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1 Introduction
Fractional differential systems have been of great interest recently. This paper mainly
presents the existence and uniqueness solution of the following general fractional differ-

ential system involving coupled integral boundary conditions and parameters:

D y(t) + Afi (8, u(t), v(t)) =0,

DU2y(t) + Afo(t, u(t),v(t)) =0, 0<t<l,
w(0)=u"(0)=---=u"D0)=0,  u(l)=p [ als)v(s)dAi(s),
V() =v'(0)=---=v" D) =0, (1) = ps [y bls)uls) dAs(s),

where A; > 0 is a parameter, n — 1 <oy <m,m-—-1<oay <m, n,m > 2, Dgi is the stan-
dard Caputo derivative; u; > 0 is a constant, fol a(s)v(s) dA1(s), fol b(s)u(s) dA,(s) denote
the Riemann—Stieltjes integral with a signed measure, that is, A; : [0,1] — [0, +o0) is the
function of bounded variation; 4, b : [0, 1] — [0, +00) are continuous, f; : [0, 1] x [0, +00) X
[0, +00) — [0, +00) is a continuous function, i = 1,2.

In the mathematical context, fractional differential equations involving different bound-
ary value conditions have aroused the interest of many scholars, see references [1-21] to
name a few. Bai and Qiu [22] discussed the following nonlinear fractional differential equa-
tion with two-point boundary value conditions by using the Krasnoselskii’s fixed point
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theorem:

D u(t) +f(t,u(t) =0, 0<t<l,
u(0) =u'(1) =u"(0) =0,

where 2 <o < 3, D, is Caputo derivative.
Wang et al. [23] gave the existence and uniqueness results for the coupled fractional
differential system

DG, u(t) +f(t,v(t)) = 0,
DEv(e) +g(tu() =0, O0<t<l,
u(0) =v(0) =0, u(1) = au(§), v(1) = bv(§),

where 1<, <2,0<a,b<1,0<§ <1, Dg,, Dg+ are two standard Riemann-Liouville
fractional derivatives, f,g: [0,1] x [0, +00) — [0, +00) are continuous. The whole discus-
sion was based on the Banach fixed point theorem and the nonlinear alternative of Leray—
Schauder type.

Recently, Henderson and Luca in [24] considered the system of fractional differential
equations

Dytu(t) + Aifi (8, u(e), v(t)) =0, @
Div(t) + Aaofolt, u(t),v(t)) =0, 0<t<1,

with the multi-point boundary conditions

w0 =u/(0)=---=u"2=0,  u(l)=>", au),
v(0) =V (0)=---=v"2 =0,  v1)=L, b(n),

wheren—-1<a; <nm,m-1<ay <m,n,m>2,%; >0isaparameter, Dgi,Dgi are Riemann—
Liouville derivatives; a; > 0, b; > 0 are constants, f; : [0,1] x [0, +00) x [0, +00) — [0, +00)
is a continuous function. By the use of Krasnoselskii’s fixed point theorem, the authors in
[24] got the existence of positive solutions for the above system. System (2) with coupled

boundary value conditions

w0 =/ (0)=---=u"?=0,  ul)=p [ vs)dAi(s),
v(0)=V(0) =---=v"D =0, 1) = ps [, uls) dAs(s)

has also been discussed in [25, 26], where w; > 0 is a constant.

Fractional differential systems involving derivatives with coupled boundary conditions
have witnessed significant development, as shown by [27-30], but most of the authors con-
sidered the fractional equations with Riemann-Liouville derivatives. The equation dis-
cussed in this paper is exactly the Caputo fractional equation. The purpose of this paper
is to investigate the existence and uniqueness of positive solutions for Caputo fractional
differential systems with coupled integral boundary conditions. In this paper, the Caputo
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derivatives of orders «; and «; can be different, and in case dA;(s) = dA(s) = ds or g(s) ds,

system (1) reduces to a multi-point boundary value problem as well.

2 Preliminaries and lemmas
Definition 2.1 ([31, 32]) The Caputo fractional order derivative of order o >0,n—-1 <« <

n, n € N is defined as

Cca _ 1 ! _ n—a-1(n)
D u(t)—ir(n_a)/o(t s) u’(s) ds,

where u € C"(J,R), R = (00, +00), N denotes the natural number set, #n = [«] + 1, and [«]

denotes the integer part of «.

Definition 2.2 ([31, 32]) Let & >0 and let u be piecewise continuous on (0, +00) and in-

tegrable on any finite subinterval of J. Then for ¢ > 0, we call

I°u(t) = ﬁ /Ot(t —8)*Yu(s) ds,

the Riemann-Liouville fractional integral of u of order .

Lemma 2.1 ([31,32]) Letn—1<a <n,uc C"[0,1]. Then
I%(“D¥u)(£) = u(t) + co + c1t + Cot” + -+ + ¢uy "7,
where c; € R (i=1,2,...,n— 1), n is the smallest integer greater than or equal to o.

Lemma 2.2 Assume the following condition (Hy) holds:
(Ho)

1 1
k1 = / ﬂ(t) dAl(t) >0, k2 = / b(t) dAz(t) >0, 1- M1H2k1k2 > 0.
0 0

Let h; € C(0,1) N L(0,1) (i = 1,2). Then the system with the coupled boundary conditions

D u(t) + hy(¢) =0, D2y(t) + hy(t) =0, O<it<l,
W) =u'(0)=---=uD(©0) =0,  u(l)=p [y alt)v(s)dA(s), 3)
V(0)=v'(0) =--- =" D(0) = 0, (1) = pa [y be)uls) dAs(s)

has a unique integral representation

ult) = [ Ki(t,s)h(s)ds + [,y Hi(t,5)hs(s) ds,

1 1 (4)
v(t) = [y Ka(t, s)ha(s) ds + [y Ha(t,$)hi(s) ds,
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where
1ok !
1(1 (t, S) = / Gl(f,S)b(t) dAz(t) + Gl(t, S),
1 — prpakiks Jo
M1 !
Hi65) = 1 [ Galtoiatt dan)
1 — uipakika Jo 5)
/ 1
Kalt,s) = —2H12 / Galt,s)a(t) A (£) + Ga(t,s),
1 — prpakiks Jo
MH2 !
Hats) = 12 [ G0 dae
1 - papakiks Jo
and
Ul g<s<t<1,
Gi(t} S) = (1=s)%i~1 ! i=1, 2’ (6)
e 0<t<s<l,
Proof By Lemma 2.1, system (3) is equivalent to the following integral equations:
t— )~ 1
u(t) = / ( S) hy(s)ds + 1 + Cot + 3t + -+ + cut™ Y, (7)
fE- S)arl - = = = mel
v(iE)=— | ———hy(s)ds+cC1 +Cat+C3t" + -+t . (8)
o T(x)
Conditions /(0) = #”(0) = - - - = u"V(0) = 0, V'(0) = v/(0) = - - - = v""~1(0) = 0 imply that
62263:“-:6":0, 52253:---25,,,:0.

That is,

o]— 1
/(t ) hi(s)ds + c1,

ap—1
w(t) = -/ %hz(s)dsm.
0

I(a3)
So, we get
~ 1 (1 _ s)oq—l
cr=u(l)+ ; Whl(S) ds,
_ 1 (1 _S)a2—1
¢ =v(1) +/(; th(S) ds.

Together with (6), we have

ozl -1 t _ )1
/ (IF(oz hi(s)ds — &hl(s)ds

1) o T(oy)

—u(1)+/ Gi(t,8)h1(s) ds, 9)
0

Page 4 of 12
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1 (1 _ S)a2—1 t (t _ S)a2—1
V(t) = V(l) + \/0 th(s) ds —/(; th(s) ds

1
=y(1) +/ G (t,8)hy(s) ds. (10)
0

Multiplying (9) and (10) by b(¢), a(t), and integrating with respect to dA,(t), dA:(t), re-

spectively, we have

1 1 1 1
/ b(t)u(t) dAs(¢) = u(l)/ b(t) dAx(2) +/ b(t)f G1(t,8)h1(s) ds dAs(t),
0 0 0 0 (11)

1 1 1 1
/ a(t)v(t)dAl(t):v(l)/ a(t)dAl(t)+/ a(t)/ Go(t, 8)ho(s) ds dA+(¢).
0 0 0 0
Therefore, we obtain

1 1
L) - kou() = / b(t) / Ga(t,5)y () ds dAs ),
12%)

0 0

1 1
—kiv(1) + iu(l) :f a(t)/ Go(t,8)hy(s) dsdA+(¢).
M1 0 0

Note that

1 k
Lk
n 1

“ky, L

n2

11— pupakiky
M2

#0.

Then, system (11) has a unique solution for #(1) and v(1). By Cramer’s rule, we get
M1 ! !
)= 1L ([Cat0 [ Gate oo dsanrto
1 — wypakiks \Jo 0

1 1
+ 1oky / b2) / Gi(t, )i (5) dsdAz(t)>, (12)
0 0

1 1
V(l):#;gklkz( /o b(t) /o Gy (8, s)hy (s) ds dAy(2)

1 1
+/L1k2f0 ﬂ(t)/(; Gz(t,S)hg(S)deAl(t)). (13)

Substituting (12) and (13) into (9) and (10), respectively, we can obtain (4). The proof is
completed. O

Lemma 2.3 The Green function G;(t,s) (i = 1, 2) defined by (6) has the following properties:

(1 _ S)ai—l(l _ tai_l) - G'(t S) - (1 _ S)ai—l

F(ai) - F(ai) 4 l,se [07 1],l = 1, 2. (14)

Proof From the definition of G;(¢,s) (i = 1,2), for 0 < t <s < 1, it is obvious that (14) holds.
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ForO0<s<t<1,wehavet—ts>t—-s,and then

(L—s) ™t —(t—s)4 > (1 —9)4 = (t—ts)""

> (L= - (1 =g

= (-l (1),
so, we know % < G;(t,s). From the definition of G;(t,s), we also obtain
Gi(t,s) < ;2 )l Thus, (14) holds. The proof is completed. O

Lemma 2.4 Fort,s € [0,1], the functions K;(t,s) and H;(t,s) (i = 1,2) defined by (5) satisfy

I<l(t1 S),H2(t,S) S /0(1 _S)al_l) I<2(t1 S);Hl(trs) S /0(1 _S)az_ly (15)
Ki(t,s), Ha(t,5) > o(1 —s)*1 71, Ky(t,s), Hi(t,s) > o(1 — s)®27L, (16)
where
1ok /1 1
= max b(t)dA5(t) + —,
P { Flan (- paskik) Jo 0420 Ty

M2 1
b(t) dAs(t),
T(o1)(1 = g pokikz) [0 (t) dA,(t)

1 faks ! 1
T e)(L - prpakiks) /o ADAAND) + ey

M1 1
F(aZ)(l_MIMZklkz)/(; ﬂ(t)dAl(t)},

w1 paky /1 B
= max b (1 -t dA-(t ,
¢ {F(al)(l — w1 pakiks) @ ) dAa(t)

H2 op—1
I(en)(1 - mmklkz)/ b(e)(1—£7") dAs(2),

M1 fhaky 1 ot
(“2)(1—M1Mzk1k2)/ a(t)(1-7) dA (o),

M1 a1
I(e)(1 - ,U«1M2k1k2)/ a(t)(1 )dAl(t)}

Proof By Lemma 2.3, together with the definitions of K;(t,s) and H;(¢,s) in (5), for any
t,s € [0,1], we have

H1paky !
Ki(t,s) = ————— [ Gi(t,9)b(t) dAs(t) + G1(Z,5)
1 — prpakiks Jo

1 _ )1 _ )1
< pjazk / (1—5)M17"b(¢) dAy(0) + (1-s)
1 — pypakika Jo

I'(o) I'(a)
Wipaky ! 1 ) a1
bt d _gm
(mal)(l—mmklkz)fo R P A

<p(l-s)™7, (17)
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M2
1 — pypeokiks

- 7%} /1 (1-9)171h(2)
T 1- ppakiks Jo (o)

M2 ! a1-1
b(t)d. — )%
(r(al)(l—mmklkz)/o Z Az(t))(l )

=p(l-s)17L, (18)

1
Ho(t,s) - [ Gu(6,9)b() dAs )
0

dA,(t)

Similarly as in (17)-(18), we have Ky(¢,s), H1(¢,5) < p(1 - 5)®271, so the second inequality
of (15) holds.
By Lemma 2.3, for any ¢,s € [0, 1], we also have

k 1
Ki(t,s) = % /0 G1(t,8)b(t) dAs(t) + Gi(t, s)
ok Ub(t)(1 — )71 (1 — g1 1)
T 1 - pypokiks /0 () dA,(t)
k 1
B (F(al)('llLl_M;l;2/<lk2) /0 b(t)(l - t"‘lfl) dAz(L‘))(l _g)mt
>o(1-s)*17L, 19)
1
Ha(t,s) = ﬁ /0 G1(t,8)b(t) dAs(t)
M2 1 b(t)(l _ S)Dq—l(l _ tal—l)
dA
= 1 - pakiky /0 (o) 2(2)
1
= (F(Oll)(l _Mlilﬂzklkz) [) b(t)(l - t011—1) dAz(l’))(l _S)Dq—l
=o(l -5 (20)

Similarly as in (19)—(20), we have Ky (¢,s), H(t,s) > o(1 — 5)*>7L, so the second inequality
of (16) holds. The proof is completed. O

Let X = C[0,1] x C[0,1], then X is a Banach space with the norm

e )| = llell + 11, llull = max |u(2)], vl = max |v(£)].
tel0,1] te[0,1]

For any (u,v) € X, we can define an integral operator 7 : X — X by

T(u: V)(t) = (Tl (u’ V)(t), TZ(M’ V)(t))r 0 <t< 1’ (21)

1
T1(u, v)(¢) = A /0 Ki(t,s) l(s, u(s),v(s)) ds

1
+ )»2/ Hy(t,8)fo(s, u(s), v(s)) ds, 0<t<1,
0

Page 7 of 12
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1

To(u,v)(t) = )\,2/ Ky(t,s)f (s, u(s), v(s)) ds
0
1
+ M / H(t,8)fi (s, u(s), V(s)) ds, 0<t<l.
0

Then (,v) is a positive solutions of system (1) if and only if («,v) is a fixed point of T'. It

can be proved that the following Lemma 2.5 is correct.
Lemma 2.5 T :X — X is a completely continuous operator.
Lemma 2.6 ([33]) Let E be a Banach space. Assume that T : E — E is a completely con-

tinuous operator. Let V = {x € E|x = uTx,0 < u < 1}. Then either the set V is unbounded,
or T has at least one fixed point.

3 Main results
Theorem 3.1 Assume that there exist real constants m; > 0, and n;,[; > 0, such that ¥Vt €
[0,1], %,y € [0, +00),

JSilt,x,y) < my+ el + Llyl, i=1,2. (22)
In addition, assume that

2M1}’11 + 2M21’12 < 1, 2M111 + 2M212 < 1,

where
1 1
My =) / p(1—s)*171ds, M, = A2/ p(1—s)*1ds. (23)
0 0

Then system (1) has at least one solution.

Proof Let us confirm that the set V = {(u,v) € X : (,v) = ¢ T(u,v),0 < ¢ <1} is bounded.
Let (u,v) € V, then (4,v) = ¢ T(u,v). For any ¢ € [0, 1], we have u = ¢ T1(u, v), v = ¢ To(u, v).
Then, by Lemma 2.4, we obtain

1 1
lu@®)| < |M / Ki(t,8)fi (s, u(s), v(s)) ds + A f Hy(t,5)f3 (s, u(s), v(s)) ds
0 0

1 1
<o [ P9 il o) v s 3o [ (19 o) ) s
0 0
< My (my + myl|ull + LvI) + My (ma + mollull + LIV, (24)

1 1
[v(®)| < |*2 / Ko(t,8)fa (s, u(s), v(s)) ds + Ay / Hy(t,8)fi (s, u(s), v(s)) ds
0 0

1 1
< Azf p(1 =) i (s, u(s), v(s)) ds + Ay / p(1 =) i (s, u(s), v(s)) ds
0 0

< My (my + mallull + L) + My (my + mllull + Lv]). (25)



Zi and Wang Advances in Difference Equations (2019) 2019:80 Page 9 of 12

Combined with (24) and (25), we know

laell + VIl < 2Mi (m + mullul) + LI ) +2Ma (ma + nolull + L1vI)

< 2M1W11 + 2M2le + (2M11’11 + 2M21’12)||M” + (2Mlll + 2M212)||V||
Therefore

@) = llul + v

< 2M1W11 + 2M2W12
- Imn{l - (2M11’[1 + 2M2}’[2), 1- (2M111 + 2M212)} ’

So we have proved that the set V is bounded. Thus, by Lemma 2.6, operator T has at least
one fixed point. Hence system (1) has at least one solution. The proof is complete. d

Theorem 3.2 Assume that f; : [0,1] x [0,+00) X [0,+00) — [0, +00) is continuous and
there exist real constants y;,8; > 0 such that ¥Vt € [0,1], x;,y; € [0, +00),

Vit 21,01) = fit,%2,32)| < vilor — x| + 8ily1 — 32l i=1,2. (26)

In addition, assume that 2M,(y1 + 81) + 2M(y3 + 82) < 1, where My, M, are defined as (23).
Then system (1) has a unique solution.

Proof Denoting sup |fi(¢,0,0)| = ®; < +00, by (26), we have
Vz(t»x;y” 5@5+Vi|x| +5i|y|7 i=1;2«

0] ~)
Letr = 1—2M?1(\;I/i+811;3[2w]\3[(2)(?/2+52)’ K, = {(u,v) € X : ||(4,v)|| < r}, we show that TK, C K. For

any (u,v) € K;, we have

1 1
A / Ki(t,9)fi (s, uls), v(s)) ds + As / Hy(8,8)f(s, u(s), v(s)) ds
0 0

| T3 (,9)(®)| < max
te[0,1]

1
<A /0 p(1—5)"171f (s,u(s), v(s)) ds
1
+ AZ/ p(1 =)o (s, u(s), v(s)) ds
0
1
< AI/O p(1 =517 (O + ya el + 81 1vl) ds

+A2/01p(1 ~ 57O + pallull + 5, Iv1l) ds
< My(O1 + yillull + 81[IvIl) + Mo (O + yallull + 82 ]Iv]l).
Hence
| T2, v)|| < M1 (O1 + (11 + 81)r) + Ma(Os + (v2 + 82)r). (27)
Similarly as in (27), for any (&, v) € K, we can get

| T2(,v)|| < M1(O1 + (11 +81)r) + Ma (O3 + (y2 + 82)r). (28)
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By (27) and (28),

] = [Tl + | 2]
< 2(My(O1 + (y1 +81)r) + My (Os + (v2 + 82)r))

<r.

Now for (u1,v1), (42, v2) € X, and for any ¢ € [0, 1], we have
| T (42, v2)(£) = T (1, v1)(8) |

1
< / K (6,9)[fi (5, 14205), va(8)) — fi (5,01 (5), 11 5)) s
0
1
ha / Hi(,5)[fs (5,12(5), va(5)) — fo (5 20 (5), 11 () s
0
1
< / P(L— 1 [fu (5, 102(5), vals)) — i (5 21(5), 11 () | dis
0

1
+h / P = 5127 fy (5, 142(5), vals)) — (s 11 (5), 11 (9) | i
0

< Mi(nillug — ur|| +811lva = vill) + Ma(vallug — ur|| + 82llva — vall)

< (Mi(y1 +81) + Ma(yz + 82)) (lluz — wa || + [[va =)
Consequently, for (41, v1), (i, v2) € X, we obtain
| T1 (2, v2) = Tr(ur, v1) | < (Mi(yr + 1) + Ma(ya + 82)) (luz — wa || + llva = vall).  (29)
By a similar proof as for (29), for (u1,v1), (uz,v2) € X, we get
| T2 (2, v2) = To(ur,v1)|| < (Mi(yr +81) + Moy + 82)) (lua — |l + v = wall).  (30)
It follows from (29) and (30) that
| T (2, v2) = T(ur,v1) | < (2M1(31 + 81) + 2Ma(y2 + 82)) (lluz — wa || + lv2 — w1 ).

Since (2M1(y1 + 81) + 2Ma(y2 + 82)) < 1, T is a contraction operator. By the contraction
mapping principle, operator T has a unique fixed point, so system (1) has a unique solu-
tion. The proof is complete. d

4 Examples
An example is given to illustrate our main results in this paper. Consider the following

problem:

D3 u(t) + £ (6, u(t), (1)) = 0,

<D3v(t) + 266 ult), v(£) =0, 0<t<1,
u'(0) =u"(0) =0, u(1) =v(3) + v(3),
V(0) =v"(0) =0, v(1) = %fol u(s) ds.

(31)
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LetO{lz3,022%,)\.1:1,)\.222,[1,1:1,,&2:%,61(1'):[9(1'):1,

0, 0<t<i,
AW =11, i<t<)l,  B@)=7.
2, 3=st=<l,

For t € [0,1], x,y € [0, +00), take

1

t 1
filt,x,9) = T o <1 + = sin®x + Ecosy),

t 1
flt,x,y) = m(l +3cosx + Zy)

Notice that

t 1., 1
[fl(t,x,y)|: 1+ —sin“x+ 1o <087

11
<1+—|xl+—1yl,
1+e\ 5 L ST

t 2 1 3 1
ot x,y)| = o P §+3cosx+2y <—+—|x|+§|y|,

2Mimy + 2Msony = 0.63467 < 1, 2M1l; + 2M,l; =0.83802 < 1.

Therefore, all conditions of Theorem 3.1 are satisfied, and hence system (31) has at least
one solution.
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