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1 Introduction
The main upstream of understanding the physical nature of mathematical models arising
in different disciplines of science is to extract their traveling wave solutions. Seeking for
possible reliable solutions require suggesting and developing mathematical methods with
supportive geometric analysis such as conservation laws and symmetry analysis [1-10].

Traveling wave solutions have different types which give a complete understanding of
the dynamics of a particular physical model. Solitons, kinks, and periodics are the most
popular types that propagate as single-moving-waves as in KdV, mKdV, and Burgers’ But,
in the case of Boussinesq equation, its traveling wave solutions propagate as dual-waves
with interaction phase velocity.

The phenomenon of dual-waves has been adopted by Korsunsky and developed by
Wazwaz [11, 12] when they considered the KdV equation of second order in time which
reads

5 0 d 0 0 _0 (L.1)
D1t — S Py + (& —Otsa)ff’% + (E _,358_x>¢xxx =Y, .

where ¢ = ¢(x, £) is a field function, s is the interaction phase velocity, « is the nonlinearity
factor, and B is the dispersive factor with s > 0, |o| < 1, | 8] < 1, and we refer to equation
(1.1) as the two-mode KdV equation (TMKdV). The equation given in (1.1) was revisited
by Alquran and Jarrah, and new Jacobi elliptic sine-cosine solutions were obtained [13].
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Inspired by the form of TMKdV, many new two-mode or dual-mode models have
been established. Two-mode Burgers equation (TMBE) and two-mode fifth-order KdV
equations (TMFKdAV) [14, 15], the two-mode higher-order Boussinesq—Burger system
[16], two-mode coupled Burgers equation [17], two-mode coupled modified Korteweg—
de Vries [18], two-mode coupled Korteweg—de Vries [19], two-mode Korteweg—de Vries—
Burgers equation [20], the weak-dissipative two-mode perturbed Burgers and Ostro-
vsky models [21], two-mode Kuramoto—Sivashinsky [22], the dual-mode nonlinear
Schrodinger’s equation and Kerr-law nonlinearity [23], the two-mode second- and third-
order dispersive Fisher [24, 25] and the dual-mode Kadomtsev—Petviashvili model with
strong-weak surface tension [26]. Single and multiple soliton/kink solutions have been ob-
tained for the aforementioned models by using a simplified bilinear method, tanh method,
sine-cosine method, Kudryashov method, and the (G'/G)-expansion method.

The motivation of this work is to introduce for the first time a formulation of (n + 1)-
dimensional dual-mode equations and to establish new (3 + 1)-dimensional dual-mode
equations of type Gardner and KdV. Also, we aim to find the necessary constraint con-
ditions that enable such equations possess soliton solutions, singular soliton solutions,
multiple soliton solutions, and multiple singular soliton solutions by using the simplified
bilinear method.

The forms of single-mode (3 + 1)-dimensional Gardner and KdV-type equations are,

respectively, read as
3

Vi +6lVV + Vg — Ekzvzvx +3h? 8;1vyy - Skhvxaglvy + 30 8;11/% — 3khvx8;1vz =0, (1.2)
and

Vi + OVeVy + Vi + Vinz + 60v§vz + 10VyxxVy + 20V, Vyy, = O. (1.3)
The above two equations are widely used in physics and its applications such as quan-
tum field theory, plasma physics, and fluid physics. Also, different types of solutions have
been obtained by using many methods such as Hirota’s direct method, the Casorati and
Grammian determinant solutions, and the inverse scattering method [27-30].
2 Formulation of (n + 1)-dimensional dual-mode equations

Wazwaz and Korsunsky [11, 12, 14, 15] established the (1 + 1)-dimensional two-mode
equation in a scaled form as

a a a a
— PVt | = —cb— L) + | = —cd— |N(v,v,,...) =0, 2.1
Vg —CV +(8t c 8x> (Vix) + o C e (V, Viy».2) (2.1)

where m > 2, L(v,) is a linear term, N(v,v,,...) is a nonlinear term, ¢ > 0 is the phase
velocities, x € (—00,00), £ >0, |b| <1,and |d| < 1.

In this study we propose a new scale for the (n + 1)-dimensional dual-mode equations
in the variables ¢, %1, %9, %3, ..., %,. The new scale is suggested to have the following form:

- R 9 9 ]
0=vy— Y Vg + | — - i— L+ == chi— |N, 2.2
Vi ;CV"+<8t ;ca Bxi) +<8t Zc Bxl) (2.2)
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where L and N are, respectively, linear and nonlinear, |4;| <1,and |b;| <1,i=1,2,...,n.
Note that when ¢ = 0 and integrating once with respect to ¢, (2.2) is reduced to the standard
single-mode (# + 1)-dimensional equation.

3 Analysis of the method
In this section, we give a brief description of the simplified bilinear method to find N-
soliton solutions for nonlinear partial differential equations (NPDEs) as follows:

First, we substitute

(X1, X0, ..., Xy, £) = VI FLF2ml)

where

n
w,v(xl,xz,...,x,,,t) = Zl}-lx,' —)Ll't, i= 1,2,3,...,N,
j=1

in the problem under consideration, to find the relation among /;, and A;. To find the soli-
ton solutions, we use an appropriate transformation formula. We often use one of the
following formulas:
V(xl,xz, cor Xy t) = Rlnf(xlyxb cor Xy t)
VX1, %2, .00y X, £) = R(lnf(xl,xz, e Xy t))xi,
V(xlyxb e Xy t) = R(lnf(xlerr v Xns t))

x,'x/’

where i,j € {1,2,...,N},ReR.

For one-soliton solutions, we use the auxiliary function
flxr,0,..0,%,,8) =1+ crePiFIAsEnt) o o 4]

For two-soliton solutions, we use the auxiliary function
1,0, %, 8) =1+ c1° + 2™ + c10v12€” 72, €1 =¢y = £1.

For three-soliton solutions, we use the auxiliary function

f@1,0,..,%,8) =1 + 11 + 2™ + c3e™ + c10v10€”1 2

+€163V13€°1 3+ 0y03123€”2 T3 + CrCpc3 V193t Y23,

c1=¢y=c3==*£1,

provided that three-soliton solutions exist if vi33 = v13V13V23. Moreover, for any nonlinear
PDEs that have three-soliton solutions, they also have N-soliton solutions for N > 4.

4 Applications
The purposes of this section is to apply the above described method to solve new (3 + 1)-
dimensional dual-mode nonlinear PDEs.

Page 3 of 12
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4.1 Soliton solutions for (3 + 1)-dimensional dual-mode Gardner equation
Applying the suggested prescribed scale (2.2) on (1.2), the (3 + 1)-dimensional dual-mode

Gardner equation will have the following form:

2 2 2
0=vy —CVex = CVyy = CVy

bl d 0 Bl
+ (— —ca;— —cay— — cag—) {vxxx + 3h28;1vyy + thaglvzz}

ot ox ay 0z
d 0 0 0
+| ——-cbr— —cbhy— —cbs—
at 0x dy 0z
3
X {6lvvx - Ekzvzvx - Skhvxaglvy - 3khvx8x‘1vz}. (4.1)

We aim to find the needed necessary conditions in order to obtain multiple soliton and
multiple singular-soliton solutions by using a simplified bilinear method [31-41]. To drop

the presence of the operator 9!, we use the transformation
v(x,y,2,t) = we(x, 9,2, t).
Accordingly, a new equivalent version of (3 + 1)-TMGE (4.1) is given by

2 2 2
0 =Wy — C Wy — € Wayy = C Wxzz + Waxaext — CA1Waxxxx — CA2Wxxxxy — CA3ZWixxxxz
+ 3H2 Wy — 3HPcay Wy, — 3hcasw,,, — 3h*casw
vyt 1Wyyx 2Wyyy 3Wyyz
3n* 3h* 3n* 3h*
+ Wazt — CaAiWzzx — CaWyzy — Ca3zWzzz

+ 6l(WyWai)r — 6lch (WxWey)x — 6le2(WxWxx)y — 6lch3(WyWyy),

3 3 3 3
- Ekz (wiwxx)t + ikZCbl(Wiwxx)x + Ekzcbz (wiwxx)y + Ekzcbg (wiwxx)z

— 3kh(Wyxwy); + Bkhchy (WyxWy ) + Bkhchy(Wixwy )y + 3khchs(Wew)y),

— 3kh(Waxw); + Bkhchy (Wax W) + 3kHchy (Waaw)y + 3khebs(Wyxw).. 42)
Inserting

w(x, y, 2, t) = e?@r51)
with

wi(%,y,2,t) =ax + By + Liz—vit, i=1,2,3,...,N,

into the linear terms of (4.2), we get the dispersion relations

a4 3027 + 312E2) (o} + 30267 + 31262 + Aot
- 20[,‘

Vi ) (4-3)
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where

5

i

2

A= (0205? +cao] + caza?ﬁi + ca3a4§i + czﬁi o

+ 3h*cay Bla; + 3h*cas B} + 3h*cas B¢

+ ol + 3P cargfa; + 3hPcar [} B + 3h*casi}). (4.4)
Now, we consider the Cole—Hopf transformation
v(x,y,t) = R(Inf (x,9, 2, t))x (4.5)
which leads to
w(x,y,t) = RInf(x,y,z,t) (4.6)

provided that R is a constant and f(x,y,z,t) is an auxiliary function. For the one-soliton

solution, we consider

431242 202,2 7 = 5
a1x+BLy+E1z— —(o] +3k* BT +3h=¢{ )i«/gxl +3k2ﬁ1 +3h24°] Vrday Ay ,
f(x,y,Z, t) =1+ c1e a ’ (47)

where ¢; = £1. Following (4.3), inserting (4.6) and (4.7) into (4.2) and solving for R, the
one soliton solution of (4.2) exists if

R=2, (4.8)

ay=ay=az=by=by=bs,

_ 20[1[ - ka% - hk;l
- hk ’

1

By the Cole—Hopf transformation (4.6), we conclude the one-soliton solution of (4.2) as

2 - 2y I-kad ~hkty itz (o +3k2 74302 D)k [ (o432 BT 4302022 4oy AL,

W(x’y’z’t) = z11»1(1 +cre 1 Tk 1 20 ),
and then,
2 4 242 2.2 4 2 2
e 2all—kaI—hk;1 PO e s >i\/§2+sk2ﬂl #3401 Ay

2 ojce
v(x,y,2,t) = —

k 20y ka2 ~hikgy (ot +3k2 24321k o [ (@ 43K2 6243020 D)2 4dary A

14 ™™ Tk y+i1z— 2a] t

In the case ¢; = 1, we get the single-soliton solution as follows:

201 I-ked-hkt) (43234302 )k o [ (@ +3K2 743020 2) v dery A ,
+ +

2 Ollealx Tk y+81z— 21
v(x,y,2,t) = —
k 20y I-ka? ~hiky (ot +3k2 2432k o [ (@ 43K2 6243020 2) 2 4dary A
1+ ea]x+ Tk y+l1z2— oy t

4 [1 + tanh<7wl(x’y’z’ t)>].
k 2
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For the case ¢; = —1, we get the singular single-soliton solution as follows:

2a11—kot%—hk§1 —(oc%+3k2/3%+3h2flz)i\/(a%+3k2/3%+3h2[12)2+4a1 Ay ‘
+ _

o] X +(12
( 9 2 we 1 Tik r+é PET)
v, 2z, = -
r k 20ty I-ka—hkt (@ e3k2 2431202t [ (o d+3K2 B3 22 ey A
1+ ea1x+ Tk y+i1z— Tag t

. [1 + coth<7wl(x’y’z’ t)>:|,
k 2

20[1[ - ka% — hké‘l

where

wl(x,y,z;t):a1x+ hk y+§12
~(of + 31287 + 30°07) & /ot + 31267 + 3HC])” + dan Ay
20(1 ’

For the two-soliton solutions, we set the auxiliary function

f(x, ¥zt =1+c e@1xyzt) | Co e2yzt)t | o 1601 2ew1(x,y,z,t)wz(x,y,z,t), (4.9)

where ¢; = £1 and i = 1, 2. Inserting (4.6), (4.8), and (4.9) in (4.2), the two-soliton solution
of (4.2) exists if

ay =ﬂ2=ﬂ3=b2=b2=b3=:|:1, (410)
201 — ko — hkgy
= 4.11
b1 K (4.11)
20[2[ — k()l% - hk§2
=—= - 4.12
2 i (4.12)
& = aay, {2 = aay, (4.13)
Vi2 = 0, (4'.14)
where a is any real number.
Combining (4.9)—(4.14) and (4.6), the two-soliton solution is
2 2all—ka%—uhkal a 7(a‘1¥+3k2ﬂ%+3h2{12)i\/(a‘l}+3k2ﬁ%+3h2{12)2+4a1 Ay
wix,y,2,t) = % ln(l + et hk yramz a1 ¢
k
oy —ka2 —ahka: (@A +3k2 213022 o2 +3k2 82 4312 ¢2)2 4o
. cZe"Qx*z ol kh%( ke 2 ) vanryz- (@5 +3K2p3+3 ;2)1\/;Oé 2 pF IR dar Ay ’
and thus,
2 a1 creP1®DE) 4y, 0o e@2E50)
v(x, 9,2, t) Gt 222 (4.15)

Tk 1+ cemtrzh 4 cyemerah |
By setting ¢; = ¢p = 1 in (4.15), the two-soliton solution is

2 oyt rat) 4y, @2(050)

v(x,y,2,t) = PP (4.16)
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and the singular two-soliton solution by substituting ¢; = ¢, = -1 is

2 oy @1zt 4 azewz(x,y,z,t)

v(x,y,2,t) = L oo s gD (4.17)
For the three-soliton solution, we use the auxiliary function
Fx,9,2,1) = 1+ e1E30 4 gy g2 | o posbarzt) (4.18)

where ¢; = £1, i = 1,2, 3. Accordingly, the three-soliton solution is

2 20 I-ka3 ~ahkey (@312 24302 )2/ (e 43k2 243120 2) 2 44ey Ay
o] X+ Tk ytaoiz— 7 t
w(x, y,z,t) = X ln(l +cie 1
2a21—kot%—ahkot2 7(013+3k2ﬁ%+3h2{22)i«/(ag+3k2ﬁ§+3h2 [22 )2 +dag Ay
oyx+ e y+aoz— o t
+ Ccre 2
2er3l-kad-ahkas ~(@§+3k2 343020 2)k A/ (@F+3K2 P2 +31202)2 +4az Ag
a3x+ T y+aazz— o t
+ c3e 3

and then,

Wy, of) = 2 0161 e®1®yzt) 4 azCzewz(x,y,z,t) + s c3e‘°3("'3"z't) (4.19)
Yo t) = k 1+ ce®1 &9zt 4 ce@®yzt) 4 ciew3Eyzt) ’

By setting ¢; = 1 for i = 1,2, 3, we obtain the three-soliton solution

2 aleml(x,y,z,t) + azemg(x,y,z,t) + agewg(x,y,z,t)

V60020 = et goatnad 5 guarad (4.20)

Setting ¢; = —1 for i = 1,2, 3, the singular three-soliton solution is

2 ape?! (eyzt) 4 o e®2(®yzt) 4 asewg(x,y,z,t)

v(x,,t) = X (4.21)

—1 4 e®1(9,28) 4 pwa(xyzt) 4 ew3(%y,2t)

Remark For afinite N, where N > 4 and under the conditions a; =a, =az =b; = by = b3 =

20;l-ka? —hkg;
+landg; = %’C’

N-soliton solutions given by [31, 32]

,Ci=aa;,i=1,2,...,N, (4.2) has N-soliton solutions and singular

Zail—kaz—ahkai —(a4+3h2/3,2+3h2{Z)i\/(a4+3h2f$2+3h2[2)2+4afAi
2 ZN o eaix+ 7,1‘]( y+aojz——1 L L o L L t
. i
i=1%i
V(x’ »Z, t) =7 )
r k 20;l-ko2-ahka; (@t +3n2pFe3n2 D)k (@ r3n2 24312022 vay A
N o+ ————tyiaaz——1 L L L £ i L
143N o e e =
i=
and
. 2 . 4 232 2,2 4 232 2,2)2 CA
N it Zall—kai —ahka; - 7(ai +3h B; +3h ¢ ):k\/(al. +3h ; +3h ¢ )o+daiA; .
Qi€ " l =

2
V(x, Y z, t) =7
k . Zail—ka?—ahkai oz —(a?+3h2ﬂi2+3h2{l.z)j:\/(a;*+3h25’.2+3h2[i2)2+4aiAi ‘

N ojX +ao;z— "
—1+ Z,_le i Tk yrac; 20
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4.2 Soliton solutions for (3 + 1)-dimensional dual-mode KdV-type
Applying the new formulation (2.2), the new (3 + 1)-dimensional dual-mode KdV equation
((3 + 1)-TMKdV) has the following form:

0 = Vit — PVix — CVyy = €V + Vargt — €A1 Varyn — CA2Vinyy — CA3Varyz
+ Vaxwxzt — CAVVxxxze — CA2Vxxxxzy — CA3ZVxxxxzz
+ 6(ViVy)r — 6cb1 (ViVy)x — 6¢by(Vivy), — 6¢h3(Vyvy),
+ 6O(V§VZ) .= 60ch; (Vil/z)x —60cb, (Vivz)y —60cbs (vivz)z
+10(VeexV2)r — 10hy (VeaVz)x = 106Dy (VixV2)y — 10¢h3(VanxV2)z
+ 20(VaVaxz)e = 20¢b1 (VaVixz)x = 200h (ViViaaz )y — 20¢h3(ViVicez ). (4.22)

Inserting

w(x,y, 2, t) = e?®a1)
with

wi(%,y,2,t) =ax+ Biy+ Liz—yit, i=1,2,3,...,N,

into the linear terms of (4.22), we get the dispersion relations

(}Bi+ofe) £ \/(%‘2,3:' + ) + 40,
YVi= ’ (4.23)
2

where

2.2 202 2.2 3 252
A= (c ai + B+ ¢+ cara Bi + cara; B;

+ cagafﬁig“,' + calafg + caza?ﬁig + cagafgf).
Now, we consider the Cole—Hopf transformation
v(x,y,t) = R(Inf (x,y,2 1)), (4.24)

and the auxiliary function

(ozl.zﬂ,v +a?{i)j: (a?ﬁﬁa?{i)z%m :

fxy,2,t) = 1 + cre™*HPrHiz 2 . (4.25)

Using (4.23), inserting (4.24) and (4.25) into the (3 + 1)-TMGE (4.22) and solving for R, the
one-soliton solution of (4.22) exists if

R=1,

611:6l2:6l3=b2:b2=b3.
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Therefore, the one-soliton solution of the (3 + 1)-TMGE is

alclewl/Z

v, y,2,t) = ———=.
(7.2,1) 1+ e’

In case ¢; = 1, we get the single-soliton solution

w1/2

oe
B0 =T

’ ) )t
= al[l + tanh<%>],

and for the case ¢; = —1, we get the singular single-soliton solution

alewl/Z

v(x,9,2,t) = 1ien2

i ) )t
= a1|:1 + coth(%)].

For the two-soliton solutions, we use the auxiliary function
Fy,2,8) = 1+ cre21803D 4 0y g@2 @020 4 o) oy g1 D202 (002E) (4.26)

where ¢; = +1 and i = 1,2. Inserting (4.23), (4.24), and (4.26) in (4.22), the two-soliton
solution of (4.22) exists if

R=1,

(l1=(l2=ﬂ3=b2=b2=b3=:|:1,

(o1 — o) (@2 B1 + 2010281 — 20100282 — 023 B1) + 61)
Vip = 5 where,
2

91 = [O[‘llfz + (20[10[2{‘1 - 2()[1(12;2)(20{% - 30[10[2 + 20[%) - O[gé'l],
02 = (1 + a)[ (o B2 + 2102 By + 20010028 + 03 B1) + 03],

93 = [O[;LC] + (20[10[2;1 + 20(10[2(2)(20[% + 30[1()[2 + 2(1%) + ozf{l].

Therefore, the two-soliton solution of the (3 + 1)-TMKDVE is given by

1/2 w1/2 | 61621/(125(”1 ;”2)/2
o1+o)

1+ opc1e®12 + ayc1e®’? + cicyvige®!

ajcie + 0aC1€

v(x,9,2,t) =

In case ¢; = 1, we get the two-soliton solution

Vue(a)1+w2)/2
(o1 +a2)

+ ew1/2 + ew2/2 + VIZe(wl+w2)/2 ’

w1/2 w1/2

1€
Wm%zﬂzl

+ e +

and for the case ¢; = —1, we get the singular two-soliton solution

w1 + Vue(wl +wy)/2
(o +ap)

1- alewl/Z _ azew2/2 + Vlze(a}1+w2)/2 :

—a1e”! —aye

v(x,y,z,t) =
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We should remark here that we cannot find three or more soliton solutions for (4.22)
because this type of KdV equation is not integrable.

5 Conclusions
In this work, we proposed a functional conversion that produces (# + 1)-dimensional dual-
mode equations of the form

n

n n
) K] B 0
0=vy— v + | — = chi— |L+ | — - cd;— |N.
" 21: s\ ot Z "o at Z "o

i=1 i= t

These types of equations describe the spreading of dual-waves moving simultaneously
with interaction phase velocity. The simplified bilinear method with the aid of some Cole—
Hopf transformations is used to study (3 + 1)-dimensional dual-mode Gardner-type and
KdV-type. We concluded the following results:

« Kink solutions and singular kink solutions for (3 + 1)-TMGE exist only if
2011 [-kor? ~hkty

a1 =ay=az=by=by=bsand B = — while the N-soliton and singular

N-soliton solutions exist only if @y = ay = as = by = by = b3 = £1, {; = aa; and
20;l-ka2—hky; .

Bi= i 21,2, N.

+ One-soliton solutions for (3 + 1)-TMKAYV exist only if a; = a3 = as = by = by = b3 and
two-soliton solutions exist if a; = ap = az = by = by = b3 = £1. This equation is
non-integrable, it possesses no k-soliton solutions for k = 3,4,....

As future work, we may consider a fractional version of dual-mode equations and conduct
the same analysis as that used in [42-47].
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