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1 Introduction and main result

A set is called a unique range set (URSE) for a certain class of entire functions if each
inverse image of the set uniquely determines a function from the given class. Let S be a
finite set of some entire functions and f an entire function. Then, a set E(f, S) is defined as

E(f,S) = {(z,m) € C x Z,f(z) — a(z) = 0 with multiplicity m,a € S}.

Assume that g is another entire function. We say that f and g share S CMif E(f, S) = E(g, S).
Thus, a set S is called URSE if E(f, S) = E(g, S) where f and g are two entire functions; then
f=g

The first example of a URSE was given by Gross and Yang [3], who considered the zero
set of equation z + &* = 0. In view of the fact that this set has infinitely many elements, it is
natural to ask whether there exists a finite unique range set or not; the question is proposed
by Gross in [4]. In 1995, Yi [5] gave a straightforward answer to Gross’ question and found
the URSE w” + aw™ + b = 0, where n > 2m + 4 and a, b satisfy a certain condition. Since
then, there have been many efforts to study the problem of constructing unique range sets;
see e.g. [6, 7, 24]. There is another study direction on the URSE of entire functions, which
is to seek a set S such that if E(f,S) = E(f’,S), then f = f’ for an entire function f. Li and
Yang [8] deduced that if E(f,S) = E(f’, S) with S consisting of two distinct constants, then f
has specific forms. Later, based on the theory of the normal family, Fang and Zalcman [9]
answered the question by proving that there exists a finite set S including three elements
such that if E(f,S) = E(f",S), then f = f".

In recent years, the Nevanlinna characteristic of f(z + w), the value distribution theory
for difference polynomials, the Nevanlinna theory of the difference operator and the dif-
ference analogue of the lemma on the logarithmic derivative had been established; see
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e.g. [2, 10, 11, 16-23]. Due to these theories, there has been recent study of whether the
derivative f” can be replaced by the difference operator A f(z) = f(z + ¢) — f(z) in the above
question. In 2009, Liu [2] considered the problem and obtained the result as follows.

Theorem A Suppose that a is a nonzero complex number, and f is a transcendental entire
function with finite order. If f and A f share {a,—a} CM, then A f(z) =f(z) for all z € C.

Liu also proposed the question as follows [2]: Let 4 and b be two small functions of f
with period c. When a transcendental entire function f of finite order and its difference
operator A f share the set {a,b} CM, what can we say about the relationship between f
and A f?

In 2012, Li [1] considered the problem and proved the following.

Theorem B Suppose that a, b are two distinct entire functions, and f is a nonconstant
entire function with p(f) # 1 and A(f) < p(f) < 0o such that p(a) < p(f) and p(b) < p(f). If
fand Af share {a,b} CM, then f(z) = Af(2) forall z € C.

Here, the order p(f) is defined by

log T'(r,
p(f) = limsup 0e2S) (rf)’
r—00 10g r

and the exponent of convergence of zeros A(f) is defined by

log N(r, 1)
. f
A(f) =limsup ————.

(f) raoop 10g r

In Theorem B, the condition p(f) # 1 seems not natural. So one may ask whether it can
be removed or not. In this paper, we consider the question and show that the theorem still
holds without the condition p(f) # 1. More precisely, we give the specific form of f in a
simple way.

Main theorem Suppose that a, b are two distinct entire functions, and f is a nonconstant
entire function of finite order with L(f) < p(f) < oo such that p(a) < p(f) and p(b) < p(f). Iff
and A f share {a, b} CM, then f(z) = Aet'*, where A, . are two nonzero constants satisfying
el = 2. Furthermore, f(z) = A f(2).

Using the almost same method, we generalize the above result from entire functions to
meromorphic functions after the above theorem. Due to the use of almost the same method,
we omiit the detailed proof.

Corollary Suppose that a, b are two distinct entire functions, and f is a nonconstant fi-
nite order meromorphic function which has finite poles and with A(f) < p(f) < oo such that
p(a) < p(f) and p(b) < p(f). If f and A f share {a,b} CM, then f(z) = Ae'*, where A, | are
two nonzero constants satisfying e = 2. Furthermore, f(z) = A f(2).

A similar result can be found in [11]. Before we proceed, we suppose that the reader is
familiar with Nevanlinna theory, for example, the first and second main theorems, and the
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common notations such as T'(r,f), m(r,f) and N(r,f). S(r,f) denotes any quantity which
satisfies S(r,f) = o(T(r,f)) as r — 00, except possibly on a set of finite logarithmic measure;
see e.g. [12-14].

2 Proof of Main theorem

We will prove our theorem in this section. Before we turn to its proof, we first give the
following results, where the first one is Corollary 2.6 of Chiang and Feng in [10], and the
second one is Lemma 3.3 of Bergweiler and Langley in [15].

Lemma 2.1 Letf be a meromorphic function of finite order and let w;, w, be two arbitrary
complex numbers such that w, # wy. Assume that o is the order of f, then for each € > 0, we

( f(Z + 6()1)) O(VG_1+E).

" flz + wy)

Lemma 2.2 Let g be a function transcendental and meromorphic in the plane of order less
than 1. Set h > 0. Then there exists an e-set E such that

have

gz +w)
8(2)

— 1, whenz— ocoinC\E,

uniformly in w for || < h.

Proof of main theorem Note that f and A f share {a,b} CM. So we can set

(Af —a)Af =b) _

-y -b ey

in which Q is an entire function. Furthermore, it follows from (2.1) and max{p(a), p(b)} <
p(f) < oo that Q is a polynomial.

By the Hadamard factorization theorem, we suppose that f(z) = /(z)e’@, where 4 ( 0)
is an entire function and P is a polynomial satisfying

M) = p(h) < p(f) = deg(P).
Then

Af =f(z+¢) —f(2) = (h(z + 0)e"FIPE _ py(z)) e’
Wie substitute the forms of f and Af into (2.1) to find

[(h(z +¢)eP@IP@ _p(z) ) P(2) a(z)][(h(z + ¢)eP@roO-P@ _ h(z))ep(z) - b(z)]
= (h(2)e"® - a(z)) (h(z)e" - b(z))e??. (2.2)

Set wy = (h(z + ¢)eP@9)-P@ _ j(z)). Suppose that w; = 0. Then,

h(z + ¢)e’®) = h(z)e’?,
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which means A f = 0. It contradicts with Eq. (2.1). Thus, we suppose that w; # 0 below.
Obviously, w; is a small function of e’. Rewrite (2.2) as

o Wi - Ll - L
es =
H2[ef — %][ef - &

(2.3)

Note that a £ b. Without loss of generality, we suppose that a # 0. Assume that z is a
zero of e” — %, but not a zero of wy. It follows from (2.3) and the assumption about sharing
that zg is a zero of e’ — - or el — w%' We denote by N (r, e”) the reduced counting func-
tion of those common zeros of ¢’ — % and e’® — . Similarly, we denote by Na(r, e”) the
reduced counting function of those common zeros of e” — 4 and e” — Wil. Note that h is a
small function respect to e'; applying the second fundamental theorem to e” and the first
Sfundamental theorem to e” — % yields

T(r,ep) :ﬁ(r, e"(%) + S(r,ep) :Nl(r,ep) +N2(r,ep) +S(r,ep), (2.4)

¥
which implies that either Ny (r, e”) # S(, e”) or Ny(r, e’) # S(r, e”). We consider the follow-
ing two cases.

Case 1. Ny (r,e") #S(r, €).

Let a¢ be a common zero of e’ — 5 and el — Wil Then it is clear that ay is a zero of § — Wil
If%—wi1 # 0, then

ﬂmﬁ#waﬂgNqu7>§TGﬂ—f>=S@J)

7 W_l h w1
a contradiction. Thus
h=w. (2.5)
It leads to
h(z) P
2 — z+c)—P(z)' 26
hz+o) ¢ (26)

Then, by Lemma 2.1, one has, for any € > 0,

z+¢)-P(z h( ) —l+e
m(r,ep( )-P( )) = m(r, h(z—ic)> +0(1) = O(rp(h) )+ 0(1).

On the other hand, m(r, e?@*9-P@) = [A + 0(1)]r*")-1, where A is a fixed positive constant.

If p(f) > 1, by p(f) > p(h) and the above estimates of m(r,e’“*9~P@)), we can easily get
a contradiction. So, p(f) < 1, which means that e”@*9-" is a nonzero constant, say c.
Then (2.6) reduces to

hz)
hz+c) CO
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Note that 1 > p(f) > p(h). Then by Lemma 2.2, we know that there exists an e-set E, as
z ¢ E and |z| — oo such that

h(z+c¢) N
h(z)

So, ¢g = 2 and h(z) = h(z+c), which means that / is a periodic function. If  is a nonconstant
function, then p(#) > 1, a contradiction. Therefore, /4 is a constant. Note that deg(P) =
p(f) <1andf is a nonconstant entire function. Then deg(P) = 1. Thus, we can set f = Ae/%,
where A, u are two nonzero constants.

By the assumption of Case 1, one sees that f —a and A f —a have common zeros, which
are not zeros of a. Assume that o is a common zero of f —a and Af — a, and not a zero
of a. Then zj is a zero of f(z + ¢) — 2a(z). Furthermore,

Al — a(ag) = 0, A" —2a(ag) = 0,

which implies that e*¢ = 2. Thus, we get A.f =f, which is the desired result.
Case 2. Ny(r,e’) #S(r, e).

Let by be a common zero of e — % and e’ — WLI. Then it is clear that b is a zero of % - W%.
If ¢ — 2 0, then
P 1 a b
S(r,e);/Nz(r,eP)fN 7, 5 <Tlr,-— - — =S(r,ep),
% — W_l h w1
a contradiction. Thus
a b
———=0. 2.7
nwm (2.7)

If b=0, then =0, a contradiction. Thus, b # 0.

We assume that ¢, is a zero of e’ — %, but not a zero of wy. It follows from (2.3) that ¢,
is a zero of e’ — % or " - w%' We denote by N3 (r,e’) the reduced counting function of
those common zeros of e’ — % and e’ — Wil Similarly, we denote by Ny(r, ") the reduced
counting function of those common zeros of e’ — % and e’ — W%. Then

T(r,ep) =N<r,ﬁ

h

>+S(r,eP)=N3(r,ep)+N4(r,eP)+S(r,ep), (2.8)

which implies that either N3(r,e”) # S(r,e”) or Nu(r,e") # S(r,e"). If Ny(r,e") # S(r,e’),
similar to Case 1, we get the desired result. So, we assume that N3(r,e) # S(r, e”) below.
Similar to Case 2, we can deduce that

-———=0. (2.9)
It follows from (2.7) and (2.9) that

a’ = b
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Note that a # b. Thus, a = —b. Again by (2.9), one has w; = —h. We can rewrite it as
h(z + ¢)e’@ 9@ = o, (2.10)

a contradiction.

Therefore, the proof of the main theorem is finished. O
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