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1 Introduction

The purpose of this work is to provide the finite difference scheme from an applied point of
view. Much more emphasis is put into solution methods rather than to analysis of the the-
oretical properties of the equations; therefore, in this paper we will try to apply the mean
square and mean fourth calculus in order to find the stability condition for the random
process solution of the following random problem:

Up + By = AUy, € [0,00),—00 < x <00, Q)

u(x,0) = up(x),

where § is a random variable, « is a constant, ¢ is a time variable, x is the space coordinate
and u,, u, are the partial derivatives with respect to ¢ and x, respectively. Also, uy(x) is an
initial data function which is taken to be deterministic.

Many papers have studied stochastic partial differential equations by using the Brownian
motion process [1-3] also, with a random potential [3]. In this work we try to develop the
convection—diffusion problem from the deterministic case to the random case by dealing
with random coefficients. Our model is applied to a membrane containing pores or chan-
nels lined with positive fixed charges acting as a barrier between intracellular and extra-
cellular compartments filled with electrolyte solutions. In the pollutants, solute transport
from a source through a random medium of air or water is characterized by a parabolic
stochastic partial differential equation derived on the principle of conservation of mass;
it is known as stochastic advection—diffusion equation (SADE). There are many articles
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that have studied some stochastic partial differential equations by using finite difference
method [4-8]. The motivation in this paper is to prove the consistency and stability by
using the relation between the 2-norm and the 4-norm.

The rest of the paper is given as follows: In Sect. 2,we describe the random difference
scheme method. In Sect. 3, we prove that our difference scheme is consistent in mean
square and mean fourth with the advection—diffusion model, Additionally, in Sect. 4, we
will find the stability condition in mean square and mean fourth for the random difference
scheme. In Sect. 5, we present some case studies. Finally, in Sect. 6, we give a summary of

our contribution.

2 The description of the random finite difference technique

Firstly, for applying the finite difference technique for the approximation solutions of our
problem (1), we discretize the space and the time by finite increasing sequences as follows:
the grid points for the space are to be taken as a = xp < %1 <Xy <x3 < --- <x = b. Also, the
time points are to be taken as 0 =y < t; < £ < t3 < --- < t, = 00. Suppose that the grid
cells for the space is Ax = (xx — xx_1) for kK > 1 with time steps At = (¢, — t,_1) for t > 1.
Suppose u} = u(kAx,nAt) approximates the exact solution for the problem (1) as, u(x, t)
at the point (kAx, nAt). To formulate the difference scheme according to the problem (1),
we replace the first and second derivative in (1) by difference formulas as follows:

« The first-order approximation to u; is

un+l —u"
u(kAx, nAt) ~ -~k
At

«+ The first-order approximation to u, is

n

uy. ., —u
uy(kAx, nAt) ~ %
x

« The second-order approximation to i, is

u  —2u” +u?
Usn(kAx, nAL) ~ W

)

by substituting in (1), we get the random difference scheme

uptt = (1 + rBAx = 2ra)u}l + (ra — rBAx)u}, | + rouy_,
ul = uo(kAx) = 1o (%), )
r= (AAxt)z , t,=nAt and x;=kAx.

3 Consistency in mean square and mean fourth

For a random finite difference scheme (RFDS) L{u} = V}! that approximates the random
partial differential equation (RPDE) Lu = V' to be consistent under the mean square sense
at time ¢ = (n + 1) At, for any smooth function ¢ = ¢(x, £), we have in mean square

E[|(Lg - G)} — (Lip(kAx,nAD) - G})|*] = 0, 3)

as At — 0, Ax — 0 and (kAx, nAt) — (x,t).
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Theorem 1 The RFDS (2) defined by (1) is a consistent scheme in mean square area: At —
0, Ax — 0 and (kAx,nAt) — (x,t).

Proof

okAx, (n + 1)At) — p(kAx, nAt) ‘B o((k + 1) Ax, nAt) — (kAx, nAt)

Lg)! =
@)k AL Ax

(n+1)At
-« / Oxx(kAx,s) ds,
n

At
o(kAx, (n+ 1)At) — p(kAx, nAt)
At

o((k + 1) Ax, nAt) — p(kAx, nAt)

+B
Ax
o((k + 1)Ax, nAt) — 2p(kAx, nAt) + o((k — 1) Ax, nAt)
(Ax)?

Lip(kAx,nAt) =

Then

((k + 1)Ax, nAt) — 2p(kAx, nAt) + o((k — 1) Ax, nAt)
(Ax)?

1

o((k + 1)Ax, nAt) - 2p(kAx, nAt) + p((k — 1) Ax, nAt) _ %p(kAx, nAt) .\ O((Ax)z).
(Ax)? 0x2

e[t - L] =] o2

(n+1)At
- / Oxx(kAx,s)ds
n

At

From the Taylor expansion, the second derivative is

Then we have

2 (n+1)At
E[’L(go)ﬁ —LZ((p)’z] = EHQ% + (’)((Ax)2) —a/ Oux(kAx,s) ds

nAt

1

As At — 0, Ax — 0 and (kAx, nAt) — (x,t),
E[|(Lg - G)} - (Lip(kAx,nAb) - G})|*] — .

Thus we have, the RFDS (2) is a mean square consistent as Ax, At — 0 and (kAx, nAf) —
(x, 1). O

4 Stability in mean square and mean fourth
The REDS Lyuy = V! that approximates RPDE Lu = V is stable in mean square, if, for the
constants € > 0, § > 0, and non-negative constants 7, £ and #° an initial data, we have

EfJw ) < neEf ), @
forall, t=(n+1)At,0< Ax <¢,0< At <34.

Theorem 2 The RFDS (2) defined by (1) under the conditions:
1. At — 0, Ax is fixed,
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2. B is positive random variable,
3. E[|BI*] < oo (fourth-order random variable),
4. u® is a deterministic initial data,

is to be mean square stable.

Proof Here

uft = (1 + rBAx = 2ra)ufl + (ra — rBAx)ull,, + rau} ,,

E[|up! 2] =E[|(1 +rBAx - 2ra)uf + (ree — rBAX)U,, + rozu,f_l{z].

Also since

E[1X + Y1) < [\JE(XP) + JE(YP)
we have

Efu '] < E[uf + rp(asyu — 2rocf ]
+ 2E([|raufuy,, — rB(Ax)ulu},, + 3r*aB(Ax)ujul,
- PR e, -2 ]
+ 2E[ |[raufuy_y + rPap(Ax)ujul_, - 2r*a’uju}_|]
+ 2E[|rPo?ul, uf_ - rPap(Ax)ul, up |
+ Ef|rend, '] + 2(E[Jrens, ') (E[|rBlanus, '])

+E[|r/3(Ax)uZ+1|2] +E[|rauz_1’2].

1/2

Since
E[IX +Y +Z|| <E[IXI] + E[|Y1] + E[1Z1]
we have

EfJug 7] < B[]+ 2(El et ) (EL B (A0 — 2reast'])" + E[|rpan)u ]
+ 2(E[|rp (o)t 1) (E[[2rat )" + E[ [2res ]
+ E[|rozukuk+l|] +2E[|rB(Ax)uluf, || + 6E[|rPap(Ax)ujul, ]
2E[ |7 B> (AxV s |] + 4E[ | o, ]
+ 2E[‘raukuk ]+ 2E[|[PPap(Ax)uiu]_ | + 4E[|Po’ulu]_|]

2
+ 2E[|rPo’ul,yup_, |] + 2E[|rPaB(Ax)ul, u)_ |] +E[|rozuk+1| ]

+2(E[ o, [']) " (E[rB (a0, [*])
+E[|rﬂ(Ax)u,f+1|2]+E[|rom,’jﬁl|2].

Since

Xl = [EG)] vX e Ly(82),



Sohaly Advances in Difference Equations (2019) 2019:54 Page 5 of 9

we have

a5 < okl + 2] | (rBCa%) — 2re)a ], + | g

Since

w2 | @royugl, + | @rev | + 2rafu ] s ],

+ 2 (AONBI 1|21, + 62 (ABI a5k [ [,

+ 20| B2 s i | + e s e | + 2re o[ s
+ 207a(AR) Bz [ad o[, + 4 ], s

+ 2070 uy [, [y [, + 2 AnBI2 s |, |6 |

P uf |+ 270 |, | B

+r2(Ax)? ||,3th+1 ||3 +r2o? || up_, ||§

XYz < IXNallYlla VX, Y € La(£2),

we have

et < |+ 2r(Ax) |t |21 Blla + draraf | + (A 1B13 |us |

Then

+ 4P (ADNB I [ + e [a [+ 2re ] o,

+ 20 (AR Bllaf | [ |, + 6% (DB 2 [

GO R A TR T R TA N T

+2raflug | o [, + 27 @0NB | o [ 5 + 4 [ o [
#2700 [t [ et |+ 27BN o | + e o

+ 2°2a(AX)IBlla | |3 + PO BIZ| i |2 + e |y |

suplu [, = sup u |+ 2r(A) Bl sup | + drocsup ]

+ rz(Ax)2||/3 ||12L stlip” uy Hi + 4r2a(Ax)||,3 l4 sipH uy Hi +4r2a? sip” uy Hi

+ 2 sup| ] 3 +2r(Ax) 1Bl sup [u |5+ 6r(Ax)IIBlla supl|u I
+ 2r°(8a)?| B2 sup | + 4 sup [u s

+2ra st;p“u,ﬁ 5 +2r%(A%)[1Blla S‘zP”“Z |5+ 4 S‘;P““Z I;

+ 2% supl[u [, + 2 (A0 Bllsup | + e suplas

+ 2r7a(A) |l sup |5+ @181 supl|usf |5+ sup |5
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Then
sup||uZ’rl Hi < [1 +8ra + 16r%a? + 4r(Ax) || Blla + 4r2(Ax)2||,3||i + 16r2a(Ax)||,3||4]
k

x sup| ] I

< [1+8ra + 16r°a® + 4r(Ax)[| Blla + 4r*(Ax)?|| B11} + 16r°a(Ax) || B ||4]”*1
2
x sup|u |-
k
Take
8ra + 16r%a? + 4r(Ax) || B4 + 4r*(Ax)? (| 8113 + 16r%a(Ax)|| Blla < A*(AL).
Then
n+l || 2 2 n+l 02
suplluf™ [, =< (1+3746)" sup lu].
Since 1 is a deterministic function,
n+l || 2 2 n+l 02
sup [ = (1+3280)" supla|
and At = ﬁ, we have

) )th n+l ) ) )
Bl Y= (1o 25 ) Bl <2l

Thus, the REDS (2) satisfies the stability property in a mean square n = 1, £ = A2, d

5 Application

The random Cauchy problem for the convection—diffusion equation can be find in a mem-
brane model if the concentration u(x, £) inside a pore in the membrane is described as the
problem in the form

U+ Py =y, t>0,x€R,

) 5)
u(x,0)=e™, x€eR,
where x is the unbounded space coordinate perpendicular to the membrane surfaces, ¢ is
the time, « is the diffusion coefficient is a constant and  is the random variable advection
velocity.
Now, we can find the exact and approximation solution for this problem and construct
a comparison between the expected values of them as in Tables 1-7 and Fig. 1.

The exact solution

(o, t) = ——— e Tar . ®)
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Table 1 8 ~ Binomial(1.0,0.5), & =1

EQOtxg i )-ElU 1]

k n Xk tn E(U(X/ r>X}<In) E|Uf| E(U(X,T)Xk m)

T 1 05 001 0.7747527612  0.7753211115  0.0007335892538
12 05 0005 07747527612  0.7752913846  0.0006952197230

Table 2 8 ~ Beta distribution(1.0,2.0), ¢ =1

IEGOxg )17 I

kK n o X th E(, Dy 1) Elu}| W)

T 1 05 001 0.7735224945  0.7739513739  0.0005544498099
12 05 0005 07735224945 07739421289  0.0005424979920

Table 3 B ~ Binomial(1.0,0.5), & =1

EQOtxg, i -ELUL ]

k n Xk ln Eux, [)Xkyfn) Eluﬁ‘ E(U(er)xk,m)

T 1 05 0005 0.7768138752  0.7770609473  0.0003180582993
12 05 00025 07768138752  0.7770535156  0.0003084914001

Table 4 B ~ Beta distribution(1.0,2.0), ¢ =1

IEUOGx, g)-ELUR I
Eutxy i)

1 105 0005 0.7761821248  0.7763760781  0.0002498811732
12 05 00025 07761821248  0.7763737678  0.0002469046811

kK n  x th E(, Dy 1) Elu]

Table 5 B ~ Binomial distribution(1.0,0.5), = 1 and Ax =0.25

At 0.1 0.05 0.025 0.005 0.0001 0.000001
A2 64168761 19578549  6.6628165  0.83233003  0.01419545  0.00014145

Table 6 B ~ Beta distribution(1.0,2.0), @ =1 and Ax=0.25

At 0.1 0.05 0.025 0.005 0.0001 0.000001
A% 59941539 18388637  6.2987860 079647193 001365934  0.00013613

Table 7 B ~ Exponential(0.5), @ = 1 and Ax=0.25

At 0.1 0.05 0.025 0.005 0.0001 0.000001
A2 67646950 20554410 69599389 086122520 001462376  0.00014571

The numerical solution The random finite difference scheme for this problem takes the
form
uft = (1 + rBAx = 2ra)ufl + (ra — rBAX)ull,, + rau} |, (7)

12 = uo(k Ax) = o) = e kA7, (8)

since r = (AA—;)Z, t, = nAt and xy = kAx.

Using the RFDS (7) and (8)
0

ul = (1+rBAx = 2ra)ul + (ra — rBAX)US + rau)

=(1+rBAx— 2;"()1)(3‘(A")2 +(rao —rp Aac)e_(m’c)2 +ra,
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Figure 1 Expectation of the exact solution and the
approximations of expectations using RFDS (7)-(8)
at fixed time station t = 0.2,0.05,0.005,0.000005

E[U(x,t)]

— Exact
N=60,At=0.2
B ~ Binomia;(4.0,0.5)

o

E[U(x,t)]

m— Exact
N =60,At=0.05
B ~ Binomial(4.0,0.5)

o

E[U(xt)]

m— Exact
N=60, A t = 0.005

f ~ Binomial(4.0,0.5)

E[U(x,t)]

m— Exact
N=60, A t = 0.000005
B ~ Binomial(4.0,0.5)
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uf =(1+rBAx— 2ra)u% + (ro — r,BAx)u% + rau(l,.

= [(1 + rBAx - 2ra)? + 2ra(ra — rfAx) + (roz)z]e’(A”)2
+ 2[(ra —rBAx)(1+rBAx — 2;"01)]6_(%’“)2 +(ra —rp Aac)Qe_(SA")2

+2ra(l + rBAx - 2ra).

In Fig. 1 we present a comparison at the time instant ¢ = 0.2,0.05,0.005 and 0.000005
(time fixed station) of the expectation of the exact solution s.p. and the approximations of
the expectations using the random numerical scheme (7)—(8) with different spatial steps
and we note that Fig. 1 agrees with our calculations.

Figure 1 indicates that, for fixed expected values of the random variable and Ax and
decreasing the step size Af, we get a more accurate and stable solution to (5).

Also, we can summarize our results from Tables 1-4 that show the convergence between
the first moment of the exact stochastic process solution and the numerical stochastic
process approximations.

Additionally, we can confirm the convergence according to A2 as in Tables 5-7.

6 Conclusion

We have presented a consistent and stable RFDS that approximates the stochastic solution
of the Cauchy advection—diffusion problem with random variable coefficient under mean
square and mean fourth calculus.
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