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1 Introduction
In this paper, the anisotropic parabolic equation

N

8 N ob;(u,x,t
_ Di~ L ? s t) € , 1.1
E:I o (@) 4, |2 10,) + ?zl . (%,t) € Qr (1.1)

is considered, where £2 is a bounded domain in RN with a C> smooth boundary 32, p; > 1,
Qr =2 x (0,7), a;(x) € CH(2), bi(-,x,t) € C(Qr).

Equation (1.1) arises in the mathematical modeling of various physical processes such
as flows of incompressible turbulent fluids or gases in pipes, and processes of filtration in
glaciology [1-3]. A particular case of Eq. (1.1) is the usual non-Newtonian fluid equation,

Uy = div(IVu|p_2Vu), (1.2)

which has been researched far and widely, one can refer to [4—6] and the references
therein. In recent years, there are more and more mathematicians interested in the

anisotropic parabolic equations

N

a
= Z a— |uxi |pi72ux,') +f(x1 L, Vb[), (x) t) € QT1

one can refer to [7—14].
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In this paper, we suppose that
ai(%)|ze2 >0, a;i(X)|xes2 =0, i=1,2,...,N, (1.3)

then Eq. (1.1) is always degenerate on the boundary. To study the well-posedness of the
solutions of Eq. (1.1), the initial value

u(x,0) = up(x), xe€82, (1.4)
is always indispensable. Moreover, the usual boundary value condition
u(x,t)=0, (x,t)e08 x(0,7), (1.5)

may be invalid. This is due to the fact that the weak solution of Eq. (1.1) may lack the
enough regularity to be defined the trace on the boundary [15]. Accordingly, one has tried
to study the uniqueness of weak solution only depending on the initial value condition (1.4)
[16, 17]. In fact, for a degenerate parabolic equation, that the boundary value (1.5) may be
overdetermined is well known, one can refer to [18—27]. But how to impose a suitable
boundary value condition instead of (1.5) has been a difficult and interesting unsolved
problem for a long time.

Inspired by [15-27], we may conjecture that the degeneracy of 4;(x) on the boundary
may take the place of the usual boundary value condition (1.5). In other words, the stabil-
ity of weak solutions can be proved without the condition (1.5). Comparing with our pre-
vious work [16, 17], not only the anisotropic case is more complicated than the isotropic
case, but also the nonlinear convection term Y %xl’”)
some special techniques to overcome these difficulties. Moreover, we will introduce a gen-

adds difficulties. We employ

eral method to study the stability of weak solutions for a parabolic equation without the
boundary value condition.

2 Definitions and main results
We denote

p- =min{py,ps,...,pn-1,pN}, pP->1,

p+ =max{p1,pa,...,PN-1,PN}-
In the first place, we introduce definition of weak solutions.

Definition 2.1 A function u(x, £) is said to be a weak solution of Eq. (1.1) with the initial
value (1.4), if

uel®Qr),  a®)|uyl’ €LQr),  w €L*(Qr), (2.1)

and for any function ¢ € C}(Qr),

N
// Uy dx dt + Z /f [a,'(x)|uxi |pi—2uxi “@x; + bi(u,x,8) - (pxl,] dxdt =0. (2.2)
Qr i=1 Qr
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The initial value is satisfied in the following sense:
lim/ {u(x, t)— uo(x)} dx =0. (2.3)
t—0 Q

Definition 2.2 The function u(x, t) is said to be the weak solution of Eq. (1.1) with the

initial boundary values (1.4)—(1.5) if u satisfies Definition 2.1, and the boundary value

condition (1.5) is satisfied in the sense of trace.

Theorem 2.3 Ifp_ > 2, a;(x) € C'($2) satisfies (1.3), by(s,x,t) is a C function on R x 2 x

[0, T7,

uo €L¥(2),  |uoy| €I¥(2), i=1,2,...,N, (2.4)
either

__2_
/ a; "™ (x) dx < o0, (2.5)
2
or
1
|bis(s, %, £)| < caPi (x), (2.6)

then Eq. (1.1) with initial value (1.4) has a weak solution.

Theor?m 2.4 Let p_ > 2, for every 1 < i < N, either condition (2.5) be true, or
Jo a;m (x) dx < 00 and condition (2.6) be true, a;(x) € C'(2) satisfy (1.3), b;(s,x,t) be a
C! function on R x 2 x [0, T|. Then the initial boundary value problem (1.1)—(1.4)—(1.5)
has a solution.
1

If b; =0, then only if p_ > 1 and [, a; ! (x) dx < 0o, Theorem 2.3 and Theorem 2.4
are still true. However, if b; = 0 is not valid, when p_ > 1, then it is difficult to prove that
u; € L2(Qr). If we do not require u; € L2(Qr), in other words, if we admit u; belonging to
another kind of Banach space, then the conditions (2.5) and (2.6) may not be necessary,
one can refer to our previous work [28]. Moreover, the condition (2.6) (also the condition
(2.9)) reflects that there are some relationships between the diffusion coefficient and the
convection term. At least, one of our motivations on condition (2.6) (also the condition
(2.9)) initially comes from the study of a model of strong degenerate parabolic equation

arising in mathematical finance [29], which has the form

2

ou d L ou
R _ vl _
ot 21: % <“ (®) 3x,~> "L

L

0b;(u)
396,‘

2
) inQT:QX(O)T):
=1

and satisfies

|b(s)| <a'(s), i=1,2,...,N,
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where £2 C R? is a bounded domain with the smooth boundary 3£2. From this, one can
see that there are some relationships between the diffusion coefficient and the convection
term.

Since we mainly are concerned about how the degeneracy of the coefficient ;(x) affects
the uniqueness or the stability of weak solutions, we have no intention to make a deep
research on the existence. The main results of this paper are the following stability theo-

rems.

_ 1
Theorem 2.5 Let p_ > 1, for 1 <i < N, a;(x) € C1(82) satisfy (1.3), [, a; Pt (x) dx < 00
and bi(s,x,t) be a Lipchitz function R x 2 x [0, T). If u and v are two solutions of Eq. (1.1)
with the same homogeneous boundary value condition

ulx,t) =vix,t)=0, (xt) €082 x(0,7), (2.7)

and with different initial values uy(x) and vo(x), respectively, then

/ |u(x, £) — v(x, t)| dx 5/ |uo(x) — vo(x)| dx, £€[0,T). (2.8)
7 2

1
Roughly speaking, the condition [, a; ” ! (x) dx < 00 can guarantee that the boundary

value condition (1.5) is true in the sense of trace. If this condition is invalid, for example,
-
/ a;”" (x)dx < 00
Q
and
o1
/ a,” (%) dx = 00,
I?)

that whether Theorems 2.4—2.5 are true or not is an open problem. Fortunately, by adding
some restrictions on a;(x) and b;(s, x, ), we are able to prove the following stability of weak
1

pi-1 (

solutions without any boundary value condition, no matter whether [, a; x) dx < 00

or not.

Theorem 2.6 Let p_ > 1, a;(x) € C1(2) satisfy (1.3), b;(s,x,t) be a Lipschitz function on
R x 2 x [0, T). Let u and v be two solutions of (1.1) with the initial values uy(x) and vo(x),
respectively. If b;(s, x, t) satisfies

1

|bi(u,x, t) - b;(v,x, t)| < ca? lu-v|, i=1,2,...,N, (2.9)

and, for n small enough,

1 N
(ol (TTee).

then the stability (2.8) is true.

Pi i
dx) <¢i=12,...,N, (2.10)
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Here, 2, ={x € £2: (]_[jzl a;(x)) > n}.

Comparing Theorem 2.6 with Theorem 2.5, we find that, in some cases, the degeneracy
of a;(x) on the boundary can take the place of the usual boundary value condition (1.5).
Even, for some given kind of the weak solutions, the condition (2.10) may not be necessary.
For example, we have the following result.

Theorem 2.7 Let p_ > 1, a;(x) € C1(2) satisfy (1.3), bi(s,x,t) be a Lipschitz function on
R x 2 x [0, T). Let u and v be two solutions of (1.1) with the initial values uo(x) and vy(x),
respectively, and for n small enough,

pi-1

1 ) pi
([ awran) " <q
n\Je\e,

ri-1

(2.11)

1 Pi
—(/ a,-(x)|vxl.|p"dx> <¢, i=12,...,N.
n\Ja2\2,

If bi(s, x,t) satisfies (2.9), then the stability (2.8) is true.

However, for some weak solutions, condition (2.9) may not be necessary. In fact, if the
convection term is independent of the diffusion coefficient, we have the following result.

Theorem 2.8 Let p_ > 1, a;(x) € C}(2) satisfy (1.3), bi(s,x,t) be a Lipschitz function on
R x 2 x [0, T). If u and v are two solutions of Eq. (1.1) with the initial values uo(x) and
vo(x), respectively, then, for any 2, CC £2,

/ |u(x, £) = vl 0)| dx < c($21) / |t () — vo ()| dix, (2.12)
21 2

which implies that the uniqueness of weak solution is true.

Actually, by the general method introduced in the last section of this paper, many kinds
of stability theorems of weak solutions can be found.

3 The weak solutions dependent on the initial value
We consider the following regularized problem:

N N

a9 abl erh
Ugy — Z a((az(x) + 8)|uaxi |pi72usxi) - Z (;lxx t) =0, (x: t) € QT7 (31)
i=1 ‘ i=1 g
u:(x,6) =0, (x,2)e€d2x(0,7), (3.2)
U (x,0) = ugo(x), x€ 2. (3.3)

Here, u,o € C3°(82), |ueolro) < |uolroo(), | Viteo| converges to |Vuy(x)| in LP+(£2). It is
well known that the above problem has an unique weak solution u, € L*(0, T; WO1 G (a;(x),
£2)) [5, 30].

By the maximum principle [5], there is a constant ¢ only dependent on | ]|z () but
independent on ¢, such that

It | oo Q) < c.
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Multiplying (3.1) by u, and integrating it over Qr, then

0bi(ug, %, t
—/ u dx+Z// (i) + &) thes, Ipldxdt+// uix)usdxdt
Qr Xi

1
= —/ u%dx. (3.4)
2 /e

2 L
If f_q 77 (x) dx < 00, we know that [, a; ' (x) dx < oo, then

/ 8bi(u51x;t)uadx‘§/
I ox; 2
o

2

1 c -
< —/ ai(x)|u5xl.|1”idx+—/ a” " (%) dx
2 /o 2

2

0b;(s,x,t)
as

Max,- |ME| dx

0b;(s,x,t)
as

dx

usx,'
s=Ug

1
< —/ a; (%) | Uex, [P dx + c.
2 Ja

If the condition (2.6) is true, then

abi £ 1t
f Wilue, ) dx' < /
2 ox; 2

1
< —/ a;(x) | Uex; [P dx + ¢,
2Je

0b;(s,x,t)

dx
as

Usex;
S=ulg

clearly. Accordingly, by (3.4), we have

N
/ uldx + Z // (ai(x) + &) |ten, IV dxdt < c. (3.5)
@ =1 7 /Qr

For any £2; CC £2, since p_ = min{p;} > 2, a;(x) satisfies (1.3),
a(x) > ()50, i=1,2,...,N,

by (3.5),

T T =
/ f |Vug|2dxdt§c(/ / IVuglp‘dxdt)
0 21 0 2

N T p%
< (2) Z( | [ aue dxdt)
i-1 0 21

N T p%
. i
cml);( [ [ atne dxdt)

<g (3.6)

Page 6 of 26
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where ¢(£2;) represents the constant depending upon the compact subset §2, but it may
be different from one to another.

Multiplying (2.5) by u,,, integrating it over Qr, it yields

// |tter|? dx dt
Qr

N
ZXMy‘i%MH@%NH%U%Wﬁ

7/ Jor 9% l l

+ Z// ust ug,x, )dxdt. (3.7)

Noticing that

2
2 1d (el p
|u£xi|L UgyUex;t = 2dt s 2 ds,
0

then

// 88 ((ﬂ (x) + 8)|M£x | usx )ugt dxdt
Qr 9%i
—f/ (a:(x) + &) |thon, 1P, Uiye dx it
Qr

1 \usx,‘z l_
== f/ (ai(x) + s)i/ p ? dsdxdt. (3.8
2 JJo, dt J,

2

If [, a, " (x)dx < o0,

8bi &) :t
[/Mw—gilﬂﬁif |Bia 1t 6, )| e, 14| de
Qr 0 Qr

Xi

+f it 0, 1) 1] et
Qr

1
<= // |u€t|2dxdt+c// |u5xi|2dxdt+c, (3.9)
2 Qr Qr

by the Holder inequality

2 2
// |Uex;|* dxdt = c// a Piabi|ug,|* dxdt
Qr Qr
pi=2 2
__2_ pi Pi
< c(// a pi? dxdt) (// a;(x) |ty |V dxdt)
Qr Qr

(3.10)
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2
If |bis(s, x, t)] < czzf’ “(x), p; > 2, then by the Young inequality

8bi &) :t
// ugtwdxdts/ bt 6, e 1o
Qr 0 Qr

Xi

+/ i 0, 1) ] et
Qr

2 1
5// al (x)|u5x5|2dxdt+—// ltts | dx dt + ¢
Qr 2 Qr

1
< c// i (%) | Uy, [P dx dt + — ff |ter |2 dxdt + c.
Qr 2 Qr

Combining (3.7)—(3.10), we have

|usxl'|2 i
// 17 dxdt+2// al(x)+8 / splT2 dsdxdt <,
Qr 0

by the above inequality, we have

N
// |u5t|2dxdt§c+ch (ai(x)+8)|u50xi|1’fdx§c.
Qr i=1 Y4

(3.11)

Now, by (3.4), (3.5), (3.6) and (3.11), there exist a function # and an n-dimensional vector

—
function ¢ =(&,...,¢,) satisfying u, — u a.e. in Qr, and

_Pi
u € L*(Qr), [¢i] € L2~ (Qr),
u, — *u, inL>(Qr),
bi(ue, x,t) > bi(u,x,t), a.e.in Qr,

Uey; — Uy, IN L{ZC(QT):

2
ﬂi(x)|u€xi|pl Uex; — i lan’ (Qr).

It is easy to show that

N
!g% Z // (ai(x) + 8) [ 2tes; |pi_2’4£x,'(px,' dxdt
i=1 7 JQr
N
=ging)z / f () | Uy 1P 2 U, 0y A At
- i=1 Qr

%
:/ ¢ -Vodxdt,
Qr

for any ¢ € CA(Qr).
Now, we will prove that

Z// a;(x%) |y, |pi=2 Uy, P1x; dx dt = / ? -V dxdt,
Qr

(3.12)

(3.13)

(3.14)

Page 8 of 26
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for any given function ¢; € C}(Qr). In detail, we notice that, for any function ¢ € C}(Qr),

N N
ou, _
// |: o 0+ Z(ai(x) + 8)|umi |Pi zumi<pxi + Z bi(ug,x, t)goxl.:| dxdt=0. (3.15)
Qr

i=1 i=1

Let ¢ — 0. Then

// |:8t<p+2§l(pxl+2b u,x,t :|dxdt 0. (3.16)

Let 0 < ¢ € C3°(Qr) and ¥ = 1 on supp¢;. Let v € L%(Qr), a;(x)|vy, [P € L'(Qr). One
has

f Ya; (x)(|usx |Pi= usx, |Vxl‘ |pi72Vx,-)(usxi - Vx,-)dx dt > 0. (3.17)
Qr

By choosing ¢ = ¥u, in (3.15),

N
// |:8ug Vi, + Z (@i(%) + &) |thox, 1P thee, (Wtke) s, + Zb (tte, %, t)(‘ﬁ”é’)xz:| dxdt
Qr

i=1

0. (3.18)

By (3.17)—(3.18), we have

N
1
- / / Yeuldxdt -y f / (%) + &) |Ues P12y Vit de it
2 QT i=1 QT
—Z// ﬂt(x) t+é& |Vx, |pi= Vxl(usx, in)lﬁ dxdt
N
- Z// (ai(x) + 8)|u€xi |”"—2u8xivxi1/f dxdt
i-1 7 JQr
N
] bt O+ ) dn
i=1 Y 7Qr

>0. (3.19)

Let ¢ — 0. Then

N
1 f 2
= Yu” dxdt — // uliy, dxdt
2J)Jor ; Qr
N N
_ Z// a; (%) [V, P2 (s, — Vi) dx dt — Z/f a;(%) Ly, Ve, ¥ dx dt
i=1 Qr i=1 Qr

_Z/ bi(u, x, £)(ux, U + uihy,) dx dt

> 0. (3.20)
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Let ¢ = Yu in (3.16). We get

N N
1// u*, dxdt — Z// Y Sty dx dt — Zf/ uliy, dxdt
2 QT i=1 QT i=1 QT

‘Z/f bi(u,,t) (e, ¥ + utpy,) dcdt

0. (3.21)

Thus

Z/f X) vy [P in)(uxl. — V) dxdt > 0. (3.22)

Letv=u—-XApy, A>0.Then

N
i — i = Ap1)x;
;//QT"’“ )| (1 = 2p1)s,

If A — 0, then

N
> [ wla- a2, drde o
i=1 Y JQr

pi_z)wlxi dxdt > 0.

Moreover, if A < 0, similarly we can get

N
Zf/ V(85 — ai(®) |t 1P 1y, ) 1, de dit < 0.
i=1 Y JQr

Thus

Z/f x) [, [P Mx,)%xl dxdt=0.

Noticing that ¥ = 1 on suppg;, then (3.14) holds.
At last, we are able to prove (2.3) as in [31], then u is a solution of Eq. (1.1) with the initial
value (1.4) in the sense of Definition 2.1. Thus we have Theorem 2.3.
Now, by a similar method as in [32], we can prove the following.
1
Lemma 3.1 Iff_q a; Pt () dx < 00, u is a weak solution of Eq. (1.1) with the initial condi-
tion (1.4). Then, for any given t € [0, T),

/ luy, | dx <c, i=1,2,...,N. (3.23)
o)

For simplicity, we omit the details of the proof of Lemma 3.1 here. By (3.23) and the
fact foT |uy|dxdt < c, we know that u € BV(Qr), C3°(Qr) is dense in BV(Q7) and the
trace of # on the boundary 92 can be defined in the traditional way. By Theorem 2.3 and
Lemma 3.1, we clearly have Theorem 2.4.
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4 The stability of the initial boundary value problem
In order to prove the stability of the weak solutions, for small > 0, let

S,(s) = /Os hy(t)dr, hy(s) = %(1 - %) .

Obviously, 4,(s) € C(R), and

hy($)=0,  |shy(s)| <1, [S,(s)| =1
. . (4.1)
lim S, (s) = sgns, lim 5§ (s) = 0.
n—0 n—0
Clearly, if we denote H,(s) = fos S,(t)dt, then we have
lin})H,,(s) =|s|, s¢&(-00,+00). (4.2)
)’]*)
_1
Lemma4.1 Letp_>1,for1<i<N, [, a, Pt () dx < 00 and
1
|bi(w, %, £) = bi(v, %, 8)| < cal" |u—v]. (4.3)
If u and v are two solutions of Eq. (1.1) with the same homogeneous value condition
ulx,t) =vix,t) =0, (xt) €082 x(0,7), (4.4)

and with different initial values uy(x) and vo(x), respectively, then

/ |u(x, £) — v(x, t)| dx 5/ |uo(x) — vo(x)| dx, £€[0,T).
7 2

1
Proof Let u and v be two weak solutions of Eq. (1.1). Since fg a; kit (x)dx < 0o, by
Lemma 3.1, u#,v € BV(Qr) we can choose ¢ = x[;4S,(# — v) as the test function. Here

X[z,s] is the characteristic function of [z,s] C (0, T). Then

s a _
/T/QS,,(M—V) (”at ") e

N S
£y / / i () (|0h, 1Pty = 1V 1P 20, ) (= V) 1y (= v) dix it
-1 VT 2

N S
ity 3,0) = bi(v,3,0)) 0t = V) 1y e~ v) v
+l21:/, /Q[ (0, 8) = bi(v, %, ) (= V), (. — v) dx dlt
¢ (4.5)

As usual, one has

/ / ai(x)(|uxi |pi_2uxi — |y, |”1_2in)(14 = V) hy(u—v)dxdt > 0. (4.6)
T JR
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Since [/, op Il dxdt <c, I/, oy [vtldxdt < ¢, using the dominated convergence theorem,

one has
. s ou—-v)
1 S, (u— dxdt
'71—I>I(1)_/r /Q =) ot *

= lirr(l)/ [H,,(u - V)(x,8) — Hy(u —v)(x, r)] dx
n—0Jo
=/ |u—v|(x,s)dx—/ lu —v|(x, T)dx, (4.7)
2 2
where H, (1 — v)(x,s) = H, (u(x,s) — v(x,s)).
Moreover, since b;(s, x, t) satisfies the condition (4.3), one has
N

lim
n—>04
15

/s / [bi(u, x,t) — b;(v, %, t)](u = V), Pphy(u —v) dx dt‘
T 2

=1

N N
Scrlzii%;/, /ﬂ|hn(u—v)(u—v)af’i(u—v)xi¢n|dxdt

N

s i
<clim (/ / zz,«(|uxl,|pi + |vxl.|p")dxdt)
n—0 P, - Q
s
(/ / |(u— V)h,(u—v)
T 2

= 0. (4.8)

pPi~
pi

2
Pivt dx dt)

Now, let n — 0 in (4.5). By (4.6)—(4.8), one has
/ |u(x,s) - v(x,s)| dx < / |u(x, 7) —v(x, r)| dx.
7 2
Let 7 — 0. Then
/ |u(x,s) —v(x,s)|dx§/ |u0(x) —Vo(x)|dx,
17 17

Lemma 4.1 is proved. O

In fact, the condition (4.3) in Lemma 4.1 is not the optimal. Without the condition (4.3),
we have Theorem 2.5.

Proof of Theorem 2.5 From the above proof of Lemma 4.1, we only need to prove that

lim
n—0

f [bi(u,x, t) — b;i(v,x, t)](u = V), hy(u—v)dx| =0, (4.9)
2
without the condition (4.3). In detail, we have
/ [bi(u,x, t) - b;(v,x, t)](u = V) (u—v)dx
Q

= f [bi(u,x, t) - b;(v,x, t)](u — V), (u—v)dx.
{82:|u—v|<n}

Page 12 of 26
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If the set {£2 : |u — v| = 0} has zero a measure, then

lim / [bi(u,x, t)—b;(v,x, t)](u =V, (u—v)dx
=01 )2 u-vi<n}
1 CONE( - N\
§c</ (a] |, — vy )" dx) (/ a, """ dx)
(82:lu-v|=0} Q

=0.

1
If the set {£2 : |u — v| = 0} only has a positive measure, then by, @, '~ € L'(£2),

lim
n—0

1 1 1 pi-1
= . Pi -7 pi
§c</(af’|uxi—vxi|)p‘dx> l(/ aip’ldx) l
2 {£2:|u—v|=0}
1 . -1
) ) Pi “pi-1 Pi
= C</ ai(x)(mxi Pi + |Vx,' |pl) dx) (/ a; ! dx)
Q {£2:|u—v|=0}

=0.

f [b,»(u,x, t) - b;(v,x, t)](u — V), (u—v)dx
{82:|lu—v|<n}

Thus, we have the conclusion.

5 The global stability without the boundary value condition

Proof of Theorem 2.6 Let u and v be two weak solutions of Eq. (1.1) with the initial values

uo(x), vo(x), respectively.
Let 2,={xe 2: ]_[f\i1 a;(x) > n}, and

-

b,(0) = ifx e £2,,
U‘x - 1 N .
Glinaix), ifxe 2\ 2,

Let us recall

kexp[ﬁ], x| <1,
0, || > 1,

J(x) =

where k is a constant such that f]RN J(x) dx = 1. The usual mollifier is defined as

Jo(x) = SLN](Z—C)

for small ¢ > 0. Let
Fo0) =S (@) = Jo 5 fx) = fR e )y,

for any f(x) € L. ().

loc

(5.1)

Page 13 of 26
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Let ¢, (x) be the mollified function of ¢, (x). We can choose x[; ¢ (%)S, (1 — v) as the

test function. By the process of taking the limit, ¢ — 0, we can choose x[; ¢, (®)S,(x —v)
as the test function finally. Then

/S/ ¢,,S,,(u—v)a(ua; 4 dxdt

+Z / )t 0 )t vy = ) ) il

N s

+ Z / / 61,’(96)(|Mxi |pi_2ux,' - |in |pi_2vx,')(u - V)Sq(u - V)¢77xi dx dt
=1 VT 2

+ Z/ / (U, %, t (v, %, )]q&ﬂxiSn(u —v)dxdt

N S
' Z;/ /Q[”f(”"" £) = bi(v,,0)) (u = V), (= v) dx

-0. (5.2)
Let us observe every term on the left-hand side of (5.2).
For the first term, using the dominated convergence theorem, we have
( )
hm ¢>,, (%), (u - dxdt
d H,\(
= lim / / [d)n x) )] dxdt
n—0
= lin(1) ¢ (x) [Hn(u —v)(x,8) — Hy(u —v)(x, r)] dx
n—VJo
=/ |u—v|(x,s)dx—/ lu —v|(x, T)dx. (5.3)
2 o)
For the second term, we have
/ i () (|24, 1Pty = [V 1P 720, ) (th, = Vi Yy (18 = V) by () dix > 0. (5.4)
o)

For the third term, obviously, ¢, = %(]_[f\il aj(x))x; when x € £2\ £2,, in the other places,
it is identical to zero. By the condition (2.10), we have

/ ai(x)(luxl’ |Pi_2uxt - |in |pi_2vx,')¢nxisn(u - V) dx
2

/ a;(x) (|Mx, |pi72”x,’ - |Vxl- |pi72Vx,-)¢nx,-Sn(u -v)dx
2\2,

1 = .
. / ) (1t P+ v P
nJa2\2,

N
D) (Haj(x)) S, (u—v)| dx
j=1 x;

Page 14 of 26
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N
]
j=1 xi

1

1

Di »i
dx)

-1
1 s
<ct / (@@ + v ) dx / ai(x)
n\Ja\2, 2\2y

pi-1 pi-1

[(f |ux|Pldx) +(/ a,»(x)|vx,»|wx)”‘l
Q\Qn .Q\Q”
1 PN\ B
oL | (TTo0) [ )

pi-1 pi-1

[(f () |t | dx)pi + (/ a; (%) | vy, |7 dx) " ] (5.5)
.(2\.(2,7 2\2,

Then
linz)/ / ﬂi(x)(luxi|p_2uxi_|in|pt_2vxi)¢nxisn(”_V)dxdt‘
n— T JR2
pi-1 pi-1
e N\ N\
<clim |:</ a;(%) |y, |7 dx) +</ a;(x)|vy, [P dx) :|dt
n=>0J¢ 2\82y 2\82y
=0. (5.6)

For the fourth term, since b;(s, x, ) satisfies the condition (2.9), we have

N s
lim Z/ /Q[b,'(u,x, t) - bi(v,x, t)](u —V)a;phy(u—v)dxdt =0, (5.7)

—0
7 i=1

as before.
Finally, for the fifth term, by the condition (2.10), we have

lim / [bi(u,x, t) - b;(v,x, t)]d),]xl.S,,(u —v)dx
n—0| /o
= lim / [bi(u,x, t) - b;(v,x, t)]qb,,xiS,,(u —v)dx
n—0 2\2y

1 Ll (N
< lim — al’ a;(x) S, (u—v)(u—-v)|dx
n—>0n 2\2y (!—1[ U )x | n |
1 N Di p%. i 1711‘7_‘_]
< lim — / a;(x) l_[aj(x) dx (/ ]Sn(u —v)(u—v)|PiT dx)
=0n \Ja\e, i1 X Q

pi-1
_Pi i
<clim (/ !Sn(u —V)(u —v)|Pi T dx> P
n—0 Q
-1

50(/ |u—v|dx) " , (5.8)
2

since u,v € L*(Qr).
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Now, let  — 0in (5.2). Then

t I
/Q|u(x,s)—v(x,s)|dx§/Q|u(x,t)—v(x,t)|dx+c(/0 /;2|u—v|dxdt>, (5.9)

where [ < 1.
Let«(s) = [, o lu(x,5) —v(x, s)| dx. Without loss of the generality, we may assume that there
exists T € [0, T), k(t) > 0. Then, for any s > 7, f: k(t) dt > 0. If we denote

0
rozmax{te [r,s],/c(t)>0}, / k(t)dt = cy,
then 7 < 19 < s, and

/TS k(t)dt > /:0 k(t)dt = ci.

By u,v € L*(Qr), there exists a constant C > 0 such that

* k() dt)! * k(t) dt)

By (5.9) and (5.10), we have

k(s)—«k(t) <(C+c¢) /S k(t) dt,

using the Gronwall inequality, we easily get
f |u(x,s) - V(x,s)| dx < c/ |u(x, 7) —v(x, r)| dx.
2 )
then, by the arbitrariness of 7,

/|u(x,s)—v(x,s)|dx§c/ |u0(x)—v0(x)|dx. O
2 I?)

Proof of Theorem 2.7 Similar to the proof of Theorem 2.6, we have (5.1)—(5.4). Now, by
the condition (2.11), we have

%III(I) / ai(x)(lux,' |p;72uxi = vy |pi72Vx,')¢nx,-Sn(u -v)dx
—PlJe
= lim / ﬂi(x)(luxi |pi72uxi - |Vx,- |pi72Vx,-)¢nx,-Sr](M - V) dx
n—0 2\2,
1 N
< lim - i () (|, P+ [V, [P) Haj(x) Sy(u—v)|dx
n—0 n 2\2, i1 N

pi-1

1 Pi
<clim — (/ a;i(%) (|, P+ v, 1P7) dx) / ai(x)
1=>0n \Jo\2, 2\2,

P\ B
dx)

N
i
j=1 x;
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N
1)
j=1 x;

1

1

pi P
<clim / a;(x) dx
n—0 2\2,

= 0. (5.11)

Last but not least, since a;(x) € C1(£2), a;(x) = 0 when x € 352, we have

1 N
al' (x) (]‘[ a,(x)> =0, xe€df. (5.12)
j=1

Xi

According to the definition of £2,,, we have

lim

n—0

/ [b,'(u,x, t) - bi(v,x, t)]¢),,xl.S,,(u —v)dx
2

= lim
n—0

/ [bi(u, %, 8) = bi(v, %, 8) | yx, Sy (1 — v) dx
2\,

N
< rl}l_r)r})% o, afl" (L_l[ a,-(x))aﬁ |S,,(u —v)(u - v)| dx
1 AL
= e (H“"”)M “
1 N
< cmax al’ (x) (}_1[ zz,-(x))
- X
-o. (5.13)

Now, let  — 0 in (5.2). Then
/ |u(x,s)—v(x,s)|dx§/ |u(x, T) = vix, T)| dx.
2 7

By the arbitrariness of ,

/ |u(x,s) —v(x,s)|dx§/ |u0(x) —Vo(x)’dx. O
o) fo)

6 The uniqueness of the solution

Theorem 2.6 and Theorem 2.7 both imply that the uniqueness of the weak solution is true,
their proofs are based on the condition (2.9). Actually, without the condition (2.9), we still
can prove the uniqueness of the solution without any boundary value condition.

Theorem 6.1 Let p_ > 1, a;(x) € C1(2) satisfy (1.3), bi(s,x,t) be a Lipschitz function on
R x 2 x [0, T). If u and v are two solutions of Eq. (1.1) with the initial values u(x) and
vo(x), respectively, then there exists a positive constant f; > 2 such that

N N
/ (]_[ a) (x)) e, £) = v, 1) dx < o / (]’[ a) (x)) luo@) —vo@)[*dx.  (6.1)
2\ 2\



Zhan Advances in Difference Equations (2019) 2019:27

In particular, for any small enough constant § > 0,
| )= viw 0 v <6, [ Juoto) - oo, 62)
25 2

where 25 = {x € 2 : ]_[5\:[1 afj(x) > 68},

Proof Let u and v be two solutions of Eq. (1.1) with the initial values u((x) and v (x), re-
spectively. By the process of taking the limit, we may choose ¢ = x[r, ]1;[1 af/ (u—v)asa

test function. Denoting that Q.; = £2 x [7,s], then

N
a(y —
/ - [T 2% s
Qrs j=1 ot

N
=— Z // i) (|1, 1210, = [ P20, [(u —-v) Hajﬂ"j| dxdt
i-1 Qs x

N N
-y / / (b1, %,2) - bi(v, %,0)] |:(u -[]a ] dxdt. (63)
i=1 s j=1 X

In the first place, we have

N
J[| a2, = v )=, [ o dnde = 0 (6.4

s j=1

and

N
‘ /[ (u—v)axx)(wx,-v’f2uxi—|vxi|Pf2vxi)<1"[a,’."’> ddt
s PR
N .
5// Iu—vlai(x)(luxiV’i_l+|vxi|p"_1) ( af’) dxdt
s j=1 x
pi-1
S pi
SC(/ /ai(x)(|uxi|p"+|in|pi)dxdt>
T JR2
R AP
(/ /ai(x) (]‘[a/> |u—v|""dxdt)
T 2 j=1 %
pi-1
s b
< c(/ / ai(x)(|uxl. |Pi + |vxi|"")dxdt>
T JR2
s N pi )
. / /ai(x)n|af’_lajxi lu — v|Pi dx dt)Pi
T JR j=1
N 1
s pi
§c</ /ai(x)l_“af’_la/xipilu—vl”"dxdt) . (6.5)
T JR2 .
j=1
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Here, we have used the fact that |a,,| < c. Now, we choose g; > 2. If p; > 2,

s N ﬂ 1
(/ / a,»(x)l_“aj’ Ajy,
T JR2 j=1

1
s N pi
§c<//1_[af/|u—v|2dxdt> . (6.6)
T Qj:l

If 1 < p; < 2, by the Holder inequality

1
4 7
Py — v)Pi dx dt

1

s N pi
(/ / a;(x) l_“ozf’;la,’xi Pl — vl dxdt)
T JR2 j=1

Do %
56(/ f Haf’m-l/lzdxdt) . (6.7)
T JR2
j=1

Combining (6.5)—(6.7), we obtain

j=1

N
‘ff (4 = V) (%) (|1, 1P 2, — |V, I’”f‘zvxi)<]_[ﬂf’> dxdt

s N !
<c / / de’|u—v|2dxdt , (6.8)
T JR2 j=1
where [ < 1.
In the second place,
N .
f/ [bi(u,x, t) - b;i(v,x, L‘)] |:(u -v) H af’] dxdt
s j=1 x;
N .
_ / / [5:t,%,£) — by(v, 3, 8)] (14— v) (]_[ af”) dxdt
u ™
N .
+ /f [bi(u,x, t) - b;(v,x, t)](u — V), 1_[ af’ dxdt. (6.9)

Jj=1

For the first term on the right-hand side of (6.7), since f; > 2, |a;,| < ¢, by the Holder

inequality,

N
// [bi(u,x, t) - bi(v,x, t)](u —v) (H afj> dxdt
s j=1

X

s N N
= / /Q[bi(u,x, ) = bi(v,x, )] (u-v) ;(ﬂkafklakxi l_[ afj> dxdt
T =1

J=Lj#k
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s N N
§c/ / |u—v|z<,3ka,’fk_lakxi 1_[ af’) dxdt
v Ie k=1 j=1j#k
1
s N ) 2
<c / f [T 1u-vPdxdz) . (6.10)
T JR2 j=1
For the second term on the right-hand side of (6.9), since g; > 1, denoting p; = pf’_il as
usual, we have
1 /
Bi—— p; = Bi.
bi
By this inequality, we have
N .
‘/f [bl-(u,x, t) - bi(v,x, t)](u —V)x Hﬂf’ dxdt
s j=1
N ?; 3
s (Bi- 1)} . ! 7
< c(/ / al ( [T 4 |biwx.2) —b,»(v,x,t)|> dxdt)
re =1/
s 1
pi
. (/ / ai(luxi |Pi + Iinlp") dxdt)
T J2
sroebnf & v i
< c(/ / a, ( [T 4 |biwx.2) —bi(v,x,t)|> dxdt)
re j=1,ji
1
s N / e
56(/ / Haf’|u—v|pidxdt) (6.11)
T JR2 j=1
If p; > 2, then 1 < p; < 2. By the Holder inequality,
1 1
s N ) , ;; s N s 2
(/ / Haf’|u—v|1”i dxdt) < c(/ / Haﬂu - v|2dxdt> . (6.12)
T JR2 j=1 T JR2 j=1
If1<p; <2,thenp;>2,
1 1
s N ) , P_; s N Bi Z
</ / l_[af’lu—wpi dxdt) < c(/ / H“;‘IW - v|2dxdt> (6.13)
T JR2 =1 T JR j=1
Combining (6.11)—(6.13), we have
N .
‘/f [bl-(u,x, t) - bi(v,x, t)](u = V) Hﬂf’ dxdt
Ts j=1

l
, (6.14)

s N
§c</ / de’|u—v|2dxdt)
T JR2 j=1

where [ < 1.
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Moreover,

N
/ (u—-v) a/-jj M dxdt
QTS - at

]
=1

N 9 / N ’?1' _
:/ w-v [[]a W ol
Q'[S

i at

N N
= f 1_[ afj [u(x,s) —v(x, s)]2 dx — f 1_[ afj [u(x, ) —v(x, r)]2 dx. (6.15)
25 2

According to (6.3), (6.4), (6.8), (6.10), (6.14) and (6.15), we have

N N
/l—[ﬂf/[u(x,S)—V(x,S)]zdx—/ [T [utx0) - vix, 0)] dx
$2 a1 250

s N !
<c / / [T |utx.t) - vix,0) dxdt ) , (6.16)
0 Je i,
where [ < 1. By (6.16), we easily show that
N N
/ Haf’ |u(x, T) - v(x, 1:)|2 dx < / szf’ |ulx, T) - v, r)|2dx. (6.17)
20 2
Thus, by the arbitrariness of T, we have
f l_[ af’ |u(x,s) = v(x, s)|2 dx < / Haf’ |10 (x) = vo(x) |2 dx. (6.18)
250 20
By (6.18), we clearly have (6.1) and (6.2). The proof is complete. a

By this theorem, Theorem 2.8 is true.

7 The general method to prove the stability of weak solutions
We can generalize the method used in Sect. 6 to prove various kinds of stability of weak
solutions.

Let x (x) be a C1(£2) function satisfying
xx) =0, ifxedf; xx) >0, ifxe 2. (7.1)

Theorem 7.1 Let p_ > 2, a;,(x) € CY(2) satisfy (1.3), bi(s,x,t) is bounded when s is
bounded and (x,t) € 2 x [0, T). If there exist constants 0 < 0; < 1, 0 < §; < 1, and there
exists x (x) satisfying (7.1) and

J

2
2-5;

0@ |75 < (7.2)

x%(x)
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|(x (x))p;_%a;# @)| o dx <c. (7.3)
2

Let u and v are be solutions of Eq. (1.1) with the initial values uy(x) and vo(x), respectively.
Then, for any §2, CC §2,

/ |u(x, t) —v(x, t)|2 dx < C(Ql)/ |u0(x) - vo(x)|2 dx.
@2 1?)

Here, p; = JF as usual.

Proof Let u and v be two solutions of Eq. (1.1) with the initial values uo(x) and vy (x), re-

spectively. By the process of taking the limit, we may choose ¢ = x[;,5 x (¥)(x — v) as a test
function. Denoting Q. = £2 x [t,s], then

// (u—v)x(x)a(ua; ) dxdt

N
B R e (R L
i=1 s

N
-3 / / [6:(4, %, ) = bi(v, 2, 6) | [(u ~ v) x (v) ], dxdlt. (7.4)
i=1 Qrs !
In the first place, we have
f / 16) (ltiy P11, = 11 P23 (1 = V) 2 () e = 0, 75)

and using (7.2) we deduce that

‘/ (I/l - V)di(x)(h’[x,' |Pi*2uxl_ - |in |Pi*2vxl_) (X (x))x dx dt‘
Qrs !

= //” lot = Vi () (loa, |70+ [, |pt71)|(X(x))xi|dxdt

; =
S C(/ / ai(x)(h’txi |Pi + |Vx,- |Pi) dxdt)
T JR2
s 1
. pi
(/ / ai(x)|(x(x))xi|p’|u—v|Pidxdt)
T JR
1
< c(/ / |p’|u v|Pi dxdt)
1
pi
—c</ / a; (x 2 |u vy — Pt dxdt)
X ¥ (x)

o[ ] (e >>
o

i
2

'@\H
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(/s/ X(x)|”—v|2dx>52ipli
- ()l —v|* dox ﬁ. (7.6)
([ [ xeumvras)

In the second place,

// [bi(u,x, t) - bi(v,x, t)] [(u -V)X (x)]xi dxdt
= // [bi(u,x, t) - b;(v,x, t)](u - V)(X(x))xi dx dt

+ / [bi(u,x, t) - b;(v,x, t)](u — V), X (%) dxdt. (7.7)
QX

For the first term on the right-hand side of (7.7), since b;(u, x, t) and b;(v,x,t) are bounded
when u € L*(Qr), v € L*(Qr), and by that p_ > 2 implies p} — > 0, by the Holder

T(pl
inequality, using (7.2), we have
‘// [bi(u, %, 8) = bi(v, %,8) | (u - v)(X(x))xi dxdt‘
<c [/f ( Ocbed)s | 6) } (// i | — vl]p‘dx>;

(x (%))

1
3 / A
[X Py lu — V|]Pi dx) Pi

(e g
S
9 (2-5))p;

<c // x @) |u—v|°dx . (7.8)

For the second term on the right-hand side of (7.7), by this inequality and the condition
(7.3), we have

=

{// [bi(u,x, t) - bi(v,x, t)](u = V) X (%) dxdt‘

V/ (= V), x () (ai(x)) f’%(u—v)dxdt‘

<c</ / |X u—v p’dxdt)p’ (/ / a(x |ux PPi+ vy, |1’l)dxdt>
* g, A i

SC(/: /Q|X(x)ai (u-v) dxdt)

—c(/ / X ()i~ 2a il Hx @)l 7 1= V| (= ) P "’dxdt)

I
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2-0; 9i
S , o —% 2 A S 2]
Sc(/ /(Xl’i‘ﬂu ey dxdt) i </ f X(x)lu—vlzdxdt) i
T 2 T 2
s ]
56(/ / X(x)|u—v|2dxdt> " (7.9)
T 2

Moreover,

/ (w—v)x(x)
QTS

:/ (u-v)ma[—“‘(’;)t(”_mdxdt
QTS

oy —
(u t ") deds

= / X(x)[u(x, s) — 1/(x,s)]2 dx — / X(x)[u(x, 7) —v(x, 7:)]2 dx. (7.10)
Q2 2

According to (7.4)—(7.10), we have

/ x (%) [u(x, s) — v(x, s)]2 dx — / X(x)[u(x, 7) —v(x, r)]2 dx
2

2

s I
2
§c</r /Qx(x)’u(x,t)—v(x,t)‘ dxdt), (7.11)

where [ < 1. By (7.11), we easily can show that

/ )((x)|u(x, 7) — v(x, r)|2dx < / )((x)|u(x, 7) — v(x, r)|2dx. (7.12)
2 2
By the arbitrariness of 7, then
2 2
/ x () |u(x,8) = v(x,5)| " dx < / X (%) |0 (x) = vo(%)|” dx. (7.13)
2 2
Since (7.1), by (7.13), the inequality (7.3) is true clearly.
One can see that the condition p_ > 2 is only used to estimate (7.8). We are sure that it
can weakened to p_ > 1. For example, if there exists constant y; > 0 such that

|biu, %, 8)| < c|x )|, (7.14)

then we obtain

‘/f [bi(u,x, t) - b;(v,x, t)](u = V), X (%) dxdt‘

!
< c(// x(x)|u—v|2dxdt) , (7.15)

where [ < 1. Thus, we still have the conclusion of Theorem 7.1. O

However, we are not ready to discuss how to weaken the condition p_ > 2 again in what
follows. We prefer to explain the importance of Theorem 7.1. That is, if we choose various
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kinds of functions yx (x), we can obtain the corresponding stability theorems. Let us give
some examples.

If we choose x(x) = ]_[fil alﬁ (x), we have a similar conclusion to Theorem 2.8. By the
process of taking the limit, we can choose x (x) = d*(x), where « > 0 is a constant, d(x) =
dist(x, 9§2) is the distance function from the boundary. Then we have the following theo-

rem.

Theorem 7.2 Let p_ > 2, a;(x) € C1(2) satisfy (1.3), bi(s,x,t) is bounded when s is
bounded and (x,t) € 2 x [0, T). Assume « > 1, and assume there exist constants 0 < 0; < 1,

9

/ ’(da(x))P;_Ta:ﬁ(x” 2—720, dx <c. (7.16)
2

Let u and v are be solutions of Eq. (1.1) with the initial values uy(x) and vo(x), respectively.
Then, for any §2, CC §2,

/ |u(x,t)—v(x,t)|2dx§c(.(21)/ | () — vo () |” dix.
21 2

Proof Since x(x) = d*(x), « > 1, for any 0 < 0; < 1, it is not difficult to show the inequality

(7.1) is true. Then we have the conclusion. O

As long as one wants, one can choose other types of the functions x(x), e.g. x(x) =
Zﬁl a;i(x), x(x) = e%® — 1 for any given i € {1,2,...,N}, or x(x) = max{a;(x)}, to obtain
the corresponding stability theorems.

8 Conclusion

The anisotropic parabolic equations considered in this paper arise from many applied
fields such as non-Newtonian fluid theory, reaction—diffusion problems. If the convec-
tion term depends on the diffusion coefficient which is degenerate on the boundary, then
the stability of weak solutions may be proved without any boundary value condition. If the
convection term is independent of the diffusion coefficient, the uniqueness of the weak so-
lution is still true only if the convection function b;(u, x, t) is bounded when |u| < ¢. More-
over, a general method to prove the stability of the weak solutions without the boundary
value condition is introduced for the first time in this paper. We believe such a method
can be used in many kinds of parabolic equations, especially those lacking the regularity
for the trace on the boundary to be defined.
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