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Abstract

The class of quasi-convex functions contain all those finite convex functions which
are defined on finite closed intervals of real line. The aim of this paper is to establish
the bounds of the sum of left and right fractional integral operators using
quasi-convex functions. An identity is formulated which is used to find
Hadamard-type inequalities for quasi-convex functions. Connections with some
known results are analyzed. Furthermore, some implications are derived by
considering some examples of quasi-convex functions.
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1 Introduction
Definition 1 Let / be an interval of real numbers. Then a function f : I — R is said to be

convex function, if for all ¢, b € I and 0 < ¢ < 1 the following inequality holds:
f(ta+ 1 -0)b) <tf(a) + (1 - 0)f (b).

A convex function is interpreted very nicely in the coordinate plane by the Hadamard

inequality

a+b 1 b fla) +f(b)
f( ) )Efa,/ﬂf(x)dXST’

where f : I — R is a convex functionon/ and a,b €I, a < b.

The Hadamard inequality provides the estimations of integral mean of a real valued
function f. It is also considered as a base of defining a convex function, whereas convex
functions lead to enrichment of the literature of the subjects like mathematical analysis,
functional analysis, statistical analysis, graph theory and many other areas of mathematics.
One of the celebrated fields is the theory of inequalities which is actually developed on a
very fast track due to convex functions. Convex functions are also very attractive because
of their graphical representation and fascinating properties and characterizations (see [26,
pp- 2-15]).
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A finite convex function which is defined on a closed interval is bounded above by maxi-
mum of its values at the end points, but the converse needs not be true. This fact motivates
us to define another class of functions, called quasi-convex functions.

Definition 2 (See, e.g., [14], p. 302) Let I be an interval of real numbers. Then a function
f:I— Ris said to be quasi-convex function, if for all ,b € I and 0 < ¢ < 1 the following

inequality holds:

f(ta+ (1 - £)b) < max{f(a),f(B)}. (1)

Example 1.1 ([15, p. 83]) The function f: [-2,2] — R, given by

1, xe[-2,-1],

x2, xe(-1,2]

Sfl&) =

is not a convex function on [-2,2] but it is quasi-convex function on [-2,2].

Therefore it is noted that the class of quasi-convex functions contains the class of fi-
nite convex functions defined on finite closed intervals. The Hadamard and Hadamard-
type inequalities for quasi-convex functions have been studied by many researchers (see
[14, 15, 28] and the references therein). For more fractional inequalities of Hadamard and
Hadamard-type we suggest references [1, 2, 8, 10-13, 21]. Our aim is to study these in-
equalities in fractional calculus.

Fractional calculus is the study of classical calculus in a general form. For example
integration and differentiation of arbitrary order is the key of this subject. There are a
lot of integral representations of derivatives and integrations of functions of arbitrary
order. For details see [5, 18-20, 23, 30]. Next we give the definition of a generalized
Mittag-Leffler function El’iﬁ',,;’c(-; p) which leads to generalized fractional integral opera-
tors. Mittag-Leffler functions are very useful in the solution of differential equations due
to their natural existence in their solutions. For details we suggest [3, 4, 7, 16, 18, 19].

Definition 3 ([6, p. 1381, Eq. (2.8)]) Let u,«,l,y,c € C, RN(w), R(x), R() > 0, N(c) > R(y) >
Owithp>0,8>0and 0<k <8+ NR(u). Then the extended generalized Mittag-Leffler

function El)iﬁ’f’c(t; p) is defined by

[e¢}

Ey,ﬁ,k,c . _ IBp(y + ﬂk, c— J/) (C)nk t” , )
P = Tun v a) 0 @

where B, is the generalized beta function defined by

! p
Bp(x,y) =/ £ -ty e M0 dt
0

I (c+nk)
') *

and (¢),« is the Pochhammer symbol defined as (¢),x =

In [6], properties of the generalized Mittag-Leffler function are discussed and it is given

that EZ:i’f’C(t; p) is absolutely convergent for k < § + f(u). Let S be the sum of series of
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y(Skc( }/Skc

absolute terms of the Mittag-Leffler function E (tp) <S.
We use this property of the Mittag-Leffler function frequently in our results. Also in [6,
p. 1384, Egs. (2.11) and (2.12)], the derivative property of the generalized Mittag-Leffler

function is discussed.

£ p), then we have |E,

Theorem 1.2 IfmeN, w,u,a,l,y,c € C, R(w), R(a), R() > 0, R(c) > R(y) > 0 withp > 0,
8§>0and0<k<8+NR(u), then

d
(E) EY (6p)
_ Ok i By + m+mk,c—y)  (c+mk)y  (n+1),t"
Ows 2=~ Blrnc-y)  Tlutnrm+a) Grmd)y’

®3)

m
() Bt ortso)) - e B2 o), 60)5m
Remark 1.3 (2) is a generalization of the following functions:
(i) setting p =0, it reduces to the Salim—Faraj function EZ‘;/;C( ) defined in [27, p. 2,
Eq. (6)],
(ii) setting /=8 = 1, it reduces to the function E}y (t p) defined by Rahman et al. in
[25, p. 4247, Eq. (2.1)],
(ili) setting p=0and /=38 = 1, it reduces to the Shukla—Prajapati function E}:j’;(t)
defined in [29, p. 798, Eq. (1.4)] see also [30, p. 3, Eq. (1.13)],
(iv) setting p =0and /=38 =k = 1, it reduces to the Prabhakar function E}, ,(¢) defined
in [24, p. 7, Eq. (1.3)].

The upcoming generalized fractional integral operators containing the extended gener-
alized Mittag-Leftler function has been used to generalize several fractional integral in-
equalities for convex and related functions (see [10, 13, 17] and the references therein).
These operators are also useful to generalize fractional differential equations having their

solutions in terms of Mittag-Leffler functions. The left-sided and right-sided generalized
y,8,k,c y,8,k,c

s sl AT€ defined as follows:

fractional integral operators € and €

Definition 4 ([6, p. 1385, Eq. (2.13)]) Let a),u,a Ly,ceC, Ru), R(a), R() >0, N(c) >
MR(y)>0withp>0,8§>0and 0 < k <3+ R(u). Let f € L1[a,b] and x € [a, b]. Then the
generalized fractional integral operators €’ kc .fand € ke f are defined by

Lake fand €Sk,
(€2 oim) = [ m 0 B ot - 1m0 @
and
(724 f)ip) = / (60 TEDPR (wft — 5 p)f(0) (5)

In [6], several properties of the extended generalized Mittag-Leffler function and cor-
responding generalized fractional operators have been studied. In particular in [10, p. 3,
Egs. (5) and (6)], it is proved that

Sk, Sk,
(Slatoa D0p) = (6= @) B} (W — a)'sp) ©)

Page 3 of 16
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and we denoted
Cowat (%) = (621211(;“ 1)(xp).
Similarly
(XirosD@p) = b= ELGL (wb -2 p) ™
and we denoted
Chub (5:0) = (€157e - 1) p),
which we will use in our results in the sequel.

Remark 1.4 (4) and (5) are the generalizations of the following fractional integral opera-
tors:
(i) setting p =0, it reduces to the fractional integral operators defined by Salim—Faraj
in [27, p. 2, Eq. (8)],
(ii) setting /=6 =1, it reduces to the fractional integral operators defined by Rahman et
al. in [25, p. 4247, Eq. (2.2)],
(iii) setting p =0and /=4 =1, it reduces to the fractional integral operators defined by
Srivastava—Tomovski in [30, p. 5, Eq. (2.12)],
(iv) setting p =0and /=6 =k =1, it reduces to the fractional integral operators defined
by Prabhakar in [24, p. 7, Egs. (1.2) and (1.4)],
(v) setting p = w =0, it reduces to the left-sided and right-sided Riemann-Liouville
fractional integrals.

Fractional integral inequalities are very important in the theory and applications of dif-
ferential equations. Such inequalities are also of great importance in the mathematical
modeling of the fractional boundary value problems. The aim of this paper is to establish
an estimation of the generalized fractional integral operators (4), (5) studied in [6] by using
quasi-convex functions. Actually this is a compact formula which gives estimations of all
fractional integral operators comprised in Remark 1.4. Further we prove some estimations
of the Hadamard-type inequality given in [17, Theorem 2.1, p. 4]. Finally, these results are
applied to particular quasi-convex functions, in the result some recurrence inequalities
for the generalized Mittag-Leffler functions are obtained.

We organize the results in next two sections. In Sect. 2, first we give the estimate of the
sum of left-sided and right-sided generalized fractional integrals defined in (4) and (5).
Then an identity is established to give the estimations of the Hadamard-type inequality
[17, Theorem 2.1, p. 4]. Also we reproduce several published results as particular cases of
these results. In Sect. 3, applications of these results are discussed by using some examples
of quasi-convex functions.

2 Main results
The very first result provides the bound of the sum of the left-sided and right-sided frac-
tional integrals via quasi-convex functions.
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Theorem 2.1 Letf : [a,b] — R be a function such that f € Ly[a,b] with a < b. Iff is quasi-
convex on [a, b, then for generalized fractional integral operators (4) and (5) the following
inequality holds:

(L4 0p) + (€555, )

< max {f(@),f(0)} (Cunta* (B3D) + Cpar - (@p)), ®

’_ w
where o' = 5.

Proof Since f is quasi-convex function, by using (1) one can has the following inequality:
1
/0 LT NN (b’ p)f (ta + (1 - £)b) dt

< maxlf(@)0)) [ L ortp) ©

b—x

Make the substitution x = ta + (1 - £)b, that is, t = =

the form
brp—x\*! VS kc b-x\" dx
[(Gs) mee(e(5=s) when
<max{f(a)f(b)}/b E Ey&kc b-x M‘ dx (10)
B ’ . \b—a wel \\p-a) P )o_a

By using (4) of Definition 4, one can get

in the inequality (9). Then it takes

(72K, F)B:) < Cutar (b p) max {f(a), f(B)). (11)

Also by using quasi-convexity in the form f((1 — t)a + tb) < max{f(a),f(b)}, the following
inequality can be obtained:

1
/0 tﬁ—lEZ:%,/;:C(wtﬂ;p)f((l ~t)a + th) dt

< max{f(a),f(b)} / tOLET S (i p) dit. (12)

Now make the substitution y = (1 — t)a + tb, that is, £ = 3=~ in the inequality (12). Then it
takes the form

/ b(Z:Z)ﬂ_lEZ:Zf’(w(Z ) P2

p-1 _ " d
< max{f(a) f(b)}/ (y Z) E;;j;’f’C(w(Z_Z) ;p)ﬁ. (13)

By using (5) of Definition 4, one can get

(e Z?zlz(z/bf)(“ P) < Cporp-(a; p) max {f (a),f (b)}. (14)

Adding (11) and (14), we get (8), which is the required result. O
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Corollary 2.2 Setting o = 8 in (8), then we get the following inequality:

Sk, Sk,
(€ rartioraf ) BP) + (€00 1) (@)

<max{fa)f }( a,w a*(bp)"'caw’b ((l p)) (15)

Corollary 2.3 ([22, Theorem 2.1, p. 169]) Setting w = p = 0in (15), then we get the following

inequality for the Riemann—Liouville fractional integrals:

10) + (@) = o max(f (@) S ) 16)

Remark 2.4 If we take @ = 1 in (16), then we get the following inequality for a quasi-convex
function, which is related to the Hadamard inequality given by Dragomir and Pearce in [9,
Theorem 3.3, p. 381]:

1 b
b—a/ f(t)dtfmax{f(a),f(b)}. (17)
The following identity is very important to give the Hadamard-type inequalities.

Lemma 2.5 Letf: [a,b] — R be a function such that f' € Ly[a, b] with a < b. Then for the
generalized fractional integral operators (4) and (5) the following identity holds:

fla)+fb) 1

2 2b-a) L (@ip)

X [(€12 ) Bip) + (€155, 1 ) @sp)]

b ! C ,C
- e [ - B - ) - B )
ol

x f'(ta+(1-t)b) dt, (18)

w
(b-a)**

where o' =

Proof One can note that

b-a ! ol ey Skt - "
oy |, (OB - 0sp) - B o)
Mt ’

xf’(m +(1-0)b)dt

Eyskc( p)/ Q-0 IEZiI;C(w(l_t)M;p)f/(ta+(l—t)b)dt

el

b-a Q- ,8.k,c /
e [ e el s 0o 19)
ol P
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We first consider the first term of right hand side of (19): putting z = 1 — ¢, thatis,t =1 -z
and using the derivative property (3) of the Mittag-Leftler function, it takes the form

b-a ! —1v.8.kc /
/z" EVY (w25 p)f (1 - 2)a + zb) dz
0

8.k, oo,
28125 (i)

b-a [E,Z:i:’z’%w;p)ﬂb)

L F@pl boa

1
-5 1 p / z“‘ZEZ:i’]_(’fJ(wz";p)f((l ~2z)a +zb) dz:|.
—-aljo

Making substitution x = (1 — z)a + zb in the above and then using (5) of Definition 4, we

get
_b-a fl 2R (w2 p)f (1 - 2)a + 2b) dz
ZEV,S,k,c(w_p) 0 el ’
ol ’
b-a  [Ep@pf®) 1 .
B 2B () b-a C(b-a) (eﬂ,a—l,l,w/,b*f )@p) |- (20)
0,0 ’

Similarly consider the second term of right hand side of (19), we get

_ 1
b-a ‘/tmﬁﬂﬁﬂwﬂmykm+u—n@dt
0

26 (@)
,8,k,
- [‘EZWC(MW(”) S G f)(b'p)]
ZEZ:i,,I;,c(w;p) b—a (b _ a)(x wa—1,Lo' a

here we use substitution x = ta + (1 — £)b.
Now by using the final form of both terms in (19), identity (18) is established. d

In the following we give a Hadamard-type inequality by using the above lemma.

Theorem 2.6 Let f : [a,b] — R be a differentiable function such that f' € Ly[a, b] with
a < b. If |f'| is quasi-convex on a, b], then for the generalized fractional integral operators
(4) and (5) the following inequality holds:

fla) +f(b) 1
2 2 - a)“*lEZ:i',Il(’C(w;p)

X [(€1555) o aof ) Bip) + (1555, ) f) @ )]
(b-a)sS

=k
aE)ly (@ p)

max{ [f’(a)

1r @)} 1)

for k <8 + N(w), where o' = ﬁ.

Page 7 of 16
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Proof Using Lemma 2.5 and the properties of the modulus, we have

fla)+f(b) 1
2 2b - a)LE! N (w; p)

el

X [(€12 ) Bip) + (€155, f)@sp)]

2Ey5kc o ]~| 0 E o (1= 25p) - 7 B (ot p)
10l ’

X [f’(m +(1-t)b|dt

N

Spyeke,
2ﬁﬁazc
/ LB (ot )|> F/(ta + (1 - )b de. 22)
Since |f’| is quasi-convex, also using absolute convergence of the Mittag-Leffler function,
we have
fla)+f(b) 1

2 2(b - a)* L (w3 p)

Xmﬁﬁmmﬁmm+&xﬁwwﬂwm”

< oS (e 1|dt+/ - 1|dt)max{ L @)
ZEZi’;C(w p) (/
After simple calculation we get (21), which is the required result. O

Corollary 2.7 Setting w = p =0 in (21), then we get the following inequality for Riemann—
Liouville fractional integrals:

J@J ) T ey )]

2 2(b —a)*1
b
—— max{[f'@][F ®)}. (24)
Corollary 2.8 If we take a = 2 in (24), then we get the following inequality for a quasi-
convex function:
(a) + f(b) 1 b b-a
f 2f _b—a/ f(t)de §Tmax{ }

In the following we give the Hadamard-type inequality by using Lemma 2.5, Holder’s

inequality and quasi-convexity of |f'|.

Theorem 2.9 Let f : [a,b] — R be a differentiable function such that f' € L,[a, b] with

a<b. If|f'|1, q > 1 is quasi-convex on |a, b], then for the generalized fractional integral
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operators (4) and (5) the following inequality holds:

fla) +f(b) 1
2 2(b - a)*LE2 (i p)

x [(2oh o) Bip) + (055, ) @p)]

(b-a)$ 1 el
T @] |[f'(B)]" 1)1 (25)
= ) @ VO

1 1 _ )
Jork<8+%(w) and -, + 7 =1, where o = 5.

Proof From Lemma 2.5, properties of the modulus and Hoélder’s inequality, we have

f@)+fb) 1
2 2b - a) E (w3 p)
X [(€1o55) o aof ) Bip) + (€105, - f) @ )]

< g [ a0 B ot - ) - e L ot
;J.ozl

X Lf’(m +(1-0)b|dt

<m0 e o)
el

/ | EY O (i )|)V/(ta+(1—t)b|dt

EMkc ((f (1-)" IEZil;C(w(l‘t)H?pﬂpdt)p
w;p)

el
(/ |t LT (ot p ]"dt) )(/ If (ta +( —t)b|th)% (26)

Since |f’|? is quasi-convex, also using absolute convergence of the Mittag-Leffler function,

we have

‘f(a) +f(b) 1
26— a) ELY (w3 p)

L §) 00+ (L))

(b-a)s 1y y (101p>5
E”’“(a)p)(</| -1 |dt + /O|t |dt

x IRACIDEE

»&\'—‘

(27)

After simple calculation we get (25), which is the required result. d

Page 9 of 16



Ullah et al. Advances in Difference Equations (2019) 2019:15 Page 10 of 16

Corollary 2.10 Setting w = p = 0 in (25), then we get the following inequality for the

Riemann—Liouville fractional integrals:

fl@)+f) I
2 2( )a 1

b-a
- (max{|f'(
(@ -1p+1)»

(1577 (0) + I f(a)]

%)), (28)

IA

Corollary 2.11 If we take o = 2 in (28), then we get the following inequality for the quasi-

convex function:

[ / fioyde| < ")

(max {IF

l
)2

Theorem 2.12 Let f : [a,b] — R be a differentiable function such that f' € Li[a, b] with
a<b. If |[f'|1, q > 1 is quasi-convex on |a, D], then for the generalized fractional integral
operators (4) and (5) the following inequality holds:

fla)+f(b) 1
2 2(b - a)*LE (i p)

X [(€1555) oo f)Bip) + (1555, ) f) @ )]

(b-a)s ,
m (max{ lf (ﬂ)

el

O (29)

fork <8+ N(w), where o' = ﬁ.

Proof From Lemma 2.5, properties of the modulus and the power mean inequality, we

have
fl@)+f(b) 1
2 2(b - a)*- 1EV5/I<C( »)
< (€0 V) BiD) + (€125, ) @)
Ey&kc / | Ot lEZj/;C( (1—t)u}lﬂ) " IEZi];C(a)tM p)‘
0l

X [f’(m +(1-t)b|dt

) ( f (1=t (w(1 - 05 p)

2EZ fj *
— T ENE (wt; p) \dt) f (1= £y V2 (w(1 ~ £ p)
= TSR (gt p) [ (2 + (1 - B[ de) 1. (30)
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Since |f']7 is quasi-convex, also using absolute convergence of the Mittag-Leffler function,
we have

fla)+f(b) 1
2 2(b - )L (w3 p)

(2 N6+ €25 )

(b-a)S . "
<m(/ |(1-2) 1|dt+/ |t 1|dt) (max{|f’

10,

L@ 6y

After simple calculation we get (29), which is the required result. d

Corollary 2.13 Setting w = p = 0in (29), then we get the following inequality for Riemann—
Liouville fractional integrals:

fl@+fb) ')
2 2(b —a)*1

o

[ 0) + - f (@)]

)| (32)

Corollary 2.14 If we take o = 2 in (32), then we get the following inequality for a quasi-
convex function:

f(a) erf(b ff(t)dt

% @),

<— (max{

3 Applications

Let us consider the function f(x) = x2. The function f is convex on [a, b] and |f"(x)| = 2|x|,
which is again a convex function on [4, b]. Since f and |f’| are convex and finite on [a, b],
they are quasi-convex. Results of the previous section are applied for this function and

inequalities among the generalized extended Mittag-Leffler function are established.

Theorem 3.1 The Mittag-Leffler function defined in (2) satisfies the following recurrence
inequality:

o ke (a)/(b—a)”;P) EVoke (a)’(b—a)”;p)

wa+3,0 wo+2,0
vSke [ [ max{a®,b*} - (a® + b?)
Elt a+l, l( - a)M,p) |: 2(b - a)? ’ (33)
where ' = 75

Proof For the function f () = ¢* the generalized fractional integral operator is evaluated as
follows:

(€120 of)xp)

:/ (x— ) 1E’/Mc(w(x—t)”“;p)tzdt

el

Page 11 0of 16
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_ ¥ a-1 > :Bp(y"'”k’c_y) (©)nk ™ (x — )" 2
<[ 2 Bty Tumra O L

[e¢]

= ﬂp(y + l’lk,C— V) (c)nk " ¥ n+o—1,2
_g Bly,c—y) T'(un+a) (1)%/{1 (x—0)" t-dt

=(x—a)® [azEV’s‘k’c (w(x —a)";p) +2a(x - a)E"ke (w(x—a);p)

wo+1,0 we+2,0

+2(x — a)2EV ke (w(x - ﬂ)H?P)]'

wo+3,0

Similarly

(Graion ) sp) = (b =21 [PE[ T (b~ )"3p) = 26(b =)

w,a,lw,b wa+1,l

% Ey,s,k,c (a)(h _ x)u;p) + 2(19 _ x)zEy,a,k,c (a)(b _ x)ﬂ;p)].

wa+2,l ,e+3,0

Using (8) of Theorem 2.1 for the function £2, it takes the form

(b-a)® [azEV’s’k’C (' (b—a)";p) +2a(b - a)E ks (o (b - a);p)

we+1,0 o+2,0

+2(b - a)EV s (o (b - a)sp)] + (b - @) [BELE (o (b~ a); p)

~2b(b - a)E" 5y (' (b - @) p) +2(b - a)ELy\s (o (b a)"; p)]

<2max{a®,b*}((b - a)? EV ke (o' (b-a);p)

wa+l,l

+(b-aVELL (o' (b - a)'sp)).

Now taking @ = § in (36), then after simplification we get (33).

Theorem 3.2 The Mittag-Leffler function defined in (2) satisfies the following recurrence

inequality:
a’ + b? 1 2 oy ke
- 3 [(a +b )E ol (a) (b—a)“;p)
2 2E7 (w3 p) o

+2(b—a)*(2EL2%5 (o (b — @) p) — EVONE (@ (b - a)s p))]

wo+2,0 woa+1,l

2(b-a)S

S — e max{|al, |b|},
aE, " (;p)

’_ w
where ' = <5

Proof By using (34), (35) and f(¢) = t2, |f'(¢)| = 2|¢| in (21) of Theorem 2.6, we have

a’+b? 1

2 2(b — @)= LEV " (w; p)

el

x [(b-a)* ((b - ) (a® + BP)EL24 (o (b - a)s p)

(34)

(35)

(36)

O

37)
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~2(b- @)L (@ (b - @) p) +4(b — a)EL (o (b - a);p))]

a+2,0

b-a)s
= (1/,8,k,ca) max({2|al, 2|b|}. 59)
@k )" (@;p)

After simplification we get (37).

O
Theorem 3.3 The Mittag-Leffler function defined in (2) satisfies the following recurrence
inequality:

a’+b? 1 5 sk
- [(a® + B*)E") (o' (b - a)"; p)
2 2B @) o
+2(b - a)* (2] 555, ( (0 - a)"sp) - E[ 505 (@ (0 - 0)";p))]
2(b—-a)S 1 1
— y,B,k,C 1 (max{|a|q’|b|q})q, (39)
E ol (@p) (@ -1)p+1)»

where o' =

(b—LZ)“ ’

Proof By using (34), (35) and f(¢) = £2, |f'(¢)| = 2|¢| in (25) of Theorem 2.9, we have
a’ + b? 1

2 2(b - a)*LEL (i p)

x[b-a)((b-a)"(a®+ bZ)EZ:i’f’C (o' (b—a);p)
—2(b-a)E"rf

st (@' (b~ a);p) +4(b~ aES (@' (b-a)*;p))]

w,o+2,0
b-a)S 1 1
< )/(,S,k,ca) T (max{(2|a|)q, (2|b|)q})q. (40)
Epal (@P) (@ = 1)p+1)7
After simplification we get (39). O
Theorem 3.4 The Mittag-Leffler function defined in (2) satisfies the following recurrence
inequality:
a’ + b? 1 5 sk
- [(@ + )L 0~ p)
S -
20 - 0P QB (06~ a)'sp) - B o - 5p)
2(b-a)S 1
= W(max{|a|q,|b|q})q, (41)
aEM,a'l (w; p)
where o' = %5

Proof By using (34), (35) and f(¢) = £2, |f'(£)| = 2|¢| in (29) of Theorem 2.12, we have

a’ + b? 1

- _
2 2b-ayrEL (@p)

x [(b-a)* ((b - a) ™ (a® + BP)EV24 (o (b - a); p)
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—2(b- B2 (0 (b - @) p) + 4b - @)EVSS (' (b - a)5 p))]

a+1,l a+2,0
2(b-a)S 1
< 20O (a1 )
oE )]
el w3
After simplification we get (41). O

Next we give the following proposition for further results.

Proposition 3.5 For the generalized fractional integral operators (4) and (5) the following
identity holds:

(ol ) 52) + (€510 5P)
=T(p+ D[(x—a)** P E/2 | (0~ a);p)

+(b—x)PPEE | (w(b-%)"5p)]. (43)

wB+p+1,1

Proof Consider the power function f(x) = (x — a)?, p > 1. It is clear that f is convex on
finite interval [a, b], therefore it is quasi-convex. So, for the function f(¢) = (¢ —a)?, p > 1
the generalized fractional integral operator (4) is evaluated as follows:

(€127e o ) p)

f (0= ) LN (e — ) p) (¢t — a) dt

_ -1 IBp y + nk, C_V) ©uk " (x— )M
/ (-1 Z Bonc—y) TQnsa (O 94

= ﬁp(y +nk’c_y) (C)nk un+o—1
‘; Byc—y) Tun+a)( Z)M/( -t) (t-a) dt, (44)

now making the substitution ¢ = x — u(x — a), to establish
X
/ (x — P — g)P dt = (x — @)™ P B(un + a, p + 1),
a

therefore, (44) takes the following form:

( ,l]:(ill((f)aﬁf)(x p)

I Z Bply +nk,c—y)  (©Owe @"&—a)* I'(un+o)l (o +1)
Bly,c—y) T(un+a)  (Dus Fun+a+p+1)

n=0

=I(p+ 1) - a)* P ES | (w(x—a);p). (45)

Now consider the function f(x) = (b — x)”, p > 1 which is also convex on finite interval
[a, b], therefore it is quasi-convex. So, for the function f(¢) = (b—t)”, p > 1 the generalized
fractional integral operator (5) is evaluated as follows:

(€re -f ) p)

= / = x)’s’lEZ:‘;"/;'c (w(t —%)";p) (b - 1) dt
X
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oo

b
= —x)P1 ﬁp(y + 1k, ¢ — ]/) (C)nk " (t _x);m b1 d

o0

_ Z IBP(V + nk,c— V) (C)nk @
~ Bly,e—y)  I'(un+ ) (D

n

b
/ (t —x)"P=L (b — £)P dt, (46)
now making the substitution ¢ = b — u(b — x), to establish

b
/ (t-x)"" P b - ) dt = (b—x)""*P*P B(un + B, p + 1),
therefore, (46) takes the following form:

(€155 o f)(x:p)

[e¢]

_(b_x)ﬁ+p2ﬁp(y+nk,6—y) O @&"(b—x)" I'(un+B) (0 +1)
) ~  Bly,c—y) Tun+B) (D  Tpn+p+p+1)

=T(p+ D)(b-x)PPEe | (b -x)"p). (47)
Adding (45) and (47), then we get required identity (43). (I

Theorem 3.6 The Mittag-Leffler function defined in (2) satisfies the following recurrence
inequality:

EVYRe (o' (b-a)*sp) + EVYYE (0 (b - a);p)

wa+p+1,l w,B+p+1,l

=To:D (EV255 (o (b - a)s p) + ELS (0 (b - @) p)), 48)

/_ w
where ' = 757

Proof By using (6), (45) and f(x) = (x — a)”, p > 1 in (11), we have

1
8.k, 8.k
Elavpna(@'(b=0)'sp) = F S BT (@b - a)"ip). (49)

Now by using (7), (47) and f(x) = (b — x)”, p > 1 in (14), we have

1
8.k, ,8,k, ’
EZ;+;+1J (a)/(b — (,l)”’;p) S mEl}:vsﬁ*fvl(w (b — ﬂ)“;p). (50)

Adding (49) and (50), then we get the required inequality (48). O
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