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1 Introduction
Neutral functional differential equations (NFDEs) are a class of differential equations, in
which the state not only depends on the past and the current values, but also involves
the derivatives with delays [6]. Since NFDEs have their extensive applications in chem-
ical process, the theory of aeroelasticity, Lotka—Volterra systems, steam or water pipes,
heat exchangers, and partial element equivalent circuits [7], many excellent studies (see,
e.g., [15, 18] and the references therein) have presented the basic theory of NFDEs. When
NEDEs are subject to the environmental external disturbances, they can be characterized
by neutral stochastic functional differential equations (NSFDEs) [10, 17]. Such equations
have been applied in science and engineering. The existence-uniqueness theorem and the
asymptotic behavior for NSFDEs have been extensively discussed, see [9, 10] and their
cited references. To our knowledge, it is difficult to obtain the explicit solutions of most
of NSFDEs. So the numerical solutions become a very useful tool. Consequently, studying
the numerical solution of NSFDEs is becoming more and more important. The common
difference scheme is the Euler—-Maruyama (EM) method due to its convenient computa-
tions and implementations, for example, see [11, 12] and the references therein. In [21],
influenced by Mao’s work [12], Wu et al. analyzed the EM scheme of NSFDEs and gave
the strong convergence between the exact solution and the numerical solution.

In many practical systems, due to component failures, subsystem interconnection
changes and sudden environmental interferences may cause structural and parameter
abrupt changes. In order to solve this problem, hybrid systems driven by continuous-time
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Markov chain have been introduced. All of these systems have a typical feature: the state
has continuous values and the jumping parameters take some discrete values [1, 22], and
thus such systems can be taken as the special case of hybrid systems [20]. By using the
Lyapunov function approach, the exponential stability in moment, the almost surely ex-
ponential stability and the almost surely asymptotic stability for neutral stochastic delay
differential equations with Markovian switching (NSDDEwMSs) were discussed in [5,
13], respectively. Some basic theoretical results and useful approaches on numerical so-
lution for stochastic delay differential equations with Markovian switching (SDDEwMSs)
were systematically introduced in [14]. In [8, 26], the EM method and the convergence of
numerical solutions for NSDDEwMSs on the basis of the local Lipschitz condition were
developed. Recently, the exponential stability of the EM method for NSFDEs with jumps
was analyzed in [16]. The almost surely and mean square exponential stability of numer-
ical solutions for NSFDEs were considered in [23, 27]. In [28], Zong et al. analyzed the
mean square exponential stability of the numerical solutions for NSFDEs.

Most of these papers discussed in [16, 23, 27, 28] are related with the asymptotic sta-
bility in mean square or in probability, which means that the numerical solution will tend
to zero in mean square or in probability as time ¢ approaches infinity. Nevertheless, the
asymptotic behavior sometimes is too strong, and under these circumstances to know
if the numerical solution will converge in distribution or not is very useful. These prop-
erties are referred to as the asymptotic stability in distribution. The asymptotic stability
in distribution of the exact solution and the numerical solution for stochastic functional
differential equations with Markovian switching (SFDEwMSs) was presented in [2, 3, 25]
and their cited references. Some results on the asymptotic stability in distribution of the
exact solution for NSFDEwMSs were analyzed in [4]. In [24], although the stability in dis-
tribution of numerical solution for stochastic differential equations was considered, the
asymptotic stability in distribution of the numerical solution to NSFDEwMSs was not de-
veloped yet, due to the difficulty stemming from the simultaneous presence of the neutral
item and the Markovian switching. This paper will fill this gap.

In this paper, we study the EM numerical solutions of the following NSFDEwMSs:

d[y(t) - D(y,g, r(t))] :f(yt, r(t)) dt + g(yt, r(t)) daw(t), t>0,

with the initial data yo = & € L‘}O([—T,O];.‘R”) and r(0) = iy € S, where D(-,-) and f(-,-) :
C([-7,0;N") x S — RN, and g(-,-) : C([-7,0]; ") x S — N, y(t) € R” for each ¢ and
¥y =y(t+6): -t <6 <0.Our primary objective is to extend the method developed in [19,
21], and [24] to NSFDEwMSs and to study the stability in distribution as well as the strong
convergence for numerical approximations when f(-,-) and g(-,-) satisfy both the global
Lipschitz condition and the monotonicity condition, and D(:, -) is a contractive mapping.

We should point out that although the EM method used in this paper is borrowed from
[21], in which the convergence in finite time was studied, in this paper we impose different
conditions from those in [21] and investigate the long-term behavior of the numerical
solutions. Besides, the difficulty stemming from the co-occurrence of the neutral term
and the Markovian switching can be overcome in this paper. For the self-contained result,
the strong mean square convergence analysis of the numerical solution to NSFDEwMSs
is also introduced under our assumptions.

This paper consists of the following sections. In Sect. 2, some necessary results are in-
troduced and the definition of the EM approximate solution to NSFDEwMSs is given. We
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present the main results and give the technique proofs in Sect. 3. We show the relationship
between the invariant measure of the numerical solution and that of the exact solution in
Sect. 4. In Sect. 5, we give an example to illustrate the results. For the self-contained re-
sult, the strong convergence of the approximation solutions for NSFDEwMSs under our
assumptions is discussed as an appendix.

2 Euler-Maruyama method: numerical schemes and preparatory lemmas
Throughout this paper, let (£2, F, {F;}:>0,P) be a complete probability space with a fil-
tration {F;}.>0 satisfying the usual conditions (i.e., it is increasing and right-continuous,
while Fy contains all P-null sets). Let w(£) = (w1 (t), wa(t), ..., w,())T, t > 0, be an m-
dimensional Brownian motion defined on the probability space with ¥’ denoting the
transpose of a vector v. Let | - | be the Euclidean norm in R” and R If A is a vec-
tor or matrix, its transpose is denoted by A”. For a matrix A, its trace norm is de-
noted by |A| = \/trace(ATA). Denote by C = C([-7,0]; ") the family of continuous func-
tions ¢ from [-7,0] to \” with the norm [l¢| = sup_, ., l0(0)]. Let L‘}O([—T,O];ER”)
denote the family of Fy-measurable C([-7,0];R")-valued random variables & such that
E|&|IP := E(sup_, ;<0 lE(@®)IP) < 00 (p > 2). If x(¢) is an R"-valued stochastic process for any
t € [-7,00), denote x; = {x(t + 0) : —t < 0 < 0} for any ¢ > 0. Let r(£) (¢ > 0) be a right-
continuous Markov chain on the probability space taking values in a finite state space
S ={1,2,...,N} with the generator I" = (y;})uxx given by

yi,-é + 0(8) if i 7!],

P{r(t+9) = jir(t) = i} = L4 yy6 +06) ifizj
ij -

where § > 0. Here, yj; is the transition rate from i to j and y;; > 0 if i #j, while

Yii = — Z Vij

J#i

In this paper, it is always assumed that the Markov chain 7(-) is independent of the Brown-

ian motion w(-). It is well known that almost every sample path of r(-) is a right-continuous

step function with a finite number of simple jumps in any finite subinterval of i, := [0, c0).
In this paper, we consider the following n-dimensional NSFDEwMSs:

d[y(t) = Dy r(®))] = f (ye, r(t)) dt + g (i, r(®)) dw(t), ¢ >0, 1)
with the initial data yo = & € Lp}-o([—‘l:, 0]; M) and r(0) = iy € S, where
D(,-)and f(-,-):CxS—>NR", and g(-,-):C xS —> R

Assumption 1 For any ¢,¢ € C, there exist A; >0, A >0, A3 >0, « € (0,1), and a proba-
bility measure p(-) on [-7,0] such that

| 2

2((¢(0) = ¢(0)) - (D(¢, i) = D(, 1)), f (¢, i) — f(, D)) + |g(, 1) — g(h, )

0
< —h1|@(0) = $(0)|* + 2 / 0(6) - $(0)|” p(d6), ©)
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[f(@, 1) -f(,0)]” v |g(e,i) - g(@, D)
0
< x3<|¢(0) ~ )" + / |¢(e)—¢<9)|2p(de>>, 3)
and

0
|D(p,i) - D(¢,i)| <« / lo(0) — ¢(0)|p(d0), D(0,i)=0. (4)

Assumption 1 can guarantee the existence and uniqueness of the solution for (1). It is
seen from (4) that

0
D(p, )] < / 0] 0(d). (5)

By (3), we have

0
If (@, )]” v |gle,)|* < 2x3(|¢(0)|2 + / |¢(e>|2p(de>) +a, )

where a = 2|f(0,)|? v 2|g(0,1)|%.
For any € > 0, from (2), (3), and (4), we have

2(p(0) - D, ), f (¢, 1)) + |g(e, )|

2+¢€)a
2

7)

0
< (=M +2€+ 6)\3)|(ﬂ(0)|2 + (Ao + 26k + €13) / |g0(9)|2p(d9) +
Assumption 2 For any £ € Lpfo([—r,O] ; N, there exists a nondecreasing function «(-)
such that, for any p > 2,

E( swp |60 -£6)) salt-s) ®)

—T<s<t<0
with the property a(u) — 0 as u — 0*.

Theorem 2.1 Under Assumptions 1 and 2, NSEFDEwMSs (1) have a unique continuous
solution y(t) on t > —t. Moreover, the solution has the property that

E( sup [y@)f) < €+ D1+ ENEr)e”

—t<t<T

for any T > 0, where C is a positive constant only dependent on t, k, T, and A3. In other
words, the pth (p > 2) moment of the solution is finite.

Proof The proof is almost similar to Theorem 2.4 of [5], so it is omitted here. d

Let rf* = r(kA) for k > 0. We can use the one-step transition probability matrix
P(A) = (Pj(A))uxn = €*" to simulate the discrete Markov chain {r¢', k = 0,1,2,...}, where
the details can be found in [14]. We can now define the EM approximate solution to
NSEDEwMSs (1). Let the step size A € (0,1) be a fraction of T and t (T > 0), namely,
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A= % = ;; for some integer N > 7" and M > 7. The discrete EM approximate solution
X(kA), =M < k <N is defined as follows:
X(kA) = £(kA), -M<k=<0,
X((k+1)A) = X(kA) + D(Xga, ) = DX e-pyar 1 1) )
+f()_(kA’r]<A)A+g()_(kA;rkA)Awk, Ofka_lr

where Awg = w((k + 1)A) — w(kA) and Xga = {Xza(9) : =7 <0 <0} is a C-valued random

variable defined as follows:

—iA

Xia(0) = X ((k +)A) + o [X((k+i+1)A) - X((k+i)A)] (10)

for iA <60 < (i+1)A, i=-M,...,-1, where in order for X_a to be well defined, we set

X(-M+1)A) =&(-MA). Let ty = kA, k=0,1,...,N — 1, and define
X, = Xeas F(t)=ry fort € [ty, trs).

In our analysis, it will be more convenient to use continuous-time approximations. We

first introduce the C-valued step process

o0
¢ = Z Xialiaksna)®), Yk>0,
=0

and then we define the continuous EM approximate solution as follows: let X(¢) = &£ (¢) for
-7 <t <0,and let [£] be the integer part of £, while for ¢ € [[£]A, ([£] + 1)A),
t _ t _
X(¢) =£(0) + / (X, 7(s)) ds + / g(X,, 7(s)) dw(s)
0 0
+D(t) - D(X_a,70)), (11)

= S t-[L1A 5 5 -
Where D(t) = D(X([%]_I)A + ﬁ (X[%]A _X([i]—l)A)’ }"(t)),

Obviously, (11) can be written as

X(6) = X(t ) + / f (X, F(s)) ds + / g(Xe, 7(s)) dw(s)

fiLy (4]

+15(t)—D<)_(([£]_1)A,?<([£] —1>A>). (12)

Observe that X(¢ : )= X (4 t 1), that is, the discrete and continuous EM approximate solu-
tions coincide at the gridpoints.

Rewriting (10), we have

_ A= (0 —iA) - t] . 0 —iA - t] .
XIX]A(Q):TX<<[Z]H)A>+ X X<([X]+z+1>A), (13)
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which yields

[Xi£1a0)] <

(5] 92) (5] )2

Moreover, by [21], we have

(1

||)_([£]A|| = max

max XAl =Xl Xl < X gl

where

t t _
Xi)a=X(0): [Z]A—rftf[X]A and  sup [|X;| < sup |X(s)|.

0<t<T —1<s<T
Moreover, the same way as [2, Lemma 5.1], we have the following result.

Proposition 2.2 (Xja, rkA), k >0, is a homogeneous Markov chain, that is,

P((X(k+l)Arr$<+1)) €A x {j}|(XkArrkA) = (Srl))

= ((Xarp) € A x () (Xo,75) = (£,).-

3 Stability in distribution

In this section, we will establish two sufficient criteria on the stability in distribution for
the Markov chain (XkA,rkA) with the initial data (&, ). It should be pointed out that the
continuous EM approximate solutions X () is a point, whereas X; is a continuous function
on the interval [-7,0]. For the Markov chain (Xya, rkA), we define the k-step transition
probability for any Borel set A in C, § € C and i,j € S such that

P (&) A x {j}) = P((Xear i) € A x {}(Xo, 73') = (6,0)).

Let #(C x S) denote all probability measures on C x S. In order to characterize the stability
in distribution, we need to introduce the following metric on the space #(C x S). For any
P1,P; € P(C x S), define metric dy,

al N
;/cf(é’i)l)l(dx’i)_;/cf(é:i)Pz(dg,i)

dy(P1,P) = sup
feL

and

L={f:CxS—R:|f(0)-fn)| <l§ =nll+1i-jl [f(.)] <1},

Definition 3.1 The Markov chain (XkA,rkA) is said to be stable in distribution if there
exists a probability measure 72 € £(C x S) such that P,(A((E ,i);+ X -) converges weakly to
78(-x-)ask —> oo, forany £ € C, i € S, that is,

Jim du (P (&, x ), m2(-x ) =0, VEeC,ied.
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In order to highlight the initial value &, we may write y(£) and X(t) by »*(¢£) and X*(¢),

respectively.

Definition 3.2 Let p > 2. The segment process Xy, is said to have Property (P1) if, for
any § €C,

supsup E[ X, [|© < oo (14)
k=0 £cK

Moreover, the segment process X; is said to have Property (P2) if

lim sup E||X;, - X7, ["=0 (15)
k—o00 &nek

uniformly in (§,7) € K x K, where K in (14) and (15) denotes any compact subset of C.

Theorem 3.1 If Xya has Properties (P1) and (P2), then (Xga,ry) is stable in distribution.
Since the proof of Theorem 3.1 is similar to [14, Theorem 5.43], we omit it here to save

the space. Next, we will show that under Assumption 1, Xy has Properties (P1) and (P2)

as long as the stepsize A is sufficiently small. The following result is therefore immediate.

Theorem 3.2 Assume that Assumption 1 holds. If
A > 4hs + Ao + 42,
then (Xia,ry) is stable in distribution when the stepsize A is sufficiently small.

Therefore, in order to show that (Xya, rkA) is stable in distribution, we only need to prove
that Xy satisfies properties (P1) and (P2).

Lemma 3.3 Under Assumptions 1 and 2, if
Ay > 4hs + Ay + 262, (16)

and A is sufficiently small, then there exists a constant C > 0, which may be dependent on

the initial value & such that the EM approximate solution has the property

supsup E[ | X; ||2] <C,
t>0 £eK

where K is a compact set in C. In other words, Xxa has Property (P1) provided the stepsize
A is sufficiently small.

Proof Recall the inequality that, for any p > 2, 8 >0,

e+ 3P < 1+ B (1xl + BY 2y, (17)
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which yields

EIX@)* < (1 + BE|X(®) - D@ + 1 ;ﬂE|@(t)|2. (18)

From (5), (13), and || X_a|l < || Xo ||, we can see that
2

< sup [X(s)

—-T<s<t

2

’

t-[£]A

HXqﬁ]l)A + (Xi3a = X(£)1)a)

E[D@)|*

<kZ2E|E|1? + K2E< sup ’X(s)|2>. (19)
0<s<t

Application of the Ité formula yields
SE|X (1) - D(t)|*
= E|g = D(X_,70))|* + us/ote*sp((s) ~D(s)|*ds
e [ ' [2(X(6) = Dls)f (e F9) + g (e 79) "] ds
= E|§ - D(X_a, 7 0))|* + AE/Ote“|X(s) - D(s)|* ds
e P 2AX(5) — (O (Ko 7)) ds

E /O 5 [2(%,(0) = D(Xer 7)), (Ko 7)) + g (K 7)) [*] ds

e [ 2D (X F(8)) - Dls)f (%o 79))] ds
0
=111+12 +13 +14+[5. (20)

Itis obviously seen that I; is only dependent on the initial data £. Now, we will give the es-
timations of [; (i = 2,...,5), respectively. Before estimating them, one important inequality
can be computed as follows:

t 0 0 t
vs | 1X,0)]*o(d6) ds = < vs|X,(0 2d) do
/Oe /_J 0)[p(d6) ds /_T/0e| ©)[?ds ) p(d6)
0 t
Se"r/ (/ eys|)_((s)’2ds>p(d9)

ert N
<P e [ X[ ds. (21)
14 0
From Assumption 1 and (21), we have
t 5 t _ t _
I, §AE/ e“’X(s)‘ ds+2kE/ e“|X(s)HD(s)’ds+kE/ e“’D(s)} ds
0 0 0

t
< (2c +K*)E|IEN1Pe" + [A + (2Ak + )\/cz)e“]/ e“E( sup |X(u)|2) ds (22)
0

0<u<s
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and

¢ t
I; < A‘%E/ & |X(s) - X(s)|" ds + A%E/ e|f (X 7(s)) [ ds
0 0
‘ _ haA3 e ‘
< A—%E/ | X(s) - X(s)|* ds + %EHSW +aA%E/ e ds
0 0

t
+ A%)\,g(l + e“)/ e“E( sup |X(u)|2> ds.
0

0<u<s

It follows from (12) that, for any ¢ € [t[él’ t[ghl) (t>0),

E|X(0) - X(2)|”

< 3E( f t g(X,7(s)) dB(s)

+3( |0 —D<X([£]UA’;<([A[}£]_ 1)s)) 2)

[1225(M + 2E(|X(2)|*) + 6a] A

+ 6E( D(¢)

t f()_(s,?(s))dsz +3E
/ )

£l

)

~

IA

_ t-[£]A
—D(X([é]—l)A + 7A

S _ t
é]A‘XM]-M”’(([X]‘I)A))
_[L
+6E<‘D<)_(([£]_1)A+t [£]A o

)
St (((5]4)2)
inr([2]))))

=131 + I3 + I33,

(24)
where I3 = [1243(M + 2)E(|X(£)[2) + 6a]A.

We now compute I3, and I33, respectively. From Assumptions 1 and 2, we have

I < 12E<’7§(t)

_ t-[£]A
- D(X([g]m e

20 50([£]-)9)

x 1{?&)#«[31—1»)})

0
< 2442E ( f
-T

X Ellg0 41 £1-1a)]

t
) (- [L]A )
X t10a@) + —— (X1£1a0) = X122 (0))

2

p(d9)>

—T<s<t

2
524’<25( sup [X(s)] )E[l{mm«[i]—lm)}]

(23)

Page 9 of 25
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< 24,(2(1\[012?;(—%,-& + o(A))E( sup |X(s)|2>

—T<s<t

< C,AE|E|? + ClAE< sup |X(s)| ) +o(A)

<s<t

and
I3 < 6/(2}5(/0 t- [AZ [é]A(e) _)'(([é]_m(e))p(de))
<ot s [5([3]o) -*(([3]-1)+)])
<o an [5([3])-*(([5]-1)4)])
[[C1A+D(Z)Az_rl 8A3A 2}E||§||2 a(A) +2aA2+4aD(z)A”T1
1-2c  1-2c  (1-x)(1-2¢)
+o(A)+ 1 —12/< [ClA +DAT + Sfiiz]E<oifEt|X (S)|2>} (25)

where (4), (8), and the proof of Lemma 3.2 in [21] are used, D(/) = 1—3 (2l -1)"N]7, 1, and
/> 1 is an arbitrary integer.

In particular, when [ = 3, (25) can be rewritten as

2
A3

83 :|6K2E||‘§||2A§ 6k%0(A)  6K2[2a + 4aD(3)]

Is<|Ci+DG3
33—[ ARG S pl s B 1-2¢  (-rx)1=2)

8xs T6k2A3
+0o(A)+|Cy+D(3) + SR E( sup }X(s)’2>
1-x|1-2« 0<s<t

< G[EIEIPAS + AT +a(AF)]+o(A) + CZA%E< sup |X(s)|2), (26)
0<s<t

8 2 2 2 DI
where C; = max{[C; + D(3) + $2] 8 o W}.

From (24) and (26), we have

E|X(0) - X(2)|”
< 1243(M + 2)AE(|X@®)]*) + 6aAr

+ CLAEIEI® + CAE( sup [XG)[) +0(A)

0<s<t

+ GIEIEIPAS + A5 +a(AF)] +0(A) + CzA%E< sup |X(s){2)

0<s<t

< (Cr+ CEIEIAS + (6a+ C)AS + Coar(A3) +0(A)

+[1223(M +2) + Cy + CZ]A%E( sup |X(s)|2>

0<s<t

< Cg[EHSIIzA% + A3 +a(A%)] +0o(A) + CgA%E< sup ‘X(s)’z), (27)

0<s<t

where C3 = max{6a + C,, 12A3(M + 2) + C1 + C,}.

Page 10 of 25
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Substituting (27) into (23) yields

t t
I < Cs[EHSlle% + As +a(A%)]E/ e“ds+C3A%/ e’“E( sup |X(u){2) ds

0 0 0<u<s

A AT
+0o(A) + 3¢

t
E|€|2A% +aA%E/ & ds
0

t
+)»3(1+e“)A%E/ e sup !X(u)‘zds

0 0<u<s
At A AT _ C
< o(A) + [GSEIIEIPAG + (a+ C5)A® + Csa(A%)]ey + %Ensn%
C C t
- %A% - Tga(A%) +[Cs +as(1 + e“)]A%E/ e sup |X(u)|2ds
0 0<u<s

<o(A) + Ci[EIEIPAS + Ab +a(As)]eH + CLEE|PA¢

+ C4A% /te“E< sup |X(u)‘2> ds, (28)
0

0<u<s

A
where C, = max{@, w,@ + A3(1 + ).

From Assumption 1 and (21), we obtain

Ao+ 2ek? + eX3)E| €2 (2 + ¢
45( 2+ 2ek? + €X3)E|E|%e +( 6)ﬂE/ o5 ds
A 2¢ 0

t
+ [(—kl +2€ + €A3) + (Az +2er? + ekg)e“]/ e“E( sup ’X(u)‘z) ds (29)

0 0<u<s

and

I<E / te)‘s|D()_(S,?(s)) ~-D(s)| ds+E / le“[f()_(s,?(s))|2ds
0 0

_ 20 + 23)E|E P
- A

t
+2)\.3ﬂE/ e ds
0

t
+[26262 + 25 + 2056 ] / e“E( sup |X(u)|2) ds. (30)
0

0<u<s
Substituting (22), (28)—(30) into (20) gives

ME|X (1) - D(t))?

<E|g -D(X_,70)[*

t
+ (26 +K2)ENENPET + [A + (2hk + )\/cz)e“]‘/ e“E( sup \X(u)|2) ds
0 0<u<s
+0(A) + CU[EIEIPAS + As +a(As)]e + CEE]*As
t
+ C4A%/ e’\SE( sup |X(u)|2) ds
0

0<u<s

o+ %k + EIENZET (2 t
+( 2+ 2€k” + €A3)E||E||%e +( +€)ﬂE/ e ds
X 2€ 0
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t
+[(=A1 +2€ + €r3) + (Ao + 266 + ekg)eh]E/ e sup |X(u)|2ds
0

0<u<s

2(c? + 1) EE e
+
A

t
+2AgaE/ e ds
0

t
+[26%€" + 203 + 2136“]/ eASE( op |X(u)’2) ds
0

0<u<s

A2k + %) + (Ag + 262 +223)
A

+ C4[E||E||2A% +AF 4 oz(A%)]eM + 2hzae™

+ )_L/te“E< sup !X(u)|2> ds,
0

0<u<s

<E|s -D(X_a,70)[" + E||E |2

where & = A1 + A + CLAS +2€ + €Ag + 243 + (2Ak + Ak + Ay + 26k + €hs + 2 + 243)eM.

Using (16), we can choose a suitable positive constant A such that —A; + A + 243 + 24k +
M2+ dy + 262 +2X3)e*™ < 0. Then, when A > 0 and € > 0 are sufficiently small, it yields that
X < 0. Hence

E[X(2)- D)’

<2a+ [E|g ~D(X_,70)[°

(31)

N (K20 + 260 + ho + 262 + 2X3)E|| €27 :|e“
A .

Substituting (31) into (18), we have
2
E sup |X(s)|
0<s<t

_ (14 B)2hzap + KPE|EN*)  ,, BOA+B)
< +e" —
B—(1+ B> B—(1+p?
N (120 + 260 + Ao + 262 + 2X3)E| € ||2e“]

[E}s ~D(X_a, 70)|?

A

Choosing an appropriate positive constant 8 such that 8 — (1 + 8)k? > 0, then for all

t > —1, we have
E!X(t)}2 < CcE|§|* + ce ME|€|* < c0. (32)

We now estimate the moment of the segment process X;. According to the It6 formula,
for any £ > 7 and -t <6 <0, we have

X, - D¢ +6)|*

= [X(t-7) =Dt -1)|" + M(1,6)

t+60
+ / [2(X(s) = D(s),f (X, 7(5))) + |g (K, 7(5))| "] ds

- _ t+6 0
< |X(t—t)—D(t—t)|2+M(t,9)+k2/ f sup |X(r+6)|*p(d6)ds,  (33)

T —T=r=s

Page 12 of 25
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where

t+6
M(t,0) = / 2<X(s) - @(s),g()_(s, ?(s)) dB(S)>.

-7

By the Burkholder—Davis—Gundy inequality (see [10]), one obtains

E( sup |M(t,9)|>

—7<6<0

< cE< sup ’X(s) - 25(s)’2 /f ”g()_(s,?(s)) H2 ds) ’

—-T<s<t

t

1 _ ]
< SE( sup |X(t+9)—D(t+9)|2)+cE/t lg(Xo, 7(5)) | ds

—7<6<0 —T

t
< %E( sup |X(t+9)—@(t+9)|2)+cE/ |X(s)|2ds
t-1

—7<6<0 —

t 0
+ cE/ / |X(s+6)| p(d6) ds.
-1 J-1T
Substituting (34) into (33), we have

E( sup |Xf—l5(t+9)|2)

—7<6<0

<2E|X(t-1)-D(t-7)|* + cE/t |X(s)|” ds

t 0
+CE/ |X(s+9)|2,0(d9)ds
-1 -7
t
§4E‘X(t—t)’2+4/c2+cE/ ’X(s)|2ds

t-21

0
+4K2E/ sup |X(S—‘L'+9)|2,O(d9).

T —T<s<t

Therefore, (32) and (35) lead to
E|X[*=£( sup |xe+0))
—-1<6<0

5(1+ﬁ)E< sup |X(t+9)—75(t+9)|2)

—-7<6<0

2 0
+ ME/ sup | X(¢+20)|*p(do)
ﬂ -1 —T<0<0

<CE|§1? +ce MEIEIP, =t

Hence, the required assertion follows. The proof is therefore completed.

Lemma 3.4 Under Assumptions 1 and 2, if

> Ay + 2Ag + dic?

Page 13 of 25

(34)

(35)

(36)

37)
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and A is sufficiently small, then the EM approximate solution has Property (P2), that is,

lim sup E[”Xf - X/ ||2] =0,

t—00 £nek
where K is a compact subset in C.

Proof Considering the difference between two different approximate solutions starting
from two different initial values, it follows from (12) that

X(t:€) - X(&n) - [D(&:€) - D(tn)]
= £(0) - 1(0) - [D(X° 1, 70)) - D(X",,7(0))] + fo t[f()_(f J7(s)) — £ (X2, 7(s))] ds
o [ Tal.79) - (R0,769)] 805,
By using the It6 formula, for any A > 0,
ME|X(t:8) - X(t1) - [D(6:€) - D(t;n)] [
= E|£(0) — n(0) — [D(X} 5, 7(0)) - D(X",, 7(0))]|”
+AE /0 O |X(5:8) = X(s) - [Dlss) ~ Dl ]| ds
+E fo t [2(X(5:€) - X(s;m) - [D(s: ) - D(s; m)].f (X5, 7(s)) —f (X!, 7(9)))

+ (X6, 7(9)) - g(X7,7(s))|*] ds

< E[£(0) - n(0) - [D(XE , 7(0)) - D(X",, 7(0))]|*
+ KEfote“!X(s;%‘) - X(s;n) - [D(s:€) - Dis; m)]| ds
v [ 00 - 16 - [D(RE, ) = DR (K, 79) (R0, 769)
+ |g(XE,7(9) - g (X0, 76) "] ds
+E /0 ' AX(5:8) - X(sim) — [KE ) — X6 (KE, 76)) = £ (R0, 766)] s
+E /0 (2D 6) - DX, 76) - [Blsie) - Dlsin))

FX576) —f (X7, 7(s)) ] ds
=N +h++]i+]s (38)
Before estimating J; (i = 1,2,...,5), we note that

vE 7
(X[ﬁm _X([@—DA)

¢ ~ t-[£]A
((£1-1a A

_ |y __FAT n _yn
[X([@—m A (X[fm X([%]—DA)}
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X??

t

L1+ DA -¢] - i}
_|UE1+D £ X )
= (L1-na ~ (LA

A
t-[£]A X i ’
+T (£1a ™ La
r1DA -t
< [%(_SEQJX(S;S) —X(S;U)D
t-[£]A ’
+ %(SEEJX(S;@—X(SW)D]

< sup |X(5:8) - X(s;m)|*

—T<s<t
and
E|X(:€) - X(t:n) - [X () - X" 0]
< C5[A§ + a(A%) + A%e‘“] +o(A) + 12A3AE< sup |X(s;“g‘) - X(s; n)|2>, (39)
0<s<t
where the derivation process of (39) is similar to the one in (27), and Cs = max{(C; + C3)(1 +
O)(ENEN? +Elnl*), 1243E(1& = nl|*,2Ca,¢(Cy + C)(E|E|1* + Ellnll*)}.

For two different given initial values & and 7, it is easily seen that /; is a constant. By

Assumption 1,

t t
]zf/\E/ e“|X(s;E)—X(s;n)|2ds+AE/ & |D(s;€) - Dis; )| ds
0 0
<AE / ¢*|X(5:8) - X(s ) ds + k> EN§ - ]
0

t
+)LK2e“/ e“E( sup |X(u;f§) - X(u; n)|2> ds
0

0<u<s
t
<K EE - )2+ [A+ sze“]f e“E( sup [X(:€) - X (15 n)|2) ds (40)
0 0<u<s
and
t _ ) t o___
]3§—A1E/ e’\s|X(s;§)—X(s;n)\ ds+sz/ e’“/ |Xf—XS"| p(do)ds
0 0 -7

_ 2 AT t
< w + [—)»1 + Aze“]/ e“E( sup |X(u;§) - X(u; n)|2) ds. (41)
0

0<u<s

From (39), we have

Jo < A—iE/teNX(s;S) ~ X(s;m) - [XE(s) - X"(5)]| " ds
0

cale [ U 7)) —f (R0, 76) [ ds
0

Page 15 of 25
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1
AZA AT At
<82 d )]%+C5A%t+o(A)

+
S
~—
>
fe)
+
Q
—_
>
N—

t
+ (13+e“))»3A%/ e“E( sup |X(u;$)—X(u;n)|2> ds

0 0<u<s

and
Js = [ (D76 ~DKLFS) - [Ps6) - Dl s
0

ok (R 7))~ (R, 76) P ds
0

4K2ekf 2 2 AT ‘ s 2
< == Ellg - nl? + 4" | e E( sup [X(1i8) - X(uin)[*) ds
0 0<u<s
Azl 2 ey [ s 2
+ . E|IE -] +A3(1+e ) e E( sup ’X(u;é)—X(u;n)} )ds
0 0<u<s

t
= (A3 + 4% + Age“)/ e“E( sup [X(u;€) —X(u;n)|2) ds
0

0<u<s
(4k? + A3)e®
+ e —

E|lE —n]|%.
. € —nll

Then, substituting (40)—(43) into (38), we have

ME|X(5:€) - X(6m) - [D(&:€) - Dt n)] [

< E|e - n - [D(X,7(0) - D(X",, #0)) ]

t
+Kk2E|E - ) + [k + )L/cze“]/ e“E( sup |X(u;f§) - X(u; 7])|2) ds
0 0<u<s
. ME|E - n)*e*
A

0<u<s

1
A2\ ekr ekt
L2 CS[A% +a(A%)]T + CsAét+o(A)

t
+ (13+e“))\3A%/ e“E< sup \X(u;f)—X(””?)P) ds
0

0<u<s
t
+ (Ag +4k2eM + kge“)f e“E( sup !X(u;%‘) - X(u; n)‘z) ds
0 0<u<s
(42 + A3)er”

+— 2 FllE — )
S E|

=:E‘$ -n- [D(XEAJ(O)) - D()_(YAJ(O))]{Z
ME|E - nl*e™  (4k* + h3)e’”
y i y

1
AZA ekt eM
P Cs[As +oz(A%)]T + CsASt+0(A)

+12TE|E - )2 + E|& -l

+)~»'/‘te“E( sup |X(u;$)—X(u;n)|2) ds,
0

0<u<s

where & = —A; + A + Az + 13A3A6 + (A2 + Ag + A3AS +4kc? + A3)eMT.

+ [—Al + )Lze“] /te“E< sup |X(u;§) —X(u;n)|2) ds
0

(42)

(43)

Page 16 of 25
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When A is sufficiently small such that A < 0, using (37), we obtain

E[X(6:€) - X(6:m) - [D&:§) - D@ )]
<E|g —n - [D(X5\, 7(0)) - D(X",, 7(0))] e

[2 Ao +4K% + A3
T

. ]e“e-“fsns -0l + e o(A)

< ce(E|I§ = nll* + o(A)). (44)

Then, from (44), (17), and (4), it yields

1
[ sup X6~ X(sin)|'] < %

<ce™E|E -nl?

ce ™ E||& - nl|?

which implies

lim sup E[”XtE -X; ||2] =0,

t—00 £,nek
as required. d

Note that combining Lemma 3.3 and Lemma 3.4 with Theorem 3.2 can yield Theo-
rem 3.1. In fact, 72 is the invariant measure of the Markov chain (Xia,r{) when A is
sufficiently small.

4 Convergence of the numerical invariant measures

The previous section shows that {(Xia, V/(A)}kzo has a unique invariant measure sequence
72(- x -). In this section we will show that if the invariant measure sequence 7°(- x )
converges weakly to a probability measure in #(C x S), then this probability measure is
the invariant measure of the exact solution 7 (- x -) of Eq. (1).

Let y(¢) be the (exact) solution of Eq. (1), and let Y (¢) = (y(¢), 7(£)). Then Y (¢) is a time
homogeneous Markov process. If the process starts from (§,i) € C x S, we denote the
process by Y5i(t) = (y5(¢), r(t)). Let P,((€,i),- x -) be the probability measure induced by
Y*i(t), namely

P,((¢,0,Ax B) =P{Y* () eAx B}, VAxBCCxS.
Clearly, P,((&,1),- x -) is also the transition probability measure of the Markov process Y (¢).

The process Y (¢) is said to be stable in distribution if there exists 7 (- x -) € P(C x S) such
that the probability measure P;((§, i), - x -) converges weakly to (- x -) as t — oo for every

(€,i) € C x S, that s,

tl—ifgod]l‘(Pt((s’i)" X ')’T[(' x )) =0.

It is easily seen that if Y(¢) is stable in distribution, then 7 (- x -) is the unique invariant
measure of Y (¢). Similar to the proof of [2, 19], we have the following.
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Theorem 4.1 If Assumptions 1 and 2 hold, then the Markov process Y (t) is stable in dis-
tribution.

To reveal the important relationship between 72 and 7, let us establish another lemma.

Lemma 4.2 Let Assumptions 1 and 2 hold and any fixed (§,i) € C x S. Then, for any given
T >0 and x >0, there exists a sufficiently small scalar A* > 0 such that

du(Pe((,0), x ), Pea((5,8),- x +)) < x (45)
provided A < A* and kA <T.

Proof Let X&)2(¢) be the continuous EM approximate solution. Under Assumptions 1

and 2, in the Appendix, we can show that
lim E[ sup [XEDA () —y(‘f'i)(t)|2] =0. (46)
A—0 0<t<T

Hence, there exists a sufficiently small scalar A* > 0 such that
E(|XE" —y &0 kA)|) < x (47)

provided A < A*and kKA < T.
Therefore, for any f € L,

|Ef (XD, %) — Ef (Y& (kA), P (kA)) |
< E(|xF" =y (kA)|) < x. (48)

The required assertion follows. d

We can now show that the numerical invariant measure sequence will weakly converge

to the invariant measure of the exact solution.
Theorem 4.3 Under Assumptions 1 and 2, we have
. A
il_)rll()dL(N (- x),m(-x ) =0. (49)

Proof Fix any (§,i) € C x S, and let x > 0 be arbitrary. By Theorem 4.1, there exists 77 > 0
such that

d]L(PTl ((%‘,l), X ')!7[(' S )) =5 (50)

W=

By Theorem 3.2, there exists a pair of Ag >0 and T3 > 0 such that, for any A < Ay and
kA = TZ;

i (P (6,0 x ), x ) = £ (51)
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Setting T = T v T,. By Lemma 4.2, there exists a constant A* > 0 such that
, , X
d]L(PkA((‘é;:)l):' X '))PkA((E!l)r' X )) < g (52)

provided A < A* and kA < T + 1. Now, for any A < Ag A A¥, letting k = [T/A] + 1 and
using (50), (51), and (52), we derive

dr (2 (- x )7 (- x )
= d]L(PkA((E,l), X ')77TA(' X )) +d]L(PkA((%-:i)" X ')177(' X ))

+ d]L(PkA((E’Z)’ X ')’PkA((%-:i)r' X ))

+5+£=x
3 3 7V

<

W | >

as required. d

Let us make a remark to close this section. Theorem 4.3 only gives the existence of in-
variant measure of the numerical solution to Eq. (1). The method to obtain the invariant
measure has been provided. In addition, we can find from Theorem 4.3 that the numer-
ical invariant measure sequence 72 will weakly converge to the invariant measure 7 of
the exact solution. That is to say, this theorem gives us a numerical method to get the
approximate invariant measure 7 for NSFDEwMSs (1).

5 Example
In this section, a numerical example is provided to illustrate the theoretical results estab-
lished in the previous sections.

Example 5.1 Let w(t) be a scalar Brownian motion. Let r(£) be a right-continuous Markov
chain taking values in S = {1, 2} with generator

F:—aa’
b -b

where a, b are positive numbers such that 7 = (%, %) is the stationary distribution of
the Markov chain. Assume that w(t) and r(¢) are independent. Consider a scalar neutral
stochastic functional differential equation

d[x(t) - D(x r(t))] = f (%0, (2)) dt + g (e, 7(2)) dw(2), (53)
where

0.025 [° x(t+0)do, r(t) =1,

D(xs,1(t)) =
(x r( )) O.OSI_OT x(t+6)do, r(t) =2,

~0.1x(£) + 0.05 [ x(t +0)do, r(t)=1,

[,t:
(@ r(®) _Qzan+01[ixu+eﬂw, r(t) =2,
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and

0.025 [° x(t +6)do, r(t)=1,
g(xt’ r(t)) = 0
0.05 [~ x(t+6)do, r(t)=2.

It is easy to obtain that, when r(¢) = 1,

2((¢(0) - ¥(0) - [Dp, 1) - D, D].f (9, 1) = £, 1)) + g, 1) - g, 1)
< -02|p(0) - ¥ (0)|* +0.1 / j|¢(e> ~ (O]’ 0(dh),

@, 1) -f, DIV Jele, 1) - gy, D
50.01<|<p(0)—1ﬁ(0)|2 - / f|¢(9)—w(e>|2p(d9)),

and

0
D(p, 1) - Dy, 1) < 0,025 f l0(6) - v/(6)] 0(d0).

Therefore, 11 = 0.2, A5 = 0.1, A3 = 0.01, and « = 0.025. Consequently,

A1 =0.2> 43 + Ay + 2c2 = 0.14125,

A1 =0.2> Ay + 2h3 + 4ic2 = 0.1225.

Thus, for Eq. (53) when r(¢) = 1, the conditions in Lemma 3.3 and Lemma 3.4 are fulfilled.
When r(t) = 2, similarly, we have

2((¢(0) - ¥(0)) - [Dle,2) - D, 2)].f(0,2) —f (¥, 2)) + |g (9, 2) - g, 2)
<-0.4]¢(0) - y/(0)|” +0.22 / j|¢<9) ~9(0)|" p(d0),

(9. 2) ~f (2" V |gle,2) - g(¥,2)|”
50.04(}¢(o>—w(0>\2 - j\w(e)—w(enzp(de)),

and

0
D(,2) - D(y,2)| < 0.05 f l9(6) ¥ (0)|p(d8).

Therefore 1 = 0.4, 15 = 0.22, A3 = 0.04, and « = 0.05, which implies that

A1 =04 > 43 + Ay + 2c2 = 0.385,
A1 =04 > Ay + 243 + 4ic? = 0.31.
Thus, for Eq. (53) when r(¢) = 2, the conditions in Lemma 3.3 and Lemma 3.4 are satisfied.

By Theorem 3.2, there exists a sufficiently small A € (0,1) such that the EM approximate
solution (Xga, rkA) is stable in distribution.
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6 Conclusion

In this paper, the stability in distribution for the numerical solution of neutral stochastic
functional differential equations with Markovian switching has been discussed by using
the Euler—-Maruyama method. The theoretical results obtained have been analyzed in de-
tail and some sufficient conditions have been presented. Some existing results, for example
[8,21,23-28], have been generalized. Meanwhile, the strong convergence for the theoret-

ical solution and the numerical solution of such equations has been considered.

Appendix
Theorem A.1 Under Assumptions 1 and 2, we have

. 2
ianOE(Oiltngy(t) —X(t)’ ) =0, VT>O0.

Proof We first note from Theorem 2.1 and Lemma 3.3 that there exists a positive constant
H such that

E( sup_[y®)*) \/E(irs<u£ T|X(t)|2) <H. (54)

—t<t<T

Let j be a sufficiently large integer, define the stopping times
uj = inf{tzOtllytII zj}, V= inf{tz():IIXtH Zj}, pj = Ui AV,
where we set inf ¢ = 0o as usual. Letting e(£) = y(¢) — X(¢), it follows
2 2
le A p)|” = |y A o) = X (2 A p))|

- 'D(yt,r(t)) -D@) + /0 Apj[f(ys,r(s)) —f (X5, 7(s))] ds

2

L’/\p/ _
+ /0 [¢(ysr7(s)) — g(Xs, 7(5)) ] dB(s)

<3|D(y.r(t)) - D)

t/\,oj - 9
+ BT/O V(ys, r(s)) —f(XS, r(s))| ds

2
+3

LApj B
/0 [g(s: () — (X, 7(s)) | dB(s)

By the Doob martingale inequality (see [10]), it yields that, forany ¢; < T,

E[ sup |e(t/\pj)|2]

0<t<t1

< 3E[ sup [D(y:, r(t)) - 75(t)|2]

0<t<t;

tl/\p/' _ 9
+ STE‘/O [f(ys, r(s)) —f(XS,r(s))| ds

tne -
+12E /0 (75, 7(9)) - g(X, 7(s)) | ds. (55)
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For any s € (0,£; A pj], we derive

[ (e 7)) = (X, 75)) |
<2/f (X, 7(9)) —f (Xs 7(9)|” + 20 (35 7(5)) = f (Ko 7(5)) |-

Let nn = [s/A], the integer part of s/A. Then
E / If (Ko 7)) = f (K () |
0
=Yk / G r(00) ~f (R r@)) [ (56)
k=0 Yk

with t;,; being now set to be T'.
Let I be the indicator function for set G. Moreover, in the remainder of the proof, C is
a positive constant dependent on only s, A3, § and max;<;<n(—¥;;) but independent of A.

In particular, it may change line by line. With these notations, we observe that

E / R r(60) = f (Ko 00)) 1

73

7351 _ _
<2E / [ (Koo @) |* + f (X 70) [ Vit ) s
L

k

7381 _
= CE/ [1Xz, ||21{r(u)#r(tk)] du

73

7381 _
<c / ELE[1%0, 1P Lo e 7 (6)] ]
t

k

7381 _
= C/ E[E[1X 1217t | E[L iy 17 (86) ]| s,

73

where in the last step we use the fact that X;, and Z;;)4<) are conditionally independent
with respect to the o -algebra generated by r(z).
By (54) and Assumption 1, we have

E [ . ) - (R0, rw)

73

<(CA +o(A)) /%1 E|[X(t)|)* du

73

< A(CA +0(4)), (57)

where C denotes a positive constant independent of ¢, which may change from line to line.
Substituting (57) into (56) gives

E / s[f()_(u,?(u)) —f (X 7)) | du < CA + o(). (58)
0

Page 22 of 25
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On the other hand, by using the techniques developed in [12] and Assumption 1, we

have

E / SV(yu,r(u)) —f (X r(w))|* du
0

5215/0 [f(yu,r(u)) —f(Xu,r(u))‘zdu+2E/0 [f(Xu,r(u)) —f()_(u,r(u))‘zdu
s 0
CE 0) - X(u+0)|*p(db) d
< /O/_T|y(u+) (u +0)| p(d6) du
s 0
+CE/ / | X(u +0) - X,(0)|* p(d6) du
0 -T

s s 0
§CE/0 [sup }y(r)-X(r)|2]du+CEf0 / E|X(u+0) - X,(0)| p(d6) du

0<r<u

< CE/OS[ sup [y(r) = X()|*|du+ CB(),

0<r<u

where B(A) is dependent on A as defined in [12].

Therefore,

E/s[f(yu,r(u)) —f()_(u,?(u)) |2du
0

<CE / [ sup [y(r) = X()[* | du + CB(A) + CA + 0(A), (59)
0

0<r<u

and the estimation about E fos \g(yu, (1)) — g(X,,, 7(1))|> du can be similarly given. Here, the
detailed process is omitted to save the space.
Then, by (10) and Assumption 1, we have
E|D(ys,r(s)) - D(s)|*

< 2E|D(y;, r(s)) - D(X,, 7(s))|” + 2E| D (X, 7(5)) — Dls)|*

0
< 2E[D(y,, r(s)) - D(X 79)) | + 26°E f X318 = X31-0al*0(d6)
T

§2K2E[ sup |y(r)—X(r)|2] + CB(A) + CA +a(A). (60)

0<r<s

Substituting (59) and (60) into (55) yields

E[ sup |e(t/\ pj)|2]

0<t<t;

< CHA)+ CA +ala) +o() + CE [ [ sup o) - X[ ds
0

0<u<s

By the Gronwall inequality,

E[ sup |e(t A ,o,»)|2] <[CB(A) + CA +a(A) + o(A)]e“". (61)

0<t<t
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Letting j — oo, we obtain

E[ sup |e(t)]"] = [CB(A) + CA +a(a) + o(a)]e T, (62)
0<t<T
as required. d
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