain

, 8 3 ) 2
Ag +1—5A2g +4A38° +2A4 + As/g” =

By solving the above equation, one can obtain the following solutions which are expressed

in the form of trigonometric functions, hyperbolic functions, and Weierstrass function:

154,

VA A3

g1(9)=—§A—Zsec2( 2, 9), Ay=A5=0, AA3>0,
22(0 )——E% SCZ(%9>, Ay =A4A5=0, 1A43>0
2300) = —%5‘:—; sechz(iv;ifQ), Ay=A5=0, AA3<0,
2(0) = %j—: csch2<7vzkiz%9), Ay=As5=0, 143 <0

As(—Az)%

g5(0) = mp

1(@

6,0, 15A4>, A1 =A5=0,
As

where 0 is given by Eq. (29), and p is the Weierstrass P function. Reverting back to the

original variables, one can obtain the corresponding exact solutions of mZK equation (2)

225 A2 JALA
ur(%,9,2,8) = —— sec’ “20), A4 >0,
64 A2 44,
225 A% (A4
u2(x!y! z, ) 64 A2 csC < 4A3 9); A1A3 > 0:
5 A2 VA A3
) ;t = h4 —90 5 AA 0
us(x,5,2,t) 64 A2 ec ( A, ) 143 <
25 A2 -ALA
ua(x,y,2,t) = — — csch* VTBY), A145 <0,
64 A2 443
1 /30 /Az(-A2)
Y2, E) = 9015A , A1 =0,
us(x, 5,2, t) \%sz ( 30 4 4> 1

where 0, A1, Ay, and A3 are given by Egs. (29)—(32).

Choosing l=m=n= 35,

solution:

1 3
u(x,y,z,t) = n sech4(%_(2x_y_ z+1)

=84 =85 = 1 in us3(x, 5,2, t), we have the following solitary wave

(34)

Page 10 of 14
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0.05-3

Figure 1 The solution of the mZKwith k=1, z=2x

Figure 2 The solution of the mZKwith k=1, t =-2x

of the mZK equation with k = 1. The evolutions of solution (34) are given in Fig. 1, Fig. 2,
and Fig. 3, respectively.
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Figure 3 The solution of the mZKwith k=1, t=2z

At the end of this section, let us consider the obtained reduced equation (15). By using
(27), it can be transformed into the following ODE:

90If 2"~ 166f + (830 + Im” + w*1)f " — 64f = 0, (35)
where
f'=dflde,
(36)

0 = (I(8ox + 8okt + 3k81) + my + nz)/ (8ot + 81)"°.
It is not difficult to find that Eq. (35) has the following exact solution:
f=A0",

where 4, [, m, and 7 satisfy the relationship A2 + 821 + Im?* + n*[ = 0. Therefore the mZK
equation (2) possesses an exact solution as follows:

u6(x’y’ z, t) = (50t + 81)7%A974’
where 6 is given in Eq. (36).

5 Conclusions

By implementing the direct symmetry method, we have determined the symmetry o and
the corresponding vector field V of the (3 + 1)-dimensional mZK equation. In view of the
compatibility of o = 0 and the mZK equation, we have got six (2 + 1)-dimensional symme-
try reduction equations. Then, in terms of the obtained lower dimensional reduced equa-
tions, we have found exact solutions of the mZK equation including trigonometric func-
tion solutions, hyperbolic function solutions, and Weierstrass function solutions. Time
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delays and stochastic disturbances are often unavoidable in practical systems [40, 41]. Fu-
ture study will focus on stochastic Zakharov-Kuznetsov equations with time delays.
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