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1 Introduction
The Degasperis—Procesi equation with the form

Qx — Drax + 4P Dy = 3P Prx + PDrxas (1)

was discovered in [1], which is one of three integrable equations within a certain family of
third-order nonlinear dispersive PDEs. It is a representative model for shallow water dy-
namics, so many scholars have investigated this equation by different methods (see [2-7]).
The Degasperis—Procesi equation possesses smooth solutions that develop singularities
in finite time by capturing the essential features of breaking waves [8], the solutions remain
bounded, but their slopes become unbounded.

Recently, Lai et al. [9] studied the generalized Degasperis—Procesi equation

¢x - ¢txx + k¢x + m¢¢x = 3¢x¢xx + ¢¢xxx (2)

The objective of this work is to investigate the modified Degasperis—Procesi equation
in the form [10]

G — Pex + BF (@) = 1" (9)92 + 3" (P) P + [ ()P
+am[(m—1)¢" ¢ + " py] — g™, (3)
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where o, 8 € R, m > 2, f(¢) is a polynomial function of order n (n > 2). Setting o = 0,
B=4,f(¢p)= ¢—22, Eq. (3) reduces to the Degasperis—Procesi equation (1).
In the present paper, o = 0, f(¢) = ¢”, n € Z* is considered, and then Eq. (3) becomes

b = P + Br¢" " b = nln = 1)(n = 2)¢">¢3 + 3n(n — D" *$upux + 19" s, (4)
by substituting the traveling wave transformation ¢ (x, t) = ¢(x — ct) = ¢(§), where c is the

wave speed. Integrating once and neglecting the integral constant, the partial differential

equation (4) changes to the following ordinary differential equation:

—cp +cd” + Bo" = n(n—1)p" ¢ + ng" ¢’ (5)

Equation (5) is equivalent to the two-dimensional system as follows:

do _ dy _cp—Bo" +n(n-1)¢" %y ©)
dg 7’ dg c—ngr-1 ’
with the first integral being
1 w2 2 S en+cB B g
H(¢,y)—§(c—n¢> )’y —¢<5¢— P ¢ +§¢ >—h' 7)

Obviously, Eq. (5) is a three-parameter planar dynamical system depending on the pa-
rameter triplet (¢, 8, n). Since the phase orbits defined by the vector fields of Eq. (5) deter-
mine all traveling wave solutions of Eq. (4), we will investigate the bifurcations of phase
portraits of Eq. (5) in the phase plane (¢, y) when the parameters (c, 8, n) change. For the
given physical model, we aim to find the bounded solutions of Eq. (5) which are meaningful
in physics.

Suppose that ¢ (&) is a continuous solution of (6) for £ € (-oo, +00) and limg_, o ¢(§) = «
as well as limg_,, o 9(€) = B. If @ = B, ¢(x,2) is called a solitary wave solution. If & # g,
¢(x,t) is called a kink (anti-kink) wave solution. A solitary wave solution corresponds to
a homoclinic orbit, a kink (anti-kink) wave solution corresponds to a heteroclinic orbit, a
periodic orbit corresponds to a periodic traveling wave solution.

This paper is organized as follows. In Sect. 2, we discuss the bifurcations of phase por-
traits of system (6) under different parameter conditions. In Sect. 3, we prove the existence

of solitary wave, periodic, and loop solutions of (6). A brief conclusion is given in Sect. 4.

2 Bifurcations of phase portraits of (6) and (8)
In this section, the phase portraits of Eq. (6) will be considered. First, let dt = (c—n¢" ') dg,
then Eq. (6) becomes

d¢ _ n-1
e (c—nd) )y,

dy
dr_c

® — B" +n(n—1)¢" %> 8)

Obviously, Eq. (8) has the same topological phase portraits as Eq. (6) except for the
straight line ¢ — n¢"~! = 0, and Egs. (8) and (6) are integrable, which have the same first

integral as (7). For a fixed 4, (7) determines a set of invariant curves of (8), which contains
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different branches of curves. As / is varied, (7) defines different families of orbits of (8)
with different dynamical behaviors.

Denoting F(¢) = cp — B¢", to investigate the critical points of the system, we need to find
all zeros of the equation F(¢) = 0. In the (¢, y)-phase plane, the abscissas of equilibrium
points of Eq. (6) on the ¢-axis are the zeros of F(¢). Notice that F'(¢) = ¢ — fng" !, for
an odd # and ¢B > 0, F/(¢) has two zeros ¢+ = j:(ﬁin)ﬁ; for an even n, F'(¢) has one zero
¢, = (ﬂ—cn) #1. Then the distribution of the zeros of F (¢) on the ¢-axis is presented. For an
odd #, there exist three equilibrium points of Eq. (8) at O(0,0) and E(¢,,5,0) when ¢ > 0,
where ¢, = (ﬂin)ﬁ, oy = —(ﬂ—”yl)ﬁ. For an even #, there exist two equilibrium points of
0(0,0) and E(¢,, 0), where ¢ = ()71

Let E(¢;,0) be an equilibrium point of (8) and M(¢;,0) be the coefficient matrix of the
linearized system of Eq. (8) at an equilibrium point E(¢;,0). We obtain

J(¢:,0) = det M(¢;,0) = —(c - nd)in—l)(c B ﬂn(bln,l)

By the theory of planar dynamical systems, the equilibrium point E(¢;,0) of the Hamil-
tonian system is a center if J(¢;,0) > 0; E(¢;,0) is a saddle if J(¢;,0) < O; while if J(¢;,0) = 0
and Poincaré index of this equilibrium point is zero, then E(¢;,0) is a cusp.

From the analysis above, we obtain the different phase portraits of Eq. (6) shown in Fig. 1.

3 Some exact traveling wave solutions of (6) and (8)
In this section, we will use the phase portrait analytical technique [11-21] to get smooth
solitary, loop and periodic wave solutions under some conditions.

1. If n = 2, we notice that the curves defined by H(¢,y) = & = 0 correspond to the or-
bits consisting of two stable manifolds, two unstable manifolds of the saddle point O(0, 0)
and two open curves passing through the points (¢, 0), respectively (see the red orbits in
Fig. 1-6). From Eq. (7), it is obvious that the arch curve on the left-hand side of the straight
line ¢ = 7 has the algebraic equation

y BP0y B (C)p2er - B)d — ) o
a (c—20) ) c-207

where ¢; 5 = @ +5/B%*—5B + 4. By Eq. (9) and the above standard phase portrait anal-
ysis, integrating along the stable and unstable manifolds, approaching the straight line
¢ = 5 to the saddle point O(0,0) and two open curves passing through the points (¢,,0),

we obtain the following representations:

e | ) do =—#[¢>1(¢) ; ¢2<¢>—¢1(3¢1) —@(1@)] (10)
¢ v-B 2 2
and
2 1
£ - /¢ D) db =~ [01(9) + 0:(6) - 1)~ 2], a1
29199
where 71(¢) = Wﬁ ®1(g) = S cosh (P00, and dy(¢) = 2

arcsin(%). Employing (10) and (11), we obtain a loop solution.
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Figure 1 Phase portraits of (8) under different parameter conditions, form € Z* and m > 1

Remark The loop solution is a solitary wave solution with a singularity, which possesses
infinite derivatives at certain points, and consist of two or more independent branches.
The loop solution illustrated in (10) and (11) may be regarded as a composite solution
made up of three single-valued solutions. The notion of composite solutions for the

Camassa—Holm equation is discussed in detail in [15-19].

2. If n = 2, we notice that the curves defined by H(¢,y) = & € (h;,0) corresponding to a
family of periodic orbits (see the blue orbits in Fig. 1-6). Under this condition, the algebraic
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equation is obtained as follows:

o 2+ = 250G+ B (—B)(¢ - $3)(d — Pa)( — 5) (s — )
a (c—20) ) (c—20) ’

(12)

where ¢3 < ¢y < 0 < 5 < g, and ¢3 = s, P4 = —¢ps. Thus, we have parametric represen-

tations for the family of periodic solutions as follows:

c—2¢3 2(¢p6 — ¢3) ( 5 — P )
=—F(p,k) - I ¢, k), 13
<l v/ =Bdebs (e:k) ~ Peds v &5 — 3 (13)

— ; (P5-03)(P6—¢) 1,2 _ ($6—¢5)(Pa—¢3), 95—
where ¢ = arcsin (¢27¢:)(¢ﬁ¢3), k* = (¢§—¢i)(¢:—¢:)’ F(p,k) and I (g, ¢27¢:’k) are the Legen-
dre’s incomplete elliptic integrals of the first and third kind, respectively (see [22]).
3.If n = 3, we notice that the curves defined by H(¢, y) = & = 0 correspond to two homo-
clinic orbits passing through the saddle point O(0, 0) (see the red orbits in Fig. 1-5). Under

this condition, the algebraic equation is obtained as follows:

, 9 - CPG2+ BoY)  po(p - 21)(9 — 22)(§ — 23)( — 2a)

y = = ) (14)
(c-3¢%)? (c—3¢2)

where z; (i = 1 — 4) are complex numbers, z; is conjugate to z;, and z, is conjugate to zs.

Thus, by using the first equation of (6) and Eq. (14), we obtain the parametric representa-

tion of two homoclinic orbits:

1
€] = ﬁ [a)lF(gal,/q) + a)217(<p1, 1+ az,kl) + a)317(¢71, 1 +g12,k1) + a)4f2], (15)
__gea(l+gie)  3g(bi—a181)(1+agr) _ geat(a-g1) _ 3ggtbi—g1a)(@1—)
where w; = (@1+b1g1)(1+a2) (1+¢2) » W2 = (a1+b1g1)(1+a?)’ ws = g1(1+g?) » and
Wy = 2l 3abiraa)@-e) g gives rise to two smooth solitary solutions. The details
ar+b1g1 &

of the computation can be seen in Appendix.

4. If n = 3, the curves defined by H(¢,y) = h = 0 correspond to different orbits of Eq. (8)
consisting of two stable manifolds, two unstable manifolds of the saddle point (0,0), and
two open curves passing through the points (¢,, 0) (see the red orbits in Fig. 1-7). On the
right-hand side of the vertical axis, from Eq. (7), the arch curve on the right-hand side of
the straight line ¢ = (g)% is

y_ 9~ 4 BOY) AP~ ¢)(d — P0)($ — 25)( — 26)

Y

(c - 3¢2)? (c - 3¢2)?
BB — 1) (¢ — d)[(p — b1)* + 4l 6
- (c—3¢2)2 ’ (16)

where ¢7, ¢g are real numbers, zs, zg are complex numbers, and ¢ > ¢g, z¢ is conjugate to
zs. By Eq. (16) and the above standard phase portrait analysis, integrating along the stable
and unstable manifolds, approaching the straight line ¢ = (%)% to the saddle point O(0, 0)

and the open-end curve passing through the points (¢.,0), integrating on the intervals
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[0,¢) and (¢, %], we obtain the following representations:

£ = | wsF(p ko) + w6 oa n G
=—|w ko) + o ,——— k)| +w =k
«/B 50\P2, K2 6 @2 a%—l 2 7 ¥2 oz%—l 2
k2 + (1 - k2)a? k2 + (1 - k2)a?
+ wg arctan L;)lsdu + wg arctan M sdu |, (@17)
1-o] 1- a2
_ c-3¢° (A=B)p+¢7B—¢gA\ 42 _ 2,2
wherenx(¢) = 7 ¢\/<¢ #6025 - w27 arccos ({155 gz gma ) A” = (@7=b1)*+al,
2 2 _ (A+B) —(¢7 ~¢3) _ c@aa(B-A)  3gro (¢7B-¢gA) _ @ (B-A)(-a2)
= (95— b1’ +al, k3 = 1 05 = "4 BrgsA LB YT (5B A1 ad)’

_ _ 35a(¢7B-¢gA)(a—-1) _ _ocgp(B-A)(e1-a) 1-of _ 3u2g2(¢7B-¢sA)(ep—at1)
@7 = WB-03) T T grBegsa)i-ad) | Br0Kad’ and wy AB1-ad)
1- az
/ m It gives rise to a loop solitary solution like in (10) and (11). Paralleling with

the orbits on the right-hand side of the vertical axis, another loop solution can be found
which consists of orbits on the left-hand side of the y-axis in Fig. 1-7.

4 Conclusion

In summary, we have obtained the bifurcations of the parameters and proved the existence
of some exact traveling wave solutions for the modified Degasperis—Procesi equation, with
the aid of dynamical systems theory. We have shown that modified Degasperis—Procesi
equation has smooth solitary wave solutions, periodic wave solutions and loop solitary
solutions under some parameter conditions.

Appendix
Equatio (14) can be rewritten as

c—3¢2 c—3¢?

a = }
g Je - D2 i pgr VBSV(G -2)(@ -2 - 2)() ~ )

1
==+
[\/_ B ¢/ —21) (@ — 22)(@ — 23) (@ — 2a)

_3 ¢ }
VB (b —-21)(¢ -2 —23)( —2a) )

thus, we can obtain

g- -5 / iai
VBl 6J6-200-26 -2 -2
o dd

VB Jio-2) -2 -2)-2a)

1. From 267.02, 342.02 and 342.03 in [22],

/ =
/(¢ —21)(p — 22)(p — 23)(¢p — 24)

g du
- d - =
ai +big |:g/ u+ (@ g1)/ 1+atnu}
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__ &
ai +big

+a(e?+1) 2)}

|:gF(§01,k1) + (O{ _gl) 1 3 (F((pl,kl) + oz21'[((p1, 1+ O[Z,kl)

where f; defined by 361.64 in [22] is

fo=

1 1[\/1 ki +o? - «/1+a2dnui|
2/ +a?)(1-k}+a?) Ly1-k2+a2+/1+a2dnu

2. From 267.01, 342.02 and 342.03 in [22],

pde
V(@ —21)(¢ —22)(¢p — 23)(p — 24)

g(bl a1g1)
[ /du+(g1 a)/1+g1tnu]

_ g(by —ﬂ1g1) |:
g1

Flgr, k) + =2 g (F(§01x/<1) + g (o1, 1+, k) +g1(gi + 1) 2)]

2 2
2 Z1—2 Z1+Z Z3—2Z. z3+Z2.
wherealz—(142),b1= 1 2,a2=—(344),b2= kel

2 2
g- 2
Vb1 = 52)? + (a1 + a2)* + /(b1 — bo)? + (a1 — az)?
2 4y/(by = b)* + (a1 + @2)2/ (b1 — by)? + (a1 — an)? oot big
L (b —by)? + (ar + @) +/(by — b)) + (a1 — a2)?)? by -aig’

y 4a2 —(/(b1 = b2)* + (a1 + a2)? — /(b1 = b2)* + (a1 — a3)?)?
& = .
(Vb1 = b2)? + (a1 + a2)* + /(b1 — b2)* + (a1 — a2)?)? — 4a

Hence, from the computation above, Eq. (15) is obtained.
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