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Abstract

In this paper we propose the balanced implicit numerical techniques for maintaining
the nonnegative path of the solution in stochastic
susceptible-infected-vaccinated-susceptible (SIVS) epidemic model. We can hardly
acquire the explicit solution for the SIVS model, so we often use the numerical
scheme to produce approximate solutions. The Euler—-Maruyama (EM) method is a
useful and effective means in producing numerical solutions of SIVS model. The EM
method to simulate the stochastic SIVS model often results in the problem that the
numerical solution is not positive. In order to eliminate the negative path of the
solution in a stochastic SIVS epidemic model, we construct a numerical method
preserving positivity for the SIVS model. It is proved that the balanced implicit
method (BIM) can preserve positivity and we show the convergence of the BIM
numerical approximate solution to the exact solution. Finally, a numerical example is
offered to support the theoretical results and verify the availability of the approach.

Keywords: Euler-Maruyama scheme; SIVS model; Balanced implicit method;
Convergence

1 Introduction

Recent global infectious diseases (such as the outbreak of H7N9 influenza in 2013 and
Ebola disease in 2014) resulted in a lot of biological deaths and substantial financial ruins.
Infectious diseases are a major concern of public. The modeling of infection diseases is
extremely important to research the mechanisms of diseases. A mathematical model is
considered as an effective way to forecast the outbreak of disease. In particular, stochastic
epidemic models have come to play an important role in the control of diseases, which is
an extremely significant tool to account for the real world.

As is well known, the SIVS epidemic model is one of the most important models in epi-
demiology and biomathematics. Many authors have analyzed the susceptible—infected—
susceptible (SIS) epidemic model with vaccination. Shi et al. [1] analyzed the effect of
impulsive vaccination on a susceptible—infected—recovered (SIR) epidemic model. In [2],
Nie et al. presented the existence and orbital stability of an order-1 or order-2 periodic so-
lution for the SIVS model. Liu et al. [3] established two classes of susceptible—vaccinated—
infected—removed models to describe a continuous vaccination strategy and a fixed-time
pulse vaccination strategy, respectively. Omondi et al. [4] analyzed a mathematical model
© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-019-1966-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-1966-y&domain=pdf
mailto:qiminzhang89@sina.com

Li and Zhang Advances in Difference Equations (2019) 2019:25 Page 2 of 19

of a rotavirus infection incorporating vaccination. Lin et al. [5] pointed out the station-
ary distribution of a stochastic SIS epidemic model with vaccination. The classical SIVS
model was proposed by Tornatore et al. [6], which has the following form:

dS=[(1-p)u +al — (u+)S — BSI| dt — o SI dw(t),
dl = [BSI+ (1 —e)BVI — (1 + )] dt + o ST dw(t) + (1 — e)o VI dw(2), (1.1)
AV =[pp+¥S—uV -1 -e)BVIdt—(1-e)o VIdw(t),

where S denotes the population sizes of susceptible individuals, / denotes the popula-
tion sizes of infected individuals, V' denotes the density of vaccines who have begun the
vaccination process. u represents the birth rate with susceptible individuals, where a pro-
portion p of them obtained vaccination immediately after birth. Susceptible individuals
can either die with rate u, vaccinated with rate v or obtain infected with force of infec-
tion BI where S is the successful transformation rate from infected group to susceptible.
Infected individuals can either die with rate i or be removed with rate «. Vaccinated in-
dividuals can either die with rate u or acquire infection with force of infection (1 - e) 81
where e measures the efficacy of the vaccine-induced protection against infection. Ife = 1,
then the vaccine is perfectly valid in preventing infection, while e = 0 means that the vac-
cine has no effect. Here w(t) is a standard Brownian motion with the intensity o > 0. All
parameters are usually assumed to be positive.

For model (1.1), by [7] and [8] existence and persistence were discussed, respectively.
In [9], Yang et al. provided the global threshold dynamics of an SIVS model with wan-
ing vaccine-induced immunity and nonlinear incidence. Zhao [10] gave the threshold of
a stochastic SIVS epidemic model with nonlinear saturated incidence. Wen et al. in [11]
remarked that the threshold of a periodic stochastic SIVS epidemic model with nonlin-
ear incidence. But the stochastic SIVS epidemic model (1.1) rarely has an explicit solution.
Therefore, numerical schemes or approximation techniques become the most focus prob-
lems in the analysis of stochastic SIVS model is their numerical solution. Up to now, the
Euler—Maruyama (EM) scheme is prevalent for stochastic differential equations, which is
due to the the simple structure and moderate computational cost. There are many arti-
cles investigating this method. In particular, Mao [12] made use of the truncated Euler—
Maruyama method to discretize the stochastic differential equations. Hu et al. [13] showed
aremarkable result of the semi-implicit Euler—Maruyama scheme for stiff stochastic equa-
tions. It also should be mentioned that in [14, 15] we find the Euler—Maruyama approxi-
mation of solutions to stochastic differential equations.

When we use EM scheme for the initial model (1.1), it is crucial that whether the nu-
merical approximate solution is able to converge to the exact solutions. On the other hand,
positivity is the most basic trait in many real world systems. For instance, featuring suscep-
tible individuals in the infectious disease modeling is inherently nonnegative. Therefore,
preserving the nonnegative path of the exact solution of stochastic SIVS model is also
important.

In fact, many numerical methods have been developed to preserve the positivity of the
approximate solution [16—18]. Nevertheless, for the preserving positivity numerical so-
lution issue of stochastic epidemic model, to the best of our knowledge, there is not any
result. Hence, the main purpose of this present paper is to structure a new method to main-
tain the nonnegative path of the solution for a stochastic epidemic SIVS model, which is
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the balanced implicit method. The main technique we developed is based on Tan’s prin-
ciple [19].

The main innovation points of this paper are as follows:

(1) Structuring a balanced implicit method to maintain the nonnegative path of the true

solution for the stochastic epidemic SIVS model.

(2) The BIM approximate solution will converge to the true solution with order %(1 - %)

for the stochastic SIVS epidemic model.

The arrangement of the paper is as follows. In Sect. 2, we give some necessary notations
and preliminaries. Then we define the balanced implicit method. To ensure the positivity
of the balanced implicit method, we build feedback controls. In Sect. 3, we show that the
balanced implicit method solutions can converge to the true solution. Finally, a numerical
example is presented to support the theoretical results and verify the availability of the
approach.

2 Preliminaries and BIM scheme
2.1 Necessary notations and preliminaries
To begin with, we use some notation. Throughout this paper, let (2, F,P) be a complete
probability space with filtration {F;},>¢ satisfying the usual conditions (i.e. it is increasing
and right continuous while F;) contains all P-null sets, and let E denote the expectation
corresponding to P. Let w(t) be a scalar Brownian motions defined on the space and T
be an arbitrary positive number. Moreover, for any a,b € R, a V b := max{a, b}, and a A
b := min{a, b}. If G is a set, its indicator function by 1g, namely 1g(x) =1 if x € G and 0
otherwise.

According to model (1.1), we denote the total population N(£) = S(¢) + I(¢) + V(£), N(0) =
S(0) +1(0) + V(0). It is easy to see that

AS+1+V)=[pn-u(S+I+V)]de
Then
S+I+V=1+ e—ut(5(0)+1(0)+v(0)—1)

1, if S(0) + 1(0) + V(0) <1,
S(0) +1(0) + V(0), ifS(0)+1(0)+ V(0)>1,

=K.
Thus the region
I = {(S,I,V):S>0,1>O,V>O,S+I+VSI(}

is a positively invariant set of model (1.1). Hence from now on, we always assume that the
initial value are bounded (5(0),1(0), V(0)) € I'".

Theorem 2.1 System (1.1) has a unique positive solution on [0, T].

Proof The proof of this theorem is similar to that in [20]. O
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2.2 Life time and BIM scheme
The idea of the life time of of numerical scheme was presented by Schurz in [21]. Schurz
employed the notion of an algorithm having eternal lifetime, where we utilized this life

time for (1.1) as follows.

Definition 2.1 Assume that the process S; = S(¢), I; = I(t), V; = V(t) : t > O satisfying
model (1.1) has only nonnegative values a.s. provided that So > 0, Iy > 0, V, > 0, i.e. we

have
IP(S[ > O) = 1,
P, >0)=1, vt > 0. (2.1)
P(V;>0) =1,

Then a numerical solution S, Ir,, V;, possesses an eternal life time if

P(S,411S,>0) =1,
P11, >0) =1, Vn > 0. (2.2)
P(VylV,>0) =1,

Applying the EM method to model (1.1) yields

Sns1=Sp+ [(L=p)u +aly = (1 + ¥)S, — BSulul A — 0 S, L, Awy,

Ly = Iy + [BSuly + (1 = €) BVl — (1 + @) [,] A + 0 Syl Awy,
+(1-eoV,l,Aw,,

Vi1 = Vit [pp + ¢Sy — uV, = (L= @) BV, ]A = (1 = e)o VI, Awy,

(2.3)

lett; €[0,T],i=1,2,...m.Let A = t,.1 — t,, Aw,, = w(t,,1) — w(t,) denote the increments
of the time and Brownian motion, respectively. Let ¢, = n - A, the time increment is A =
I«

Lemma 2.1 The EM approximation (2.3) started in Sy > 0, Iy > 0, Vo > 0 has a finite life
time.

Proof For simplicity, we let
Fi=[1=-p)p+al,—(u+9)S, = BSul,],

[BSuly + (1= €)BViul, — (1 + )], (2.4)

Fy=[pu+ySy—puVa—(1-€BVal].

F,

It is easy to see that
P{S,;1 <0} =P{S,, + FFA - 0S,I,Aw, <0} >0,

P{l.1 <0} =P{L, + F2A + 6 S0, Awy, + (1 = )0 VI, Aw,, < 0} > 0, (2.5)

P{V,4;1 <0} = ]P’{V,, +FA -1 -e)oV,I,Aw, < 0} >0.
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The EM approximation (2.3) fails to preserve positivity, since Aw,, take all values ¢ € R
with a positive probability.
Therefore, how it is possible to prevent an approximation integration method from be-

coming negative. In this paper, we construct the BIM to preserve positivity of rigid SDEs. [J

The BIM numerical solution to this scheme is defined by

S =S+ [(1-p)u+al,— (1 +¥)S, — BSul,]A — oS, I, Aw,
+ Cn(Sn - Sfﬂ),

B =1, +[BSul, + (1 =€) BVul, — (1 + @)L,]A + 08,1, Aw,
+(1-e)oVul,Aw, + D,(I, - I8 ),

VVIB+1 =Vy+ [pl’L + wsn —uVy— (1 - e)ﬂvnln]A - (1 - e)U Vil Aw,

+ En(vn - V;ﬁl)’

where

Co=(u+y +BL)A + 0L Aw,yl,
Dy =(pn+a)A+0(Sy+ V)| Awyl, (2.7)
E,=(u+BL)A + ol |Aw,|,

with initial values S5 = So, I8 = Io, V& = V.

Suppose that S, >0, I, >0 and V,, > 0, then

0<(1+(n+v+BL)A+0l,|Aw,|) ! < My,
0<(+(u+a)A+0(S,+ V)| Aw,|)™t < My, (2.8)
0<(1+(u+BL)A +0l,|Awy,|)™ < Ms,

let M = My v My v M3, where My, My, M3 and M are positive constant.
Now we give the following theorem for the positivity of the BIM.

Theorem 2.2 The balanced numerical method (2.6) has an eternal life time.

Proof Under the condition (2.8), the scheme of BIM (2.3) can be rewritten

Sg+1 = (1 + Cn)_l[sn + ((1 —P)M + a]n - (/’L + 1rlf)Srl - ﬂsnln + I'Lsn + QOS,,,
+ BSL)A —0S,[,AW,, +0S,1,| Aw,|],
1B =(1+ D) I+ (BSuly + (1 =) BV, — (u + )L, + ul, +al,) A
+08S,L,Aw, + (1 —e)o V,I,Aw, + o (S, + V)| Aw,]|],
Vyﬁ.l =(1+ En)il[vn + (PM + S, —uVy— (1- e),BVnIn +uV,+ ,an]n)A
- (1-e)oV,I,Aw, + 0L, V,|Aw,|].

(2.9)

Page 5 of 19
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We can easily see that

Sfﬂ >(1+ Cy,)_l(Sn + ((1 -p)u+ otIy,)A) >0,
15> L+ D) (L + (BSulu + (1 - €)BVul,)A) > 0, (2.10)

VE > L+ E) (Vi + (o + ¥ Sy + eBVul,)A) = 0.
This completes the proof. g

3 Convergence of the balanced method
In this section, we show the main results for the strong convergence of the balanced
method.

For model (2.3), when ¢ € [¢,, £,,1), we define the continuous approximation

Sf =So+[(1 —P)M +od, — (1 + w)Sn - IBSnIn](t - tn) - GSnIn(Wt - Wt,,):
If = [0 + [ﬂSnIn + (1 - e),B ann - (M + C()Ik](t - tn) + USnIn(Wt - th)

(3.1)
+ (1 =)o Vil (w; —wy,),
V,;E =Vo+ [pﬂ + S, —uV, -1 -e)pVul](t-t,) - (1 -e)o VI, (w; - Wt,,)~
Hence, (3.1) can be rewritten in the integral form
Sf =So + fot[(l -p)u+ OJS —(n+ w)gs - IBESTS] ds — O'gsjs dw(s),
IF =1+ [y [BSIs + (1—e)BVI, — (1 + )L ds + [ oS, dw(s) (32)

+ fot(l —e)o VI, dw(s),
VE=Vo+ fot[pu + S —uVs—(1—-e)pV)ds— fot(l —e)o VI, dw(s),

where S() = 50 1L, 10) = X130 L0, and V(O = X130 Vil 1) (8) are
step processes.

To prove the convergence theorem, we first need to consider the following lemma, which
reveals that the continuous EM solution SE, If, VE will converge to the step process Sy, I,
V. Since the drift and diffusion coefficients of model (1.1) do not satisfy the linear growth
condition, the traditional theory of convergence is not applicable for model (1.1). To tackle
this problem, we introduce a stopping time.

Lemma 3.1 Forany positive number K, define the stopping time [22] q = px A yx AT, where
px = inf{t € [0, T];{S(t),1(2), V(0)} ¢ [%, K]} and yx = inf{t € [0, T];{S(£),1(2), V(t)} ¢
[%,K 1}. Then, for any integer | > 2, there exists a constant C; independent of A such that

E( sup [(Sf(t Aq)-SEtA q))2 + (If(t Ag)—I(tA q))2 + (Vf(t Ag) - V(A q))z])

0<t<T

<G AT, (3.3)

Proof For t € [0,T], let [i] be the integer part of i. For simplicity, we show that the ap-
proximate solution S£, IZ, V£ are close to S, I;, V,, respectively.
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First, we have
tAq

SE(Enq) - S(tAg) = / [(1 = p)ia + oT(a) = o+ 9)S(at) - BS()T(w)] s

()N

tAgq _ _
- / o S(u)I(u) dw(u), (3.4)
[Z11A
which gives

[SE@t A q) St Ag]

tng _ B ~ ) )
=< 2</{M1A[(1 —p)i+al(u) = (1 + ¥)S(u) — BSw)(u)] du)

A

tng 2
+ 2( o S(u)I(u) dw(u))
(2]

ALY
A

tAq tAq _ 3 3 B ,
=2 / a1 / [ =P+ ed () = G+ 9)S(ut) = BS(u)I ()] du
[3l1A (BN

2
+ 2021(4[w(t Ag) - w([MTq}A)}

<2a | " [P+ a1 -+ 9)5() - FSG0T0] du

A
aa

2
+ 2021(4[w(t/\q) - w([%}A)]

<8[(1-p)*u® + &®K* + (u + ¥)’K* + PK*|A?

2
+202K4[w(t/\q)—w(|:t/\Tq:|A)i| . (3.5)

We hence have

E( sup [Sf(t Aq) - S(tA q)]z)

0<t<T

<8[(1-p’°u® +&®K* + (1 + ¥)’K? + B°K*]A?

2
+2<72K4E( sup I:w(t/\q)—w<|:t/\—q:|A)i|>
0<t<TAq A

<8[(1-p’u® +®K* + (1 + ¥)’K? + B°K*]|A?

ws(an [vura-o([57]s)])
+20°K*E| sup |w(tAg) —w||—|A . (3.6)
0<t<T A

Next, we have

IFE A g) -1t A q)

tAng

= /[ [ﬂg(u)i(u) +(1-e)BVW)I(u) - (u+ ot)f(u)] du

t
S

Page 7 of 19
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tnq

+ /Mq (1 -e)o V(u)l(u) dw(u) +/ o S(w)I (1) dw(w), (3.7)
( AN

Sa (3]
which gives
3 2
[If(t Ag) =1t N q)]

tAq o o B 2
< 3(/[ [ﬁS(u)I(u) +(1-e)BV(u)(u)— (u+ a)I(u)] du)

tnq _ _
+ 302 (/ S(u)I(u) dw(u))
(21a

21a
A

2 2

tAq
+3(1-e)?0? (/ V() (u) dw(u))
[t/\q]A

<9[B*K* + (1 -e)*B*K* + (1 + ¥)°K*|A?

2
+3[(1 - )202K* + 302K*] [w(t Ag) - w([%} A)] . (3.8)

We hence have

E(OEIET[[f tra)-Tera]’)
<9[B*K* + (1 - e)*B*K* + (1 + ¥)°K*]A?
2
+ 3[(1 —e)202K* + 3021(4]1[*]( sup |:w(t Aq) - w([t/\—q]A)} )
0<t<TAq A
<9[B*K* + (1 -e)*B*K* + (u + ¥)°K?]A?
2
+3[(1-e)202K* + 3021(4]1[3( sup [w(t Ag) - w([t/\—q:| A)] ) (3.9)

0<t<T A

Then we have

tng

VEGC A0 -Tien)- |,
(221

(o + ¥S() - V() = (1 - BV (w)1(u)] du

tAg o _
+ /‘M (1-e)o | V(u)| |I(u)| dw(u), (3.10)

(2]

which gives

[VEGA Q) - V(A ] <8(pPu + ¥2K> + (1 - e B2K*) A
2

+2(1—e)2021(4[w(t/\q)—w<|:M—q:|A>] . (3.11)

We hence have

E( sup [Vf(t Aq)-VI(tA q)]2>

0<t<T

<8[p*u’ + ¥’K* + (1 - e)*B°K*|A?

2
+2(1—e)2021<4E< sup [w(tAq)—w([t/\—q]A>] ) (3.12)
0<t<T A
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By the Holder inequality,

(am[era-{[572)])
< (<{am [wero-o([51)2)] ) o9

By the Doob martingale inequality, we get

2
E( sup |:w(t Aq) - w<|:t/\—qi| A):| ) < E( sup sup [w(r) - W(Ak)]y)
0<t<T A

05](5[%] kA<r<A(k+1)

< ]E[ sup |w(r) - W(Ak)|2l]
k=0 kA<r<A(k+1)

—) E|w(A(k + 1)) - w(Ak)[*

therefore, we have

#{amrera([57]e)])
)

2 21
< A (- NAF(T +1)
20-1
1
I

2
< (2—l> Q1= 1T AV T(T + 1)1,

3.14
2[-1 ( )

From (3.4) to (3.14), we obtain

E(OsupT[[sf(t A =SEA) +[IEeng) -1t nq)] + [VEEAq) - V(EA q)]2])

<8[(1-p)*u® + ®K* + (1 + ¥)’K? + B°K*|A?

s g oo ([52)])
+20°K*E[ sup [w(tAg)-wl| —|A
0<t<T A

+9[B*K* + (1 - e)*B°K™* + (1 + )’ K*]A?

2
+3[(1—e)2021(4+302K4]E( sup [w(tAq)—w([M—q]A>:| )
0<t<T A

+ [P + YPK + (1 - e)*BPKH] A2

Page 9 of 19
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2
+2(1—e)202K4]E( sup [w(t/\q)—w([m—q]A>j| )
0<t<T A

<8[(1-p)*u® + o’ K* + (1 + ¥)’K? + B°K*|A?
+9[B’K* + (1 - e)*B°K* + (u + ¥)*K*]A?
+[pPu? + YPK? + (1 - e)*B*K*]| A% + [20°K*
+3[(1 - €)202K* + 302 K*] + 2(1 - €)*0*K*] (%)2(21 — DT AV T(T +1)7

<G AT, (3.15)
The proof of the lemma is complete. d

Now we estimate the main result, that is to say, the convergence of the EM approximate
solution S%, IE, VE to the solution S(¢), I(¢), V (¢).

Theorem 3.1 Let S(¢), I(t), V(t) be the true solution and Sf, If, Vf be the continuous EM
approximate solution to the model (1.1). For any integer | > 2, there exists a constant C,
independent of A such that

]E(OS?pT[(S(t Aq)—SE(EA q))2 + (I(t Aq) -IE@A q))2 +(VEng) - VE(® A q))2]>

<A 1= %
Proof For any 0 <t < T, we adopt similar method. First, we clearly have

[St A q)-SE(EAg)]
2

tAg B 3 ~ )
< 2[/0 [or (1() = I(0)) — (w0 + ¥) (S(w) — S(w)) — B(S()I () — S(w)I(us)) ] du]

2

+202 [/qu (S(u)](u) - g(u)f(u)) dw(u):| , (3.16)

for any ¢; € [0, T], using the Holder inequality and the Doob martingale inequality, we
then have

]E( sup [S(t Aq) - Sf(t A q)]z)

0<t<t;

t1Aq B _ _
< 2TE‘/(; [a([(u) - I(u)) —(u+ 1/f)(S(u) - S(u)) — ,B(S(u)l(u) - S(u)l(u))]zdu

tAq 2
+ 202]E( sup |:/0 (S(u)](u) —g(u)f(u)) dw(u)] >

0<t=<t
Lhing

<6a>TE / W(z(u) ~ ()" du + 6(u + ¥)*TE / (S(u) - S(w))* du
0 0

lLing

ting
+68°TE / (S()I(w) - S]I(w))” du + 85E / (S)I(w) - S(w)(w)* du
0 0

ing

< 6a’TE /tmq (I(u) - 7(u))2 du +6(u + w)zTEf (S(w) - 3(14))2 du
0 0

Page 10 of 19
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A Aq

2 2 e 2 (1)) 2 ()2 (02
+2(6/3 T + 8o )[E/ 1(u) (S(u)—S(u)) +]E/ S(u) (I(u)—](u)) dui|
0 0

tiNg

§f1E/01 q([(u)—f(u))2 du +f2E/0 (S(u)—g(u))zdu

A Aq

<2f [E /0 W(l(u) ~IFw) du+E /0 (I () - T(w))? du]

tiNg

+26 []E / tlAq(S(u) - SEw) du+E f (SE(w) - S(w))” du], (3.17)
0 0

where fi = 602T + 1282K2T + 1602K2, f, = 6(1u + )T + 1282K*T + 160 2K2.

Similarly, we have

[1(¢ A q)-IEE A ]

tAg _ B B
< 3[/0 [B(S@)I(u) - S()I(w)) + (1 - e)(B(V () (w) — V (1)1 (us))

2

2 A
—(u+a)(I(w) - I(w))] du] +3(1 - e)%0> |:/ q(V(u)I(u) - V(w)(w)) dw(u):|
0

2

+ 3gz[ /tAq(S(u)I(u) - S(u)I(w)) dw(u):| , (3.18)
0
we then compute

]E( sup [I(t Aq) - If(t A q)]2>

0<t<t;

2

<9TE / B (S = S)T)? + (1 B (V I ) - Vo))
0
(e + @) (1) = 1)) du + 12(1 - €)*0°E / Mq(\/(u)l(u) - V)(w))’ du
0
1207 [ " (860100) = ST ) d
0
tAq _ _
< (98T +120°)E / (S@)I(w) - Sw)I(w))* du
0
+9(u + a)ZTEftAq(I(u) —f(u))zdu
0

+[9(1 - )BT +12(1 - €)*02|E / mq(\/(u)l(u) ~Vw)(w)’ du
0

tAq

2 2 " < 2 < TN T (1)) 2
< (18B°T + 240 )[E/(; (S@)I(w) — S(u)I(w)) +E/O (S@) () — S(u)I(w)) :|

+[18(1 - B°T +24(1 - ¢)’0”] [E f Mq(V(u)I(u) ~Vw)I(w)’ du
0

tng

+E/Mq(7(u)[(u)—\_/(M)f(u))zd“} +9(M+“)2TE/ (I(u) - T(w))* du
| 0

tAnq

InNg
<gE /0 (S(u) - S(w))* du + & /0 (V(w) - V(w)” du
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+g3E/Mq(I(u) —7(14))2 du
0
tAg
20| E S) - SEw))’ du+E
sgl[/o (S(0) - SEw)* du + fo
120 []E / mq(\/(u) ~VEW) du+E / Mq(vf(u) —V(u))zdu]
0 0

+2g3|:IE/Mq(1(u)—If(u))zduHE/Mq
0 0

tAg

(SE(w) - S(w))® du]

(I () - 1(w))° du], (3.19)

where g, = (1882T + 2402)K?, go = [(1 — €)2(1882T + 2402)]K?, g3 = (18B%T + 2402)K? +
18(1 — e)?B2TK? + 24(1 — €)?02K? + 9(i + ) T.
Moreover, we have

[Vtrq) - VEE A ]

tng _ _
< 2[ /0 [ (S() — 50) - 1 (V) - Vw)

2
-(1-¢)pB (V(u)I(u) - V(u)f(u))] du]

2

+2(1 - eP0” [ / ™ (Vi) - VT w) dw(u)] , (3.20)
0
and we compute that

]E( sup [V(t/\q)— VtE(t/\q)]z)

0<t<t1
<6TE / S() - S@w))” + 12 (V(w) - V()
+ (1= B (VW) - V()] du
tAq
+8(1-¢)’0°E / (V@) () - V()I(w))” dus
0

2%

<6y>TE / o (S(u) — S(w))* du + 64> TE / (V) - V(w)* du
0 0
+2[6(1 - ¢/ +8(1 - ¢’0”] [E / ™ (V) - V) du
0

+E / Mq(V(u)l(u) - Vw)I(w)® du}
0

tNqg

<mE / Mq(S(u) ~S(w))’ du + hyE / (VW) - V(w)* du
0 0
+ IR / Mq(1(u) ~1(w))’ du
0

<2h [E /Mq (S(u) - Sf(u))2 du+E /Mq (Sf(u) - §(u))2 du:|
0 0

tng

+ 20, [E / Mq(v(u) ~VEw) du+E / (VE@w) - V() du:|
0 0
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tAq

tnq _
+ 20 [E / (I(w) - IF(w))* du + E / (I () - 1(w))” du], (321)
0 0
where /1 = 62T, hy = 6u>T +12(1 — €)2B2TK? + 16(1 — e)202K?, h3 = 12(1 — e)2B2TK? +
16(1 - e)?02K>.
By Lemma 3.1 plus Egs. (3.17), (3.19) and (3.21), we have

E<o§tl£T[[S(t Aq) - Sf(t A q)]2 + [I(t AQq) —If(t A q)]2 + [V(t Aq) - Vf(t/\ q)]z])

tAg
<HE / [(S@) - SE@))* + (V) = VE@))* + (1) - IF ()*] du
0

+ AT, (3.22)

where H is a positive constant.
An application of the Gronwall inequality will lead to the proof. d

Next, we will prove the theorem for the positivity of the balanced method for model
(2.8); we can rewrite (2.8) as
Sp1 =Su+ (L4 C) A =p+aly = (1 +¥)S, = BSululA = (1 + C) oSl Awy,
B =1, +(1+D,)BSul,+(1-&)BV, I, — (u+a),]A+(1+D,) oS,1,Aw,
+(1+D,) 1 -eoV, I,Aw,,
Vi =Vt W+ E) 7 pp + ¢Sy — V= 1 =) BVul,1A

—(+E) 1 -e)o VI, Aw,,

when ¢ € [t,,t,.1), we define the continuous approximation of the BIM

Sgﬂ =S, +(1+ Cn)il[[(l -pu+ Ojn —(u+ W)En - ﬁgrjn](t —ty)

- ngjn(w(t) - W(tn))]:
I8,y =L+ (1+ D) [[BSuly + (1 = @BVl — (1 + ), (¢ — 1)

8 o o (3.23)
+ 0 Sl (W(t) = w(t)] + (1 + D) (1 = e)o VL, (w(t) — w(t,)),
V5+1 =V, + (1 +En)_1[[pﬂ + wgn - /«L‘_/n - (]- - e)ﬂvrjn](t - tn)
- (1= e)a VI, (w(t) — w(t,))).
Thus we can rewritten (3.23) in the integral form as follows:
Sf =80+ fot(l +C)7' -pl+ als - (n+ 1ﬁ)§s - ﬁgsjs] ds
- fot(l + C) Yo S, dw(s),
=T+ [{(1+C) MBS L + (1 —e) VI — (1 + )] ds (324)

+ i1+ C) oS Idw(s) + [3(1+C) M1 - e)o VI dw(s),
VtB =Vo+ fot(l +Co) (o + 1//gs - /L‘_/s -(1- e)ﬂ‘_/sjs] ds
— i@+ C)IA - e)o VI dw(s).

In order to estimate if the BIM approximation solution will converge to the true solution,

we plan to prove a strong convergence result.

Page 13 of 19
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Theorem 3.2 For any constant C3 and integer | > 2, the BIM (2.8) converge to the true
solution of model (1.1) with strong order %(1 - %), i.e., such that

E( sup [[Se-SFT+ [L—1F] + [Vi- VET]) = Goatt (3.25)

0<t<T

Proof By Theorem 3.1, telling us that the Euler solution is convergent with order (1 — %)

in the mean square sense, for ¢ € T, we have

£ sup [[5:- ST + [1 -2 + [Ve- VET])

0<t<T

:E( sup [(S, - SE+SE—SB) + (I, - IF + IF — IP)’

0<t<T
+ (V- VE+ VE-VE))

<28 sup [ 5£)"+ (5F = 52" (1~ 1£)"+ (12
<t<

(Ve VE) 5 (VE-VEY))
< 2]E<021t1£T[(St - Sf)2 + (It —]tE)z + (Vt - ‘/tE)z])

+ 2E< sup [(SF - Sf)2 +(IF —If)z +(Ve- VzE)z])

0<t<T

< At 2B sup [(SF-SE) + (I - 1)+ (VE - VE)T). (3.26)

0<t<T

Now, we estimate the terms of Eq. (3.26).
First, for (SE — SB)?, we have

(55— $P) = ( /0 =@+ )M = phe + o, - (u + 95, - AS.1] ds

t 2
—/ [1 -1+ CS)’l]UEJde(s)> ,
0

we hence have
2
]E[ sup (S -S7) ]
0<t<T
T
< STE/ [1 -1+ Cs)‘l]z[(l -p)*u’+ a27§ + (e + w)zgsz + ﬂzgssz] ds
0
T _112 25272
+8E/ [1-(1+C) "] 0?S,1, ds
0
T
<87 / E(C(1+ C) ) [(1=pPu? + 2T + (u + 9’5 + B252T] ds
0
r ~1\2 2—2—2
+8/ E(Cs(1+Cs) ) o°S.I ds
0
T
< SM’T f E(C[(L-p? + T 4 (u + )5 + 25T ds
0

T
+ 8M? / E(C,)%0 ST ds. (3.27)
0
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Noticing that the control functions (« + ¥ + BI,,) and o1, are bounded, that is to say, there
exists a positive constant A; such that E(C,)? < A;(A? + A), where A; = max{6(u? + 2 +
B2K?),202K?}, we can get

E[ sup (SE - 55)2] <SMPT((1- p)* 12 + K2 + (1 + Y)2K? + BAKM) AL (A% + A)
0<t<T

+8M*K*0?A1 (A + A)

< CA, (3.28)

where Cy = 16M2T((1 - p)?1u? + a?K? + (1 + ¥)?K? + B2KYA, + 16 M2 K10 %A;.
Next, for (If - I2)2, we have

(I - 1)
= ( / t[l —(1+D)[BSs + (1 - BV, — (u + )l ] ds
0

+ /t[l -1+ Cs)_l]agjs dw(s)
0

2

+ / [1-(1+Dy)"](1-eo VI, dw(s)) , (3.29)
0
we hence have

]E[ sup (If—]f)z]
0<t<T

t
<9TE / (1= (1+ D)\ P[FSF + (1 - PBV°T + (u + )] ds
0
' 2 235272 ! 2 —2-2
+ 12]E/ [1-1+Dy) "] 0S,I, ds+ 1215:/ [1-(1+D) '] (1-e)°c°V,I, ds
0 0
t 2 =22 —2-2 =2
< 9T/0 E(Ds(1+Dy) ") [B*S, I, + (1 —e)*B*V I, + (n+a)’l,]ds
' 2 95272 ! 2 —2-2
+ 12/ E(Ds(1+Dy)™") 0*S,1 ds + 12/ E(Ds(1+Dy)™") (1 -e)*0*V I, ds
0 0
g —2-2 —2-=2 =2
< 9TM2/ E(D,)*[B*S,I; + (1 - e)*B*V I, + (1 + )T, | ds
0
t —2-2 £ —2-2
+ 12M? / E(Dy)*0 %S, I, ds + 12M* / E(Dy)*(1 - e)*0*V 1, ds. (3.30)
0 0
Noticing that the control functions (u + «) and o (S, + V,,) are bounded, that is to say,
there exists a positive constant A, such that E(D;)? < A3(A2 + A), where A, = max{4(u® +
a?),802K?}, we can get
E[ sup (If - 1)"] < 9OTM2[BK* + (1- 22K + (1 + )*K*JAs (A + A)
0<t<T
+12M*[0K* + (1 - €)’0’K*|A2(A% + A)

< GsA, (3.31)



Li and Zhang Advances in Difference Equations (2019) 2019:25

where C5 = 18TM?[B2K* + (1 — e)?B2K* + (1 + )2 K?]Ay + 24M?[02K* + (1 — e)202K*]A,.

And then, for (V£ - V)2, we have
(V=)= ([ - Yo s w5, - V.- 1 - VL] ds
0
¢ 2
- / [1-1+E) 1 -e)oV, dw(s)>
0

we hence have
E[ sup (VF-VE)’]
0<t<T
t 2 =2 —2 —2-2
< STE/ [1-@Q+E) ' [pPPu> +¢°S, + nV, + (1-e)*B*V I | ds
0
t 2 —2-2
+ SE/ [1-A+E)'] (1-e20?V,I, ds
0
t 2 =2 —2 —2-2
< ST/ E(Es(l +Es)_1) [pzuz + szS + /szs +(1- e)2,32VsIs] ds
0
t 2 —2-2
+ 8/0 IE(ES(I +ES)_1) 1- e)ZGQVsIS ds
t
< §TM? / EE [P0 + 075 + 12V + (1 - VT ds
0

t
+ 8M? / E(E,)2(1 - )20V 1. ds.
0

(3.32)

(3.33)

Noticing that the control functions (« + BI,) and o1, are bounded, that is to say, there
exists a positive constant Az such that E(E,)? < A3(A% + A), where Az = max{4(u® +

B2K?),202K?}, we can get

E[ sup (VE - VE)'| < 8TM [0 + 92K 4 u2K? + (1 - P62k Az (4% + )

0<t<T
+8M*(1 - e)’0’K*A3(A* + A)

=< C6A7

where Cg = 16 TM?[p?1u? + ¥2K? + u2K? + (1 — e)?B2K*| A3 + 16M%(1 — )20 2K*As3.

Thus, taking (3.28), (3.31) and (3.34) into (3.26), we can obtain
E( sup [[Se-SFT + [L— 1]+ [Vi- VIT]) = Giat T+ o
0<t<T

< C?,Ali%.

The proof is completed.

(3.34)

(3.35)

O

Remark 3.1 Theorem 3.2 shows that S(¢), I(£), V(£) be the true solution and SZ, 12, V2 be
the BIM approximate solution are close to each other in the sense, and the BIM converges

to the true solution of stochastic SIVS epidemic model with order %(1 - %).
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4 Numerical experiments
In this section, we will give one example to illustrate the theoretical results. Let us consider

the following stochastic SIVS epidemic model with scalar Brownian motion.

dS=[1-p)u +al — (u+)S - BSI|dt — o SI dw(t),
dl = [BSI+ (1 -e)BVI - (u + a)I]dt + o SIdw(t) + (1 — e)o VI dw(e),
av=[pu+¥S—-nuV-(1-e)BVIldt - (1-e)o VIdw(t),

where initial data (S(0),(0), V(0)) = (0.8,0.1,0.2), with parameter values p = 0.8, 8 = 0.65,
n=043,0=0.2,9% =0.32,e=02and o = 1.3.

Now, we resort MATLAB to investigate the numerical approximation solution of EM
scheme and BIM scheme for the stochastic epidemic model. And fixing 7 = 100, A = 0.05.
We choose the control function Cy = (BIx + & + ¥)A + oIy | Awg|, D = (1 + @) A + o (S +
Vi)l Awg| and Eg = (BIx + 1) A + o Ix| Awg|. Then we compare the BIM and EM method in
Fig. 1.

Figure 1 draws the numerical solution obtained from BIM and EM method. We present
results for three different variables for the SIVS model. Figure 1(a) delineates the path of
the EM solution and BIM numerical solution for S(¢). Figure 1(b) depicts the sample paths
of the EM solution and BIM numerical solution for (). Figure 1(c) describes the sample
paths of the EM solution and BIM numerical solution for V(¢£). Through the comparison
between EM and BIM method, we clearly that the numerical solution of BIM can pre-
serve positivity, and the EM path becomes negative. That is to say, the EM method cannot

maintain the positivity of Fig. 1.

i [H
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Figure 1 The EM and BIM method numerical simulations of solution S(t), /(t), V(t) for model (1.1)
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Table 1 Percentage of negative paths for the EM scheme and BIM

Number S / v

A=01 A=005 A=001 A=01 A=005 A=001 A=01 A=005 A=001
EM 33.15%  28.67% 13.59% 3255%  20.77% 15.35% 20.68% 15.56 % 12.56%
BIM 0% 0% 0% 0% 0% 0% 0% 0% 0%

In Table 1, we propose the percentage of negative paths simulating the stochastic SIVS
epidemic model (1.1). Just as the theoretical results, by averaging overall of the 1000 sam-
ples, we found that the EM method have negative values on a certain probability of sus-
ceptible S, infected I and vaccinated V/, respectively. But the BIM can preserve positivity
for all step sizes in [0, T']. This analysis may offer us some advise when we are faced with
epidemic diseases.

5 Conclusions
The positivity-preserving numerical method for the stochastic SIVS epidemic model has
been systematically discussed in this paper. First, we propose a SIVS epidemic model with
vaccination and investigate the EM numerical approximate solution to the model (1.1).
Meanwhile, we prove the convergence property of EM approximate solution to the true
solution. Then we establish the balanced implicit method for the stochastic SIVS model.
Preserving positivity of the proposed method is proved. Numerical results reveal that the
BIM is verifying the availability of the approach for maintaining positivity.

Another interesting topic should be further conducted to reveal how to construct a nu-
merical method preserving positivity for stochastic age-structured SIVS epidemic model.
We regard that as our future work.
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