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Abstract
In this paper, quaternion-valued fuzzy cellular neural networks (QVFCNNs) with
time-varying delays are considered. First, we decompose QVFCNNs into their
equivalent real-valued systems according to Hamilton’s multiplication rules. Then, we
establish the existence and global exponential stability of periodic solutions of
QVFCNNs by using the Schauder fixed point theorem and by constructing an
appropriate Lyapunov function. Our results are completely new and supplementary
to the known results. Finally, we give a numerical example to illustrate the
effectiveness of our results.
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1 Introduction
Quaternion was invented by the Irish mathematician W. R. Hamilton in 1843 [1]. The
skew field of quaternion is denoted by

H := {q = q0 + iq1 + jq2 + kq3},

where q0, q1, q2, q3 are real numbers and the elements i, j, and k obey Hamilton’s multipli-
cation rules:

ij = –ji = k, jk = –kj = i, ki = –ik = j, i2 = j2 = k2 = ijk = –1.

Quaternion multiplication does not conform to the law of commutation, so the study
on quaternion is much more difficult than that on plurality. Fortunately, over the past 20
years, especially in algebra area, quaternion has been a hot topic for the effective appli-
cations in the real world. Also, a new class of differential equations, named quaternion
differential equations, has been already applied successfully to the fields such as quantum
mechanics [2, 3], robotic manipulation [4], fluid mechanics [5], differential geometry [6],
communications problems, signal processing [7–9], and neural networks [10–13]. In par-
ticular, in recent years, the applications of quaternion-valued neural networks (QVNNs),
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which are described by quaternion-valued differential equations, have been widely inves-
tigated. One practical application by QVNNs is the 3D geometrical affine transformation,
especially spatial rotation, which can be represented based on QVNNs efficiently and com-
pactly [14, 15]. Other practical applications of QVNNs are image impression, color night
vision [16], etc.

On the one hand, it is well known that neural networks have been extensively studied for
their wide application in image processing, pattern recognition, optimization solvers, arti-
ficial intelligence, fixed point calculations, and other engineering fields [17–20]. These ap-
plications rely heavily on their dynamics. Many scholars tried to shed some light on the in-
formation about the dynamics of QVNNs. For example, authors of [21] studied the global
μ-stability criteria for quaternion-valued neural networks with unbounded time-varying
delays; from the view of matrix measure, based on Halanay inequality instead of Lyapunov
function, authors of [22] derived some sufficient conditions to guarantee the global expo-
nential stability for QVNNs; authors of [23] investigated the periodicity of QVNNs by a
continuation theorem of coincidence degree theory; authors of [24] studied the existence
of pseudo almost periodic solutions of QVNNs. However, as we all know, up to now, there
have been few results about the dynamics of quaternion-valued neural networks.

On the other hand, fuzzy cellular neural networks (FCNNs) proposed by Yang and Yang
in 1996 [25] have been successfully applied in many fields such as physics, chemistry, biol-
ogy, economics, sociology, medicine, meteorology, and so on [26]. In recent years, many
researchers have done a lot of research on the solutions of general fuzzy differential equa-
tions and the dynamics of FCNNs (see [27–47] and the references therein). As is known,
periodic oscillations and almost periodic oscillations are important dynamical behaviors
of non-autonomous neural networks. However, as far as we know, no scholars have studied
the periodic solutions of quaternion-valued fuzzy cellular neural networks (QVFCNNs).

Considering the discussion above, in this paper, we are committed to studying the fol-
lowing QVFCNN with time-varying delays:

ẋp(t) = –ap(t)xp(t) +
n∑

q=1

bpq(t)fq
(
xq

(
t – τpq(t)

))
+

n∑

q=1

dpq(t)μq(t)

+
n∧

q=1

αpq(t)
∫ t

t–ηpq(t)
gq(s, x) ds +

n∨

q=1

βpq(t)
∫ t

t–ξpq(t)
gq(s, x) ds

+
n∧

q=1

Tpq(t)μq(t) +
n∨

q=1

Spq(t)μq(t) + Ip(t), (1)

where p = 1, 2, . . . , n, n is the number of neurons in layers; xp(t) ∈ H is the state of the pth
neuron at time t, and μq(t) ∈ H is the deviations of the qth neuron at time t; ap(t) > 0
represents the rate at which the pth neuron will reset its potential to the resting state
in isolation when it is disconnected from the network and the external inputs at time t,
αpq(t) ∈ H, βpq(t) ∈ H, Tpq(t) ∈H, and Spq(t) ∈H are the elements of fuzzy feedback MIN
template, fuzzy feedback MAX template, fuzzy feed forward MIN template, and fuzzy
feed forward MAX template, respectively; bpq(t) ∈ H and dpq(t) ∈ H are the elements of
feedback template and feed forward template,

∧
,
∨

denote the fuzzy AND and fuzzy OR
operations, respectively; fq(·) and gq(·) : H → H are the activation functions; τpq(t) ≥ 0,
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ηpq(t) ≥ 0, and ξpq(t) ≥ 0 correspond to transmission delays at time t; Ip(t) ∈ H denotes
the input of the pth neuron at time t.

Our main purpose of this paper is by using the Schauder fixed point theorem and con-
structing an appropriate Lyapunov function to study the existence, the uniqueness, and
the global exponential stability of periodic solutions of (1). Our results are completely
new and when (1) degenerates into real-valued system, our results remain new and sup-
plementary to the known results obtained in [23, 32, 45–47], and our method used in this
paper is different from those used in [23, 32, 45–47].

The rest of this paper is organized as follows. In Sect. 2, we introduce some symbols
and definitions and present some preliminary results needed later. In Sect. 3, we establish
some sufficient conditions for the existence and global exponential stability of periodic
solutions of (1). In Sect. 4, an example is given to illustrate the effectiveness of the results.

2 Preliminaries
In this section, we introduce some definitions, notions, lemmas and decompose (1) into
an equivalent real-valued system.

Definition 1 Let h = hR + ihI + jhJ + hK : R → H, where hl : R → H, l ∈ {R, I, J , K} := Υ . h
is said to be ω-anti-periodic if for every l ∈ Υ , hl : R→R is ω-anti-periodic on R.

Lemma 1 ([48] Schauder fixed point theorem) Let E be a normed space, and let C be a
convex, bounded, and closed subset of E. If T : C → C is continuous with T(C) compact,
then T has at least one fixed point.

Throughout this paper, we assume the following.
(H1) Let xp = xR

p + ixI
p + jxJ

p + kxK
p , xR

p , xI
p, xJ

p, xK
p : R →R and assume fp(xp) and gp(xp) can

be expressed as

fp(xp) = f R
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ if I
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ jf J
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ kf K
p

(
xR

p , xI
p, xJ

p, xK
p
)
,

gp(xp) = gR
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ igI
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ jgJ
p
(
xR

p , xI
p, xJ

p, xK
p
)

+ kgK
p
(
xR

p , xI
p, xJ

p, xK
p
)
,

where f l
p , gl

p : R4 →R, p = 1, 2, . . . , n, l ∈ Υ .
(H2) Functions ap, τpq , ηpq , ξpq ∈ C(R,R+), bpq , dpq , αpq, βpq , Tpq , Spq,μq, Ip ∈ C(R,H)

are ω-periodic functions, where xl
q ∈R, p, q = 1, 2, . . . , n.

(H3) Functions f l
q , gl

q ∈ C(R4,R) and there exist positive constants Lf , Lg such that, for
all xl

q, yl
q ∈R,

∣∣f l
q
(
xR

q , xI
q, xJ

q, xK
q
)

– f l
q
(
yR

q , yI
q, yJ

q, yK
q
)∣∣

≤ Lf
(∣∣xR

q – yR
q
∣∣ +

∣∣xI
q – yI

q
∣∣ +

∣∣xJ
q – yJ

q
∣∣ +

∣∣xK
q – yK

q
∣∣),

∣∣gl
h
(
xR

q , xI
q, xJ

q, xK
q
)

– gl
q
(
yR

q , yI
q, yJ

q, yK
q
)∣∣

≤ Lg
(∣∣xR

q – yR
q
∣∣ +

∣∣xI
q – yI

q
∣∣ +

∣∣xJ
q – yJ

q
∣∣ +

∣∣xK
q – yK

q
∣∣)

and f l
q(0, 0, 0, 0) = 0, gl

q(0, 0, 0, 0) = 0, q = 1, 2, . . . , n, l ∈ Υ .
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For p, q = 1, 2, . . . , n, assume that

bpq = bR
pq + ibI

pq + jbJ
pq + kbK

pq, dpq = dR
pq + idI

pq + jdJ
pq + kdK

pq,

αpq = αR
pq + iαI

pq + jαJ
pq + kαK

pq, βpq = βR
pq + iβ I

pq + jβ J
pq + kβK

pq,

Tpq = TR
pq + iTI

pq + jTJ
pq + kTK

pq, Spq = SR
pq + iSI

pq + jSJ
pq + kSK

pq,

μq = μR
q + iμI

q + jμJ
q + kμK

q , Ip = IR
p + iII

p + jIJ
p + kIK

p .

We will adopt the following notations:

bpq = sup
t∈R

{∣∣bR
pq(t)

∣∣,
∣∣bI

pq(t)
∣∣,

∣∣bJ
pq(t)

∣∣,
∣∣bK

pq(t)
∣∣},

dpq = sup
t∈R

{∣∣dR
pq(t)

∣∣,
∣∣dI

pq(t)
∣∣,

∣∣dJ
pq(t)

∣∣,
∣∣dK

pq(t)
∣∣},

αpq = sup
t∈R

{∣∣αR
pq(t)

∣∣,
∣∣αI

pq(t)
∣∣,

∣∣αJ
pq(t)

∣∣,
∣∣αK

pq(t)
∣∣},

βpq = sup
t∈R

{∣∣βR
pq(t)

∣∣,
∣∣β I

pq(t)
∣∣,

∣∣β J
pq(t)

∣∣,
∣∣βK

pq(t)
∣∣},

Tpq = sup
t∈R

{∣∣TR
pq(t)

∣∣,
∣∣TI

pq(t)
∣∣,

∣∣TJ
pq(t)

∣∣,
∣∣TK

pq(t)
∣∣},

Spq = sup
t∈R

{∣∣SR
pq(t)

∣∣,
∣∣SI

pq(t)
∣∣,

∣∣SJ
pq(t)

∣∣,
∣∣SK

pq(t)
∣∣},

μq = sup
t∈R

{∣∣μR
q (t)

∣∣,
∣∣μI

q(t)
∣∣,

∣∣μJ
q(t)

∣∣,
∣∣μK

q (t)
∣∣},

Ip = sup
t∈R

{∣∣IR
p (t)

∣∣,
∣∣II

p(t)
∣∣,

∣∣IJ
p(t)

∣∣,
∣∣IK

p (t)
∣∣},

āp =
1
ω

∫ ω

0
ap(t) dt, a–

p = min
t∈R

{
ap(t)

}
,

τpq = sup
t∈R

{
τpq(t)

}
, ηpq = sup

t∈R

{
ηpq(t)

}
,

ξpq = sup
t∈R

{
ξpq(t)

}
, τ̇pq = sup

t∈R

{
τ̇pq(t)

}
,

ρ+ = max
1≤q≤n

l∈Υ

{ρpl }, ρ– = min
1≤q≤n

l∈Υ

{ρpl }.

The initial value of system (1) is given by

xp(t) = ϕp(t) ∈H, t ∈ [t0 – θ , t0], θ = max
1≤p,q≤n

{τpq,ηpq, ξpq},

ϕp(t) = ϕR
p (t) + iϕI

p(t) + jϕJ
p(t) + kϕK

p (t),

where ϕl
p ∈ C([t0 – θ , t0],R), l ∈ Υ .

Based on (H1) and Hamilton’s rules, one can obtain from (1) that

ẋR
p (t) = –ap(t)xR

p (t) +
n∑

q=1

(
bR

pq(t)f̃ R
q [t, x, τ ] – bI

pq(t)f̃ I
q [t, x, τ ]
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– bJ
pq(t)f̃ J

q [t, x, τ ] – bK
pq(t)f̃ K

q [t, x, τ ]
)

+
n∑

q=1

(
dR

pq(t)μR
q (t)

– dI
pq(t)μI

q(t) – dJ
pq(t)μJ

q(t) – dK
pq(t)μK

q (t)
)

+
n∧

q=1

(
αR

pq(t)
∫ t

t–ηpq(t)
g̃R

q [s, x] ds

– αI
pq(t)

∫ t

t–ηpq(t)
g̃I

q[s, x] ds – αJ
pq(t)

∫ t

t–ηpq(t)
g̃J

q[s, x] ds

– αK
pq(t)

∫ t

t–ηpq(t)
g̃K

q [s, x] ds
)

+
n∨

q=1

(
βR

pq(t)
∫ t

t–ξpq(t)
g̃R

q [s, x] ds

– β I
pq(t)

∫ t

t–ξpq(t)
g̃I

q[s, x] ds – β J
pq(t)

∫ t

t–ξpq(t)
g̃J

q[s, x] ds

– βK
pq(t)

∫ t

t–ξpq(t)
g̃K

q [s, x] ds
)

+
n∧

q=1

(
TR

pq(t)μR
q (t) – TI

pq(t)μI
q(t)

– TJ
pq(t)μJ

q(t) – TK
pq(t)μK

q (t)
)

+
n∨

q=1

(
SR

pq(t)μR
q (t) – SI

pq(t)μI
q(t)

– SJ
pq(t)μJ

q(t) – SK
pq(t)μK

q (t)
)

+ IR
p (t) � FpR

(
t, x(t)

)
, p = 1, 2, . . . , n,

ẋI
p(t) = –ap(t)xI

p(t) +
n∑

q=1

(
bI

pq(t)f̃ R
q [t, x, τ ] + bR

pq(t)f̃ I
q [t, x, τ ]

– bK
pq(t)f̃ J

q [t, x, τ ] + bJ
pq(t)f̃ K

q [t, x, τ ]
)

+
n∑

q=1

(
dI

pq(t)μR
q (t)

+ dR
pq(t)μI

q(t) – dK
pq(t)μJ

q(t) + dJ
pq(t)μK

q (t)
)

+
n∧

q=1

(
αI

pq(t)
∫ t

t–ηpq(t)
g̃R

q [s, x] ds

+ αR
pq(t)

∫ t

t–ηpq(t)
g̃I

q[s, x] ds – αK
pq(t)

∫ t

t–ηpq(t)
g̃J

q[s, x] ds

+ αJ
pq(t)

∫ t

t–ηpq(t)
g̃K

q [s, x] ds
)

+
n∨

q=1

(
β I

pq(t)
∫ t

t–ξpq(t)
g̃R

q [s, x] ds

+ βR
pq(t)

∫ t

t–ξpq(t)
g̃I

q[s, x] ds – βK
pq(t)

∫ t

t–ξpq(t)
g̃J

q[s, x] ds

+ β J
pq(t)

∫ t

t–ξpq(t)
g̃K

q [s, x] ds
)

+
n∧

q=1

(
TI

pq(t)μR
q (t) + TR

pq(t)μI
q(t)

– TK
pq(t)μJ

q(t) + TJ
pq(t)μK

q (t)
)

+
n∨

q=1

(
SI

pq(t)μR
q (t) + SR

pq(t)μI
q(t)

– SK
pq(t)μJ

q(t) + SJ
pq(t)μK

q (t)
)

+ II
p(t) � FpI

(
t, x(t)

)
, p = 1, 2, . . . , n,
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ẋJ
p(t) = –ap(t)xJ

p(t) +
n∑

q=1

(
bJ

pq(t)f̃ R
q [t, x, τ ] + bK

pq(t)f̃ I
q [t, x, τ ]

+ bR
pq(t)f̃ J

q [t, x, τ ] – bI
pq(t)f̃ K

q [t, x, τ ]
)

+
n∑

q=1

(
dJ

pq(t)μR
q (t)

+ dK
pq(t)μI

q(t) + dR
pq(t)μJ

q(t) – dI
pq(t)μK

q (t)
)

+
n∧

q=1

(
αJ

pq(t)
∫ t

t–ηpq(t)
g̃R

q [s, x] ds

+ αK
pq(t)

∫ t

t–ηpq(t)
g̃I

q[s, x] ds + αR
pq(t)

∫ t

t–ηpq(t)
g̃J

q[s, x] ds

– αI
pq(t)

∫ t

t–ηpq(t)
g̃K

q [s, x] ds
)

+
n∨

q=1

(
β J

pq(t)
∫ t

t–ξpq(t)
g̃R

q [s, x] ds

+ βK
pq(t)

∫ t

t–ξpq(t)
g̃I

q[s, x] ds + βR
pq(t)

∫ t

t–ξpq(t)
g̃J

q[s, x] ds

– β I
pq(t)

∫ t

t–ξpq(t)
g̃K

q [s, x] ds
)

+
n∧

q=1

(
TJ

pq(t)μR
q (t) + TK

pq(t)μI
q(t)

+ TR
pq(t)μJ

q(t) – TI
pq(t)μK

q (t)
)

+
n∨

q=1

(
SJ

pq(t)μR
q (t) + SK

pq(t)μI
q(t)

+ SR
pq(t)μJ

q(t) – SI
pq(t)μK

q (t)
)

+ IJ
p(t) � FpJ

(
t, x(t)

)
, p = 1, 2, . . . , n,

ẋK
p (t) = –ap(t)xK

p (t) +
n∑

q=1

(
bK

pq(t)f̃ R
q [t, x, τ ] – bJ

pq(t)f̃ I
q [t, x, τ ]

+ bI
pq(t)f̃ J

q [t, x, τ ] + bR
pq(t)f̃ K

q [t, x, τ ]
)

+
n∑

q=1

(
dK

pq(t)μR
q (t)

– dJ
pq(t)μI

q(t) + dI
pq(t)μJ

q(t) + dR
pq(t)μK

q (t)
)

+
n∧

q=1

(
αK

pq(t)
∫ t

t–ηpq(t)
g̃R

q [s, x] ds

– αJ
pq(t)

∫ t

t–ηpq(t)
g̃I

q[s, x] ds + αI
pq(t)

∫ t

t–ηpq(t)
g̃J

q[s, x] ds

+ αR
pq(t)

∫ t

t–ηpq(t)
g̃K

q [s, x] ds
)

+
n∨

q=1

(
βK

pq(t)
∫ t

t–ξpq(t)
g̃R

q [s, x] ds

– β J
pq(t)

∫ t

t–ξpq(t)
g̃I

q[s, x] ds + β I
pq(t)

∫ t

t–ξpq(t)
g̃J

q[s, x] ds

+ βR
pq(t)

∫ t

t–ξpq(t)
g̃K

q [s, x] ds
)

+
n∧

q=1

(
TK

pq(t)μR
q (t) – TJ

pq(t)μI
q(t)

+ TI
pq(t)μJ

q(t) + TR
pq(t)μK

q (t)
)

+
n∨

q=1

(
SK

pq(t)μR
q (t) – SJ

pq(t)μI
q(t)
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+ SI
pq(t)μJ

q(t) + SR
pq(t)μK

q (t)
)

+ IK
p (t) � FpK

(
t, x(t)

)
, p = 1, 2, . . . , n,

where xR
p (t) + ixI

p(t) + jxJ
p(t) + kxK

p (t) = xp(t), f̃ l
q[t, x, τ ] and g̃l

q[s, x] denote f l
q(xR

q (t – τpq(t)),
xI

q(t – τpq(t)), xJ
q(t – τpq(t)), xK

q (t – τpq(t))), and gl
q(xR

q (s), xI
q(s), xJ

q(s), xK
q (s)), respectively, p, q =

1, 2, . . . , n, l ∈ Υ . That is, (1) can be expressed in the following form:

ẋl
p(t) = Fpl

(
t, x(t)

)
, p = 1, 2, . . . , n, l ∈ Υ , (2)

with the initial value

xl
p(s) = ϕl

p(s), s ∈ [t0 – θ , t0], p = 1, 2, . . . , n.

Remark 1 If x = (xR
1 , . . . , xR

n , xI
1, . . . , xI

n, xJ
1, . . . , xJ

n, xK
1 , . . . , xK

n )T is a solution to system (2), then
u = (x1, x2, . . . , xn)T , where xp = xR

p + ixI
p + jxJ

p + kxK
p , p = 1, 2, . . . , n, is a solution to (1). Thus,

to study the existence and stability of solutions of (1), we just need to study the existence
and stability of solutions of system (2).

Definition 2 Let x = (xR
1 , . . . , xR

n , xI
1, . . . , xI

n, xJ
1, . . . , xJ

n, xK
1 , . . . , xK

n )T be a solution of (2) with
the initial value ϕ = (ϕR

1 , . . . ,ϕR
n ,ϕI

1, . . . ,ϕI
n,ϕJ

1, . . . ,ϕJ
n,ϕK

1 , . . . ,ϕK
n )T and y = (yR

1 , . . . , yR
n , yI

1, . . . ,
yI

n, yJ
1, . . . , yJ

n, yK
1 , . . . , yK

n )T be an arbitrary solution of system (2) with the initial value ϕ =
(ϕR

1 , . . . ,ϕR
n ,ϕI

1, . . . ,ϕI
n,ϕJ

1, . . . ,ϕJ
n,ϕK

1 , . . . ,ϕK
n )T , respectively, where ϕ,ψ ∈ C([t0 – θ , t0],R4n).

If there exist constants λ > 0 and M > 0 such that

∥∥x(t) – y(t)
∥∥ ≤ M‖ϕ – ψ‖e–λ(t–t0), t ≥ t0,

where

‖ϕ – ψ‖ = max
1≤q≤n

l∈Υ

{
sup

s∈[t0–θ ,t0]
ρ–1

pl

∣∣ϕl
p(s) – ψ l

p(s)
∣∣
}

.

Then the solution x of system (2) is said to be globally exponentially stable.

Lemma 2 ([25]) Let αl
pq,β l

pq, xR
q , xI

q, xJ
q, xK

q , yR
q , yI

q, yJ
q, yK

q : R →R and gr
q : R4 →R be contin-

uous functions for p, q = 1, 2, . . . , n, l, r ∈ Υ , then we have

∣∣∣∣∣

n∧

q=1

αl
pqgr

q
(
xR

q , xI
q, xJ

q, xK
q
)

–
n∧

q=1

αl
pqgr

q
(
yR

q , yI
q, yJ

q, yK
q
)
∣∣∣∣∣

≤
n∑

q=1

∣∣αl
pq‖gr

q
(
xR

q , xI
q, xJ

q, xK
q
)

– gr
q
(
yR

q , yI
q, yJ

q, yK
q
)∣∣,

∣∣∣∣∣

n∨

q=1

β l
pqgr

q
(
xR

q , xI
q, xJ

q, xK
q
)

–
n∨

q=1

β l
pqgr

q
(
yR

q , yI
q, yJ

q, yK
q
)
∣∣∣∣∣

≤
n∑

q=1

∣∣β l
pq‖gr

q
(
xR

q , xI
q, xJ

q, xK
q
)

– gr
q
(
yR

q , yI
q, yJ

q, yK
q
)∣∣.
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3 Main results
In this section, we establish some sufficient conditions for the existence and exponential
stability of periodic solutions of (1).

Set

X =
{

x =
(
xR

1 , xI
1, xJ

1, xK
1 , . . . , xR

n , xI
n, xJ

n, xK
n
)T ∈ C

(
R,R4n),

x(t + ω) = x(t), t ∈R
}

.

For constant vector ρ = (ρ1R ,ρ1I ,ρ1J ,ρ1K , . . . ,ρnR ,ρnI ,ρnJ ,ρnK )T ∈ R
4n with ρpl > 0 for p =

1, 2, . . . , n, l ∈ Υ , we define the following norm:

‖x‖X = max
1≤p≤n

l∈Υ

{
sup

t∈[0,ω]
ρ–1

pl

∣∣xl
p(t)

∣∣
}

.

Then X is a Banach space when it is endowed with the norm ‖ · ‖X.
Obviously, if x = (xR

1 , xI
1, xJ

1, xK
1 , . . . , xR

n , xI
n, xJ

n, xK
n )T ∈X is a solution of system (2), then

(
xl

p(t)e
∫ t

t0
ap(s) ds)′ = ẋl

p(t)e
∫ t

t0
ap(s) ds + ap(t)xl

p(t)e
∫ t

t0
ap(s) ds

= e
∫ t

t0
ap(s) ds[Fpl

(
t, x(t)

)
+ ap(t)xl

p(t)
]

(3)

for p = 1, 2, . . . , n, l ∈ Υ . Integrating both sides of (3) over [t, t + ω], we can get

xl
p(t) =

∫ t+ω

t

e
∫ s

t0
ap(u) du

e
∫ t+ω

t0
ap(u) du – e

∫ t
t0

ap(u) du

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds

=
∫ t+ω

t

e–
∫ t+ω

s ap(u) du

1 – e–ωāp

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds

=
∫ t+ω

t
Gp(t, s)

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds, (4)

where Gp(t, s) = e–
∫ t+ω
s ap(u) du

1–e–ωāp , t ≤ s ≤ t + ω, p = 1, 2, . . . , n, l ∈ Υ .
Define an operator Φ : X →X by

Φx =
(
ΦxR

1 ,ΦxI
1,ΦxJ

1,ΦxK
1 , . . . ,ΦR

n ,ΦxI
n,ΦxJ

n,ΦxK
n
)T , (5)

where for p = 1, 2, . . . , n, l ∈ Υ ,

(Φx)l
p(t) =

∫ t+ω

t
Gp(t, s)

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds, t ∈R. (6)

From (4), it is easy to verify that x ∈ X is an ω-periodic solution of system (2) provided x
is a fixed point of Φ in X.

It is easy to see that if there exist positive numbers ρ1R ,ρ1I ,ρ1J ,ρ1K , . . . ,ρnR ,ρnI ,ρnJ ,ρnK

such that

γ = max
1≤p≤n
l,r∈Υ

sup
t∈R

{
ρ–1

pl

∫ t+ω

t
Gp(t, s)

( n∑

q=1

(∣∣bR
pq(s)

∣∣ +
∣∣bI

pq(s)
∣∣ +

∣∣bJ
pq(s)

∣∣
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+
∣∣bK

pq(s)
∣∣)ρqr Lf +

n∑

q=1

(∣∣αR
pq(s)

∣∣ +
∣∣αI

pq(s)
∣∣ +

∣∣αJ
pq(s)

∣∣ +
∣∣αK

pq(s)
∣∣)ρqr Lgθ

+
n∑

q=1

(∣∣βR
pq(s)

∣∣ +
∣∣β I

pq(s)
∣∣ +

∣∣β J
pq(s)

∣∣ +
∣∣βK

pq(s)
∣∣)ρqr Lgθ

)
ds

}
<

1
4

, (7)

then there exists a sufficiently large κ ≥ 1 such that γ ≤ 1
4 (1 – ικ–1), where

ι = max
1≤p≤n

l∈Υ

{
ω(

∑n
q=1 4(dpqμq + Tpqμq + Spqμq) + Ip)

ρpl (1 – e–ωāp )

}
.

Lemma 3 Under hypotheses (H1)–(H3), suppose that there exist positive numbers ρ1R ,ρ1I ,
ρ1J ,ρ1K , . . . ,ρnR ,ρnI ,ρnJ ,ρnK such that inequality (7) holds, then the mapping Φ is a self-
mapping in the region B = {x = (xR

1 , xI
1, xJ

1, xK
1 , . . . , xR

n , xI
n, xJ

n, xK
n )T ∈X : ‖x‖ ≤ κ}.

Proof For x ∈ B, from (6), we have

∣∣ρ–1
pR

(Φx)R
p (t)

∣∣

=
∣∣∣∣ρ

–1
pR

∫ t+ω

t
Gp(t, s)

[
FpR

(
s, x(s)

)
+ ap(s)xR

p (s)
]

ds
∣∣∣∣

=

∣∣∣∣∣ρ
–1
pR

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(
bR

pq(s)f̃ R
q [s, x, τ ] – bI

pq(s)f̃ I
q [s, x, τ ]

– bJ
pq(s)f̃ J

q [s, x, τ ] – bK
pq(s)f̃ K

q [s, x, τ ]
)

+
n∑

q=1

(
dR

pq(s)μR
q (s)

– dI
pq(s)μI

q(s) – dJ
pq(s)μJ

q(s) – dK
pq(s)μK

q (s)
)

+
n∧

q=1

(
αR

pq(s)
∫ s

s–ηpq(s)
g̃R

q [u, x] du – αI
pq(s)

∫ s

s–ηpq(s)
g̃I

q[u, x] du

– αJ
pq(s)

∫ s

s–ηpq(s)
g̃J

q[u, x] du – αK
pq(s)

∫ s

s–ηpq(s)
g̃K

q [u, x] du
)

+
n∨

q=1

(
βR

pq(s)
∫ s

s–ξpq(s)
g̃R

q [u, x] du – β I
pq(s)

∫ s

s–ξpq(s)
g̃I

q[u, x] du

– β J
pq(s)

∫ s

s–ξpq(s)
g̃J

q[u, x] du – βK
pq(s)

∫ s

s–ξpq(s)
g̃K

q [u, x] du
)

+
n∧

q=1

(
TR

pq(s)μR
q (s) – TI

pq(s)μI
q(s) – TJ

pq(s)μJ
q(s) – TK

pq(s)μK
q (s)

)

+
n∨

q=1

(
SR

pq(s)μR
q (s) – SI

pq(s)μI
q(s) – SJ

pq(s)μJ
q(s) – SK

pq(s)μK
q (s)

)
+ IR

p (s)

}
ds

∣∣∣∣∣

≤ ρ–1
pR

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(∣∣bR
pq(s)

∣∣∣∣f̃ R
q [s, x, τ ] – f̃ R

q [0]
∣∣

+
∣∣bI

pq(s)
∣∣∣∣f̃ I

q [s, x, τ ] – f̃ I
q [0]

∣∣ +
∣∣bJ

pq(s)
∣∣∣∣f̃ J

q [s, x, τ ] – f̃ J
q [0]

∣∣
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+
∣∣bK

pq(s)
∣∣∣∣f̃ K

q [s, x, τ ] – f̃ K
q [0]

∣∣)

+

∣∣∣∣∣

n∧

q=1

αR
pq(s)

∫ s

s–ηpq(s)
g̃R

q [u, x] du –
n∧

q=1

αR
pq(s)

∫ s

s–ηpq(s)
g̃R

q [0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∧

q=1

αI
pq(s)

∫ s

s–ηpq(s)
g̃I

q[u, x] du –
n∧

q=1

αI
pq(s)

∫ s

s–ηpq(s)
g̃I

q[0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∧

q=1

αJ
pq(s)

∫ s

s–ηpq(s)
g̃J

q[u, x] du –
n∧

q=1

αJ
pq(s)

∫ t

s–ηpq(t)
g̃J

q[0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∧

q=1

αK
pq(s)

∫ s

s–ηpq(s)
g̃K

q [u, x] du –
n∧

q=1

αK
pq(s)

∫ s

s–ηpq(s)
g̃K

q [0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∨

q=1

βR
pq(s)

∫ s

s–ξpq(s)
g̃R

q [u, x] du –
n∨

q=1

βR
pq(s)

∫ s

s–ξpq(s)
g̃R

q [0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∨

q=1

β I
pq(s)

∫ s

s–ξpq(s)
g̃I

q[u, x] du –
n∨

q=1

β I
pq(s)

∫ s

s–ξpq(s)
g̃I

q[0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∨

q=1

β J
pq(s)

∫ s

s–ξpq(s)
g̃J

q[u, x] du –
n∨

q=1

β J
pq(s)

∫ s

s–ξpq(s)
g̃J

q[0] du

∣∣∣∣∣

+

∣∣∣∣∣

n∨

q=1

βK
pq(s)

∫ s

s–ξpq(s)
g̃K

q [u, x] du –
n∨

q=1

βK
pq(s)

∫ t

s–ξpq(s)
g̃K

q [0] du

∣∣∣∣∣

}
ds

+
ω

ρpR (1 – e–ωāp )

( n∑

q=1

4(dpqμq + Tpqμq + Spqμq) + Ip

)

≤ ρ–1
pR

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(∣∣bR
pq(s)

∣∣ +
∣∣bI

pq(s)
∣∣ +

∣∣bJ
pq(s)

∣∣ +
∣∣bK

pq(s)
∣∣)Lf

× (∣∣xR
q
(
s – τpq(s)

)∣∣ + xI
q
(
s – τpq(s)

)| + xJ
q
(
s – τpq(s)

)| + xK
q
(
s – τpq(s)

)|)

+
n∑

q=1

(∣∣αR
pq(s)

∣∣ +
∣∣αI

pq(s)
∣∣ +

∣∣αJ
pq(s)

∣∣ +
∣∣αK

pq(s)
∣∣)Lg

∫ s

s–ηpq(s)

(∣∣xR
q (u)

∣∣

+ xI
q(u)| + xJ

q(u)| + xK
q (u)|)du +

n∑

q=1

(∣∣βR
pq(s)

∣∣ +
∣∣β I

pq(s)
∣∣ +

∣∣β J
pq(s)

∣∣

+
∣∣βK

pq(s)
∣∣)Lg

∫ s

s–ξpq(s)

(∣∣xR
q (u)

∣∣ + xI
q(u)| + xJ

q(u)| + xK
q (u)|)du

}
ds

+
ω(

∑n
q=1 4(dpqμq + Tpqμq + Spqμq) + Ip)

ρpR (1 – e–ωāp )

≤ ρ–1
pR

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(∣∣bR
pq(s)

∣∣ +
∣∣bI

pq(s)
∣∣ +

∣∣bJ
pq(s)

∣∣ +
∣∣bK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )Lf +
n∑

q=1

(∣∣αR
pq(s)

∣∣ +
∣∣αI

pq(s)
∣∣ +

∣∣αJ
pq(s)

∣∣ +
∣∣αK

pq(s)
∣∣)(ρqR + ρqI
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+ ρqJ + ρqK )Lgθ +
n∑

q=1

(∣∣βR
pq(s)

∣∣ +
∣∣β I

pq(s)
∣∣ +

∣∣β J
pq(s)

∣∣ +
∣∣βK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )Lgθ

}
‖x‖ds +

ω(
∑n

q=1 4(dpqμq + Tpqμq + Spqμq) + Ip)
ρpR (1 – e–ωāp )

≤ 4γ κ + ι ≤ 4κ × 1
4
(
1 – ικ–1) + ι = κ , p = 1, 2, . . . , n.

Similarly, from (6), we can obtain

∣∣ρ–1
pl

(Φx)l
p(t)

∣∣ ≤ κ , p = 1, 2, . . . , n, l = I, J , K .

Thus,

‖Φx‖X = max
1≤p≤n

l∈Υ

{
sup
t∈R

ρ–1
pl

∣∣(Φx)l
p(t)

∣∣
}

≤ κ .

The proof is complete. �

Lemma 4 Assume that (H1)–(H3) hold and suppose further that there exist positive num-
bers ρ1R ,ρ1I ,ρ1J ,ρ1K , . . . ,ρnR ,ρnI ,ρnJ ,ρnK such that inequality (7) holds, then the mapping
Φ : B→ B defined by (5) is completely continuous.

Proof It is obvious that Φ is continuous.
Next, we prove that Φ is compact. For any M > 0, let S = {x ∈ X : ‖x‖X ≤ M}. Then, for

x ∈ S, we have

∣∣f l
q
(
xR

q (s), xI
q(s), xJ

q(s), xK
q (s)

)∣∣ ≤ (ρqR + ρqI + ρqJ + ρqK )Lf M,
∣∣gl

q
(
xR

q (s), xI
q(s), xJ

q(s), xK
q (s)

)∣∣ ≤ (ρqR + ρqI + ρqJ + ρqK )LgM.

For ∀x ∈ S, we have

∣∣ρ–1
pl

(Φx)l
p(t)

∣∣

≤ ρ–1
pl

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(∣∣bR
pq(s)

∣∣ +
∣∣bI

pq(s)
∣∣ +

∣∣bJ
pq(s)

∣∣ +
∣∣bK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )Lf M +
n∧

q=1

(∣∣αR
pq(s)

∣∣ +
∣∣αI

pq(s)
∣∣ +

∣∣αJ
pq(s)

∣∣ +
∣∣αK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )LgMθ +
n∨

q=1

(∣∣βR
pq(s)

∣∣ +
∣∣β I

pq(s)
∣∣ +

∣∣β J
pq(s)

∣∣ +
∣∣βK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )LgMθ

}
ds +

ω(
∑n

q=1 4(dpqμq + Tpqμq + Spqμq) + Ip)
ρpl (1 – e–ωāp )

≤ ρ–1
pl

∫ t+ω

t
Gp(t, s)

{ n∑

q=1

(∣∣bR
pq(s)

∣∣ +
∣∣bI

pq(s)
∣∣ +

∣∣bJ
pq(s)

∣∣ +
∣∣bK

pq(s)
∣∣)(ρqR + ρqI
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+ ρqJ + ρqK )Lf M +
n∑

q=1

(∣∣αR
pq(s)

∣∣ +
∣∣αI

pq(s)
∣∣ +

∣∣αJ
pq(s)

∣∣ +
∣∣αK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )LgMθ +
n∑

q=1

(∣∣βR
pq(s)

∣∣ +
∣∣β I

pq(s)
∣∣ +

∣∣β J
pq(s)

∣∣ +
∣∣βK

pq(s)
∣∣)(ρqR + ρqI

+ ρqJ + ρqK )LgMθ

}
ds +

ω(
∑n

q=1 4(dpqμq + Tpqμq + Spqμq) + Ip)
ρpl (1 – e–ωāp )

≤ ω

ρpl (1 – e–ωāp )

n∑

q=1

[
16ρ+M(bpqLf + αpqLgθ + βpqLgθ )

+ 4μq(dpq + Tpq + Spq) + Ip
]

:= Cpl, p = 1, 2, . . . , n, l ∈ Υ .

Therefore,

‖Φx‖X = max
1≤p≤n

l∈Υ

{
sup

t∈[0,ω]
ρ–1

pl

∣∣(Φx)l
p(t)

∣∣
}

≤ max
1≤p≤n

l∈Υ

{Cpl}, ∀x ∈ S,

which implies that ΦS is uniformly bounded.
On the other hand,

[
(Φx)l

p(t)
]′ =

[∫ t+ω

t
Gp(t, s)

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds
]′

=
∫ t+ω

t

∂Gp(t, s)
∂t

[
Fpl

(
s, x(s)

)
+ ap(s)xl

p(s)
]

ds

+ Gp(t, t + ω)
[
Fpl

(
t + ω, x(t + ω)

)
+ ap(t + ω)xl

p(t + ω)
]

– Gp(t, t)
[
Fpl

(
t, x(t)

)
+ ap(t)xl

p(t)
]

= –ap(t)(Φx)l
p(t) + Fpl

(
t, x(t)

)
+ ap(t)xl

p(t), p = 1, 2, . . . , n, l ∈ Υ .

Hence, for x ∈ S, we have

∣∣ρ–1
pl

[
(Φx)l

p(t)
]′∣∣ = ρ–1

pl

∣∣–ap(t)(Φx)l
p(t) + Fpl

(
t, x(t)

)
+ ap(t)xl

p(t)
∣∣

≤ ρ–1
pl

∣∣–ap(t)(Φx)l
p(t)

∣∣ + ρ–1
pl

∣∣Fpl

(
t, x(t)

)
+ ap(t)xl

p(t)
∣∣

≤ ap(t)C + ρ–1
pl

n∑

q=1

[
16ρ+M(bpqLf + αpqLg + βpqLg)

+ 4μq(dpq + Tpq + Spq) + Ip
]

:= Hpl, p = 1, 2, . . . , n, l ∈ Υ .

Therefore,

∣∣(Φx)′(t)
∣∣ ≤ max

1≤p≤n
l∈Υ

{
sup

t∈[0,ω]
ρ–1

pl

∣∣[(Φx)l
p(t)

]′∣∣
}

≤ max
1≤p≤n

l∈Υ

{Hpl}, ∀x ∈ S,

which implies that ΦS is equi-continuous.
Hence, by the Ascoli–Arzela theorem, we know that the operator Φ is compact, and so

it is completely continuous. The proof is complete. �
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According to Lemma 1 and Remark 1, from Lemma 3 and Lemma 4, we have the fol-
lowing theorem.

Theorem 1 Assume that (H1)–(H3) hold. Suppose further that there exist positive numbers
ρ1R ,ρ1I ,ρ1J ,ρ1K , . . . ,ρnR ,ρnI ,ρnJ ,ρnK such that inequality (7) holds, then system (1) has at
least one ω-periodic solution.

Next, we will show the exponential stability of periodic solutions.

Theorem 2 Assume that (H1)–(H3) hold. Furthermore, assume the following.
(H4) Functions τpq(t) are continuous differential functions and τ̇pq < 1, where p, q =

1, 2, . . . , n.
(H5) There exists a positive constant λ > 0 satisfying

max
1≤p≤n

{
λ – a–

p +
n∑

q=1

16eλθ

(
bqpLf

1 – τ̇qp
+ (αqpηqp + βqpξqp)Lg

)}
≤ 0.

Then system (1) has a unique ω-periodic solution and it is globally exponentially stable.

Proof From Theorem 1, we see that system (2) has an ω-periodic solution x(t). Suppose
that the initial value of x(t) is ϕ(t). Let y(t) be an arbitrary solution of system (2) with the
initial value ψ(t). Set zl

p(t) = xl
p(t) – yl

p(t), by (2), for l = R, p = 1, 2, . . . , n, we have

D+(
eλ(t–t0)∣∣zR

p (t)
∣∣)

= eλ(t–t0)D+∣∣zR
p (t)

∣∣ + λeλ(t–t0)∣∣zR
p (t)

∣∣

= λeλ(t–t0)∣∣zR
p (t)

∣∣ + eλ(t–t0)sgn
(
zR

p (t)
)
żR

p (t)

≤ λeλ(t–t0)∣∣zR
p (t)

∣∣ + eλ(t–t0)

{
–a–

p
∣∣zR

p (t)
∣∣ +

n∑

q=1

4bpqLf
(∣∣zR

p
(
t – τpq(t)

)∣∣

+
∣∣zI

p
(
t – τpq(t)

)∣∣ +
∣∣zJ

p
(
t – τpq(t)

)∣∣ +
∣∣zK

p
(
t – τpq(t)

)∣∣)

+
n∧

q=1

4αpqLg

∫ t

t–ηpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

+
n∨

q=1

4βpqLg

∫ t

t–ξpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

}

≤ λeλ(t–t0)∣∣zR
p (t)

∣∣ + eλ(t–t0)

{
–a–

p
∣∣zR

p (t)
∣∣ +

n∑

q=1

4bpqLf
(∣∣zR

p
(
t – τpq(t)

)∣∣

+
∣∣zI

p
(
t – τpq(t)

)∣∣ +
∣∣zJ

p
(
t – τpq(t)

)∣∣ +
∣∣zK

p
(
t – τpq(t)

)∣∣)

+
n∑

q=1

4αpqLg

∫ t

t–ηpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

+
n∑

q=1

4βpqLg

∫ t

t–ξpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

}
.
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Repeating the above procession, for p = 1, 2, . . . , n, l = I, J , K , we can obtain that

D+(
eλ(t–t0)∣∣zl

p(t)
∣∣)

≤ λeλ(t–t0)∣∣zR
p (t)

∣∣ + eλ(t–t0)

{
–a–

p
∣∣zR

p (t)
∣∣ +

n∑

q=1

4bpqLf
(∣∣zR

p
(
t – τpq(t)

)∣∣

+
∣∣zI

p
(
t – τpq(t)

)∣∣ +
∣∣zJ

p
(
t – τpq(t)

)∣∣ +
∣∣zK

p
(
t – τpq(t)

)∣∣)

+
n∑

q=1

4αpqLg

∫ t

t–ηpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

+
n∑

q=1

4βpqLg

∫ t

t–ξpq(t)

(∣∣zR
p (s)

∣∣ +
∣∣zI

p(s)
∣∣ +

∣∣zJ
p(s)

∣∣ +
∣∣zK

p (s)
∣∣)ds

}
.

Define a Lyapunov function as follows:

V (t) = VR(t) + VI(t) + VJ (t) + VK (t),

where, for l ∈ Υ ,

Vl(t) =
n∑

p=1

{
ρ–1

pl
eλ(t–t0)∣∣zl

p(t)
∣∣ +

n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq

×
∫ t

t–τpq(t)
eλs(∣∣zR

q (s)
∣∣ +

∣∣zI
q(s)

∣∣ +
∣∣zJ

q(s)
∣∣ +

∣∣zK
q (s)

∣∣)ds

+
n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t

t+u
eλs(∣∣zR

q (s)
∣∣ +

∣∣zI
q(s)

∣∣

+
∣∣zJ

q(s)
∣∣ +

∣∣zK
q (s)

∣∣)ds du +
n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)

×
∫ 0

–ξpq

∫ t

t+u
eλs(∣∣zR

q (s)
∣∣ +

∣∣zI
q(s)

∣∣ +
∣∣zJ

q(s)
∣∣ +

∣∣zK
q (s)

∣∣)ds du

}
.

Now we calculate the time derivative of V (t) along the trajectories of system (2), we get

D+Vl(t) =
n∑

p=1

{
ρ–1

pl
D+(

eλ(t–t0)∣∣zl
p(t)

∣∣) +
n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq

× eλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣ +
∣∣zJ

q(t)
∣∣)

–
n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)(1 – τ̇pq(t))
1 – τ̇pq

eλ(t–τpq(t))(∣∣zR
q
(
t – τpq(t)

)∣∣

+
∣∣zI

q
(
t – τpq(t)

)∣∣ +
∣∣zJ

q
(
t – τpq(t)

)∣∣ +
∣∣zK

q
(
t – τpq(t)

)∣∣)

+
n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

eλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣
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+
∣∣zK

q (t)
∣∣)du –

n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

eλ(t+u)(∣∣zR
q (t + u)

∣∣

+
∣∣zI

q(t + u)
∣∣ +

∣∣zJ
q(t + u)

∣∣ +
∣∣zK

q (t + u)
∣∣)du

+
n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

eλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣

+
∣∣zK

q (t)
∣∣)du –

n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

eλ(t+u)(∣∣zR
q (t + u)

∣∣

+
∣∣zI

q(t + u)
∣∣ +

∣∣zJ
q(t + u)

∣∣ +
∣∣zK

q (t + u)
∣∣)du

}

≤
n∑

p=1

{
λρ–1

pl
eλ(t–t0)∣∣zl

p(t)
∣∣ – a–

pρ–1
pl

eλ(t–t0)∣∣zl
p(t)

∣∣

+
n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq
eλt(∣∣zR

q (t)
∣∣ +

∣∣zI
q(t)

∣∣ +
∣∣zJ

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣)

+
n∑

p=1

4bpqLf ρ
–1
pl

eλ(t–t0)
(

1 –
eλ(θ–τpq(t))(1 – τ̇pq(t))

1 – τ̇pq

)

× (∣∣zR
q
(
t – τpq(t)

)∣∣ +
∣∣zI

q
(
t – τpq(t)

)∣∣ +
∣∣zJ

q
(
t – τpq(t)

)∣∣

+
∣∣zK

q
(
t – τpq(t)

)∣∣) +
n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

eλt(∣∣zR
q (t)

∣∣

+
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣ +
∣∣zK

q (t)
∣∣)du +

n∑

q=1

4αpqLgρ
–1
pl eλ(t–t0)

× (
1 – eλ(θ–ηpq))

∫ t

t–ηpq

(∣∣zR
q (s)

∣∣ +
∣∣zI

q(s)
∣∣ +

∣∣zJ
q(s)

∣∣ +
∣∣zK

q (s)
∣∣)ds

+
n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

eλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣

+
∣∣zK

q (t)
∣∣)du +

n∑

q=1

4βpqLgρ
–1
pl eλ(t–t0)(1 – eλ(θ–ξpq))

×
∫ t

t–ξpq

(∣∣zR
q (s)

∣∣ +
∣∣zI

q(s)
∣∣ +

∣∣zJ
q(s)

∣∣ +
∣∣zK

q (s)
∣∣)ds

}

≤
n∑

p=1

{
λρ–1

pl
eλ(t–t0)∣∣zl

p(t)
∣∣ – a–

pρ–1
pl

eλ(t–t0)∣∣zl
p(t)

∣∣

+
n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq
eλt(∣∣zR

q (t)
∣∣ +

∣∣zI
q(t)

∣∣ +
∣∣zJ

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣)

+
n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)ηpqeλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣
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+
∣∣zK

q (t)
∣∣)du +

n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)ξpqeλt(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣

+
∣∣zJ

q(t)
∣∣ +

∣∣zK
q (t)

∣∣)du

}

≤
n∑

p=1

{
(
λ – a–

p
)
ρ–1

pl
eλ(t–t0)∣∣zl

p(t)
∣∣ +

n∑

q=1

(
4bpqLf eλθ

1 – τ̇pq

+ 4αpqLgeλθηpq + 4βpqLgeλθ ξpq

)

× ρ–1
pl

eλ(t–t0)(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣ +
∣∣zK

q (t)
∣∣)

}
, l ∈ Υ .

From this and (H5), we have

D+V (t)

= D+VR(t) + D+VI(t) + D+VJ (t) + D+VK (t)

≤
n∑

p=1

{
(
λ – a–

p
)
eλ(t–t0)(ρ–1

pR

∣∣zR
p (t)

∣∣ + ρ–1
pI

∣∣zI
p(t)

∣∣ + ρ–1
pJ

∣∣zJ
p(t)

∣∣ + ρ–1
pK

∣∣zK
p (t)

∣∣)

+
n∑

q=1

(
4bpqLf eλθ

1 – τ̇pq
+ 4αpqLgeλθηpq + 4βpqLgeλθ ξpq

)
eλ(t–t0)(ρ–1

pR
+ ρ–1

pI

+ ρ–1
pJ

+ ρ–1
pK

)(∣∣zR
q (t)

∣∣ +
∣∣zI

q(t)
∣∣ +

∣∣zJ
q(t)

∣∣ +
∣∣zK

q (t)
∣∣)

}

≤
n∑

p=1

{
(
λ – a–

p
) 1
ρ– eλ(t–t0)(∣∣zR

p (t)
∣∣ +

∣∣zI
p(t)

∣∣ +
∣∣zJ

p(t)
∣∣ +

∣∣zK
p (t)

∣∣)

+
n∑

q=1

(
16bqpLf eλθ

1 – τ̇qp
+ 16αqpLgeλθηqp + 16βqpLgeλθ ξqp

)
1
ρ– eλ(t–t0)(

∣∣zR
p (t)

∣∣

+
∣∣zI

p(t)
∣∣ +

∣∣zJ
p(t)

∣∣ +
∣∣zK

p (t)
∣∣
}

=
n∑

p=1

{
λ – a–

p +
n∑

q=1

(
16bqpLf eλθ

1 – τ̇qp
+ 16αqpLgeλθηqp + 16βqpLgeλθ ξqp

)}

× 1
ρ– eλ(t–t0)(∣∣zR

p (t)
∣∣ +

∣∣zI
p(t)

∣∣ +
∣∣zJ

p(t)
∣∣ +

∣∣zK
p (t)

∣∣)

≤ 0.

Hence, V (t) ≤ V (t0) for t ≥ t0. By the expression of V (t), we can obtain

V (t) ≥
n∑

p=1

eλ(t–t0)(ρ–1
pR

∣∣zR
p (t)

∣∣ + ρ–1
pI

∣∣zI
p(t)

∣∣ + ρ–1
pJ

∣∣zJ
p(t)

∣∣ + ρ–1
pK

∣∣zK
p (t)

∣∣)

≥ 4neλ(t–t0)∥∥z(t)
∥∥ = 4neλ(t–t0)∥∥x(t) – y(t)

∥∥
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and

Vl(t0) =
n∑

p=1

{
ρ–1

pl

∣∣zl
p(t0)

∣∣ +
n∑

q=1

4bpqLf ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq

×
∫ t0

t0–τpq(t0)
eλs(∣∣zR

q (s)
∣∣ +

∣∣zI
q(s)

∣∣ +
∣∣zJ

q(s)
∣∣ +

∣∣zK
q (s)

∣∣)ds

+
n∑

q=1

4αpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t0

t0+u
eλs(∣∣zR

q (s)
∣∣ +

∣∣zI
q(s)

∣∣ +
∣∣zJ

q(s)
∣∣

+
∣∣zK

q (s)
∣∣)ds du +

n∑

q=1

4βpqLgρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

∫ t0

t0+u
eλs(∣∣zR

q (s)
∣∣

+
∣∣zI

q(s)
∣∣ +

∣∣zJ
q(s)

∣∣ +
∣∣zK

q (s)
∣∣)ds du

}

=
n∑

p=1

{
ρ–1

pl

∣∣zl
p(t0)

∣∣ +
n∑

q=1

4bpqLf ρpRρ–1
pl

eλ(θ–t0)

1 – τ̇pq

×
∫ t0

t0–τpq(t0)
eλsρ–1

pR

∣∣zR
q (s)

∣∣ds

+
n∑

q=1

4bpqLf ρpI ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq

∫ t0

t0–τpq(t0)
eλsρ–1

pI

∣∣zI
q(s)

∣∣ds

+
n∑

q=1

4bpqLf ρpJ ρ
–1
pl

eλ(θ–t0)

1 – τ̇pq

∫ t0

t0–τpq(t0)
eλsρ–1

pJ

∣∣zJ
q(s)

∣∣ds

+
n∑

q=1

4bpqLf ρpK ρ–1
pl

eλ(θ–t0)

1 – τ̇pq

∫ t0

t0–τpq(t0)
eλsρ–1

pK

∣∣zK
q (s)

∣∣ds

+
n∑

q=1

4αpqLgρpRρ–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t0

t0+u
eλsρ–1

pR

∣∣zR
q (s)

∣∣ds du

+
n∑

q=1

4αpqLgρpI ρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t0

t0+u
eλsρ–1

pI

∣∣zI
q(s)

∣∣ds du

+
n∑

q=1

4αpqLgρpJ ρ
–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t0

t0+u
eλsρ–1

pJ

∣∣zJ
q(s)

∣∣ds du

+
n∑

q=1

4αpqLgρpK ρ–1
pl

eλ(θ–t0)
∫ 0

–ηpq

∫ t0

t0+u
eλsρ–1

pK

∣∣zK
q (s)

∣∣ds du

+
n∑

q=1

4βpqLgρpRρ–1
pl

eλ(θ–t0)
∫ 0

–ξpq

∫ t0

t0+u
eλsρ–1

pR

∣∣zR
q (s)

∣∣ds du

+
n∑

q=1

4βpqLgρpI ρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

∫ t0

t0+u
eλsρ–1

pI

∣∣zI
q(s)

∣∣ds du

+
n∑

q=1

4βpqLgρpJ ρ
–1
pl

eλ(θ–t0)
∫ 0

–ξpq

∫ t0

t0+u
eλsρ–1

pJ

∣∣zJ
q(s)

∣∣ds du
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+
n∑

q=1

4βpqLgρpK ρ–1
pl

eλ(θ–t0)
∫ 0

–ξpq

∫ t0

t0+u
eλsρ–1

pK

∣∣zK
q (s)

∣∣ds du

}

≤
n∑

p=1

{
1 +

n∑

q=1

(16τpqbpqLf ρ
–1
pl

1 – τ̇pq
+ 8η2

pqαpqLgρ
–1
pl

+ 8ξ 2
pqβpqLgρ

–1
pl

)
ρ+eλθ

}
‖ϕ – ψ‖.

Denote

M = max
1≤p≤n

l∈Υ

{
1 +

n∑

q=1

(16τpqbpqLf ρ
–1
pl

1 – τ̇pq
+ 8η2

pqαpqLgρ
–1
pl

+ 8ξ 2
pqβpqLgρ

–1
pl

)
ρ+eλθ

}
> 0.

Thus, we have

4neλ(t–t0)∥∥x(t) – y(t)
∥∥ ≤ V (t0) ≤ V (t) ≤ 4nM‖ϕ – ψ‖, t ≥ t0,

that is,

∥∥x(t) – y(t)
∥∥ ≤ M‖ϕ – ψ‖e–λ(t–t0), t ≥ t0.

Therefore, the ω-periodic solution x(t) of system (2) is globally exponentially stable. In
view of Remark 1, we see that the ω-periodic solution of system (1) is also globally expo-
nentially stable. The uniqueness of the ω-periodic solution follows from the global expo-
nential stability. The proof is complete. �

4 An illustrative example
In this section, an example is given to illustrate the effectiveness of our results obtained in
this paper.

Example 1 Consider the following QVFCNN:

ẋp(t) = –ap(t)xp(t) +
n∑

q=1

bpq(t)fq
(
xq

(
t – τpq(t)

))
+

n∑

q=1

dpq(t)μq(t)

+
n∧

q=1

αpq(t)
∫ t

t–ηpq(t)
gq(s, x) ds +

n∨

q=1

βpq(t)
∫ t

t–ξpq(t)
gq(s, x) ds

+
n∧

q=1

Tpq(t)μq(t) +
n∨

q=1

Spq(t)μq(t) + Ip(t), (8)

where

ẋp(t) = ẋR
p (t) + iẋI

p(t) + jẋJ
p(t) + kẋK

p (t) ∈Q, p = 1, 2,
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fq(xq) =
1
4

sin

(
xR

q +
1
2

xI
q

)
+

1
2

j sin
(
xR

q + xI
q + xJ

q + xK
q
)

+
1
4

kxJ
q,

gq(xq) =
1
4

j
(
xR

q + xI
q + xJ

q + xK
q
)

+
1
4

k sin
(
xR

q + xK
q
)
,

[
a1(t)
a2(t)

]
=

[
sin2(20t) + 20

–5 cos2(20t) + 25

]
,

[
I1(t)
I2(t)

]
=

[
sin 40t + i sin 40t + j cos3(40t) + 1

3 k cos 40t
cos 40t + i sin 40t + j cos 40t + k sin5(40t)

]
,

[
b11(t) b12(t)
b21(t) b22(t)

]

=
1
4

[
cos 40t + i sin 80t + j sin2(20t) sin 40t + k cos 40t

i cos 40t + j sin 80t – k cos3(40t) cos2(20t) + j cos4(20t) + k sin 40t

]
,

[
d11(t) d12(t)
d21(t) d22(t)

]

=

[
sin 40t + 1

2 i cos 40t + k sin2(20t) 2
3 sin 40t + j cos3(40t) – k cos 40t

cos 40t + j cos3(40t) + 1
2 k sin 40t sin3(40t) – j cos 40t + k sin 40t

]
,

[
α11(t) α12(t)
α21(t) α22(t)

]

=
1
4

[
cos5(20t) + i sin 40t + k cos 40t i sin 40t

i sin 40t + 1
2 k cos2(20t) sin 40t + i cos 40t + j sin3(40t)

]
,

[
β11(t) β12(t)
β21(t) β22(t)

]

=
1
4

[
cos5(40t) + 1

2 i sin 40t + k cos 40t i sin2(20t)
1√
2 i sin 40t + k cos 40t sin 40t + i cos 40t + j sin3(40t)

]
,

[
T11(t) T12(t)
T21(t) T22(t)

]
=

[
1
3 cos2(20t) + i cos 40t + k 1

3
1
2 sin2(20t) + j sin3(40t)

1
2 sin 40t + 1

4 k cos 40t 1
4 + 1

4 k sin 40t

]
,

[
S11(t) S12(t)
S21(t) S22(t)

]
=

[
1
5 cos 40t + k sin2(20t) 1

2 sin2(20t) + j cos2(20t)
1
2 sin4(20t) + i cos2(20t) 1

4 + k sin 40t

]
,

[
μ1(t)
μ2(t)

]
=

[
1
3 cos 40t + i sin 40t + k cos 40t

1
2 sin 40t + k cos 40t

]
,

[
τ11(t) τ12(t)
τ21(t) τ22(t)

]
=

[
1

40 cos2(20t) 1
40 sin2(20t)

1
40 sin2(20t) 1

4

]
,

[
η11(t) η12(t)
η21(t) η22(t)

]
=

[
1
2 sin2(20t) 1

4 cos2(20t)
1
4 sin2(20t) 1

4 sin2(20t)

]
,

[
ξ11(t) ξ12(t)
ξ21(t) ξ22(t)

]
=

[
1
4

1
3 cos2(20t)

1
2 cos2(20t) 1

2 sin2(20t)

]
.
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Figure 1 The states of four parts of x1 and x2

By computing, we have

a–
1 = a–

2 = 20, Lf =
1
8

, Lg =
1
4

, θ =
1
2

, ω =
π

20
,

[
b11 b12

b21 b22

]
=

[
α11 α12

α21 α22

]
=

[
β11 β12

β21 β22

]
=

[
1
4

1
4

1
4

1
4

]
,

[
τ̇11(t) τ̇12(t)
τ̇21(t) τ̇22(t)

]
=

[
– 1

2 sin 40t 1
2 sin 40t

1
2 sin 40t 0

]
,

[
τ11 τ12

τ21 τ22

]
=

[
1

40
1

40
1

40
1
4

]
,

[
η11 η12

η21 η22

]
=

[
1
2

1
4

1
4

1
4

]
,

[
ξ11 ξ12

ξ21 ξ22

]
=

[
1
4

1
3

1
2

1
2

]
,

[
τ̇11 τ̇12

τ̇21 τ̇22

]
=

[
1
2

1
2

1
2 0

]
.

Take λ = 1, then we have

max
1≤p≤2

{
4ω

1 – e–ωāp

[ n∑

q=1

(bpqLf + αpqLgθ + βpqLgθ )

]}
= 0.246 <

1
4

and

max
1≤p≤2

{
λ – a–

p +
n∑

q=1

16eλθ

(
bqpLf

1 – τ̇qp
+ (αqpηqp + βqpξqp)Lg

)}
= –17.28 ≤ 0.

Therefore, all the conditions of Theorem 2 are satisfied. According to Theorem 2, system
(8) has a unique π

20 -periodic solution and it is globally exponentially stable (see Figs. 1–3).
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Figure 2 Curves of x1 in a 3-dimensional space for the stable case

Figure 3 Curves of x2 in a 3-dimensional space for the stable case

Remark 2 Even when QVFCNN (8) degenerates into a real-valued system, papers [23,
32, 45–47] cannot be used to judge that (8) has a globally exponentially stable periodic
solution.

5 Conclusions
In this paper, by using the Schauder fixed point theorem and constructing a suitable Lya-
punov function, we investigated the existence and global exponential stability of periodic
solutions for QVFCNNs with time-varying delays. To the best of our knowledge, this is the
first paper to study the periodic solutions of QVFCNNs. Our results are new and supple-
ment some previously known ones even when system (1) degenerates into a real-valued
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system. Our methods used in this paper can be used to study other types of quaternion-
valued neural networks such as Hopfield neural networks, BAM neural networks, Cohen–
Grossberg neural networks, and so on.
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