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1 Introduction
In the well-known SIS epidemic model, the population is always separated into two com-
partments, susceptible and infective individuals. In most SIS epidemic models (see An-
derson and May [1]), the incidence takes the mass-action form with bilinear interactions.
However, in a practical application, to describe the transmission process more realistically,
it is necessary to introduce the nonlinear contact rates [2].

Actually, various forms of nonlinear incidence rates have been proposed recently [3—
10]. For example, in order to incorporate the effect of behavioral changes, Liu, Levin, and
Iwasa [6] used a nonlinear incidence rate of the form

I'S
o(1)S = Ko

where «I' represents the infection force of the disease, 1/(1 + al”) is a description of the
suppression effect from the behavioral change of susceptible individuals when the infective
population increases. ¢, i1 and « are all positive constants, and « is a nonnegative constant.
See also Hethcote and van den Driessche [7], Moghadas [8] and Alexander and Moghadas
[9, 10], etc.

To describe the effects of psychology effect caused by protection measures and inter-
vention policies, etc., when a serious disease arouses widespread horror, in [11], Ruan
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Figure 1 Graphs of different incidence rate functions. (@) Non-monotone incidence g1 (/) = ﬁA
i inci _ P i N inci _a? b
(b) Nonlinear incidence g»(/) = Tl (c) Nonlinear and non-monotone incidence rate G(/) = it

discussed a specific infection force

Kl
)= ——
gl() 1+

al?’

see Fig. 1(a). Obviously, g1(/) is increasing with small I and decreasing with large 7, that
is, g1(Z) is non-monotone. It can be used to interpret the “psychological” effect: for a very
large number of infective individuals, the infection force may decrease as the number of
infective individuals increases, since a large number of infectives may lead to the reducing
of the number of contacts per unit time. For example, in 2003, the epidemic outbreak of
severe acute respiratory syndrome (SARS) had such psychological effects on the general
public (see [12]), and aggressive measures and policies had been taken, such as border
screening, mask wearing, quarantine, isolation, etc. One showed that either the number
of infective individuals tends to zero as time evolves or the disease persists.

Furthermore, Li, Zhao and Zhu (see [13]) studied the following SIS model, which de-
scribes behavior change effect of susceptible individual when infectious population in-
creases:

LB~ A—dyS - g(I)S + 31,

a , (1.1)
7 =g()S—(do+d +9d)I,
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where

al?
&)= T,Bolz;
see Fig. 1(b). By the qualitative and bifurcation analyses, they showed that the maximal
multiplicity of weak focus is 2, and proved that the model can undergo a Bogdanov—Takens
bifurcation of codimension 2. These results illustrate that the behavior change of the sus-
ceptible individuals may affect the final spread level of an epidemic.
Actually, both the effect of psychology and the behavior change of susceptible individ-
uals have influence on the transmission of the disease. Thus, motivated by the above re-

search, we consider a nonlinear incidence rate of a SIS model as follows:

B - A-SGU)-dS +ol,

o (1.2)
G =SG()-(@d+pn+o)l,

where

) al? bl
—] + —,
c+12 c+1?

see Fig. 1(c), which can describe the effect of psychology and behavior change of suscep-
tible individuals. S and I represent the number of susceptible individuals and infected
individuals, respectively. A is the recruitment rate of population, d is the natural death, u
is the disease-induced death rate, and o represents the recovered rate, 4, b and ¢ are all
positive constants.

The organization of this paper is as follows. In Sect. 2, we analyze the existence of the
equilibria and local stability of the equilibria. In Sect. 3, we study the existence of Hopf
bifurcation around the positive equilibrium at the critical value under the conditions of
Ry <1and Ry > 1. We also show that these positive equilibria can be weak focus for some
parameter values and a cusp type of Bogdanov—Takens bifurcation of codimension 3. In

Sect. 4, we give some brief discussions.

2 Types and stability of the equilibria

A a d o c(d+p+o
b’ d+pu+o’ drp+o’ d+u+o’ b2

T)= (””’%S, d“%], (d + u + o)t). To avoid the abuse of mathematical notation, we still
denote (A',a’,d',0’,¢, 1) by (A,a,d,0,c¢,t). Then model (1.2) becomes

Firstly, we make scalings: (A’,a’,d’,0',¢) = ( i ), and (x,7,

dx _ _ xy(ay+1) _

dt ~ A y2+c dx + o) (2.1)
dy _ xylay+l) !
dt = y24c ’

where d + o < 1.

Lemma 2.1 Theset D ={(x,y)|x >0,y >0,x+y < %} is an invariant manifold of system
(2.1), which is attracting in the first octant of R?.
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Proof Summing up the two equations in (2.1), we can get

d
(xd:y) =A-dx+y)-(1-d-0o)y< A-dx+y).
Thus, limsup, , ., (x +y) < 7, 4, which implies the conclusion. O

Obviously, system (2.1) always has a unique disease-free equilibrium Ey = (4 5,0). The

positive equilibria of (2.1) can be obtained by solving the following algebraic equations:

1 1
WD) y=0, 2D,
¥ +c y2+c
which yields
(d+a(1—a))y2 +(1-0-aA)y+dc-A=0. (2.2)

Denote the basic reproduction number as follows:

R_A
0T de

And, for convenience, we define the following quantity:

[(1-0)-aA)?

R=1- 4de(d + a(l - o))’

Then, computing the discriminant of (2.2), we get

A=(1-0-aA)’ -4[d+a(l-0)|(dc— A)
=(1-0-ad)?- 4dc[d +a(l - (7)](1 - Ry)

= 4dc[d +a(l - a)] (Ro - R*),

which implies that A > 0 if and only if Ry > R*, A =0 if and only if Ry = R*, and that A <0
if and only if Ry < R*. It is clear that R* < 1 and we can obtain the following theorem.

Theorem 2.2 Model (2.1) always has a disease-free equilibrium E and the following con-
clusions hold.
(i) When Ry < 1, we have
(a) if Ry < R*, then system (2.1) has no positive equilibrium;

(b) if Ry =R* and A >(1- 0’)/61, then system (2.1) has a unique positive equilibrium

A-(1-0),
d+a1 o)’

(c) ifRy>R* and A > (1-0)/a, then system (2.1) has two positive equilibria

< (k=2,3) and y, = d(ja—g);ﬁz,

Ey(x1,y1), where x; = ° and y1 =

uy +1

Ez(xz,yz) and Es(x3,y3), where xy =

_ —(1-0) +«/_,
y3=5 2(d+u(1—a)) ;

(i) When Ry=1and A > (1 o)la, then system (2.1) has a unique positive equilibrium

A-(1-0),
d+a 1-0)’

ay +1

Ey(x4,y4), where x4 =
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(i) When Ry > 1, then system (2.1) has a unique positive equilibrium Es(xs, ys), where

yEc aA-(1-0)+vVA
ays+1 2(d+a(l-0)) *

X5 = and ys =

In the following, we discuss the local stability of Ex (xx, yx) (k = 0,1,2,3,4,5) and present
the corresponding phase portrait. By directly calculating, the Jacobian matrix at equilib-

rium Ey is
Yiclay+1) yg+2acype
—d-F5= o - o
T = yite +e)
g wlayer) g pr2acre
y%+c (yzw)2 k
‘We have
Yk Pk
trji = detJ = J

2 +)ayx + 1) 02 +ay + 1)

where

Vi = —a(d + 1 +a)y; — (d +2 + 2a)y; — (acd + 1 — ac)yy — cd,
¢k =a(d +a(l-0))y; +2(d+a(l - o))y + (1 -0) - dac.
In addition, after some complicated computations, we get

VA@aWA - (aA +1-0))-2d)
2(d +a(l -0))

¢ =

and

B VA@WA +(aA+1-0))+2d)
N 2(d + a(l —o0))

Px >0 (k=3,4,5).
Theorem 2.3 The disease-free equilibrium Ey of system (2.1) is
(i) an attracting node if Ry < 1;
(i) a hyperbolic saddle if Ry > 1;
(iii) a saddle-node of codimension 1 if Ry = 1 and 2a — 1;—0" #0; a repelling node if Ry = 1

1-
and 2a - 7 = 0.

Proof Obviously, at equilibrium Ey, we have det(Jy) = d(1 — Ry) and Tr(Jp) = —d — (1 — Ry).
Therefore, Ej is a stable node if Ry < 1 and a hyperbolic saddle if Ry > 1, and degenerate if
Ry=1.

When Ry =1, welet u =x — %, v =y, then system (2.1) becomes

U= —du—(1-0)v-2uv—2av* + O(|(u, ) ),

(2.3)
% =2av* + %uv +O(l(w,v)3).

Indeed, if Ry = 1, the Jacobian J; is diagonalizable with eigenvalues 1, = —d and A, = 0 and
respective eigenvectors v; = (1,0) and v, = (—1_7", 1). By the transformation

()6 7)0)
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system (2.3) can be rewritten as

= —dx— (L4 )y - (57 - 20+ 2822+ O( (@, 5)P),
=(2a-L52)% + Lay + O((%,9) ).

If 2a — 57 # 0, according to the calculation of center manifold [14], we know that the
center mamfold x = h(y) of (2.3) begins with quadratic term of y. In addition, from the sec-
ond equation of (2.3), we can easily see that the equation restricted to the center manifold
is as follows:

W _(ge_ 127, 3
i <2a pr )y +0(%).

By applying Theorem 7.1 in Zhang et al. [14], E, is a saddle-node.

If 2a — =2 = 0, then the center manifold turns into
dy 1
—=—y"+0
2 o0

Since % > 0 and the first nonzero item is uneven. Thus, the equilibrium Ej is a repelling
node, according to Theorem 7.1 in Zhang et al. [14]. O

From the expression of ¥; and ¢;, we can see that one of the eigenvalues of the char-
acteristic matrix of E; is zero and the other is nonzero if ¥; # 0. The type of E; can be
directed proved by checking the conditions in Zhang et al. ([14], Theorems 7.1-7.3). So,
we have the following results.

Theorem 2.4 If Ry = R*, then system (2.1) has a unique positive equilibrium E;. More
precisely,

(@) if Y1 #0, then E, is a saddle-node;

(b) if Y1 =0, then E; is a cusp.

Theorem 2.5 Suppose that R* <Ry <1 and aA > 1 - o, then system (2.1) has two positive
equilibria E, and Es, and equilibrium E, is a hyperbolic saddle for all permissible choices
of the parameters, equilibrium Es is not degenerate. Moreover,
(i) Es is a stable focus or node if Y3 < 0;
(i) Es is a weak focus or center if Y3 = 0;
(iii) Es is an unstable focus or node if Yr3 > 0.

Proof Note that ¢, is less than zero since A < (aA +1-0)?, then E; isa hyperbolic saddle
for any choices of the parameters. And at E3, we have ¢3 > 0. Thus, the stability of the
equilibrium E5 depends on the sign of 5. O

Theorem 2.6 WhenRy=1andc> 1‘7", then system (2.1) has a unique positive equilibrium
Ey(x4,y4), and the equilibrium E, is stable if ¥4 < 0.

Proof In fact, when Ry =1 and ¢ > =% then ¢4 > 0. Thus, the stability of E4 is determined
by the sign of 1. O
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A=07 d=045 a=58 A=3 d=02 a=4
©=2875 0=0.5 ©=845451 6=05
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Figure2 When R* <Ry <1, A > (1-0)/a.(a) ¥3 <0, equilibria £y and £3 are locally stable and £, is unstable.
(b) Y3 > 0, equilibrium £ is locally stable and £, and £3 are unstable

Theorem 2.7 Assume Ry > 1, then system (2.1) has a unique positive equilibrium Es. More-
over,
(i) Es is stable if 5 < 0;
(i) Es is a weak focus or center if Y5 = 0;
(iii) Es is unstable if s > 0.

Proof Obviously, when Ry > 1, then ¢5 > 0, and then Es is stable if y5 < 0. O

Lemma 2.8 From the expression of ¥y (k = 1,3,5), we can see that Ey (k = 1,3,5) is always
stable ifd > 1 - ﬁ

When v; #0 (i = 3,5), the dynamics of system (2.1) can easily be seen in Fig. 2, Fig. 3
and Fig. 4, respectively. The dynamical behaviors of system (2.1) when v; =0 (i = 3,5) will
be discussed in detail in the next section.

Remark 2.9 In fact, Fig. 2(a) shows the occurrence of bi-stability, in which solution may
converge to one of the two equilibria, depending on the initial conditions. And in practi-
cal cases, this interesting phenomenon implies that initial states determine whether the
disease dies out or not.

Remark2.10 From Fig. 2(a), we can see that there exist two separatrices. All solutions tend
to the disease-free equilibrium Ej except the two green lines tend to equilibrium E,.

Theorem 2.11 Suppose that Ry =1 and A > 1_7", then system (2.1) has a unique positive
equilibrium Ey. If s > O, then there exists at least one stable limit cycle in the interior of
the first quadrant.

Proof Indeed, the Jacobian Jj is diagonalizable with eigenvalues A; = —d and X, = 0 and
respective eigenvectors v; = (1,0) and v, = (—1‘7", 1). By the transformation

()6 7)0)
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A=021d=0.1 a=2
c=2 0=03

A=021 d=01 a=14.994981757696
c=2 0¢=03

Figure 3 When Ry > 1. (@) ¥s < 0, the disease-free equilibrium £q is unstable and the unique positive
equilibrium £s is globally stable. (b) ¥5 > 0, £g and Es are unstable and there exists a stable limit cycle

(a) (b)

A=05 d=05 a=2
c=1 0=04
T

A=04d=01 a=389988
c=4 =05

Figure 4 When Ry =1,and A > (1 - o)/a. (a) ¥4 < 0, the disease-free equilibrium Eg is unstable and the
unique positive equilibrium £4 is globally stable. (b) ¥4 > 0, £y and £4 are unstable and there exists a stable
limit cycle

system (2.3) becomes

% :_dx_(%_'_I_T“)xy—(lc_—do—2ﬂ+#)yz+o(|(xry)l3)’ (2.4)
& =a-52)7 + Lay + O(|(x9)P).

The theorem of Chochitaichvili [15] shows directly that system (2.4) is topologically

equivalent to the system

dx _ _
i dx,

Y~ (2a- 52y + O(lyP).

Page 8 of 22
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(a) (b)

Figure 5 When Ry =1,and A > (1 -0o)/a.(@ WhenRy =1, A > "T" and Y4 > 0, there exists a stable limit
cycle. (b) When Ry > 1 and s > 0, there exists a stable limit cycle

It is easy to see that 2a — 1;—6" > 0 according to the condition of Ry = 1 and A > 1’7", and
then we find that there exists a unique repelling equilibrium E, in the region D; shown in
(a) of Fig. 5. Consequently, by the Poincaré—Bendixson theorem, at least one stable limit

cycle appears in the interior of the first quadrant. g
Similarly, when 5 > 0, we have the following result.

Theorem 2.12 Suppose that Ry > 1. If Y5 > 0, then there exists at least one stable limit
cycle in the interior of the first quadrant.

Proof Indeed, the Jacobian /5 has eigenvalues A; = —d and A = Ry — 1 > 0, when Ry > 1.
Thus, we find that there exists a E5, which is the unique repelling equilibrium in the region
D, shown in (b) of Fig. 5. Consequently, by the Poincaré—Bendixson theorem, at least one
stable limit cycle appears in the interior of the first quadrant. d

Remark 2.13 From (b) of Fig. 3, we can see clearly that there exists a stable limit cycle
enclosing the equilibrium E5 even though Ej is a saddle node. Similarly, from (b) of Fig. 4,
we also find that there exists a stable limit cycle if E, is unstable.

3 Bifurcations
3.1 Backward bifurcation
Theorem 3.1 When Ry =1 and A > 1‘7‘7, model (2.1) exhibits a backward bifurcation at

equilibrium Ey.

Remark 3.2 When Ry =1and A > 1’7", system (2.1) exhibits a unique positive equilibrium
E,, which means that once Ry crosses 1, the disease can invade to a relatively high level.
And this is one of the main characters of backward bifurcation [16].

Remark 3.3 Actually, backward bifurcation did not emerge with & = 0, which is considered
in [13]. This indicates that introducing the non-motonic incidence into model (1.1) makes
the epidemic model more complex and exhibits richer dynamical behaviors.
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3.2 Hopf bifurcation

In this subsection, we will study the Hopf bifurcation of system (2.1) for (i) R* < Ry < 1
and A > (1 — 0)/a; (ii) Ry > 1. From the discussion in Sect. 2, it can be seen that Hopf
bifurcation may occur at E3, Es. The expressions of the equilibria E3 and Es are the same,
not considering the values of every parameters. Based on Theorem 2.5, Theorem 2.6 and
Theorem 2.7, we know that the stability of E5 and that of E5 are similar and when v =0,
E; (k = 3,5) is a weak focus or center. Thus, we show the existence of a Hopf bifurcation
around E; (k = 3,5).

Theorem 3.4 Suppose Ey (k = 3,5) exist, then model (1.2) undergoes a Hopf bifurcation at
equilibrium Ey if Y, = 0. Moreover,
(@) if n <O, there is a family of stable periodic orbits of model (2.1) as Y decreases from
0;
(b) if n =0, there are at least two limit cycles in (2.1), where n will be defined below;
(c) ifn >0, there is a family of unstable periodic orbits of (2.1) as Yy increases from 0.

Proof From the above discussions, we can see that trJy = 0 if and only if 4 = 0, and det J; >
0 when equilibrium Ej exists. Therefore, the eigenvalues of Ji are a pair of pure imaginary
roots if ¥, = 0. From direct calculations we have

d(trJi) _ 1
AV o OF+90k+1)

#0.

By Theorem 3.4.2 in [17], ¥ = 0 is the Hopf bifurcation point for (2.1).
Next, similar to [13], we introduce a new time variable t by dt = (y* + ¢) dt. By rewriting
T as t, we obtain the following equivalent system of (2.1):

L= A +c) - aylay + 1) — dx(y* + ¢) + oy(y* + 0),

3.1
D = xy(ay +1) -y +0). eu

Let X =x —x; and Y =y — yy, still use (x,y) to express (X, Y), then system (3.1) becomes
L = byx+ bioy + c1xy + 0y% + c3xy® + cay’,
% = by x + by + csxy + ce)? + C7xy? + c),
where
bii=—d(()* +¢) —yilay +1), b =yilayc +1), by = (axk — 29%)y
b1z = 2Ayi - 2(a + d)xryx — xx + 0 (3()° +¢), c1=—1-2(a+d)y,
¢y = A+ 30y — (a+ d)x, c3=—(a+d), =0, cs =2ayi + 1,
C6 = axi — 3V c;=a, cg=-1.
Let E denote the origin of x — y plane. Since Ej satisfies Eq. (2.1), we obtain

det/(E) = by1by — bioboy = Vil
Yk + b

>0,



Yuan et al. Advances in Difference Equations (2019) 2019:37

and it is easy to verify that by, + by = 0 if and only if ¥ = 0. Let w = (det](é))%, u =—xand
y= b1y 22y then the normal form of system (3.1) reads

[0] w

du

5 = —wv +f(u,v),

o (3.2)
o =ou+g(u,v),

where

anl b%ICQ 2 C1 2b11C2 C26()2 2 2 C3 b11€4 3
(u,y)=< - u+o| — - uv — vVi+bi| 5 ——5 |u
/ o B b B, 7 R, T

3
2C3 3b11C4, 2 2f €3 3171164 9 Ca” 4
b12 b12 b12

b%z b?z
1 b?lcz h%lCl b%1C6 2 2b%162 bHCl 2b11C6
gu,v)=——5— - —csbyp + u+ 5 — + —c5 |uv
o\ by, by 12 by, by by
biic; ¢ b*, (b cy  bic biic
(1;2+_6>V2+ 11<1§4_ 113_C7+ 118>u3
bu b1y bpw bu b1y b1y
(35{’104 _ 2b%1(13 _ b11(17 3b%1C8)u2V
biz b%z b1> b%z
3b%164 b11C3 c7 3b11€8 ) 2 b11C4 Cg 3
w s~ 3 — 7t 3 uv' +w s+ |V
b12 b12 b1y b12 b12 b12
Set

1
r= 1_6 [fuuu +ﬁ¢w + Guuv +ng]

1
+ @ [ﬁtv(ﬂtu +ﬁ/v) _guv(guu +gvv) __ﬂtuguu +ﬁ/vgw];

where f,,, denotes ﬁ(o, 0), etc. Then by computing we obtain

dudv
__n
8b%,w?
where
c(c1 + 2¢ 2¢y(c1 + 2¢
n= |:c3+3c8—72( L 6)]w‘L+ |:<(33+3Cg—72( ! 6))19%1
b12 b12

+bi(c} = 2b1acs + cacs + €106 — 2¢3) + blzcsc6]a)2

bi1(c1 + 2¢6)
+ |:C5 — %} [b%l(b1266 — 01) + bll(b%1C2 — b%265)].

By Theorem 3.4.2 and Theorem 3.4.11 in [17], the rest of the claims in Theorem 3.4 are
proven. |

Remark 3.5 What we need to note here is that the expression b5 in Theorem 3.4 is

nonzero. Otherwise, we have detJ; = b11by < 0, since by + byy = 0, which is a contra-

diction.

Page 11 of 22
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Next, we present examples to show that equilibrium Ey can be a stable weak focus of mul-
tiplicity two, and under a small perturbation, system (2.1) undergoes a degenerate Hopf

bifurcation and produces two limit cycles.

Firstly, fix yx = 1/2 and solve for a = -2 + ﬁ. Also, fix xx = 1, based on a =
-2+ m, we can get d = m Then ¥, =0ifand onlyif c = 4‘&?‘12‘_‘;). Secondly,

substituting these expressions into 1 and through complicated computation, we obtain

n=L
_ 81(1+24+45)
T 64(1-2A+6)°

+4A%(~103 + 5 (99 +2(24 - 56)5)) + 5 (140 — 5 (139 + 5 (-21

(324° - 80A*(-1+5) + 84%(-39 + 25 (~13 + 55))

+(-11+6)3))) + 2A(-80 + 5 (242 + 6 (-81 + 5(-38 + 55)))) ),

with 6 =1 — o > 0, which is the first Liapunov number of the equilibrium (0, 0) of (3.2).
Then we fix & = 4/5 and solve the equation 1 = 0, then we get only one suitable value 0.5859
for A. That is to say, if (0, A, d,a,c) = (1/5,5859,0.2, 8,4.741), then L; = 0. Furthermore, it
can be seen that E; = E5 under this group of parameters.

In the following, we further compute the second Liapunov number of the equilibrium
(0,0) of system (3.2) by the successor function method. It is convenient to introduce polar
coordinates (r,6) and rewrite system (3.2) in polar coordinates by x = rcos 6, y = rsin6. It
is clear that in a small neighborhood of the origin, the successor function D(cy) of system

(3.2) can be expressed by
D(co) = r(2m, co) — (0, o),

where (0, ¢o) is the solution of the following Cauchy problem:

dr B
do
r(0) = co, 0<lcl <1,

Ry(8)r* + R3(8)r® + Ry(0)r* + Rs(9)r° + - - -,

where R;(0) (i = 1,2,3,...) is a polynomial of (sin6, cos0), whose coefficients can be ex-
pressed by the coefficients of system (3.2). We omit them here, since the expressions are
too long.

With the aid of Mathematica, we get

L, = -0.334275
and
atr/3 M
A dc
oLy oLy | = -42,982.27165,
A o

when (0, A,d,a,c) = (1/5,5859,0.2,8,4.741). Therefore, the interior equilibrium Ej3 is a
stable weak focus of multiplicity two if (o, A,d,a,c) = (1/5,5859,0.2,8,4.741). The phase
portraits of system (2.1) under this group of parameters are shown in Fig. 6.
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(a) (b)

A=0.6002 d=02 a=8 A=0.5985 d=02 a=8
c=4.751 =02 c=4741 =02

Figure 6 (a) One limit cycle enclosing an unstable hyperbolic focus £3. (b) Two limit cycles enclosing an
unstable hyperbolic focus £3, and the small one is stable, the large one is unstable

A=06 d=02 a
c=4741 c

o
©

0.8 4

02F \ E 1

A

0.5 1 15 2 25 3

Figure 7 Equilibrium £3 is stable and there exists an unstable homoclinic loop

Besides, we give the numerical simulation graphs for one limit cycle and two limit cycles
under small perturbations of some parameters. From Fig. 6(a), we can see that there exists
only one limit cycle around the endemic Ej3, and Fig. 6(b) shows us that a new limit cycle
emerges with small perturbations of the parameters A and c. It is worth emphasizing that
if we change the values of the parameters A and ¢, an unstable homoclinic loop arise,
which is shown in Fig. 7.

Around equilibrium Es, we obtain the same result from Fig. 8. Under the condition that
parameter a,d, o take value 5.6923, 0.11, 0.2 and change value of A and ¢ from 0.45102,
3.6062 to 0.51, 3.5972, respectively, which is a minor change, then the number of limit
cycles will add one. Thus, the interior equilibrium Es is a stable weak focus of multiplicity
two if (o, A, d,a,c) = (0.2,0.51,0.11,5.6923, 3.5962).
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(a) (b)

A=05102  d=0.11 a=56923 A=051 d=0.11 a=56923
c=3.6062 6=02 c=23.5972 6=02

0.58 al 0.54

0.561- \ 1 053

Figure 8 (a) One limit cycle enclosing an unstable hyperbolic focus Es. (b) Two limit cycles enclosing an
unstable hyperbolic focus £5, and the small one is stable, the large one is unstable

Remark 3.6 As a matter of fact, the reproduction number is equal to zero in [13, 18],
which simplifies the condition that a Hopf bifurcation occur. In our model, we also com-
prehensively discuss the existence of a Hopf bifurcation when Ry < 1, Ry = 1 and Ry > 1.
Besides, the authors in [13] did not show the appearance of a homoclinic loop, which is

an interesting bifurcation phenomenon given in Fig. 7.

3.3 Bogdanov-Takens bifurcation

In this subsection, we investigate the Bogdanov—Takens bifurcation in system (2.1).
Lemma 3.7 is from Perko [19], and Lemma 3.8 is Proposition 5.3 in Lamontage et
al. [20].

Lemma 3.7 The system

L — y+ Ax* + Bxy + Cy* + O(I(X, Y)1%),

D _ Dx? + Exy + B2 + O((X, Y)P),

is equivalent to the system

a =V
% =Dx* + (E +2A)xy + O(|(X, Y)|3),

in some small neighborhood of (0, 0) after changes of coordinates.

Lemma 3.8 The system

a =Y

2 =x? + asox® + asox® + y(anx® + aznx’) + y*(anx + anx®) + O(|(x,9)1*),
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is equivalent to the system

d
@ =
% = &% + (az1 — azoan )xy + O(|(X, Y)?),

in some small neighborhood of (0, 0) after changes of coordinates.

From Theorem 2.2, we can see that there exists a unique positive equilibrium Ej (x1,y;)
when Ry = R*, where

yi+c aA-(1-0)
X1 = , =,
! ay; +1 N 2(d+a(l -0))

From the proving process of Theorem 2.5, it is easily to see that det/; = 0. And Theorem 2.4
suggests that the characteristic matrix J; possesses a zero eigenvalue with multiplicity 2
when 7 = 0, which shows that system (2.1) may admit a Bogdanov—Takens bifurcation.
Thus, we can prove the following theorem.

Define two functions:

f) = +a+dy*+ (1 —ac(3+2a+ 261)))13 - 3¢(1 + a)y?
—c(1+ac(-1+ 2d))y -c%d,
g(y) = 2d + 2c(1 + 6a — 2¢ + cd)y + 6¢(2 + a)y?

+ 2(2azc +acd — l)y3 — (4 +2a+d)y*.

Theorem 3.9 Suppose that Ry = R* and y, = 0, then the only interior equilibrium E; of

system (2.1) is a cusp. Moreover,
(@) iff(y1)g(y1) #0, then E; is a cusp of codimension 2;
(b) if f(y1)g(y1) =0, then E; is a cusp of codimension greater than or equal to 3.

Proof Changing the variables as X = x —x;, Y =y — y;, system (2.1) becomes

L~ X +bipY + XY +3Y2 + O((X, Y)P),

dy 2 3 (3:3)
dt =b21X+b22Y—C1XY+C2Y +0(|(X,Y)| ),
where
ay, + 1 —y% + 2acy; + ¢ ay, +1
1911=—6l'—y—1(2y1 ), b12=0—7y1 ) y; X1, l721=y71(2y1 ),
Yatc 01 +0) Jatc
5 ) —y2 +2acy; +c —y2 +2acy; + ¢
=1+ "7 x, cl=—"
22 (y% N C)2 1 1 (y% + C)2
o - 2(y3 = 3acy? — 3cy; + ac®)x; e M (ac* - 3cy; — 3acy? +y3)
27 (o2 +c)3 ’ 3T (c+y3)3

Make the non-singular linear transformation

(0)-(% 5)0)

Page 15 of 22
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Then system (3.3) is transformed into

L~y + bix® + by,

oy , (3.4)
7 = bsx® + baxy + Qa(x, ),
where Q;(x,y) is a smooth function in (x, ) at least of the third order and
c1bn €1 b?,cy —dc;
b1 =cy— , by =——, bs=b b - , by = .
1=C2 bor 2 boy 3 2163 + b1y(cr — ) + boy 4 bt

By Lemma 3.7, we obtain a topologically equivalent system of system (3.4)

du
dt

D = by + (by + 2b1)uv + Qs(u,v),

=,

where

df (y1)

37 (c+y2)%

g0n)
yi(ay + 1)(9% +¢)?’

b4+2b1:—

Therefore, E; is a cusp of codimension 2 if f (y1)g(y1) # 0, by the results in Perko [19], or

else, E; is a cusp of codimension at least 3. g

Remark 3.10 In fact, Theorem 3.9(b) includes the following three cases:

(1) Iff(31) #0 and g(y1) = 0, E; is a cusp point;

(2) Iff(y1) = 0and g(y1) # 0, E; is nilpotent focus/elliptic point;

(3) Iff(y1) =g(y1) =0, E; is a nilpotent focus.

Unfortunately, due to the complexity of f(y1) and g(y1), we cannot determine which of
these three situations occurs theoretically. But we will show for some parameter values
that f(y1) #0 and g(y1) = 0, i.e. E; is a cusp point.

In the following, we will give an example to show that Theorem 3.9(b) occurs.

In the first place, fix y; = 1/5, then we can solve for o = 1 — ’25‘1:%. By assumptions
Y1 =0 and Ry = R*, solve for parameters d and A,
_ (5+aPA A (35 +a(11 + a — 25¢))(1 = 5(5 + 2a)c)
"~ —1+25¢+ 10ac’ - (5 +a)3(1 + 25¢) '
Then
(1 +25¢)(1 + a?c)
SO =——e

125(5 + a)

for any a, ¢ > 0. We solve g(y;) = 0 for the parameter ¢ and denote the corresponding solu-

tion with respect to ¢ by ¢, where

_ (375 +a(1630 + a(323 + 2a)) = V(5 +a)(28,125 + a(236,775 + a(531,415 + a(104,449 + 4a(318 + a))))))
B 50a(15 + 2a)

&
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Actually, if ¢ = %, we have d = d(a) < 0 for any a > 0. Thus, g(y;) = 0 ifand only if c = &§ £
¢®(a). In addition, with the help of Mathematica, for any 0 < a < 1.86433 or a > 123.449,

one can have all other parameters positive and satisfying d + o < 1.
For example, take a = 1, then we can get

Y

(a,d,c, A,0)=(1,0.108676,5.478144,0.575787,0.619774)

(dO) dO’ Co» AO) UO)’

which satisfies ¢ = ¢#(a), i.e. Theorem 3.9(b) is in order.

Theorem 3.11 When (a,d,c, A,0) = (ao,do, co, Ao, 00), then E; is a Bogdanov—Takens
point of codimension 3, and system (2.1) localized at E; is topologically equivalent to
dx

dt =Y
=2+ Gx’y+ O(I(x,)P),
where G < 0.

Proof First of all, applying a linear transformation 71 : (x,y) — (u,v), defined by u = x —x;,
v =y —y1, we can reduce system (2.1) further to the form

% =piod + po1vV + 225i+j54pijui]/ +O(l(w,)°),
@ = quott + qorv + Ypoiyjea iV + O, V) )

(3.5)
where
poz_d_yl(dy1+1) 2 :O_—y%+2acy1+cx » :_—yf+2acy1+c
1 yi rc ) 1 (y% N 6)2 1 11 (y% + C)Z )
x1(ac® - 3acy} - 3cy1 +y7) —ac?® + 3acy? + 3¢y — 5
Po2=— ) P12 = s
(c+y3)3 (c+y7)?
o = x1(4acty, — 4acy? + ¢ — 6¢yt + y7)
(c+y3)* ’
i v3(dac*y, — dacy’ + ¢ - 6¢cyt +y7)
’ (c+y7) ’
Do = x1(ac® — 10ac*y? + 5acyt — 5¢*y1 + 10cy3 — y3)
04 s )
yilay: +1)
q10 =

—y2 +2acy; +c
5 ’ 01=—l+
yi+c

2acy; +c—y?

X1 qi11 =
(o +¢)? (c+y7)?

_ x1(ac® - 3acy} - 3cy +y3) _ (ac® —3acy} - 3cyy +97)

qo2 = (c+ y%)B ’ 12 = (c+ )/%)3 ’
x1(4acty, — 4acy? + ¢ — 6¢y? + y7)
qo3 = N ,
(c+97)

qi3 =

(—4ac?y; +4acy; — c* + 6¢y3 — y})
(c+y3)* ’

Page 17 of 22
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x1(ac® = 10ac*y? + 5acy} — 5¢2y; + 10cy3 — y3)

(c+y7)°

qos = ,

P20 = P21 = P22 = P30 = P31 = P10 = G20 = 421 = 422 = q30 = 31 = Gao = 0.

Another transformation T5 : (u,v) — (x,7), defined by x = v, y = q1ou — p1ov, reduces
system (3.5) to

% =Y+ D ocisj<a agx'y + O(|(x,9)),
% =D ocivj<a byx'y + O(I(x,9)1°),

where
q11 Pi1oq11 qo3q10 + P10912
an=—, ax =4qgo2+ ——, 21 = —) 3= ——"—"»
q10 q10 q10 q10
P1oq11 P%oﬂhl
as0 = 404, b =pu-—-——> by = piop11 — P1oqgo2 + Po2qdio — — >
q10 q10
2
P1oq12 P1o912
by =pi12 — , bso =[910(1012 - 6103) + pPo3qi0 — 10 ’
q10 q10

by = —P10404 t Poaq10,

and the other coefficients are equal to zero.

Then using the near-identity transformation T3 : (x, y) — (1, v), defined by u = x + %(an +
bo2)x? — agxy, v = ¥ + azx* — baoxy, and parameters (aq, do, ¢o, Ag, 09) make by + 2as0 = 0,
so we obtain

W=yt YgicadiV + O((w,v)I°),

. (3.6)
& = bagtt® + Yy ea ey + O, 9)I5),
where
d3o = azg + ax(ai + boz) — ao2bao, dy1 = —ap(az — b11) + a1 + ay1(ay; + bga),
dlz = 2412, d13 =dadi3 + ﬂog(ﬂu + 4b02) — 6Z02(36102b02 + bOS), d03 = _agz + ao3,
1 3 3 )
dao = aso — (@11 + boz) | ar1az0 + 56130 - anzbzo - §ﬂ20(ﬂ11 +boy)

— d0d1 — Ap2b30,
3
ds1 = azi —aj; +ap (26130 + 3axboy + ai1(dag + bi1) — b — 361021920)
2
+ bgy (tl21 - 6111) — 2412420,
1 2

dyy = asy — 3apsa + 56112(6111 +5bg) + 6102(1120 —-2bn)

+ agy(az +2a11(an + be) — bra),
dos = —a02a03 + Aoss e30 = bzo — asobi1 — (@11 + 2b02)bao,

1
€21 = d11d20 — 5(6111 + bo2)b11 + 2a02b90 + by,

Page 18 of 22
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ez = —byy(a11 + boz) + agy(4daso + b11) + bia,
eg3 = agda + bos, eos = bos + agzas,

€40 = d20 (2(6130 — anax — aonba) — axbor - b21)

3 5
+ 5(411 + bo2)(axbi1 + boabay — byg) + E(ﬂn + boz)zbzo — boab3o + bag,
2 bypbu 1,
e = ﬂ20(2ﬂ21 -2b1y + 31902) — by (azo + b)) + 5 + Eﬂu(—ztlzo +b11)
+ a1 (boa(3azo + b11) — dagabag — bor)

— oy (a20(6a20 + 4b11) + 5borbao — 3bs0) + bsy,
1
€y = 5(420(4012 - 6b03) + (ﬂ%l —2a9; + l4agpay + l’)12 - 32%2)1?02

+ (6a02b20 + 4b21 — borbi1)aos + 2byy — an (21?(2)2 +3aebi1 + bu)),

€13 = 2a0320 — A12boy + 2bgsbo3 + ag,(daz + bry) + agy (—boz(ﬂn +4bg) + b12) +by3.
We perform a near-identity smooth change of coordinates,

1 1 1 1
X=U-— (gdgl + 8612)143 — (idu + 5603)1/!21/,

1
y=v+ dsou® + dozV® — ieuuzv — epzuv?.

Then system (3.6) becomes

=y + daox" + doay* + g%y + dizxy® + dosx®y” + O(|(x,)°),
D baox® + e30%> + fuox® + y(fux® + f1x%) + fizxy® + eoay* 3.7)

+ faax?y* + O(|(x,9)1%),

where

e 1
g1 = <d31 - %(dlz + 603)>; Jo1=3ds +exn,  fwo= g(bzo(4d21 —e13) + 6eq),

f:n = byodra — byoeps + e, f13 = €13, fzz = 3byodo3 + €.
In order to kill the non-resonant cubic terms of system (3.7), we let
1 4 4
u=x+ E(dm +d13 + eos + f13 — for — 3g31)X" + dosy

1 3
+ g(—2d22 +dos + diz + eos + f13)x°Y,
o, 1 3
V=y+dyx” + g(dm +dy3 + epq + fi3 — fo2)x°y

1
+ (doa + diz)xy’ - §(d°4 +dis + eos + f13)x%)7,

Page 19 of 22
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system (3.7) becomes

% =v+O(|(u,v)]°), (3:8)
% = boou® + e3ou® + faou* + (Hyu® + (4dao + f31)u®)v + O(|(w, v) ).

Finally, we set x = byout, ¥ = by (v + O(| (1, v)|°)), system (3.8) becomes

ar =Y
2 -+ 2 + JZ*TOx‘* +y({%x2 + —4d‘2%+f31x3) +O((x,9)°).
20 20 20 20

According to Lemma 3.8 the above system is equivalent to the system

dx _
a =Y

D~ 22+ Gy + Ol y)P),

where G = Z2oUduntf)-eo ¢

b20
condition (a,d,c, A,0) = (ag,do, co, Ao, 00) and straightforward calculation lead to G =

omputing the coefficients by, dag, f31, €30, fo1 with the

-1.061119 x 10° < 0. Thus, E; is a cusp type of Bogdanov—Takens singularity with codi-

mension 3. O

Remark 3.12 The authors in [13, 18] proved their epidemic model with saturated inci-
dence rate undergoes a Bogdanov—Takens bifurcation of codimension 2. When we con-
sider the incidence of a combination of the saturated incidence rate and a non-monotonic
incidence, the codimension of Bogdanov—Takens bifurcation can grow up to 3.

Remark 3.13 Xiao and Ruan (see [11]) showed that either the number of infective individ-
uals tends to zero as time evolves or the disease persists. The authors in [13, 18] proved
that their epidemic model with saturated incidence rate undergoes a Bogdanov—Takens
bifurcation of codimension 2. When we consider the incidence of a combination of the
saturated incidence rate and a non-monotonic incidence, the codimension of Bogdanov—

Takens bifurcation can grow up to 3.

4 Conclusions

In this paper, by combining qualitative and bifurcation analyses we study an SIS epidemic
12 bl
P T an
dence rate studied in [13, 18], describing the inhibition effect from the behavioral change

model with the incidence rate which is a combination of the saturated inci-
and the non-monotonic incidence studied by Ruan in [11], interpreting the “psychologi-
cal” effect. In Sect. 2, we give a full-scale analysis for the types and stability of the equilibria
E; (i=0,1,2,3,4,5). We prove that for system (2.1) there can occur backward bifurcation
and the backward bifurcation will disappear if a = 0. At equilibrium E; (i = 3,5), a de-
generate Hopf bifurcation arises under certain conditions. When the critical condition ¥;
(i = 3,5) satisfied, we calculate the Liapunov value of the weak focus and obtain the max-
imal multiplicity of the weak focus is two, indicating that there exist at most two limit
cycles around E; (i = 3,5). In Fig. 6 and Fig. 8, we give the phase portraits corresponding
to equilibrium E5 and E5 exhibiting a unique limit cycle and adding a new limit cycle after
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a small perturbation of the parameters A and c. In Sect. 3.3, we proved that the model ex-
hibits Bogdanov—Takens bifurcation of codimension 2 and codimension 3, under certain
conditions. If the parameter a = 0, the model can just have a Bogdanov—Takens bifurcation
of codimension 2, shown in [13].

In reality, we show that the model exhibits multi-stable states. This interesting phe-
nomenon indicates that the initial states of an epidemic can determine the final states
of an epidemic to go extinct or not. Moreover, the periodical oscillations signify that the
trend of the disease may be affected by the behavior of the susceptible and the effect of
psychology of the disease.
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