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Abstract

In this paper, we study the nonlocal boundary value problem for a nonlinear
fractional differential coupled system with fractional order impulses. Applying
Nonlinear Alternative of Leray-Schauder, we obtain some new existence results for
this system. As application, an interesting example is given to illustrate the
effectiveness of our main result.
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1 Introduction

In describing some phenomena and processes of many fields such as physics, chemistry,
aerodynamics, electrodynamics of a complex medium, polymer rheology, capacitor the-
ory, electrical circuits, biology, control theory, fitting of experimental data, and so on, the
fractional order calculus is an excellent and more accurate tool than the integral order
calculus. For example, in physics, we use Newtons’ law ne’(t) = o (¢) to describe the me-
chanics of viscous fluids, where o (£) and £(£) denote stress and strain at time £, respec-
tively, and n is the viscosity of the material. However, we need to employ Nuttings’ law [1]
nDlg+ ¢'(t) = o (t) (k € (n—1,n), n € N) to deal with the mechanics of viscous fluids involving
some possible interpolation properties. As a consequence, the subject of fractional differ-
ential equations is gaining much importance and attention. There have been many papers
focused on boundary value problems of fractional ordinary differential equations (see [1—
31]). Especially, the nonlocal boundary value problems have been widely studied by many
scholars because of their extensive applications in, e.g., blood flow problems, chemical en-
gineering, thermo-elasticity, underground water flow, population dynamics, and so forth.
The nonlocal boundary value problems of fractional-order differential equations consti-
tute a class of very interesting and important problems. Such boundary value problems
have been investigated in [8—14, 24, 25, 30].

In addition, the theory of impulse differential equations has seen significant develop-
ment in recent years and played a very important role in modern applied mathematical
© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-019-1982-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-1982-y&domain=pdf
mailto:zhaokaihongs@126.com

Zhao and Huang Advances in Difference Equations (2019) 2019:36

models of real processes arising in phenomena studied in physics, population dynamics,
chemical technology and biotechnology. Recently, some scholars have begun to study the
boundary value problems for impulsive fractional differential equations (see [1, 15-26, 30,
32]). Asis well known, the study on fractional differential coupled systems is more compli-
cated and challenged than the study on a single fractional differential equation. Recently,
some scholars began to investigate fractional differential coupled systems and obtained
some good results (see [8, 12, 13, 24, 26, 31]). However, there are few papers on the impul-
sive fractional order coupled systems with nonlocal boundary conditions and impulses.
Therefore, in this paper, we consider the following four-point boundary value problem
for nonlinear fractional differential coupling system with fractional order impulses of the

form

CD§.x(t) = f(t,x(2), “Dg.y(t)), te],t#t,

Df.y(t) = g(t, “Dlx(0), y(2), te],t 4t

CDRx(t)) - DRx(tr) = i), k=1,...,m, (1.1)
DEy(t)) - DR y(e) = Ju0(t)), k=1,...m,

x(0)=y(0)=0, BDlx(z)=x(1), RDZy(w)=y(1),

where J = [0,1], 1<, B <2, 0<p, ¢y1,¥28,8,2zw< 1, D%, €D, D, °DL,,
Cpt, and €D}? are the Caputo fractional derivatives; "RDJ} and "RD}? are the Riemann—
Liouville fractional derivatives; f,g € C(J x R%,R), Jix,Jax € C(R,R), and {t;} satisfies 0 =
fo<t <+ <ty <ty =1 Dyix(t}), “Dyix(ty), “Dyiy(ef), Dy y(t;) all exist, “Dix(t;) =
CDix(te), “Dyiy(ty) = “Diiy(te), k=1,2,...,n.

The rest of this paper is organized as follows. In Sect. 2, we recall some definitions and
lemmas of the Caputo and Riemann-Liouville fractional calculus. In Sect. 3, we shall prove
the existence of solutions for system (1.1). In Sect. 4, some examples are given to demon-
strate the application of our main results. Finally, conclusions are given in Sect. 5 to simply
recall our studies and results obtained.

2 Preliminaries
Let C(J) be the Banach space of continuous functions from J to R with the norm ||V ||¢c =
sup,; [ (£)|. Define the function space PC(J) by

PC() = {¥ () : ¥ (&), "D v (1), DY ¥ (0), "D v (), "* i ¥ (¢) € CU), “Diyr (&)
DRy (&), “D v (¢) and “Di v (&) all exist, and satisfy
DRy (t) = D (), D v () = “Digi ¥ (&),
0<p,q,61,80, 11,72 <1,1<k< n}

Obviously, PC(J) is a real Banach space equipped with the norm

¥ llec = max{ll¥llc,

"Dy

o I’Dsvl ) v e PCO.

Let X = PC(J) x PC(J). It is easily to verify that X is a Banach space with the norm ||(u, v)|| =
max{|lulpc, [Ivilec}, (u,v) € X.
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For the readers’ convenience, we introduce some necessary definitions and lemmas.

These definitions and properties can be found in the literature.

Definition 2.1 ([32, 33]) The Riemann-Liouville fractional integral of order & > 0 of a

continuous function f : (@, 00) — R is defined by

I5.f(6) = %a) [ -9 irras,

provided that the right-hand side is pointwise defined on (a, 00).

Definition 2.2 ([33]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function f : (4, 00) — R is defined by

1 d"

LR o _ - ‘ _ ora-1
DO = o [ =9 A0 ds

where n — 1 < o < n, provided that the right-hand side is pointwise defined on (a, 00).

Definition 2.3 ([32, 33]) Iff € C"((a,00),R) and « > 0, then the Caputo fractional deriva-
tive of order « is defined as

1 t
CDaJr £) = / t— n—-a—1 g(n) d )
0= s | -9 O ds
where 7 — 1 < o < n, provided that the right-hand side is pointwise defined on (a, 00).
Lemma 2.1 ([33]) Ifu € C"[0,1], and § > 0, then

n-1 (k)(o)
u
B.Dyu(t) =u() -y 5 k

k=0

’

where n = —[—8] and [-8] denotes the integer part of the real number —$.
Lemma 2.2 ([32, 33]) Ifa,B >0, t € [a,b] and u(t) € L[a, D), then

DI u(e) = ue), %I ult) = 1P u(e).
Lemma 2.3 (see [34], pp. 36—-39) Let @ > 0 and suppose n denotes the smallest integer
greater than or equal to o. Then the following assertions hold:
() fra>-1L,AFa—-i,i=1,2,...,n+1, then fort € [a,b],

'(A+1)

A—a
o a9

R, (t—a)* =
(i) D% (t-a)*"=0,i=1,2,...,n.
(iii) "RDZ, 1% u(t) = 1% u(t), for all t € [a,b], @ > B > 0.
Lemma 2.4 (Nonlinear Alternative Of Leray—Schauder [35]) Let X be a Banach space,
C be a nonempty convex subset of X, §2 be an open subset of C with 0 € §2. Suppose that
T : 2 C is a completely continuous mapping. Then either
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(i) the mapping T has a fixed point in 2, or
(ii) there existsa u € 352 and ) € (0,1) with u = ATu.

Z1-01

Lemma 2.5 Leth; € C(J). If A, £ oo

boundary value problem

# 1, then a function x € PC(]) is a solution of the

Dx(t)=hi(t), l<a<2tel,t#t,
Dy x(ty) - Dy x(ty) = Jux (), 0<y<Lk=1,2,...,n, (2.1)
x(0) =0, LRD’Sl x(z) = x(1), 0<68 <1, 0<z<1,

if and only if x € PC(J) is a solution of the integral equation

1-
I_Al i=1 i "

Ol W o
() = Iy () + ( hi(z) =I5 ki (1) + Cy Z re- Vl)lh( (ti))>t

T Q2-y)t (),  te (totinlk=0,1,...,n, (2.2)
where

]ll Li ) Z_SItjylp(Z_yl)
.1 iz ra-:5)

l

CPAF@}mZ

T (x(t) + £ T2 = y1)J1n (x(20))

n
—F(2—y1)2h’(1,(y1‘)), tj<z<tj1,j€{0,1,2,...,n}.
i=1 i

Proof When t € [0,#], from Lemma 2.1, we have

1 t
x(t) =I5 (t) + wyo + unnt = —— / (£ =)%Y hy(s) ds + o + ua1 £. (2.3)
I'(a) Jo

By x(0) = 0, we get u19 = 0. And it follows from (2.3) that

1-
CDix(e) = 1L /usw”%mm 4
r2-y) F(Ol Y1)
and
Cpn cpn ity " 1 a—y1-1
D(6) = Dt = i v s [y s @5)

When ¢ € (£1,£,], we similarly have

1 t
x(t) =I5 Iy (t) + ugo + ugit = —— / (£ =)V hy(s) ds + uyo + a1 £, (2.6)
F(a) 0
=
DI x(¢) = el / t—8)* M (s) ds, 2.7
o+ %(£) F(2—y1) F(a ™ (t-s) 1(5) (2.7)
and
1-n t
t 1 1
DI x(t tah / t—8)* "y (s) ds. 2.8
o) = re—y) Ty (ti —5s) 1(s) (2.8)
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By (2.5), (2.8) and CD“ x(t7) - CD +x(6) = Ji(x(Z)), we obtain

r2-y)
tl 71

— T (x(&)).

Uz — Ul =

In view of the continuity of x at ¢;, we have
o = (a1 — un1)ty = =T (2 = y1)8] i1 (x(t1)).

When ¢ € (¢, tis1], K =2,3,...,n, repeating the above calculation, we get

0= e / (6= 9%V (5)ds + tar + ten it
and
(2
Uks1,1 — Ukl = (tl yl)/1)]1k( (), uero = =1 (2 = y1) 8 i (x(2) ).
X

From (2.11) and (2.12), we have

MD—[X)/(LwVVMQﬂ—F@ YO 1 (%)) + tnsr1.

Equations (2.9) and (2.12) give

2—
uk+ll—ull+2 ( yl)]lz (z)) k=1,2,...,}1.

11/1

Denoting tp = 0, t,,1 = 1, and noticing 0 < z < 1, we know that there exists j € {0, 1,...,

such that z € (¢, tj,1] and

z
x(2) = —— / (z- S)a_lhl(s) ds + Ujr1,0 + Uj1,12 = I§+h1(Z) + Uji1,0 + Ujr1,12.
0

Applying Lemmas 2.2-2.3 and (2.15), we obtain

u; 1Y1F(2)Zlﬂsl U LoZ?‘Sl
IRDP x(z) = i+ i+

1 ‘ a—61-1
m‘/o' (Z—S) hl(S)dS+

Using LRDgix(z) =x(1), (2.12), (2.13), (2.14) and (2.16), we derive

re-s) Id-8)

— 1 ‘ _ o)a—d61-1 AF(Z )/1) ]ll(x(tz))
”“'(1—A1)F(a—61)/o(z K A Zl i

U (2 - )

T T A 1 VU ; S — _ el
(1—A1)F(1_51)]11(x(t1)) 1- 1)F(a)/(1 $)* " hi(s)ds

o' r2-y)
+ e

r2-y1) = Ju(t)
1-Aq Z

1-4A1 5 tiliyl

]ln (x(tn)) -

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

n}

(2.15)

(2.16)
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J . , ~81 }/1F 92—
[ L7y (2) = I8 (1) + A T(2 - 1) Jul() 2 2-)

T1-A, A r1-s,)

i=1 i

1-n

X]l}( (t))+tV1F(2 yl)]h,(x(t 2_ I)Z]h(x(t))]

- . (2.17)
Thus, for (¢, txs1], k=0,1,2,...,n, we have

1 t
x(t) = m / (t - ) hy(s) ds + s, + Uks1, 1t

C I ()~ T - ) i (tk>)+(uu+zr e (a-)))r. (218)

i=1 i
Substituting (2.17) into (2.18), one can easily obtain (2.2). The proof is completed. O
Similarly, we conclude the following lemma.

Lemma 2.6 Let hy € PC(J). If Ay = e 52 5 7 1, then a function y € PC()) is a solution of
the boundary value problem

CDg+y(t) =hy(t), 1<B<2te],t4t
0+y(tk) CD y(tk) ]2](()/ tk 0< Y2 < lxk = 1: 2; e (219)
y(0) =0, LRD(Szy(w) y(1), 0<8y<1, O<w<l,

if and only if y € PC()) is a solution of the integral equation

B—82 B
x(t) :Inghz(t) : (10+ hay(w) _10+h2(]-) +Cy + Z (2 )/2)]2[( ( 1)))t

1-4y i-1 zl ”
— 2=yt (&),  t€ (toteal,k=0,1,...,m, (2.20)
where
i (t; (2 -
Co= AT (2= 1) Z] ub)) _wh I yz)]zz(y(tl)) F 2T (2 = 72 (¥(2)

gl I'(1-38,)

i=1 i

Hviu
-Ir2- Z)th(l)i(n)), L<w<t,,1€{0,1,2,...,n}.

i=1 i

3 Main results
In this section, we shall investigate the existence of solution for system (1.1) by employing
the nonlinear alternative of Leray—Schauder.

Theorem 3.1 Ifthe following conditions (H,)—(Hs) hold, then the boundary value problem
(1.1) has at least a pair of solutions. The conditions are:
(Hy) The functionsf,g € C(J] x R%,R), and Jix,Jox € C(R,R), k=1,2,...,n
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(Hy) Forall u;,v; € R (i =1,2), t € R, there exist some constants Li,L; >0 (i = 1,2) such
that
[f (&, u1,v1) = f(t, u2,v2)| < Liluy — ua| + Lo|vy — v,
|lg(t, u1,v1) - g(t,ua,v)| < Liluy — uz| + Lylvy - wa.

(H3) N £ sup,.p, o £ (£,0,0)| and N £ Sup;c(o,17 1€(¢,0,0)| all exist.

(Hs) 0< Ay = fipis<1,0< Ay = 22 <1,

(Hs) Foranyu,ve R there exist some constants Mk,Mk >0,k=1,2,...,n, such that
Uik (w)| < Mlul, ok ()| < Milv.

(Hg) kK1 2 My + N <1andiy 2 My + N, <1, where

1 1 1
M= +L2)(F(a 1) U-A(@—6,+1)  (A-ADT(@+ 1))'

re-y)/ 2 1
N = 2-A M;,
1A H" ’ 211 (1-81) ’ ! Z l

i=1

N N 1 1 1
Ma=(l +L2)(F(ﬂ v A-A)T(B-6,+1)  (1- AT (B+ 1))’

r2-yv)( 2 1
= 2-A M;.
Ne 1-Ay \y” ’ w2 (1~ 3y) ’ ? Z

i=1

Proof Let §2 = {(x,y) € X : ||(x,)|| < r}, where X = PC(J) x PC(J) and r > maX{A{f\,:lll ) Iq{i\,:l; }

Then 2 = {(x,9) € X : [[(x,y)|| <7}, 32 = {(x,9) € X : ||(x,9)|| = r}. According to Lemmas
2.5-2.6, we define the operator T : 2— X as follows:

T(x2)() = (T1(6,9)(®), Ta@)®), Vxy) eX,te], (3.1)
where

Ty (x’y)(t) = Igtf(tr x(t)r CD€+J’(t))
167"z x(2), “Dff y(2)) ~ Iy f (1, 6(1), ° D y(1)
1-A

k
(1 A 2 F(? ylyl)hl x(t; ))) = 2=y T (x(80),

i=1

te (tk’ tk+l];k =0,1,...,m, (3'2)

T(x,9)(£) = 15, g (£, "D x(6), y(8))

. 1572 g(w, D x(w), y(w)) - I, g(1, D (1), y(1)

1-A,
C K -
+ (1 — ZAZ + Y r (;_yzyz) hi()’(t,-)))t -T2 -yt (),
i=1 i

te (ot k=0,1,...,m, (3.3)

Page 7 of 13
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() 20 T2 =)
Ci=AT(2- I)Zh(lx(yl))_ 11(1—51) :

i=1 z

Jij(x(27))

+ T2 = y)in(x(t)) - T (2 - I)Zhl(lx(yi))’

ti<z<t41,j€{0,1,2,...,n}, (3.4)
and

1 . : —~82 }’2[* 2 —
Vz)zht(l):(}’tz)) B - Iil(l —(32) VZ)]Zl(y(tl))

i=1 i

Cy=AT(2 -

+ 82T (2= y2)an (V) - (2 - Z)Zh‘

1)’2’

ti<w<t1,1€{0,1,2,...,n}. (3.5)

Thus, the existence of solution for system (1.1) is equivalent to the existence of a fixed
point for the operator 7" defined by (3.1)—(3.5). Now we shall apply Lemma 2.4 to prove
that T has a fixed point (x*(t), y*(t)) € £2. Firstly, we need to show that T : 2— X is com-
pletely continuous. In fact, for all (x,y) € £2, t € J = [0, 1], from conditions (H;)—(Hs), we
have

| T (x,9)(2)|

=I5 |f (&%), “DG.y(0))|

. 157" [f (2,%(2), C Db y @) + I [f (1,x(1), € DG y(1))]
1-A4

Il ~TR2-n) 1
1_1Al+z lylm ()| + T2 = y)el ix (x(8)) |

i=1 L

<I% [f(t x(8), Db, y(8)) - £(£,0,0)| + I, £ (£,0,0)|

— A1 (157 |f (2,%(2), S D5, 3(2) - £(2,0,0)| + 157 |f (2,0,0)]

* 1_;&[1& I (1,2(1), D y(1)) - £(1,0,0)| + IZ. |£(1,0,0)|]
1 uete)| | 28" T2 - p)
fia [AIF )Z 1 H" ra-o) = |y (x(6)|
+ 0 T2 =) [ (x(80) | + T2 = 1) 7|hit(fc(yt1i))|:|
i=1 i

k
+ w Vi (@) | + T2 = )8 i (6(80)) |
2,

<I§ (Li|x(@®)| + Lo | “ Dl y(®)]) + IS Osgp1 f(£,0,0)|

Page 8 of 13
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+
1—A1

1
1- A

[13: (L1 |x(2)] + Lo | D y(2))|) + 15 Sup | (2,0,0) |]

+

(76 (e 0) | + Lo | D)) + 1 sup 1t 0,0)[]

M;|x(t;)] _altmr(z Y1)
1A, |:AF2 VI)Z {7 ra-s) Mil(2)]

M; |x<tz>|}

1I-n
i

+ T (2= y)My|x(t)| + T2 -0 Z
=1

k

2

+Z (tl y1yl)M| (t )| +I'(2-y t}:le|x tk ‘
i=1 i

<—— (L L N
< F(a+1)( 1llpc + Lallylloc + N)

L L N
P AT s 1 Lilllee + Lalylec + N)

1 4 L N
t U a1 blee + Lol +N)

re-y[ 2 1 -
+ + +2-A E M; - ||x
1=A; g7 " Pr(-s) e I#llec

<L +L)< ! + ! + ! )
ST T T@r) QAT (@=81+1)  (1-ADNT(e+1)

r2-yn)( 2 1 "
oA, (t;—n Y aTa-a) T AI) X;M} I#llve
Nt s 1) 1 1
TR e ) T U AT (@84 1) I=ADT(@+1)
<M1+ MNM)r+ NMy=iir+ NMy <r. (3.6)

Similarly, we also have
|T2(x,y)(t)| <Kyr+ NMZ <r. (3.7)

Estimates (3.6) and (3.7) indicate that 7 is uniformly bounded and T(£2) C £2.

Next, we show that operator 7 is equicontinuous, that is, for any € > 0, 7o, 73 € J = [0,1],
(x,9) € £, there exists § = §(¢) > 0 such that, when |7, — 71| < 8, we have ||T(x,y)(t2) —
T(x,y)(11)|l < €. Indeed, for any 11,72 € [0, 1], without loss of generality, let 7; < 7 and

|To — 11| < &, where & = ming<;<,{ti11 — &}, to = 0, 41 = 1. Similar to (3.6), we have

| T1(%,9)(12) - T1 (%, 9)(11)|
< |I3ef (z2,(r2), "D y(12)) = I f (w0, (1), “ DG y(11)) |

Iy (2 %(2), DG y(2))| + 1. f (L, x(1), “Df, (1)

-1
1A, |72 — 71
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k
[C1] r2-mw)
' |:1_1Al +Z A 1 Ull( l)|i||t2—T1|

i=1 i

a-1 a-1
1"()/ (‘L’z—S) —(11-9) ][f(s,x(s) s))|ds

/ (2= )" |f (5,2(5), “Dfjy(s)) | ds

15! e, 2(2), DA (@) + I (1,5(1), D (D)
1-4A,

Gl S T2-n)
+|:1—1Al+2 tl—y11|]11( l)|:||t2_fl|

i=1 i

T2 — 711

< Ta 7D Lrlelee + Lallyllee + N) (25 = o' - (22 = )°%)

1
- L L N _ «
* e LillFliee + Lalyliec + N) (w2 = 1)

¥ L L +N)|r, -
(l—Al)F(oc—81+1)( 1lxllec + Lallyllpc + N) 72 — 71

v . Mo
+(1_A1)F(a+1)( L%l + Lollyllec + N)|za - 74

I'2-mn) 1 n
+ +1 Ml - 1T — T
1-A, t}_yl 21 (1-68;) lzﬂ: i+ %l - |72 1

1
= m(hr +Lor +N)(z§ - 1)

(L7 + Lyr + N)| 13 — 11|

A ANT@ =6+ 1)
1

r-y)[ 2 1 "
* + +1 M 1|ty —
1-Ay [g 2 T(1-6) ; irln-n

(L1r + Lyr + N)|ta — 11

(Lyr + Lor + N)n* My — 1|

T T@
+ ! (Lir + Lyr + N)|1p — 11|
A-A)r(a-6,+1)
+ ;(LU%LZ)%N)WZ_M
1-APIr(a+1)
I'(2-n) 1

2 n
+ +1 M: -r-|ltoh—-1
1-4A |:t}7’1 2101 -8) :|; i |2 — 71

1 1
T " A-A)T@—8+1) Q=A@+ 1))

rr2-y)( 2
+ + M 3
1-A; \g7 20 F(l ) " Z T2 -7l

=pilna—nl, (3.8)

= |:(L1r+L2r+N)<
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re-
where 1, << 1o, p1 = (L1r+L2r+N)(L + A])Fl(a—51+l) + A1)F(a+l)) + 50 A)l/l ([}_ZV1 +
m +1) 3", M. Similar to (3.8), one has
| T2 (%, 9)(r2) = T1(x,9)(t1)| < p2l 72 — Tl (3.9)
_(7 2 3 1 1 1 rCQ-yy)(_2 1
where 0, = (Lir + Lor + N)( 55y + maprg=s,m + G=ar D) T 124, (tﬁz Ry T

1) Z:’;l Mi :

Take § = min{¢, ;—1, ;—1}. According to (3.8) and (3.9), we conclude that, for any € > 0,
75,71 € =[0,1], (x,y) € £2, there exists § > 0 such that || T(x,y)(t2) — T'(x,y)(1)|| < € if
|To — 1] < 8, namely, operator T is equicontinuous. Hence, by the Arzela—Ascoli theorem,
we know that 7 : 2— £ is completely continuous.

Finally, we prove that condition (ii) of Lemma 2.4 is not true. In fact, for all (x,%) € 92,
0<A<1landt e [0,1], analogous to (3.6) and (3.7), we have

LT W) @)| < (kX lec + NM,) < ||E5)| =7 (3.10)
and
IAT2@®7)(8)] < A(k2llFllpc + NMs) < |G )] = 7. (3.11)

Estimates (3.10) and (3.11) imply that |AT (x,»)| < ||(®,¥)|| = r, that is, (x,y) # AT (x,), for
all (x,7) € 0§2. According to Lemma 2.4, we know that the boundary value problem (1.1)
has a pair of solutions (x*,y*) € £2. The proof is completed. d

4 lllustrative examples
Consider the following four-point boundary value problem for nonlinear fractional differ-
ential coupling system with fractional order impulses:

CD‘3+x(t) =f(t,x(8),“Dh.y(t)), te]=[0,1],t#,
D y(t) = g(t, D x(t),y(8), te]=[0,1]t#t,
Dlix(t}) - CDFa(ty) = (), k=1,...,n, (4.1)
DRy(t) - DR y(ty) = k(&) k=1,...,m,
20)=y0)=0,  ""Dix(z) = x(1), LRDmy(w) =(1).

Takeot:%,ﬁ—i,p—% q—% Y= é,yZ—Z 81 :% 82 5’” 2t1-g,t2-g,Z—%,
)

4t u,v) = BT oy gy ) = B Gy () = 2o T () = T () = 2

Obviously, f,g € C(J x R%,R), J11,/12,o1,J22 € C(R, R). By a simple calculation, we have

w%

1
t ’ t ’ A~ A~ - ’
[f (&, u1,v1) = f(t w2, v2)| < 100|u1 us| + 10O|V1 Vs
|(tu v1)—g(t,u v)| 1 u|+i|v — 1|
g 1»LV1)—& 2,V2)| = 100 Uy — Uy 100 1 205

|]11(M)| = |]22(14)| = %WL |/12(14)| = |]21(14)| = ﬁlo|u|,

sup [f(t 0, O)|

sup (¢,0,0)
clo) 100’ Je6.0.0)} =

100’
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thatiS,L1:L2:i1=i2= L M1:M2: L MzZMIZLNZLN_L Therefore,

100 100° 300’ 100’ ~ 100°
we obtain
Z1—51 Wl—52
0<Aj=———— ~02264<1, 0<Ay=———=09010<1,
r2-35) I'(2-26y)
1 1 1
My=(L,+L ~ 0.0658,
1=y 2)(1"(oz+1)+(I—AI)F(a—81+1)+(1—A1)F(oz+1)>
r2-y) 2 1 -
N = 2-A M; ~0.1501,
TTioa, g ey T 21: ‘
. 1 1 1
My=(L;+L ~ 0.3263,
2=l 2)(F(ﬁ+1)+(1—A2)F(ﬁ—82+1)+(1—A2)F(ﬂ+1)>
-y 2 1 "o
N, = 2-A M; ~0.6451,
2T A, e T whr(i=sy) > 21: !

K1 =M1 +./\/'1%0.2159<1, K2:M2 +./\/'2%09714<1
Thus, conditions (H;)—(Hg) of Theorem 3.1 hold. Then (4.1) has at least a pair of solutions.

5 Conclusions

In describing some phenomena and processes of many fields such as physics, chemistry,
aerodynamics, electrodynamics of a complex medium, polymer rheology, capacitor the-
ory, electrical circuits, biology, control theory, fitting of experimental data, and so on, the
fractional differential equation is better and more accurate than the integral-order differ-
ential equations. So the study of fractional differential equations has attracted the eyes of
many scholars. Especially, the nonlocal boundary value problems have been widely studied
by many researchers because of their extensive applications in, e.g., blood flow problems,
chemical engineering, thermo-elasticity, underground water flow, population dynamics,
and so forth. In this paper, we consider the nonlocal boundary value problem for a nonlin-
ear fractional differential coupled system with fractional order impulses. We obtain some
new sufficient criteria for the existence of solutions by use of the Leray—Schauder alterna-

tive theorem.
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