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Abstract

In this paper, we consider a nonlocal boundary value problem of nonlinear implicit
fractional Langevin equation with noninstantaneous impulses. We study the
existence, uniqueness and generalized Ulam-Hyers—Rassias stability of the proposed
model with the help of fixed point approach, over generalized complete metric
space. We give an example which supports our main result.
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1 Introduction

At Wisconsin university, Ulam raised a question about the stability of functional equations
in 1940. The question of Ulam was: Under what conditions does there exist an additive
mapping near an approximately additive mapping?; see [30]. In 1941, Hyers was the first
mathematician who gave a partial answer to Ulam’s question [12] in a Banach space. Since
then, stability of such form is known as Ulam—Hyers stability. In 1978, Rassias [23] pro-
vided a remarkable generalization of the Ulam—Hyers stability of mappings by considering
variables. For more information about the topic, we refer the reader to [3, 1416, 24, 28,
31, 40, 42].

. 2
An equation of the form m ‘;Té( =

Paul Langevin in 1908. Langevin equations have been widely used to describe stochastic

A ‘fl—f + n(¢) is called Langevin equation, introduced by

problems in physics, chemistry and electrical engineering. For example, Brownian motion
is well described by the Langevin equation when the random fluctuation force is assumed
to be white noise. For the removal of noise, mathematicians used fractional order dif-
ferential equations, which also perform well in reducing the staircase effects compared to
integer order differential equations. Thus it is very important to study Langevin equations
with fractional derivatives; see, for instance, [2, 10, 20, 21].

Fractional order differential equations are generalizations of the classical integer order
differential equations. Fractional calculus has become a fast developing area, and its ap-
plications can be found in diverse fields ranging from physical sciences, porous media,
electrochemistry, economics, electromagnetics, medicine and engineering to biological
© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-019-1955-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-1955-1&domain=pdf
mailto:wxmsuda03@163.com

Rizwan et al. Advances in Difference Equations (2019) 2019:85 Page 2 of 31

sciences. Progressively, fractional differential equations play a very important role in ther-
modynamics, statistical physics, viscoelasticity, nonlinear oscillation of earthquakes, de-
fence, optics, control, electrical circuits, signal processing, astronomy, etc. There are some
outstanding articles which provide the main theoretical tools for the qualitative analysis
of this research field, and at the same time, show the interconnection as well as the dis-
tinction between integral models, classical and fractional differential equations; see [1, 5,
13,17, 19, 22, 25-27, 29].

Impulsive fractional differential equations are used to describe both physical and so-
cial sciences. Also they describe many practical dynamical systems such as evolution-
ary processes, characterized by abrupt changes of the state at certain instants. In the last
few decades, the theory of impulsive fractional differential equations were well utilized in
medicine, mechanical engineering, ecology, biology and astronomy, etc. There are some
remarkable monographs [8, 11, 18, 32, 33, 35-37, 39, 41], which consider fractional differ-
ential equations with impulses.

Recently, many mathematicians devoted considerable attention to the existence, unique-
ness and different types of Hyers—Ulam stability of the solutions of nonlinear implicit frac-
tional differential equations with Caputo fractional derivative, see [4, 6, 7].

Wang et al. [34] studied generalized Ulam—Hyers—Rassias stability of the following frac-
tional differential equation

‘D x(t) = f(t,%(t), te(ti,si],k=0,1,...,m0<a<]1,
x(8) = gt x(t),  te€ (k-1 bkl k=1,2,...,m.

Zada et al. [38] studied existence and uniqueness of solutions by using Diaz—Margolis’s
fixed point theorem and presented Ulam—Hyers stability, generalized Ulam—-Hyers sta-
bility, Ulam—Hyers—Rassias stability, and generalized Ulam—Hyers—Rassias stability for a
class of nonlinear implicit fractional differential equation with noninstantaneous integral

impulses and nonlinear integral boundary condition:

°Dg x(t) = f(t,x(¢), °Dg ;x(2)), t € (tx,s),k=0,1,...,m,0<a<1,te€(0,1],
x(t) =15, . E(t,x(0),  te (st k=01,...,m,
x(0) = 7 foT(T —8)* (s, x(s)) ds.

Motivated by [34, 38], we consider the following nonlocal boundary value problem of non-

linear implicit fractional Langevin equation with noninstantaneous impulses:

<D (<D, + 1)x(2)
= f(t,2(£),Dg,(°Df, + 1)a(£))
+f (t}szg)_lf(s,x(s))ds, t€ (sl k=0,1,...,m, (1)

x(f) = gk (t,x(2)), te€ k-1, k=1,2,...,m,
x(0) = xo, x(T)=6 [ %p(n —sPx(s)ds, 0<n<T,

where °Df , and CDg’t represent classical Caputo derivatives [5] of order « and g with the

lower bound zero, 0 = £y < Sg <t;] <81 < -+ <ty < S = T, T is the free fixed number and
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AeR\{0},0<o,B<1,0<a+pB<2,0,p>0,x0,0 are constants, f: [0,7] x Rx R > R
is continuous and g : [sk_1,£] X R — R is continuous for all k = 1,2,...,m.

In Sect. 2, we create a uniform framework to originate appropriate formula of solu-
tions for our proposed model. In Sect. 3, we study the concept of generalized Ulam-—
Hyers—Rassias stability of Eq. (1.1). Finally, we give an example to illustrate our main re-
sult.

2 Solution framework of linear impulsive fractional Langevin equation
Let J = [0,7] and C(J,R) be the space of all continuous functions from J to R, and
the piecewise continuous function space PC(J,R) = {x: f — R:x € ((tx, tx-1), R), k =
0,...,m and there exist x(¢;) and x(¢£{), k = 1,2,...,m with x(¢) = x({)}.

In the current section, we create a uniform framework to originate an appropriate for-
mula for the solution of impulsive fractional differential equation of the form:

CDS‘,t(”Dg,t +M)x(t) =f(), te s, k=0,1,...,m0<a,B<1,
x(t) =ge(t), te(siontl,k=1,2,...,m,
x(0) = xo, x(T) = 617x(n)

where Ix(n f(; (77 — s lx(s)ds, O<n<T.

(2.1)

We recall some definitions of fractional calculus from [17] as follows.

Definition 2.1 The fractional integral of order « from 0 to ¢ for the function f is defined
by

1 t
IIft) = —— / () t-s)"1ds, t>0,a>0,
of I'(@) Jo f
where I'(-) is the Gamma function.

Definition 2.2 The Riemann—Liouville fractional derivative of fractional order o from 0
to ¢ for a function f can be written as

LG f (1) =

ds, t>0,n-1<a<n,

1
F(n a) dt”/ (t—s)”‘*1 "

where I'(-) is the Gamma function.

Definition 2.3 The Caputo derivative of fractional order « from 0 to ¢ for a function f
can be defined as

1 t
‘DY f(t)= ——— [ (t—5)"""f"(s)ds, wheren=[a]+1
/0= s [ -9 o]
Definition 2.4 The general form of classical Caputo derivative of order o of a function f
can be given as

n-1

cDg‘t:LDg’t(f(t) ij (O)) t>0n-l<a<n.
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Remark 2.1
(i) Iff(-) € C™([0, 0),R), then

Lo _
Do )= 1 a)/ (t-s)wlmds

=[50, t>0m-l<a<m.

(i) In Definition 2.4, the integrable function f can be discontinuous. This fact can lead

us to consider impulsive fractional problems in the sequel.

Lemma 2.1 ([22]) Leta >0, >0, and f € L'([a, b]). Then

I°IPf(t) = Ia*ﬂf(t),cngt(CDg,tf(t)) =Dy, f(t) and I°D§f(t)=f(t), t¢€a,b]

Lemma 2.2 Function x € PC(J,R) is a solution of (2.1) if and only if

r(a1+,a) Jo (&= 9)**F-1f (s) ds - %ﬁ [t - 5)P1x(s) ds
— s Jy (T =) P 1f(s) ds + 80— [T (T = )P x(s) dis

rp+yr
b s =) P (s) ds
— S [~ 9P x(s) ds
- (%W —L)xo, t€(0,50];
ey fo (6 = s) P s)ds — 25 [1( — )P~ x(s) ds
x(t) = * ﬂ+1 _tfurﬁ fo —5)*Pf(s) ds A%f]i_t fo Lx(s) ds

AP ~tP) 1
r(B+1) ﬁk (a+B+p) fO (77 _S Ot+/3+17 f( )
O AL, —tP) -

+ (ﬁi—l—kﬁ-i-p) fO (T] —S)ﬁ+p 1&'C(S) ds

B
(e —th (onP r(p+1))_k) (tk—s D,ﬂg 1f(s)ds

(A ﬁ"‘l) F(p+l) Dt+ﬁ
(¢ t 4 ~

-(a kﬁ+l)(9nr(£+(117)+1 - _f} f,,tk(tk —5)P1x(s) ds
t —tP) P

(A | +1)(%+(11’)+1) - Dgr(te),  t e (trskl;

(), te(sientl,k=1,2,...,m

Proof Let x be a solution of problem (2.1).

Case 1. For t € [0,s0], we consider
CDg,t(CDg,t + A)x(t) =f(t) withx(0)=xy and x(T)=060Fx(n).

After using fractional integrals I% and I? for the solution of the above fractional Langevin
equation, we get

B
() = I F(8) — AP x(t) (ﬂt 5- (2.2)
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Using boundary conditions, we obtain

x(t) = 1 /t(t —5)*PLf () ds — FL,B /Ut(t —s)Px(s) ds

T'(a+B) Jo
AtP
T T(B+ 1D (a+p)
AALP
F(ﬂ)F B+1)
OALP
"TB+ )+ p+p)
0 ArtP
= B+p-1
FW+1F$+p/X"S) #s)ds

A@n? - T'(p+ 1)t )
‘( Fp+ I (B+1) >"°’

T
/ (T - 5)**P-1f(s) ds

/(T 8P x(s) ds

/ (n— ) P11 (s) ds

€ [0, So].

For ¢ € (so, t1], x(¢) = g1(¢).
Case 2. For t € (t1,$1], we consider

CD‘(’)‘,t(‘Dg,, +2)x(t) =f () witha(t;) =gi1(t1) and x(T) =61 x(n).
Since x(t1) = g1(t1), Eq. (2.2) is of the following type:

Cotf
rp+1)

ai(t) =I"Pf(t) — AP x(t:) -

Using boundary conditions, we get

x(t) = F(a1+ 5 /t(t—s)wﬂ—lf(s) ds — FL/S /Dt(t — 5P x(s) ds
s T e
B % 0 (T = 9" a(s) ds
B
g f?)(lti(; iﬂ,)s +p) 0”(n - 8)* PPl (5) ds
HAA(tl —tP)

n
o=\ "7 _ B+p-1
F(ﬁ+1)1"(ﬂ+p)/ (n =)™ als) ds

() 1) (617 ~T(p+1) 1 h a+f-1
+<AF(/3+1)< I'(p+1) >_’\)1~(a+ﬂ) A (t1 —8)*""f(s)ds

(ty —2") (6w -T(p+1) A8 p-1
_<AF(/3+1)( I'(p+1) )‘1)1?/3/0 (&1 =) x(s)ds

Py (P —T(p+1)
i} (A T+ 1)( I'(p+1) ) ) 1>g1(t1)’

Generally speaking, for ¢ € (sk_1, tx], x(¢k) = g« (¢).



Rizwan et al. Advances in Difference Equations (2019) 2019:85 Page 6 of 31

Case 3. For t € (ty, sx], we consider
CD‘(’)‘,t(CDg,t + A)x(t) =f(¢), withx(fx)=gk(tx) and x(T)=60x(n).

By repeating again the same process, we have

_ 1 ! a+pf-1 _ - _ p-1
x(t) = 7F(a+,3)/0(t s) f(s)ds / s)P~x(s) ds

' % / 195
%/ (T - 5)P " x(s) ds
(B f?)(f(; i“ﬂ+p)/ (7 — 872711 (s) dis
Ty | 0o

(tf_tﬂ) b ~I'p+1) 1 * a+p-1
+<AF(ﬂ+1)< Tp+1) )‘A>m/0 (tx =8)*"P 7 f(s)ds

(tltj_tﬂ) On? —T'(p+1) A t -
_<AF(,3+1)< I'p+1) )‘1>F—5f0 (tx — )" x(s) ds

(t—tP) (o9 —T(p+1)
_<AF(ﬁ+1)( Ip+1) )_1>gk(tk)’

r+1)rpB+p+1)

F(B+p+ D0 = (B + DonPr + (5 + Def (L D)

where

A =

with £/ = 0 for ¢ € [0,50] and £} #0, for ¢ € (tx,5¢],k = 2,3, ...

Conversely, one can verify the fact by proceeding the standard steps to complete the
proof. d

3 Generalized Ulam-Hyers-Rassias stability
Using the ideas of stability in [24, 31], we can generate a generalized Ulam—Hyers—Rassias
stability concept for Eq. (1.1).

Let €,% > 0 and for a nondecreasing ¢ € PC(J,R,) consider

°Dg (Dl + M)x(t) — £ (&, %(2), °DE, (DY, + M)x(e))| < (),
te(te,skl,k=0,1,...,m0<a,B <1, (3.1)

B_B
G (O LRry _pye (b x(E)] < Y, tE (St bk =0,1,...,m

|x(2) - (A TED\ T+

Remark 3.1 A function x € PC(J,R) is a solution of the inequality (3.1) if and only if there
is G € PC(J,R) and a sequence Gy, k = 1,2,...,m (which depends on x) such that
@) 16O <), te]and |Gk| <V, k=1,2,...,m,



Rizwan et al. Advances in Difference Equations (2019) 2019:85

(ii) °Dg, (D, + M)x(t) = f(t, 2(t),° DS, (Dl , + M)x(t)) + G(8), t € (tr,5¢], k= 1,2,...,m
(i) x(2) = ge(t, () + Gr, t € (sp_1, t), k= 1,...,m.

Definition 3.1 Equation (1.1) is called generalized Ulam-Hyers—Rassias stable with re-
spect to (¢, ¥) if there exists cf4,,4,0 > 0 such that for each solution y € PC(/,R) of in-
equality (3.1) there is a solution x € PC(J,R) of Eq. (1.1) with

9(8) = %(t)| < crapeie(0@® +¥), tel.

Remark 3.2 If x € PC(J,R) is a solution of inequality (3.1), then x is a solution of the fol-
lowing integral inequality:

j(e) - (A fkﬂil)(%) - gt x| < ¥,
te (st k=1,2,...,m;
lx(£) — %(0) — ﬁ fot(t — 8)** P11 (5, x(5), CDg’t(CDg,t + 1)x(s)) ds
+ FL/S fot(t — )P 1x(s) ds
+ wf)igi’aﬁ ST = )81 1 (s, x(s), “D (DL , + 1)x(s)) s

- 7Mt;+1 o T(T - $)BLx(s) ds + ﬂif“ﬁﬂm Jo (= )PP 1x(s) ds
B
% [ = 8)*+#-1f (5, x(5), ° D, (Dl , + 1)x(s)) dis|

< W fo (t—s)*"Plp(s)ds + 75 f (t—s)"1o(s)ds
et s o (T =)~ 1<p(s)ds+ Fal s [ (T~ )P x(s) ds
FEs s o 1= 9P g(s) ds
+ #ﬁw Jo =) B P 2p(s)ds, te(0,5];
1(0) — (1 - A D (L)) 0 (1 (1)
T Jo (€= )" B 1f (5,x(s),°Dg, (DY, + 2)x(s)) ds
2 ft(t—s)’g’lx(s) ds

3.2
_tﬁ ‘“/3 1 cpa (cnB (3:2)
f}+1 FEira o (T £ (s,%(5), DOt(D + 1)x(s)) ds
LA ~tP) YN
+ e Jo (T =5 als)ds - ﬁ+1k e Jo (1 =777 x(s)) ds
0A (L, —tP)

+ W fo =9 "‘*’3+1"1f(s,x(s),CDg‘,t(CDg,t + A)x(s)) ds
t]lf th (0)’)[’ I'(p+1) ) )\.)

- (a5 rG) T
x a+[3 (b — )P f (s,x(5), DL (CDf, + A)x(s)) ds
(A tkéﬁ (PTm ) 1) 25 [t — )P 1a(s) ds|
= B Jolt=sy"F g o(s)ds+ 75 [, ‘e —s5)P g ()ds
9‘11“5;;;‘“’ T =90 ds + 7t ) (T =9 ) ds
+ Wfo (n—9)P*r1g(s)ds

57tﬁ
ﬁ+1)1" 01+/3+p) f S)OHBH’_I(D(S) ds

z‘g P) P
+(A kM (P ) = ) gy Jo k= 9)**P L (s) ds
tﬂ ) P _
+(A kﬂﬂ)(%ﬁ;”)—n%ﬁ St = )P () ds +
te (tk,Sk],k: 1,2,...,m

Page 7 of 31
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In fact, by Remark 3.1, we get

D, (°Df, + Mx(t) = (&, x(t), °DE,(Df, + Mx(0) + G(2),
te(tk,sk]k 0,1,...,m0<a,B <1,
)
x(t) = (A tkﬂin (ZL) — 1)gi(t, x(6)) + G
te (s, te,k=1,2,...,m

(3.3)

Clearly, the solution of Eq. (3.3) is given by

g Jo e = PN F (s, x(s), DS, (<Dh, + W)x(s)) + Gs)) ds
(,fnf;tﬂmﬁ)fo T = ) P1(f(5,x(5), ‘D, (<DL, + 1)x(s)) + G(s)) ds
% o T(T — 5)f~ x(s)ds — 25 f (&= s)P1x(s) ds

T aCay fo (n — s)+hr- l(f(s #(5),<DR (<DL, + 2)x(s)) + G(s)) ds

rB+1)I (a+p+p)
_oanp 1 OnP-I (p+1))tP
T(B+1)T (B+p) fO ,B+}7 x(s) ds - ( Tp+)C(B+1) l)x(), te (0’ SO]’

F(a+ﬁ fo 8P (s,x CDgt(CDgt+)»)x(s))+ G(s))ds
5[4 = 9P x(s) ds - ,ffﬂt+” ST = 5)P1x(s) dis
x(t) = A(tllf’tﬂ a+p-1 cna (cnB
+ Wfo (T -5s) (f(s,x(s),°Dg ,(“Dy ; + A)x(s)) + G(s)) ds
GA(ﬁftB) a+p+p-1 cpa (¢
- W fo (n-s) (f (s, (s), °Dg ,( D o + A)x(s)) + G(s)) ds
AM(Ef 1) . (
+ W 3= tats) ds + (AU Ty )

X W fo (tx — 8)*P1(F (s,x(s), cDgt(CDgt +1)x(s)) + Gls)) s
(A ey gy it 1) ds

(ﬂ+1) I'(p+1) rg
(-tP) gpp
(A kﬂ+1)(9np(£+(1f)+1 ) = Dgr(ti, x(tx)) + Gr,  t € (ti,sk),k=0,1,...,m
(P ~tP)  gpp
(A kﬁ_ﬂ)(%) l)gk(t)x(t)) + Gk: te (Sk—lrtk]yk =12,...,m

For t € (t,s¢), k=0,1,...,m, we get

‘x(t) r(a—+,s) / ( — )P (5,4(5), D, (DL, + 1)a(s)) ds

+ Fiﬂfo (¢ =) x(s) ds
A(t] - tP) T
rg+10)r(a+p)J
AA(t] - tP)
" T+ DI(P)

GA)»(tk — tﬂ) n sept
_m/o (=) 1x(s)) ds

OA(t] —tP)
F(,B + 1) (a+B+p)

@ —tP) (on? - T'(p+1)
_<Af(ﬂ+1)< Fp+1) )‘A)

(T —5)**P1f (5,x(5), °DS . (° Dy, + 1)x(s)) ds

/(T $)P1x(s) ds

/ (= )**B*P71f (5,x(5),° DS, (°Df, + 1)x(s)) ds
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a+p-1 cpa (cpnB
F(a+ﬁ)/ (tr — )PV f (s, %(5),“D, (“Dpy, + A)%(s)) dis

(& %) (On ~T(p+1) .
+(AF(/3+1)( T'(p+1) >_1)F_ﬁ/0 (tx — s)P~"x(s)) ds

(6 =) (00" = T(p+1)
+<A (ﬂ+D< T'(p+1) )'1>&@bﬂ@»

/(t $)**P1G(s) ds )L /t(t—s)ﬁ_lx(s)ds

|7

+
A(tf_tﬂ T— a+p- lG
| |, T
_ B
+ %[ (T —s)P"'x(s) ds
GA(tk _tﬂ) ! a+B+p-1
’ rB+1D)r(a+pB+p)Jo (n =) P G(s) ds
GAA(tk—tﬁ sapt
' (,3+1—,3+p)/( — )P x(s) ds
(6 — 1) (6n = T(p+1) "
' ( F(ﬁ+1)( 'p+1) >_)L)F(a+13)/ (tx = 5) G(s)ds
(tf —t#) (0" = (p+1) A [ o
' (Ar(ﬂ+1)( I'p+1) )_l)r_ﬁfo (tx —5)" " x(s)) ds| + |Gyl

' _ a+p-1 L ¢ _ p-1
< F(a+ﬂ)/0 (t-5s) <p(S)ds+Fﬁ/;(t $)P1x(s) ds

At] - tP)

L A =)
"TE+ 1))
GA(tﬁ —th)
"TE+ O prp)
_ﬁéﬂg___
FW+UFw+m

(t,‘f —tP) (On? - 'p+1) t wrpt
+(AFW+IK: T'p+1) >‘*>Faj§yé(@—9 @(s)ds

(tf—tﬂ) ot —I'(p +1) PR o
+<AF(/3+1)< T'p+1) >_1)F_ﬂfo (T —8)" " x(s)) ds + .

T
/ (T = )71 (5) ds

/ (T - 5)Px(s) ds

/ (n —s)* PP (s) ds

/ (n - )P x(s)) ds

Proceeding as above, we derive

<Gkl =,

t —t°) (607 =T (p+1)
x(t) - <A rg+1) < Fp+1) ) - 1)gk(t,x(t))

t € (sk-1,t),k=0,1,...,m,
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and

AOn? — T (p+1))tP AALP T -1
’“”‘(1 FESVACESY )" FErEeD fy T s

A -

+F—ﬂ/0 (t—s)"x(s)ds

1 ‘ a+p-1 cha (cpnB d

_ F(T‘Fﬁ)/ (t —5)*P7f (s,x(5),°D§ , (“Diy,, + 1) x(s)) dis

m f (T - 5)**P1f (5,x(5), DS, (Dl , + 1) x(s)) dis
_ O AtP

FB+ Dl a+p+p) Jo

N 0 ArtP
r+1n)re+p J

/(t $)**P1G(s) ds

n(n — s)“*ﬁ""_lf(s,x(s), ”Dg}t(cDg,t + A)x(s)) ds

n(n — )PP x(s) ds

“lram

[rgeiraes ), e

* W/ (7=t

' Fﬂ/ b+ (,3+1)91§(i+/3+p) /On(”‘s)mﬂ””lG(s)ds
* p(ﬁ#% On(n—S)f’*"‘lx(s)ds

1 ! _ atp-1
57F(a+ﬂ)/o (t-s) o(s)ds

AtP T g
+mfo (T - 5" g(s) ds

AALP T -
CFErEeD J, T

- ‘ _ )81 QAtﬂ ! _ outBp-1
"Tp ), x(s)ds+F(ﬂ+1)F(a+f5+p)fo (=T els) ds

0 AP n sept
+m/0 (n—8)""*"x(s)ds, te(0,s0].

4 Main results via fixed point methods
In order to apply a fixed point theorem of the alternative for contractions on a generalized

complete metric space to achieve our main result, we want to collect the following facts.

Definition4.1 Foranonemptyset V,afunctiond: V x V — [0, 00] is called a generalized
metric on V if and only if d satisfies

o d(vy,vp) =0ifand only if v; = vy;

o d(vi,va) =d(va,v1) for all vi, vy € V;

o d(vi,v3) <d(v1,v2) +d(ve,v3) for all v, vy, v3 € V.
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Lemma 4.1 ([9]) Let (V,d) be a generalized complete metric space. Assume that T : V —
V' is a strictly contractive operator with the Lipschitz constant L < 1. If there exists a k > 0
such that d(T*'v, T*v) < oo for some v in V, then the followings statements are true:

(B1) The sequence {T"v} converges to a fixed point v* of T;

(By) The unique fixed point of T is v* € V* = {u € V such that d(T*v,u) < oo};

(Bs) IfueV*, then d(u,v*) < ﬁd(Tu, u).
We can introduce some assumptions as follows:

(H1) feC( xR x R,R).

(Hy) There exists a positive constant Ly such that
[f(t, uy, ) —f(t, uy, u'g)‘ < Lg luy—uy| +Zf2|u'1 —ip|, foreachte] andall uy,u; € R.
(H3) gk € C(sk-1,t] x R,R) and there are positive constant Lg, k = 1,2,...,m such that
|gk(t,u1) - gt u2)| < Lgluy —us|, foreacht e (sx_1, 4], and all ui,u; € R.

(Ha) Let ¢ € C(J,R,) be a nondecreasing function. There exists c, > 0 such that

</t(§0(s))ll’ ds)p < C,p(t) foreachte]. (4.1)
0

Theorem 4.2 Suppose that (Hy) and (H,) are satisfied and also a function y € PC(J,R)
satisfies (3.1). Then there exists a unique solution x of Eq. (1.1) such that

g Jo = )P f (s, x(s), “Dg (D}, +,\))x(s) ds

B
—Flﬁftt—sﬁ1 x(s) ds + ﬁk)?fﬁﬂ)fo - x(s) ds
Al [ (T =) f (s, (), “Dg‘t(cD L+ 1))x(s) ds

B
(lgj)Aitww [0 = 8)*+ P71 f (5, x(5), ° D, (Dl , + 1))x(s) s

LYY 1 (OnP—I (p+1))tP
TG+ (Bp) fo (n = 5)P*x(s) ds — (= T+ DI (B+1) -1,
te (0’50]1

g ot =) P f(s,x(5),°D§ (DY , + 2))x(s) ds
(- 5)P'x(s) ds

M) = +7(§flﬂ‘tf”5 ST = )71 (5, 1(5), DR (DL, + 3))(s) s (4.2)
LA L
% 07 = )PP f(5,x(5), DR DL, + 1))(s) dis
% S0 P x(s) ds + (A @ii(%,%)—x)
(01+/3) Kty — 5)7 P (5,x(9), CDgt(‘D + A))x(s) ds
~(a tf;i?(%) D2 %t -5 2(5) ds
—(A a;li(%) Dt x(8)), ¢ € (sl k=1,2,...,m

gt x(t),  te(si-ntl,k=1,2,...,m
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and

Cy 1-r = a+B-r MGy (11 o B-r
’y(t)_x(mi{F(a+ﬂ)<a+ﬁ—7‘) ‘ +F—,3<ﬂ—’"> ‘

L ACH -1 ( 1-r )T,s
r+1)ra+p)\a+B-r

AACw(tf—tﬁ)<1—r)1_r .
+
r+nre)\p-r

. OAC,(t - tP) 1-r "7 prr
r+)Ir'(a+B+p)\a+B+p-r g

C,0 AL(E, - tF) ( 1-r )P’ﬁwq
.
r+)rp+p)\p+p-r

t—t%) (onr —T(p+1)
+<AF(/3+1)< o+ D) )‘A>
Cy 1-r l_ra+/3—r
XF(oz+,3)<oc+,3—r> Z

tf —tP) (6mP + T(p+1)
+<AF(ﬂ+1)< Tp+1) >_1>

1-r

Xk_@(l—r) t,’f_r+1}
rg\p-r

<<p(t)+1ﬁ>
X

1-M

forallte] ifO<a< B <1, with

M = max{M,M>} <1,

where

M 1 1-r H(L C,+1;C,)s2 "
= max + S
1 Ta+p) \a+pB—r fi'e T Lh )0k

A0 <l_>ﬁ
rg B—r

A(t] - tP) ( 1-r
+
ré+1)r(a+p)\a+B-r
oA - tP) 1-r
"TB )@+ B+p) (

ngo(t)GAk(t,’f—tﬂ)( 1-r )1" Sipr
r+0r+p \B+p-r) "

-ty (6mP —T(p+1)
+<AF(/3+1)< Fe+ D) )‘A)

! 1-r H(L C,+LyC)e "
X +
F(ot+/3) ot+,3—r fi ~o fo o) b

1-r
) (L; Cp + Ly, Cp) TP

1-r
L. C i C o+pB+p-r
a+ﬂ+p—r) (LaCy +LpCyln

(4.4)
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xauf—tﬁc¢¢u)(1—r)l’7¢4
r@e+nre) \p-r

& —tP) (onr + T(p+1)
+<Ar(ﬂ+1>< Ip+1) )‘1)

ACo0®) (1-r\"" 4,
x( q;(p()( r) t,’f_ +Lgk>suchthatk:l,Z,...,m},

rg B-r

L L A
M, = max _h sZJ"S+—f2 si+’3+
Fa+pB+1) Foe+p+1) rp+1)

A(t] - tP)Ly
+
r+)rr(a+p+1)

A(t] - tP)L, wp . M —tP)
+ —_—
r+1)rr(a+p+1) rg+1)rp+1)

oAt - tP)Ly,
n
r+1)r(a+B+p+1)

NG wspop OAA(E] —tF)
n
r+1)rr(a+B+p+1) rg+1)r@B+p+1)

t—t#) (onr —T(p+1)
+<AF(/3+1)< o+ D) )_k)

Lfl a+p l_'fz a+fB
><(I"(oz+,3+1)tk +1"(oz+,6+1)tk )

& —tP) (onr —T(p+1)
+(AF(ﬂ+1)< Tp+1) )_1)

A
X (mt}f +Lgk> such that k = 0,1,...,m}.

B
Sk

o+

B

a+B+p

B+p

Proof Consider the space of piecewise continuous functions
V= {g :J — Rsuch thatg € PC(],R)},
endowed with the generalized metric on V, defined by

d(g,h) = inf{C1 +Cy € [0, +00]

such that |g(t) - h(t)| <(Ci + Cz)((p(t) + 1//) for all ¢ e]},
where
C e {C € [0, 00] such that |g(t) - h(t)| < Co(t) forall t € (¢, s¢], k=0, 1,...,m}
and
Ce {C € [0, 00] such that |g(t) —h(t)| < Cy forall t € (sg_1, ], k = 1,2,...,m}.

It is easy to verify that (V,d) is a complete generalized metric space [19].

Page 13 of 31
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Define an operator A: V — V by

ﬁ it = 9)*+B1f (s,x(s), °DE ,(°DE , + 1))x(s) dis

p
f (t—s)P ! (s)ds+ lAtﬁH) fo — )P 1x(s) ds
8
rom“ O [T = )51 (5,(5), <D (D, + M))x(s) ds
SR -V
L (B+1)I (+B+p)
0P fo (n = 5)P*P1x(s) ds — (M ~1)xo

T B+ (B+p) T (p+1)I(B+1)
te (O,S()],
ﬁ Jo (= 9)* P11 (s,x(5), ‘Dgt(cDﬁ +1))x(s) ds

B_
2y J1e = 9P x(s) ds — pp it [T(T = 9/ 1x(s) ds

Ax)(t) = —t
(Ax)(¢) + Wflﬂsfo (T - )a+ﬂ—1f(s x(s), CDgt(CD +1))x(s) ds

t e (ty,sel,k=1,2,...,m,
gt %),  te(si-utl,k=1,2,...,m

oA (0 — )™+ BPL (s, x(s), “DE (<DE , + 1))x(s) ds

- % [0 = sy B =1 f (s, x(s), cDg,(CD + A)x(s) ds
iﬁﬁ‘—ﬁ,fp S = 9P L) ds + (A D =ren
iy St = 5P s, x(5), DG (<D + M)ae(s) dis
(AT ) (g, - 5)1a(s) ds
~(AYED @T ) gy (4, x(40),

(4.6)

for all x belongs to V and ¢ € . Obviously, according to (H;), A is a well-defined operator.
Next we shall verify that A is strictly contractive on V. Note that according to definition

of (V,d), for any g, h € V, it is possible to find C;, Cy, C3, Cy € [0, 00] such that

Cio(t), te(tiskl,k=0,...,m,

g() - h(1)] <
CZw’ te (Sk—l’tk]’k = 1,...,1’}’1,

and

°Dg,(°Dj, + 2)g(s) — DS, (°Dhy, + 1) h(s)]

C3§(t) = C1¢(t), te (tk»Sk])k =0,...,m,
C4§(t) < Czl/f, te (Skfl,tk],k = 1,...,1’}’[

From the definition of A in Eq. (4.6), (H>), (H3) and (4.7), we obtain that
Case 1. For t € [0, 5],

|(A9)(®) - (Ah)(©)|

1 ! a+f-1
ST A
x |f (5,8(5),°Dg,(“Dfy, + 1)g(s)) —f (s, 1(s), ° D, (°Dfy, + 1) i(s)) | ds

i ‘ _ B-1 _ A—tﬁ r _ jatp-1
+F13/0(t s) |g(s) h(s)|ds+1“(,6+1)1“(a+ﬂ)/o (T -5s)
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x |f (5,8(5), °Df (DG, + 2)g(s)) = f (5, 1(s), D5, (Dp, + 1) (s)) | ds

LALP T
_ A o
"TErE+D /0 (T ~5)"""|g(s) = h(s)| ds

O ALP n
_ a+Bip-1
+F(,3+1)F(Ol+ﬂ+P)/o (=5

x |f(s,g(s), CDg,t(CDg,t +1)g(s)) = f (s, h(s), ”Dg}t(CDgt +A)h(s))| ds

0 ALLP U]
e — _ q\Btp-1 _
+F(ﬁ+1)F(ﬂ+p)/0 (n =)' |g(s) = h(s)| ds

1 ! _ a+p-1
“Farp ) 9

X [Lf1 ‘g(s —h( s)‘ + Zfz !CDgt(”Dg,t + )»)g(s) - Cngt(cDg,t + k)h(s)‘] ds

- A—tﬂ T a1
"B (t )" lgls) - )‘d“r(ml)r(aw)/o -

x [Ly, |g(s - h(s)| +1, |”D8‘,t(”Dg,t +1)g(s) - CDg"t(”Dg't + A)h(s)|] ds

AALP T -
+W/o (T -9 |g(s) = h(s)| ds

O ALP n
_ a+Bp-1
+F(5+1)F(a+ﬂ+p)/o (=)

x [Lg |g(s) = h(s)| + Ly, |°DS,(Dhy, + 2)gs) — D&, (<D, + 1) hs)|] ds

0 ArtP

n
T i _ o\Btr-1 _
T (:3+1)F(,3+p)/ (n = 5)"*77|g(s) — h(s)| ds

a+p-1 N B-1
F(oz+,3)/(t 8)**7 " gls) - h(s)|ds+ /(t )Pt |g(s) - h(s)| ds

L
+ [‘(%j—ﬂ)/ (l’ — S)Ol+/3—1 iCDg't(CDg,t + )L)g(S) _ CDg,t(CDg,t + k)h(s)| ds

LflAt a+/3 1 Zsztﬂ
rB+1)r(a+p) / (T~ |g (S)’ds+F(ﬂ+1)F(a+;3)

X / (T —5)**P1D% (D}, + 1)g(s) — D&, (°Df, + M) h(s)| ds
0

N AALP
ryre+1).J
LfleAt
F(,B+1)F(0l+/3+l9)
szeAtﬂ
r+1r(a+p+p)

T
(T - s)f1 |g(s) - h(s)| ds

n
/ (n -9 g(s) — h(s)| ds

n
X / (- 5)**B*P-1|<DY (°Df, + 1)g(s) - °DE, (°D§, + 2)hs)| ds
0

0 ALLP U]
e — _ q\Btp-1 _
+F(ﬁ+1)P(ﬁ+p)/0 (n =)' |g(s) = h(s)| ds
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< leiflﬂ) ot(t—S)a+ﬂ_1|g0(S)|dS+ % /at(t—S)ﬁ‘1|<p(s)|ds
* P%?ﬂ) / (s “p(s)| ds
%/ (T =) o(s)|ds
+F£%%§Tﬁ/‘”“*W4W6M%
F(ﬁL-{2IC;IFA(Z+ﬁ)/ (T -9)*""g(s)| ds
T fq)CIifaAjﬂ ) /W(n — 5B o(s)| dis
T f?)cjiffiﬂ +7) /‘n(n — 5B ()| ds
C10 AP

TV T Iy _q)ptr-1
+p(5+1)p(/3+p)/ (n —s)P*® |<ﬂ(s)|ds

(oo a) (o)
() ([ o)
Loy ()
i s (rors)
e ([r-atta) ([ ')

Ly C10AtP U g 1-r
"TB+ )@+ p+p) </ (n=9) ds) (/ (¢(s))

L, COAL? n apip 1-r L
fo “1 t (/ (n_ ) ﬂ dS) (gD(S))rdS)r

Nl

g

T+ DI+ f+p)

0 AAPCy - L .
rB+1)IrB+p) (/ (n - s)”ds> (/ (¢(s)) )

<Lf1C1 w‘/’(t)( Lo )1 rtowﬁ r+Lf2Cl w¢(t)( 1-r >1rta+ﬁ—r
F'@+B) \a+B-r Fa+p) \a+p—r

ACICpo(t) ((r—
P <

1>1_rtﬂ_r+ Lf1C1C¢(p(t)Atﬂ < 1-r >1_rT01+/3—r
B-r rg+)ra+p)\a+p-r

Zf2C1C¢(,0(t)Atﬂ 1-r l_rTaJrﬂ—r CiCopOAALP (17 l—rTﬂ_r
F(,3+1)F(a+ﬂ)<a+ﬂ—r) + r'(B)C(B+1) (ﬂ—r)
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LflClegp(t)@Atﬁ L-r = a+f+p-r
r@+Hr@+p+p)\a+p+p-r

Ly, C1Cop(t)0 AL 1—r Hn‘” .
FrB+1)l(a+B+p)\a+B+p-r

QA)‘tﬁCICMD() ( 1-r >1_r B+p-r
F(,B"'I)F(,3+P) B+p-r

< { 1 < Lor >1 r(L L) 4 LALP <l—r>HTﬂ—r
"\ ra+B)\a+B-r fi T Lf)80 F(ﬁ)l"(,B+1) P
A fr-1 fer AP 1—r \7 s
" TP (ﬁ > % F(ﬂ+1)r(a+,3)( ) (L +Lp)T

a+pB-r

QAt/S 1-— 1-r _

+ r (Lf1 +Lf2)na+ﬁ+p—r
rg+\)r(a+B+p)\a+B+p-r

6 AtP 1—7r \'7
B+p-r
' rg+1nre +P)<,3 +p—r> = }Clcw‘/’(t)'

Case 2. For t € (si_1, tx], we have

|(Ag)t— (Ah)t| - |gk(t,g(t)) _gk(t’h(t)” = Lgk|g(t) - h(t)| < LagCov.

Case 3. For t € (tr,sx] and s € (¢, s],
|(Ag)() - (AR)(2))|

# ' _ a+p-1
= Farp ) 9

x |f(s.g(s), CD(O)‘,t(CDg,t +1)g(s)) = f (s, h(s), ”Dg[(CDgt +A)h(s))| ds

A ¢ -1 B A(tﬂ "
) P /(; (t=9" e -kl ds+ G v B rg+1)I(« +,3) / (T -3
x |f (s.(s), cDgt(cDgt + 0)(5) = (5, H(5) D8 (4DE, + 1)0s) | ds
)\.A(tﬁ —th) -
TGP ) (-9 gl9) - k9| ds
OA(L, - tP) n(
F(ﬂ+1)F(a+ﬁ+p) n-s)

a+B+p-1

X If (5,806, D (“Dh + 1)g9)) = f (s, 1), D (‘DG + 1)h(s)) | ds
M _ o\Bp-1 _
C BB ), M el — )] ds

(t ~ ") (6w ~T(p+1) L L
(ern () Mm@
x |f(s.g(s), CD‘(’)‘,t(CDg,t + A)h(s)) —f (s, (), CD‘(’)‘,t(CDg’t +1)h(s))| ds

(b — ") (60" = T(p+1) Ao [H p-1
+(AF(/3+1)( Cp+1) >—1>F—ﬁfo (tx = 9" g(s) = h(s)| ds
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(tﬁ —tﬂ) On? - I’ 1)
' (A Fiﬁ + 1)( : F(p+(p1)+ > - 1) (8o 8(t) - gt ()|

1 ! _ oJatp-1
SF(Ot+ﬁ)/o(t ?

x (Lp {g(s) - h(s)} +1Ly, |CD8‘t(CD§'t +2)g(s) - ”Dg[(CDgyt +A)h(s) ’) ds

B-1 M ' _ a1
" T8 (t e —hlds+ g i Jy T
(Lf1 |g - s)} + ifz |CD8‘t(CD§t + k)g(s) - ”Dg}t(CDgyt + A)h(s) ’) ds
AA(E] —t 41
F(/3+1)F(/3)/ (T =5)"" g9~ his)| ds

OA(t] —tP)
a+f+p-1

F(ﬂ+l)F(a+ﬂ+P)/ (1=3)

x (L |g(s) - h(s)| + Ly, |°D§, (CDgt +)g(s) - °Df, (CDgyt +A)h(s)|) ds

. 0 AL -
re+nr( ﬂ +p)

(tk_tﬂ) ﬂp—F(P"'l) 1 t a+p-1
+<A (ﬂ+1)< T(p+1) )_K)F(fﬁﬂ)/o (6 =)

x [Ly, |g(s) = h(s)| + Ly, ’CD‘(’)‘Yt(CDg‘t +2)g(s) - CDg,t(CDgyt +A)h(s)| ds

tf —tP) (6nP —T(p+1) A [ o
(F(ﬁ+1( rp+1) >_1)F_ﬁ/0 (tx =)'~ |g(s) = h(s)]| ds

(tf —tP) (OnP —T(p+1)
( kﬂ+1 ( nr(pipl; )‘1>|g(fk’g(tk))—g(tk,h(tk))|

f (n - 5P |g(s) - h(s)| ds

a+p-1 A g-1 b
Ty [ o -l g [l s

0l+/3)/ (£ 5)™F 1’CDgt(cDgt+)‘) (s)-“Dg (CDg,t+)»)h(s)|ds

ALfl (tk

ALy (8 - tP)
"TE+ 1)F(a +B)

a+pf-1 T i~ o
/ (T =57 |g(s) - h(s)| ds + B+ (a+p)

X / (T —5)**A-1 |”D8"t(cDg,t +1)g(s) - CDg,t(”Dgt +A)h(s)| ds

AA(t] -
F(ﬂ + l)F(ﬂ)
LiOA(LL - tF)
+
r+1)r(a+pB+p)
L6 AL —tP)
+
r+1)r(a+p+p)

/(T s)ﬂ1|g(s) h(s)|ds

/ (1= 5P |g(s) - h(s)| di

n
X / (- 8)**B*P-1|<DY (°Df, + 1)g(s) — DL, (°D§, + 2)hs)| ds

0 AL -

_ B+p-1
F(ﬂ+1)r(ﬂ+p) / (n =" g(s) = h(s)| ds
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& —t%) (69 - T(p+1)
+(AF(/3+1)( F(p+1) >_k>

3
f (tx — 5)*P71°Dg (D}, + 1)g(s) - °D§,(°Df, + A)h(s)| ds
0

Ly,
I'(a+p)

N T
+<AF(,3+1)< I'p+1) )_)L>F(a+ﬂ)_/(; (tx —3) lg(s) = h(s)| ds

BB _ K
() ) Lo s
0

rp+1) 'p+1) rsg
(D) s s
< Ff;—flﬂ) (=9 pls) ds + ol (e 9 pls)| ds
ACl/(z: 9P o(s)] ds + %[ (T = 5" ()| ds

ALy Cy( tk t8)
e/ Rt o/ SR
rg+1)r(a+p)

AClA(tk RN

"TE+ 1)1’(/3)/ (T =9 |o(s)] ds
Ly COA(LL - tP)

* F(ﬂ+1)F(a+ﬁ+p)/o (

if?cleA(tf - tﬂ) ! a+f+p-1
rB+OI(@+p+p) /0 (1= )PP~ g (s)| ds

eclA)\(tk —tf)

f (T = 5 (s)| ds

— g)¥rhr-l ’(p(s)‘ ds

n
(= s)""*"g(s)| ds

"TE+OIB+p) Jo
+ (A I(fgﬁ_fﬂl)) (anl:(;*ipl; 1)> x) le fl,B) _ )1 (s)| ds
( Ifiﬁ_i)(gnpf_(ﬂpl;l > A) Ffomﬂ)/ (1 =) ()] ds
( (tkﬂ_fﬂl) (9np1:(£+(p1)+ 1)) 1) ACl/‘ EI
(S OT0D) ey s
() ([ >

Lf2C1 l - 1- r< % )V

T p) (/ (t-9" ds) / (¢(s)

)\.C1 % 1-r t % r

" Tp </ (t=9) ds) (/ (v(5) )
B /3 -r T 1 r
A -G </ (T 5" ds> </0 (¢(s)" d >

"TE+OI@+p)
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t) —t")L,C wpt ([T N
+F(,3+1)F(ot+ﬂ)</ (T-5)" dS) </0 (¢(s)) ds>

)»A(tﬂ - s 1-r T | ,
Crenr (9T ) ([ o))

QA(tk - tﬂ)Lfl Cl n a+/fi-f—l
F(ﬂ+1)F(a+/5+p)</o (=9 s

QA(t,‘f ~tP)L;, Cy n aspip 1-r , pn Y
B+ (a+B+p) </ (n=3) ds) (/0 (0() ds)

Clem(tk—tﬂ) Bt n I
F(B+DI(B+p) (f r=5) ds) (fo (v(5) ds)

(A (tk—tﬂ) <9nP—F(p+1)> )
rp+1) p+1)
Lflcl tk a-{ rl %
) (a+ﬂ)< (=9 ) (/ )
. (A (& — %) <9np—r(p+ 1)) A)
rp+1) 'p+1)
Zf2C1 tk a-{ rl %
(a+ﬁ)< (t=9) ) (/o )
(A(tf-tﬂ)< np+r(p+1)> 1)
rp+1) Fp+1)

|

5([Caaa) ([0

(t —tP) (o9 = T(p+1)
’ (A T+ 1)( Tp+1) > i} 1)Lgkczw
_LiGiCe®) ( 1-r )1"ta+ﬁ_r . Ly CiCyp(t) ( 1-r )1"ta+ﬁ-r

I'a+p) \a+B-r F'a+pB) \a+B-r

2C1Coep(t) (1 -
TTTp <

r>1_rtﬁ_r+ A(tf —L‘ﬂ)Lflclcwﬁl’(t)( 1-r >1_rTa+/3—r
B_r r+re+p) \a+p-r

At} - tP)Ls C1Chp(2) ( 1-r )HTM_V
rg+1)r(a+p) a+pB-r

AA(L — tF)C1Cpp(t) ( 1- r)lfTﬁ_,
rp+1re) B-r

N GA(tk —tP)L; C1Cp(t) 1-r 14 a+pp-r
B+ (a+B+p) \a+B+p-r !

(tk ~ tﬂ)LfZ G (/’(D(t) ( 1-r )1—” a+f+p-r
rg+1)r(a+p+p) \a+B+p-r

C1Cp(H)O AL, — tﬁ)( 1-r )1—’ Bipor
r+0r@B+p \p+p-r) "

A(t,‘f—tﬁ) o ~Tp+ 1\ \LiCiCpl) ( 1-r 1-fta+ﬂ_,
+( F(ﬁ+1)( rp+1) >‘> [a+p) <a+ﬁ—r) «
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tf—tP) (onP —(p+1) ) CiCop 1-r ”twﬁ_,
+( F(,3+1( Tp+1) > )F(a+ﬁ) (a+ﬁ ) k
t, —tP) (o + T(p+1) 1C1 (p(p(t) ’tﬁ_,
(o (M) )R ()
(t —tP) (o9 - T(p+1)
( ﬂ+1< Fp+1) ) )gkczw

< 1-r l—r(L Z )a+ﬂ—r L 1-r rﬁ—r
(a+,3) a+B-r fi T Ao +F/3 B-r K

At] - tP) 1—r
B+ o+ p) <

GA(tk _tﬁ) 1-r = 7 a+f+p-r
F('B+1)F(a+ﬂ+l9)<06+,3+p—r) (L + L™ P

O AA(t, —tF) ( 1-r )Hnﬂw
r+H)re+p\p+p-r

(& —tP) (o9 = T(p+1)
+<AF(/3+1)< Ip+1) >_k)

1 1-r \'™" b M -tP) (1-r\"7T
Xl“(a+ﬂ)<a+ﬂ—r> L+ Lp)y F(ﬁ+1)1“(/3)(/3—r) r

(tf —t%) (00 + [(p+1) o (1=r\'
+<A1—v('3+1)< T'p+1) )_1)(1"—/3(,3—1”) k +Lg1<)}C

x (C1+ Co)(p(t) + ).

1-r
Ly +Lg) TP
o +ﬁ _r) ( fl fZ)

Also, for t € (t,s¢] and s € (s_1, &], we have
|(Ag)(®) - (AR)(@)|

1 ! _ o+p-1
IR

x |f (s,g(s), D&, (<D§, + 1)g(s)) — £ (s, h(s),* DL, (°D§, + 2) h(s))| ds

+ L/t(t—s)‘g1 |g(s) —h(s)|ds
A(tk —tP) a+p-1
,B+1)Fo:+/3/(T )

x |f (s, g(s),cDgt(‘Dgt +2.)g(s)) = £ (s, h(s),*DE, (°D§, + ) hs))| ds
AA(tk tﬂ) o1
QA(tk _tﬂ) _ atfip-1
"TE+ DI+ prp) / (=)
x |f (s,g(s), D (CDgt +2)g(s)) — £ (s, h(s),*DE,(°D§, + 2) hs))| ds

QAA(tk .
m / (n =)' g(s) = h(s)| ds




Rizwan et al. Advances in Difference Equations (2019) 2019:85

(=t (6 =Pl ) 1 * a+p-1
+(AF(;3+1)( rp+1) >‘*>m/0 (& — )

x |f (5,g(s),°DE, (<Df, + 1) h(s)) —f (s, h(s), DL, (Dl , + 1) h(s)) | ds

B _ 8 _ U
+<A (t; t)(@,,p r(p+1)>_1)r%/o (6 — ) |gs) - h(s)| ds

rB+1) T'p+1)
(t —tP) (o9 - T(p+1)
' (A rE) ( T ! 5 ) ) 1) oli2160) =g e )

1 ! _ o+p-1
< g ]9
X [Lf1 |g(s) - h(s)| + ifz |CDg’t (CDgt + k)g(s) - “Dy, (CDgt + )L)h(s)|] ds

i ‘ _ -1 _ A(tk a+f-1
+I"ﬂ/(;(t s) |g(s) h(s)|dS+F(/3 1)1"(a+,8)/ (T-3s)

x [Lg |g(s) - h(s)| + Zfz |CD"‘ (CDgt + k)g(s) - CDo"t(CDgyt + A)h(s)| ds

AA(t] -

m/ (T =) |g(s) - h(s)| ds
GA tk _tﬁ a+B+p-1

F(ﬂ+1)r((x+ﬁ+p)/(n s) p-

x [Ly,|g(s) - h(s)| + Ly, D%, (D}, + 1)g(s) - °D§, "Dy, + A)h(s)| ds

0 AA(E] -
F(ﬂ + l)F(ﬂ +p)

(& %) (6n ~T(p+1) s
+(AF(/3+1)( I'p+1) >_)L>F(Ol+,3)/o(tk_s)

x [Ly|g(s) = h(s)| + Ly, |*DG, (“Df, + 2)g(s) = °Df (°Df, + 2)(s)| s

(tk_tﬂ) On? - I'(p+1) A [t o
( ﬂ+1)< I(p+1) )_1>1~_5/0 (tx = 9)° " |g(s) = h(s)| ds

(& —tP) (onP —(p+1)
( p(ﬂ+1<n pipl; > 1)‘g(tkrg(tk))_g(tk:h(tk))‘

/ (n - 57| g(s) - h(s)| ds

— a+p-1
_F(a+,3)/(t s) |gs) h(s)|ds

L
2 / (t—s)*F ! }CDg,t(”Dg,t +1)g(s) - CDgyt(”Dg,t +A)hs)| ds

I'(a+B8) Jo
+ F_,B t(t—s)ﬁ_1 |g(s) —h(s)| ds
ALfl(tk ot+/3 1
+—(ﬂ+1 Fa+B) / (T - |gs) h(s)|ds

ALy (¢ - tP)
rB+1DI(a+p)

X / (T —5)**P-1[D% (D}, + 1)g(s) — D&, (°Df, + A)h(s)| ds
0
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’ FB+DI'(a+B+p)Jo

TTEOIB+p) Jo
+<A K
r
XF(OHﬁ) 0
+<A
fi
“T@+p Js
+<A
+<A

(o

+ (A (tf _ tﬁ)

(2019) 2019:85 Page 23 of 31

AA(t] -
F(ﬂ + l)F(ﬂ)
LfJGA(tk —th)

/(T s)ﬂ1|g(s) h(s)|ds

/ (n - 5)<#*71|g(s) - h(s)| ds

L0 A —tF)

" r+1)Ir(a+pB+p)

n
X / (n —s)* Pt ‘”Dg’t(cDg’t +A)g(s) - CDg't(”Dg‘t + 1) hs)| ds

0

OALE, —tF) [

(-5 g(s) - h

(s) | ds

(tf - tP)

On? —TI'(p+1) N
( [(p+1) ) - )
[ =08 408, (Dl 21619 D8 (Dl + 2009 s

On —TI'(p+1) N
( I(p+1) ) - )

/ k(tk —8)** g(s) - h(s)| ds

On’ —T'p+1) L[k -1

( —— ) - 1) [ -0 -

Onf —I" 1
( . I ipl; )> - 1) ¢ (0 &(tx)) — gt (1)) |

(B+1)

(&l - tP)
rg+1)

(& - %)
rB+1)
(& - %)
rep+1)

‘ds

t
FL’(’;CfZ) (t—s)**P1ds+ f2 2‘” / (t—s)*P1 ds
Cﬂ” B-1 ALﬁCZW(tﬂ -t a+f-1
/(t_ S ds+ rB+)Ca+p) ) ( )" ds
Aszcﬂ/’(tk ) a+ﬁ 1
F(/S+1)F(a+ﬁ)/ (T ds
ACzwA(tk —tﬂ)/ (T — 51 ds
rB+1)r(
Ly Czl/feA(tk - tP) a+Bap-1
F(ﬂ+1)F(a+ﬂ+p)/ (=50 ds
Ly, o AL —tF) wipip-
F(ﬂ+1)F(a+ﬂ+p)/ (=5 ds
0CoY AL — tF) Bap-1
*TEOMGE +p)/ (o) ds
(& - %) Ly Cor

/ (t — 5)°F1 ds
/ (t—s)*# ds

on? - I'(p +1)
(")) res

(s ) )

r+1) I'(o +

sz Gy
I'(o +

rpg+1)
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(tf —tF) (6mP - T(p+1) ACoyr 41
+(Arw+n( Tp+1) > ) / (b =)™ ds
(tf —tF) (6mP - T(p+1)
(o ()
< Lfl Czi// a+f Zf2C2¢ a+p )“CZVI tﬂ
T I(a+p)a+p) (e + B+ B) BB
At -OCY hy . B -PLCY
r(B+1)(a+p) (o +B) r(B+1)(a+p) (o +p)
ng—mcw 5, OA(t] —tP)Ly, Coyr wshop
FW+DﬁFW) rB+1@+p+p)l(a+p+p)
6)A(tﬂ - tﬁ)LfZCﬂ& a+f+p
FW+DW+ﬁ+mFW+ﬂ+w
QAAuk—tﬁC§w Bep
rw+nw+mrw+m
(Auﬂ-ﬂ)<wﬁ r@+n> 1)
rg+1 +1)
( tﬁ%ﬁ(GW F@+D> x) LY
rg+1) 'p+1) (a+B)(x+pB) Z
(tf —tF) (6mP - T (p+1) N LiGY au
+< Jwﬁ+n( Tp+1) > >m+ﬂﬂwa+mk
t,—tP) (O ~T(p+1)
+( F(ﬁ+1)( Tp+1) > )gkcﬂ/’
< {Lsaﬂg LfZ a+ﬁ f}
- 1"(0(+/3+1)k F(a+,3+1) (,8+1)k
A(tﬂ tﬂ)Lfl a+p
r+)r(a+p+1)
. At - tP)Ly, — MA@ -t
rg+1)r(a+p+1) rg+1)re+1)
GA(tk - tﬁ)Lfl a+p+p
F(,B+1)F(oz+ﬁ+p+1)
oA, - tP)L, wepop oaMy -t L

F(,3+1)F(oz+/3+p+1)

A@-ﬁ)ew-r@+n
+( F(ﬂ+1)( Fp+1) >

Z’fz

a+p

T+ B+p+1)

)

( fi ¢
Te+p+1)

s (A (t - %) (9771’ -TI'(p+ 1)>
rp+1)

'(p+1)
x (Cy + Cz)(‘/’(t) + \0)'

a+p
" T@+pr)* )

)Gt )]
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From above, we have
(AQ)(®) - (AR)(8)| < M(C1 + Co)(p(®) +¥),  te0,7],
that is,
d(Ag, Ah) < M(Cy + C)(p(t) + V).
Hence, we conclude that
d(Ag, Ah) <Md(g,h), foranyg,heV.
Since condition (4.4) is strictly contractive, continuity property is thus shown. Now we

take go € V. From the piecewise continuity property of gy and Agy, it follows that there

exists a constant 0 < G; < oo such that

|(Ago) (1) — go(t)|

1 t
= ’m /0 (8= )**""f(s5,20(s), “D§ ("D, + 1) gos) ds

I A
F,B/o(t $)P " x(s) ds

AP T
- - _ a+p-1 cna (e
F(B+ D@+ f) /o (T = £ (5,80(5),“D5 (°Df + 1)gols) ds
LALP OALE

T .
+ 7F(/3)1’(ﬁ+1)/0 (T —s)P"x(s)ds +

n
x [ =595 15,0000, D (Df + )l s
0

r+1)I'(a+pB+p)

~ 0 ArtP
rB+1)IrB+p)

A’ —T'(p+1)tP
( Fp+1)rB+1)

/n(n — )PP x(s) ds
0

+ 1)960 —g()(t)'

<Gip(t) < Gi(p®) + ), te(0,s0].

There exists a constant 0 < G, < 0o such that

|(Ag0)(1) — 20(®)| = |2k (£:20(8)) — g0(t)| < Govr < Ga((t) + V),

te (Sk_l,tk],k= 1,2,...,m.
Also we can find a constant 0 < G3 < 00 such that

|(Ago)(®) - 2o(8)]|

1 t
= ’1”(0{7-;—,3) /0 (£~ S)Mﬁ_]f(s’g()(s)’ CDg,z(CDg,t + )»)go(S) ds
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I
ﬁ/(t )P~ x(s) ds

A(t/S —th) T o o
"TB+ )@+ p) / (T = 5)"*7f(s5,80(5), "D "Dy, + 1) gos) ds
AA( t,( —th) GA(t;(s_tﬁ)

131 _
/ (T = s = g D rwr prp)

“TGE DI
x / (1= P15, go(6), D (DL, + ) gols)

GAA(tk —t8)
F(ﬂ +1)I' (B +p)

(tk—tﬂ) On —T'(p+1)
+<AF(ﬂ+1)< TFp+1) >_x)

/ (tx — )P (s,0(5), CDgt(CDgt +A)g0(s)ds

/n(n — )PP x(s) ds

F(a+ﬁ)

(tf —tﬁ) an_ F(p+ 1) A t o
_<AF(/3+1)( I'(p+1) )‘1)1«_/3/0 (tx —5)" " x(s) ds

& —tf) (O —T(p+1)
_<AF(/3+1)< e+ D) )_1>gk(tk)_

t € (¢ skl

|(Ag0)(t) _gO(t)| =< G3<P(t) < G3(¢(t) + 1#)» te (tk,Sk],k = 1,2,...,1’1’1

ACw(tlf_tﬂ) < 1-r >l_rTa+ﬁ—r
rg+H)rra+p)\a+p-r

B _ 4B 1-r
/\AC(t t)<1 r) T

F(ﬂ+1)F(l3) B -
OAC,(t] —tP) ( 1-r >“n°”ﬂ”’_’
r+)r(a+B+p)\a+B+p-r

C9Ak(t’3—t5) ( 1-r )1" Biper
r+)r@+p)\p+p-r

t—tP) (o9 ~T(p+1) C, 1-r \'7
+(AF(;3+1)( Fp+1) )_A>F(a+ﬁ)(a+ﬂ—r) ;

t -t%) (o + T(p+1) AC, (1-r\"" 4
+<AF(ﬁ+1)< Fp+1) )_1>F_ﬁ<ﬁ> Gl

Since f, gr and gy are bounded on J and ¢(-) > 0, Eq. (4.5) implies that d(Ago, go) < 0.

By using Banach fixed point theorem, there exists a continuous function x : ] — R such
that A”gy — xin (V,d) as n — oo and Ax = y,, that is, x satisfies Eq. (4.2) for every t € J.

Now we show that {g € V such that d(gy,g) < oo} = V. For any g € V, since g and
go are bounded on J and minse; ¢(t) > 0, there exists a constant 0 < C, < co such that
- g(0)] < Cyle(t) + ¥), for any ¢ € J. Hence, we have d(go, )
is, {g € V such that d(gy, g) < oo} = V. Thus, we determine that x is the unique continuous
function satisfying Eq. (4.2). Using (3.2) and (H,), we can write

C, 1=r \'"7 s ACy (1=r\'7 4,
d(”y)—r(mﬂ)(mﬂ—r) ‘ +F—/-‘3(ﬂ—r> ‘

< oo forall g € V, that

a+p-r
k
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Summarizing, we have

d(Ay,y)
1-M

(i) e )
1-M) | T'ae+B)\a+B-r s \B-r

L ACH -1 ( 1-r )Tﬂ
rg+H)rra+p)\a+p-r

. AAC,(t) - tF) ( 1 —r)l"Tﬁ_,
r+1)re)\g-r
0AC, (t/ - tﬁ) 1-r e a+p+p-r
"TB+ )@+ B+p) (a+ﬂ+p— ) !

. C,0 AL(E, —tF) ( 1-r )1-’nﬁ+p,
r@g+nrg+p)\B+p-r

t—tP) (onr —T(p+1) C, 1=r \"7" weper
+<AF(/3+1)< F(p+1) )‘A)maw)(aw—r) g

(tf —tf) (6mP + T(p+1) AC, (1-r\"" 4,
+<AF(/3+1)< Fp+D) >_1>F—ﬂ(ﬁ—r> % ”}'

d(y,x)

IA

This shows that (4.3) is true for ¢ € J. O

Here, we give an example to illustrate our main result.

Example 4.3

CDgt(CDO et go)x(t)

1
_ \x(t)\+6D0_t(CD§t+%)x(t)
- 1 1
8+et +2+ CDOZ (€D, +35)x(0)

(4.8)
+Jo rsz Oy ds, te(0,1]U(2,3],
_ x(t)
x(t) = m, te (11,21],
i1 d-
(0)——, x(1) =2 [it ;‘;—%Sds 0<n<l
and
en (epZ , 3 wx<r>l+fD§t<CD§t+%>y<r>
| DO,t( Do,t + ﬁ)y(t) T
8+el +£2+ CD2 (CDOt‘i’ 55)7(0)
f (8+es+52)ds| <é, te(0,1]U(2,3],
Let J = [0,3], a_ﬁ_;,r_;,A——zm 0=2p=3n=zand0=tg<so=1<t; =

2 <51 = 7 = 3. Denote f(t,x(£)) = 8+et+:2 with Ly = % for t € (0, l] U (2,3] and g1 (¢, x(2)) =
wn%ﬁ% with L, = 1 for t € (1,2]. Putting ¥ = 1, Ly, sz = Z @) =¢ and ¢, =1, we

have (fot(e*‘)3 ds)% <eét and let M; =~ -0.5900, M, ~ 0.9713,s0 M =0.9713 < 1.
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By Theorem 4.2, there exists a unique solution x : [0, 3] — R such that

1 1

cp2 (cn2 i
/-Ot( |x(£)|+°Dyy (Doﬁzo )d 00846f(t s zx(s)

l
8rel +12+<D, (CDOt +5)x(8)

1
D ch
+0.0650¢3 fo Ix(6)1+ Otl( Ozl () )ds

8+el 12+ CDOZt(CDOt +55)(t)
~0.0901¢7 [}(1-5)7 x(s) ds

11
1 cn2 c€cn2 .3
_ 0.7454\/2 f04 (i _ S)%( | (2) |+ DO'[l( Do,t1+ 50)%(8) )ds

8+et+t2+CDgt(CD&t+%)x(t)
1
+0.1415/2 [y (L = 5)8x(s)ds + (0.9476 /T + V)xo, £ € [0,1],

1 1

lx(1)|+°D, (CD2 29x(0)
.[0 l 2 )dS

8+e’f+t2+‘D0 [(LDO )x(t)

~0.0846 [/ (t —s) )7 x(s) ds
x(t) = L

D2 (D2 +3

—1.0650(x/2 — \/_)fo o)1+ 0z< 0t1+20>x<t> ) ds

8+ef+t2+”D2 (¢ Dgﬁ%)x(t)

+0.0901(v/2 = /D) [ (1 —5) 7 x(s) ds

1
2 cp2 .3
+0.7454(+/2 — /1) fo (- 5} (- Do,tl( Dot <0 ) 4

8+e‘+1¢2 CDOt( Dgt+%)x(t)

~-0.1415(+/2 - f)fo : _s)ox(s)) ds

1 1
cp2(cp2 .3
+(0.9476(v/2 - /) — 2 [ o (Dm1 WOy g

8+et+t2+cD0[( Doz 20) x(2)
~(0.9476(v/2 — V/t) - 1)0846f (2—5)7 «(s) ds
~(0.9476(v2 - V/B) - D) o £ € (23]

x(t)
sowme)y L€ L2l

—_

Then

|y(2) - x(2)|

S{ C, < 1-r )1-’ta+ﬁ_,+&<1-r)l—’tﬁ_,
F'a+pB)\a+B-r rgs\pg-r

+ AC,(t; - t°) < l-r )l_rTaJrﬂ—V-p-AAC«’(t/f_tﬁ)(l—r)l_rTﬂ—r
FrB+1)(a+B)\a+p-r rB+1)r B \p-

OAC,(t] —tP) < 1-r )“ wifiper
n
I"(,B+1)I"(a+ﬂ+p) a+B+p-r

C, 0 AL(EL - tF) ( 1-r >1—’ fipr
r+r@+p\prp-r) "

(& —tP) (o9 - T(p+1) C, 1-r \'"7 uper
+<AF(5+1)( Fp+1) >_k>1“(a+ﬂ)<a+ﬂ—r> tk

. (A (& - ") (9771’—1“(19+1)> _l>g<1—r>“tk,g_r+ 1}<¢<t>+w>,
rg+1) T'p+1) rs\g-r 1-M
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which can further be reduced to

ly(®) - x(2)]

s{ C, < 1-r >1rt”+ﬂ_’+&<l_r>lrtﬂ"
Fla+B)\a+B-r rs\g-r

AC,tF < 1-r )“ wipr | MAC,HP (1 —r)“ e
- T+ T
FB+1)Ca+p)\a+p-r r+nrpe)\pg-r

OACgotﬁ L-r " a+p+p-r
r+)rr(a+B+p)\a+B+p-r g

C,0 AAt? < 1-r )“ Baper
- n
r+0)rB+p)\p+p-r

_< AP <6nP_F(p+1)>_A> C, < 1-r >“ta+ﬁ_,
r'(B+1) I'(p+1) Ta+B)\a+B-r k

AP (o - T'(p+1) ) ACy(1-7 lfrtﬂ_, ) o)+
_<F(ﬂ+1)< Tp+1) )’ )F—ﬁ(ﬂ—r> oo }<1—M )

This implies

|y(8) —x(t)|

S{ C, ( 1-r )1-’ra+ﬂ_,+&(1_r>l—”tﬁ_,

T'a+pB)\a+B-r rs\p-r

~ AC,t# ( 1-r )HTM_,_ AAC, TP (1-r>1"Tﬁ_r
r+1)ra+p)\a+B-r rg+1)rp)\p-r

QACgoTﬂ 1-r = a+B+p-r
r+)r(a+B+p)\a+B+p—r 7

C,0 ArT? < 1-r )1" Bepr
- n
r+0)rB+p)\p+p-r

Al (oW -Tp+D)_\_GC 1-r \"" s,
‘<r</s+1)< Fp+1) )‘ >F(a+ﬂ)<a+ﬂ—r> !
_< AP <9np—r(p+1)>_1>x_q0(1—r>1"1ﬁ_,+1}(<p(t)+¢>
rp+1) T'p+1) T'B\B-r 1-M )’

Plugging-in the values, we have

y(®) - x(2)]|
1-1 \@-3 1-1\0-3
5{ 11 1 (1 131) 3%*%%)+(0.115)(1 §> 3473
FG+3)\3+2-3 r's \3-3
1 1 \0-%
_ 1(_2'7)312 . (11:§1> 33%%*%)
rG+urG+3)\3+3-3
(0.15)(-2.7)3 <1 -1 )“;)3@—%)
AU
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(0.833)(— 27)3% <
F(1 +Dr+1+%)

N|—=

(0.833)(-2.7)(0.15)3% (
S rGenrGd

i
3

<(-2.7)3% ((o 833)(0.25)
\rd+y rG+1

=

~ ((_21.7)3% ((0.833)(0.25)3 ~I(d+ 1)) B 1) (0.15) (1 - %)1'3@_;) . 1}
G+ G ry\3-s
e+1
(1 09714)
( e+1 )
<5.4846
0.0286

<191.769(¢" + 1),

thus problem (4.8) is Ulam—Hyers—Rassias stable.

5 Conclusions

In this article, we considered a nonlocal boundary value problem of nonlinear implicit
fractional Langevin equation with noninstantaneous impulses. After introduction, we
built a uniform structure for the solutions of our proposed model. We studied the con-
cept of generalized Ulam—Hyers—Rassias stability to our proposed model. And, finally, we
presented a particular example for the applicability of our main result.
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