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[17], exponential stability [18] andHyers–Ulam stability, have been introduced. Among all
these concepts, Hyers–Ulam type stability analysis has been considered a relatively easy
and simple way of studying the stability of solutions to fractional order implicit differential
equations (FOIDEs). Ulam and Hyers introduced this concept of stability analysis in the
mid of 19th century for functional problems; see [19, 20]. Many mathematicians general-
ized this concept in different directions; see [21–25]. For recent contribution on this area
we refer to the work in [26, 27].
In this paper we study existence and uniqueness of solution as well as stability analysis

to the following problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C
0 D

ρ
ti z(t) = F(t, z(t), C

0 D
ρ
ti z(t)), t ∈ J, t �= ti, i = 1, 2, . . . ,m,

�z(t)|t=ti = Ii(z(ti)), �z′(t)|t=ti = Ĩi(z(ti)), i = 1, 2, . . . ,m,

z(t)|t=0 = –z′(t)|t=0, z(t)|t=1 = –z′(t)t=�,

� ∈ (0, 1),� �= ti, i = 1, 2, . . . ,m,

(1)

where the notation C
0 D

ρ
ti stands forCaputo fractional derivative of order ρ ∈ (1, 2], J = [0, 1],

and F : J × R2 → R is a continuous function. Further, the nonlinear functions Ii, Ĩi : R →
R, are also continuous for i = 1, 2, . . . ,m and �z(t)|t=ti = z(t+i ) – z(t–i ), �z′(t)|t=ti = z′(t+i ) –
z′(t–i ), where z(t+i ) and z(t–i ) represent the right and left-hand limit of the function z(t),
respectively, at t = ti. Also, 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1, m ∈ Z

+, where Z+ is the set
of positive integers.

2 Background materials and some auxiliary results
We recall some well-known results, definitions and theorems needed in this study. Split-
ting the interval J into sub intervals [0, t1], (t1, t2], (t2, t3], . . . , (tp–1, tp], (tm, 1], and denote
these sub intervals by J0, J1, J2, . . . , Jm–1, Jm, respectively. Let J́ = J \ {t1, t2, t3, . . . , tm}. We de-
fine the space E = PC(J, R) = {z : J → R : z ∈ C(Ji, R), and z(t+i ), z(t–i ) exist, for i = 1, 2, . . . ,m}.
Obviously (E,‖z‖E) is a Banach space with the norm given by ‖z‖E = max{|z(t)| : t ∈ J}.

Definition 1 ([2]) The Caputo fractional derivative of a function z : (0,∞)→ R, is defined
as

C
0 D

ρ
t z(t) =

∫ t

0

(t – ξ )k–ρ–1

�(k – ρ)
z(k)(ξ )dξ ,

where k = [ρ] + 1 and [ρ] represents the integer part of the real number ρ .

Definition 2 ([3]) The fractional order (0 < ρ <∞) integral of a function z ∈ L1([0,T], R+)
is defined as

0Iρ
t z(t) =

∫ t

0

(t – ξ )ρ–1

�(ρ)
z(ξ )dξ ,

such that the right side is point-wise defined on R+.

Lemma 1 ([28]) For ρ > 0, the given result holds

0Iρ
t
[C
0 D

ρ
t z(t)

]
= z(t) –

k–1∑

i=0

z(i)(0)
i!

ti, where k = [ρ] + 1.
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Lemma 2 ([28]) For ρ > 0, the differential equation C
0 D

ρ
t z(t) = h(t), has the following solu-

tion:

z(t) = 0Iρ
t h(t) +

k–1∑

i=0

z(i)(0)
i!

ti,

where k = [ρ] + 1.

Theorem 1 ([2]) Let ρ > 0, then

0Iρ
t
[C
0 D

ρ
t z(t)

]
= z(t) + e0 + e1t + e2t2 + e3t3 + · · · + ek–1tk–1,

where ei ∈ R, i = 0, 1, 2, 3, . . . ,k – 1, k = [ρ] + 1.

We give the following three sets of inequalities.
If z ∈ E, then, for some constants ϕ > 0, ε > 0 with a nondecreasing function θ : J → R,

the results given below hold for i = 1, 2, . . . ,m:

⎧
⎪⎪⎨

⎪⎪⎩

|C0 Dρ
ti z(t) – F(t, z(t),C

0 D
ρ
ti z(t))| ≤ ε, t ∈ Ji,

|�z(t)|t=ti – Ii(z(ti))| ≤ ε,

|�z′(t)|t=ti – Ĩi(z(ti))| ≤ ε,

(2)

⎧
⎪⎪⎨

⎪⎪⎩

|C0 Dρ
ti z(t) – F(t, z(t),C

0 D
ρ
ti z(t))| ≤ θ (t), t ∈ Ji,

|�z(t)|t=ti – Ii(z(ti))| ≤ ϕ,

|�z′(t)|t=ti – Ĩi(z(ti))| ≤ ϕ,

(3)

⎧
⎪⎪⎨

⎪⎪⎩

|C0 Dρ
ti z(t) – F(t, z(t),C

0 D
ρ
ti z(t))| ≤ εθ (t), t ∈ Ji,

|�z(t)|t=ti – Ii(z(ti))| ≤ εϕ,

|�z′(t)|t=ti – Ĩi(z(ti))| ≤ εϕ.

(4)

Definition 3 ([25]) The problem (1) is known to be UH stable if for ε > 0 there exists a
constant Cm,ρ > 0 such that, for every solution z̄ ∈ E of the inequality (2), one has a unique
solution z ∈ E to problem (1) satisfying

∣
∣z̄(t) – z(t)

∣
∣ ≤ Cm,ρε, t ∈ J.

Definition 4 ([25]) The problem (1) is known to be GHU stable if for every solution z̄ ∈ E
of the inequality (3) and ε > 0, with a constant ψm,ρ ∈ C(R+,R+), there is unique solution
z ∈ E of problem (1) satisfying

∣
∣z̄(t) – z(t)

∣
∣ ≤ ψm,ρ(ε), t ∈ J.

Definition 5 ([25]) The problem (1) is known to be HUR stable corresponding to (θ ,ϕ)
if for every ε > 0 there exists a real number Cm,ρ,θ > 0, such that, for any solution z̄ ∈ E of
the inequality (4), one has a unique solution z ∈ E of problem (1) satisfying

∣
∣z̄(t) – z(t)

∣
∣ ≤ Cm,ρ,θ ε

(
θ (t) + ϕ

)
, t ∈ J.
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Definition 6 ([25]) The problem (1) is known to be GHUR stable with respect to (θ ,ϕ),
if there exists a constant Cm,ρ,θ > 0, such that, for each solution z̄ ∈ E of the inequality (3),
one has a solution z ∈ E of problem (1) satisfying

∣
∣z̄(t) – z(t)

∣
∣ ≤ CF,m,ρ,θ

(
θ (t) + ϕ

)
, t ∈ J.

Remark 1 The function z ∈ E is called a solution for the inequality (2) if one has a function
φ ∈ E together with a sequence φi, i = 1, 2, . . . ,m, depending on z such that

(i) |φ(t)| ≤ ε, |φi| ≤ ε, t ∈ Ji, i = 1, 2, . . . ,m;
(ii) C

0 D
ρ
ti z(t) = F(t, z(t),C

0 D
ρ
ti z(t)) + φ(t), t ∈ Ji, i = 1, 2, . . . ,m;

(iii) �z(t)|t=ti = Ii(z(ti)) + φi, t ∈ Ji, i = 1, 2, . . . ,m;
(iv) �z′(t)|t=ti = Ĩi(z(ti)) + φi, t ∈ Ji, i = 1, 2, . . . ,m.

Remark 2 A function z ∈ E is a solution of the inequality (4) if one has a function φ ∈ E
and a sequence φi, i = 1, 2, . . . ,m depending on z with:

(i) |φ(t)| ≤ εθ (t), |φi| ≤ εϕ, t ∈ Ji, i = 1, 2, . . . ,m;
(ii) C

0 D
ρ
ti z(t) = F(t, z(t),C

0 D
ρ
ti z(t)) + φ(t), t ∈ Ji, i = 1, 2, . . . ,m;

(iii) �z(t)|t=ti = Ii(z(ti)) + φi, t ∈ Ji, i = 1, 2, . . . ,m;
(iv) �z′(t)|t=ti = Ĩi(z(ti)) + φi, t ∈ Ji, i = 1, 2, . . . ,m.

Similarly one can state such a remark for the inequality (3).

Theorem 2 (Schaefer’s fixed point theorem [29]) Let E be a Banach space and T : E→ E
is completely continuous operator and the set W= {z ∈ E : z = ηT z, 0 < η < 1} is bounded.
Then T has a fixed point in E.

Lemma 3 Let ρ ∈ (1, 2], σ : J → R be a continuous function, then the function z ∈ E is the
solution to the following problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C
0 D

ρ
ti z(t) = σ (t), 0 < t < 1, t �= ti, i = 1, 2, . . . ,m,

�z(t)|t=ti = Ii(z(ti)), �z′(t)|t=ti = Ĩi(z(ti)), i = 1, 2, . . . ,m,

z(t)|t=0 = –z′(t)|t=0, z(t)|t=1 = –z′(�),

� ∈ (0, 1),� �= ti for i =, 1, 2, . . . ,m,

(5)

if and only if z satisfies the following integral equation:

z(t) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1
�(ρ)

∫ t
0 (t – ξ )ρ–1σ (ξ )dξ +A(1 – t), t ∈ J0;

1
�(ρ)

∫ t
tk
(t – ξ )ρ–1σ (ξ )dξ + 1

�(ρ)
∑k

i=1
∫ ti

ti–1
(ti – ξ )ρ–1σ (ξ )dξ

+ 1
�(ρ–1)

∑k
i=1(t – ti)

∫ ti
ti–1

(ti – ξ )ρ–2σ (ξ )dξ +
∑k

i=1(t – ti)Ĩi(z(ti))

+
∑k

i=1 Ii(z(ti)) +A(1 – t), t ∈ Jk ,k = 1, 2, 3, . . . ,m,

(6)
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where

A =
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1σ (ξ ))dξ +
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ ))dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2σ (ξ )dξ +
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
+

n∑

i=1

Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)
.

Proof Assume that, for t ∈ J0, z is a solution of (5). Then, by Lemma 1, there exist a1,a2 ∈ R
such that

z(t) = 0Iρ
t σ (t) – a1 – a2t =

1
�(ρ)

∫ t

0
(t – ξ )ρ–1σ (ξ )dξ – a1 – a2t, (7)

which also yields

z′(t) =
1

�(ρ – 1)

∫ t

0
(t – ξ )ρ–2σ (ξ )dξ – a2. (8)

Let for t ∈ J1, we have d1,d2 ∈ R, with

z(t) =
1

�(ρ)

∫ t

t1
(t – ξ )ρ–1σ (ξ )dξ – d1 – d2(t – t1),

z′(t) =
1

�(ρ – 1)

∫ t

t1
(t – ξ )ρ–2σ (ξ )dξ – d2.

(9)

This leads to

z
(
t–1

)
=

1
�(ρ)

∫ t1

t0
(t1 – ξ )ρ–1σ (ξ )dξ – a1 – a2t1, z

(
t+1

)
= –d1,

z′(t–1
)
=

1
�(ρ – 1)

∫ t1

0
(t1 – ξ )ρ–2σ (ξ )dξ – a2, z′(t+1

)
= –d2.

Due to impulsive conditions, we have

�z(t1) = z
(
t+1

)
– z

(
t–1

)
= I1

(
z(t1)

)
and �z′(t1) = z′(t+1

)
– z′(t–1

)
= Ĩ1

(
z(t1)

)
,

we have

–d1 =
1

�(ρ)

∫ t1

t0
(t1 – ξ )ρ–1σ (ξ )dξ – a1 – a2t1 + I1

(
z(t1)

)
,

–d2 =
1

�(ρ – 1)

∫ t1

0
(t1 – ξ )ρ–2σ (ξ )dξ – a2 + Ĩ1

(
z(t1)

)
.
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Thus (9) implies

z(t) =
1

�(ρ)

∫ t

t1
(t – ξ )ρ–1σ (ξ )dξ +

1
�(ρ)

∫ t1

0
(t1 – ξ )ρ–1σ (ξ )dξ

+
t – t1

�(ρ – 1)

∫ t1

0
(t1 – ξ )ρ–2σ (ξ )dξ + Ii

(
z(t1)

)
+ (t – t1)Ĩ1

(
z(t1)

)

– a1 – a2t, t ∈ J1.

Similarly for t ∈ Jk , one has

z(t) =
1

�(ρ)

∫ t

tk

(t – ξ )ρ–1σ (ξ )dξ +
1

�(ρ)

k∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1σ (ξ )dξ

+
1

�(ρ – 1)

k∑

i=1

(t – ti)
∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ +
k∑

i=1

(t – ti)Ĩi
(
z(ti)

)

+
k∑

i=1

Ii
(
z(ti)

)
– a1 – a2t, t ∈ Jk ,k = 1, 2, . . . ,m. (10)

Using the given boundary conditions in (7), (8) and (10), we obtain a1 + a2 = 0 and

z(1) =
1

�(ρ)

∫ 1

tm

(1 – ξ )ρ–1σ (ξ )dξ +
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1σ (ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ +
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)

+
m∑

i=1

Ii
(
z(ti)

)
– a1 – a2,

z′(�) =
1

�(ρ – 1)

∫ �

tn

(� – ξ )ρ–2σ (ξ )dξ +
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

+
n∑

i=1

Ĩi
(
z(ti)

)
– a2.

Therefore, in view of z(1) = –z′(�) and a1 + a2 = 0, we get

a1 = –
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1σ (ξ )dξ –
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

–
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2σ (ξ )dξ –
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

–
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
–

n∑

i=1

Ĩi
(
z(ti)

)
–

m∑

i=1

Ii
(
z(ti)

)
,
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a2 =
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1σ (ξ )dξ +
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2σ (ξ )dξ +
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2σ (ξ )dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
+

n∑

i=1

Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)
.

Inserting these values of a1 and a2 in (7) and (10), respectively, with A = a2, we get (6).
Conversely if (6) has a solution z, then it is obvious that the solution z(t) satisfies problem
(5) under the given conditions. �

Corollary 1 In view of Lemma 3, our problem (1) has the following solution:

z(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
�(ρ)

∫ t
0 (t – ξ )ρ–1F(ξ , z(ξ ),C

0 D
ρ
ti z(ξ ))dξ +B(1 – t), t ∈ J0;

1
�(ρ)

∫ t
tk
(t – ξ )ρ–1F(ξ , z(ξ ),C

0 D
ρ
ti z(ξ ))dξ

+ 1
�(ρ)

∑k
i=1

∫ ti
ti–1

(ti – ξ )ρ–1F(ξ , z(ξ ),C
0 D

ρ
ti z(ξ )))dξ

+ 1
�(ρ–1)

∑k
i=1(t – ti)

∫ ti
ti–1

(ti – ξ )ρ–2F(ξ , z(ξ ),C
0 D

ρ
ti z(ξ ))dξ

+
∑k

i=1(t – ti)Ĩi(z(ti)) +
∑k

i=1 Ii(z(ti)) +B(1 – t), t ∈ Jk ,k = 1, 2, 3, . . . ,m,

where

B =
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1F
(
ξ , z(ξ ),C

0 D
ρ
ti z(ξ )

)
)dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2F
(
ξ , z(ξ ),C

0 D
ρ
ti z(ξ )

)
)dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2F
(
ξ , z(ξ ),C

0 D
ρ
ti z(ξ )

)
dξ

+
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2F
(
ξ , z(ξ ),C

0 D
ρ
ti z(ξ )

)
dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
+

n∑

i=1

Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)
.

We use the notation ϑz(t) = F(t, z(t),C
0 D

ρ
ti z(t)).

3 Main results
To transform our problem to a fixed point problem, we define the operator T : E→ E by

(T z)(t) =
1

�(ρ)

∫ t

ti

(t – ξ )ρ–1ϑz(ξ )dξ +
1

�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
1

�(ρ – 1)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ +
∑

0<ti<t

(t – ti)Ĩi
(
z(ti)

)
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+
∑

0<ti<t

Ii
(
z(ti)

)
+ (1 – t)

[
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2ϑz(ξ )dξ +
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
+

m∑

i=1

Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)
]

.

Obviously, the fixed points of T are the solutions of problem (1).
We assume the following hypotheses for i = 1, 2, . . . ,m.
(H1) The nonlinear function F : [0, 1]× R2 → R is continuous;
(H2) let us have constants K > 0, L ∈ (0, 1), which satisfy

∣
∣F(t, z, z̄) – F(t,u, ū)

∣
∣ ≤ K

∣
∣z(t) – u(t)

∣
∣ + L

∣
∣z̄(t) – ū(t)

∣
∣;

(H3) the relation |Ii(z(ti)) – Ii(z̄(ti))| ≤ b|z(ti) – z̄(ti)|, holds with b > 0;
(H4) the relation |Ĩi(z(ti)) – Ĩi(z̄(ti))| ≤ b∗|z(ti) – z̄(ti)|, holds with b∗ > 0;
(H5) there exist functions p,q, r ∈ C(J, R+), with

∣
∣F

(
t, z(t),C0 D

ρ
ti z(t)

)∣
∣ ≤ p(t) + q(t)|z| + r(t)

∣
∣C
0 D

ρ
ti z(t)

∣
∣, for t ∈ J, z ∈ E,

such that r∗ = supt∈J |r(t)| < 1;
(H6) under the continuity of Ii, Ĩi : R → R there exist some constants M∗,N∗,F∗,G∗ > 0,

with |Ii(z)| ≤ M∗|z| + N∗ and |Ĩi(z)| ≤ F∗|z| + G∗, for each z ∈ R, i = 1, 2, . . . ,m.

Theorem 3 If the hypotheses (H1)–(H6) hold then the considered problem (1) has at least
one solution.

Proof This proof consists of a number of steps:
Step 1: To show that T is continuous, take {zn} to be a sequence such that zn → z ∈ E.

Then, corresponding to every t ∈ J, we take

∣
∣(T zn)(t) – (T z)(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
∑

0<ti<t

(t – ti)
∣
∣Ĩi

(
zn(ti)

)
– I∗(z(ti)

)∣
∣ +

∑

0<ti<t

∣
∣Ii

(
zn(ti)

)
– Ii

(
z(ti)

)∣
∣

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ
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+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
zn(ti)

)
– Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

∣
∣Ĩi

(
zn(ti)

)
– Ĩi

(
z(ti)

)∣
∣

+
m∑

i=1

∣
∣Ii

(
zn(ti)

)
– Ii

(
z(ti)

)∣
∣, (11)

where ϑz,n,ϑz ∈ C(J, R) satisfy the functional equations

ϑz,n(t) = F
(
t, zn(t),ϑz,n(t)

)
, ϑz(t) = F

(
t, z(t),ϑz(t)

)
, (12)

respectively. By (H2), we get

∣
∣ϑz,n(t) – ϑz(t)

∣
∣ ≤ K

1 – L
‖zn – z‖PC . (13)

Here zn → z as n → ∞ implies ϑz,n(t) → ϑz(t) as n → ∞, for each t ∈ J. Also as every
convergent sequence is bounded and we let there exist a real constant k > 0 such that, for
each t ∈ J, we have |ϑz,n(t)| ≤ k and |ϑz(t)| ≤ k, then

(t – ξ )ρ–1
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣ ≤ (t – ξ )ρ–1(

∣
∣ϑz,n(ξ )

∣
∣ +

∣
∣ϑz(ξ )

∣
∣

≤ 2k(t – ξ )ρ–1,

(ti – ξ )ρ–1
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣ ≤ (ti – ξ )ρ–1(

∣
∣ϑz,n(ξ )

∣
∣ +

∣
∣ϑz(ξ )

∣
∣

≤ 2k(ti – ξ )ρ–1,

(t – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣ ≤ (t – ξ )ρ–2(

∣
∣ϑz,n(ξ )

∣
∣ +

∣
∣ϑz(ξ )

∣
∣

≤ 2k(t – ξ )ρ–2,

and

(ti – ξ )ρ–2
∣
∣ϑz,n(ξ ) – ϑz(ξ )

∣
∣ ≤ (ti – ξ )ρ–2(

∣
∣ϑz,n(ξ )

∣
∣ +

∣
∣ϑz(ξ )

∣
∣

≤ 2k(ti – ξ )ρ–2.

The functions ξ → 2k(t – ξ )ρ–1, ξ → 2k(ti – ξ )ρ–1, ξ → 2k(t – ξ )ρ–2 and ξ → 2k(ti – ξ )ρ–2

are integrable for each t ∈ J on [0, t]. Also since F, I, Ī are continuous, hence by Lebesgue
dominated convergent theorem, from (11), we have

∣
∣T zn(t) –T z(t)

∣
∣ → 0 as n → ∞.
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Hence

‖T zn –T z‖PC → 0 as n → ∞.

Therefore, the operator T is continuous.
Step 2: Next we show thatT maps bounded sets into bounded sets. Indeed, we just need

to show that, for any λ > 0, there exists a constant � > 0 such that, for every z ∈Dλ = {z ∈
E : ‖z‖PC ≤ λ}, one has ‖T z‖PC ≤ � . For every t ∈ J, we obtain

∣
∣(T z)(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ +

1
�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∑

0<ti<t

(t – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
∑

0<ti<t

(t – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣ +

∑

0<ti<t

∣
∣Ii

(
z(ti)

)∣
∣

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ +

1
�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

∣
∣Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

∣
∣Ii

(
z(ti)

)∣
∣, (14)

where ϑz is given in (12). Using (H5), for each t ∈ J and using p∗ = supt∈J |p(t)|, q∗ =
supt∈J |q(t)|, we have

∣
∣ϑz(t)

∣
∣ =

∣
∣F

(
t, z(t),ϑz(t)

)∣
∣ ≤ p(t) + q(t)|z| + r(t)

∣
∣ϑz(t)

∣
∣

≤ p∗ + q∗λ + r∗∣∣ϑz(t)
∣
∣,

which yields

‖ϑz‖PC ≤ 1
1 – r∗

(
p∗ + q∗λ

)
=: μ. (15)

Thanks to (15), the inequality (14) yields

∣
∣(T z)(t)

∣
∣ ≤ μ

�(ρ)

∫ t

ti

(t – ξ )ρ–1 dξ +
2μ

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3μ

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2 dξ +
μ

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2 dξ

+ 2mb + 3mb∗

≤ μ

(
2m + 3
�(ρ + 1)

+
3m + 1
�(ρ)

)

+ m
(
2b + 3b∗),
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which further gives

‖T z‖PC ≤ μ

(
2m + 3
�(ρ + 1)

+
3m + 1
�(ρ)

)

+ m
(
2b + 3b∗) = � .

Step 3: To show that T is equi-continuous, let Dλ ⊆ E, then, for z ∈ Dλ and t1, t2 ∈ J
with t1 < t2, we get

∣
∣(T z)(t2) – (T z)(t1)

∣
∣

≤
∣
∣
∣
∣

1
�(ρ)

∫ t2

ti

(t2 – ξ )ρ–1ϑz(ξ )dξ –
1

�(ρ)

∫ t1

ti

(t1 – ξ )ρ–1ϑz(ξ )dξ

∣
∣
∣
∣

+
1

�(ρ)

∑

0<ti<(t2–t1)

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ +

∑

0<ti<(t2–t1)

(t2 – t1)
∣
∣Ĩi

(
z(ti)

)∣
∣

+
1

�(ρ – 1)

∑

0<ti<(t2–t1)

(t2 – t1)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ +

∑

0<ti<(t2–t1)

∣
∣Ii

(
z(ti)

)∣
∣

≤ μ

(
1

�(ρ + 1)
–

1
�(ρ + 1)

)

+
μ(t2 – t1)
�(ρ + 1)

+ (t2 – t1)(t2 – t1)
(
F∗|z| + G∗)

+
μ(t2 – t1)

�(ρ)
(t2 – t1) + (t2 – t1)

(
M∗|z| + N∗) → 0 as t1 → t2.

Hence

∣
∣(T z)(t2) – (T z)(t1)

∣
∣ → 0, as t1 → t2.

Thanks to Ascoli–Arzelà theorem, the operator T : E → E is completely continuous.
Step 4: Finally, we show that the setW = {z ∈ E : z = ηT z, for some 0 < η < 1} is bounded,

such that, for z ∈W, and z = ηT z, with 0 < η < 1, hold. Then for every t ∈ J, we take

z(t) =
η

�(ρ)

∫ t

ti

(t – ξ )ρ–1ϑz(ξ )dξ +
η

�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
η

�(ρ – 1)

∑

0<ti<t

(t – ti)
∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ + η
∑

0<ti<t

(t – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣

+ η
∑

0<ti<t

∣
∣Ii

(
z(ti)

)∣
∣ +

η

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
η

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2ϑz(ξ )dξ

+
η

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+
η

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+ η

m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣ + η

m∑

i=1

∣
∣Ĩi

(
z(ti)

)∣
∣ + η

m∑

i=1

∣
∣Ii

(
z(ti)

)∣
∣. (16)
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By using (15) and 0 < η < 1 (16) implies that

∣
∣z(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∑

0<ti<t

(t – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ +

∑

0<ti<t

(t – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣

+
∑

0<ti<t

∣
∣Ii

(
z(ti)

)∣
∣ +

1
�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

∣
∣Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

∣
∣Ii

(
z(ti)

)∣
∣

≤ μ

�(ρ)

∫ t

ti

(t – ξ )ρ–1 dξ +
2μ

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3μ

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2 dξ

+
μ

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2 dξ + 2mb + 3mb∗

≤ μ

(
2m + 3
�(ρ + 1)

+
3m + 1
�(ρ)

)

+ m
(
2b + 3b∗).

This further gives

‖z‖PC ≤ μ

(
2m + 3
�(ρ + 1)

+
3m + 1
�(ρ)

)

+ m
(
2b + 3b∗).

Thus, we conclude that the set W is bounded. Hence as a consequence of Schaefer’s fixed
point theorem T has at least one fixed point which is the solution of problem (1). �

Theorem 4 The boundary value problem (BVP) (1) has a unique solution under the hy-
potheses (H1)–(H4) and the inequality

ϒ =
[

K
1 – L

(
2m + 3
�(ρ + 1)

+
3m + 1
�(ρ)

)

+ m
(
2b + 3b∗)

]

< 1. (17)
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Proof Let z, z̄ ∈ E and t ∈ J, then one has

∣
∣(T z)(t) – (T z̄)(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
1

�(ρ)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∑

0<ti<t

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
∑

0<ti<t

(t – ti)
∣
∣Ĩi

(
z(ti)

)
– I∗(z̄(ti)

)∣
∣ +

∑

0<ti<t

∣
∣Ii

(
z(ti)

)
– Ii

(
z̄(ti)

)∣
∣

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣ϑz(ξ ) – δz̄(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z(ti)

)
– Ĩi

(
z̄(ti)

)∣
∣ +

m∑

i=1

∣
∣Ĩi

(
z(ti)

)
– Ĩi

(
z̄(ti)

)∣
∣

+
m∑

i=1

∣
∣Ii

(
z(ti)

)
– Ii

(
z̄(ti)

)∣
∣, (18)

where

ϑz(t) = F
(
t, z(t),ϑz(t)

)
, δz̄(t) = F

(
t, z̄(t), δz̄(t)

)
. (19)

With the use of (H2), one has

‖ϑz – δz̄‖PC ≤ K
1 – L

‖z – z̄‖PC . (20)

Therefore, using (20) in (18), we obtain

‖T z –T z̄‖PC ≤ K‖z – z̄‖PC

�(ρ)(1 – L)

∫ t

ti

(t – ξ )ρ–1 dξ +
2K‖z – z̄‖PC

�(ρ)(1 – L)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3K‖z – z̄‖PC

�(ρ – 1)(1 – L)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2 dξ

+
K‖z – z̄‖PC

�(ρ – 1)(1 – L)

∫ �

ti

(� – ξ )ρ–2 dξ

+ 2mb‖z – z̄‖PC + 3mb∗‖z – z̄‖PC

≤ ϒ‖z – z̄‖PC .
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Therefore, we get

‖T z –T z̄‖PC ≤ ϒ‖z – z̄‖PC .

Thus in view of Banach’s contraction principle, problem (1) has a unique solution. �

4 Ulam–Hyers stability analysis
In this section we investigate results concerning the Hyers–Ulam stability to the problem
(1).

Theorem 5 If the hypotheses (H1)–(H4) together with the inequality (17) are satisfied then
the proposed problem (1) is Hyers–Ulam stable and generalized Hyers–Ulam stable.

Proof Corresponding to any solution z̄ ∈ E of the inequality (2) let z ∈ E be the unique
solution to the given problem

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C
0 D

ρ
ti z(t) = ϑz(t), 0 < t < 1, t �= ti, i = 1, 2, . . . ,m,

�z(t)|t=ti = Ii(z(ti)), �z′(t)|t=ti = Ĩi(z(ti)), i = 1, 2, . . . ,m,

z(t)|t=0 = –z′(t)|t=0, z(t)|t=1 = –z′(t)t=�,

� ∈ (0, 1),� �= ti for i =, 1, 2, . . . ,m, .

Then, inview of Lemma 3, we have

z(t) =
1

�(ρ)

∫ t

ti

(t – ξ )ρ–1ϑz(ξ )dξ +
1

�(ρ)

i∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
1

�(ρ – 1)

i∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ +
i∑

i=1

(t – ti)Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)

+ (1 – t)

[
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1ϑz(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2ϑz(ξ )dξ +
1

�(ρ – 1)

n∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2ϑz(ξ )dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z(ti)

)
+

n∑

i=1

Ĩi
(
z(ti)

)
+

m∑

i=1

Ii
(
z(ti)

)
]

.

Further if z̄ is the solution of inequality (2) and using Remark 1, we get

⎧
⎪⎪⎨

⎪⎪⎩

C
0 D

ρ
ti z̄(t) = F(t, z̄(t),C

0 D
ρ
ti z̄(t)) + φ(t), t ∈ Ji, i = 1, 2, . . . ,m,

�z̄(t)|t=ti = Ik(z̄(ti)) + φi, i = 1, 2, . . . ,m,

�z̄′(t)|t=ti = Ĩ(z̄(ti)) + φi, i = 1, 2, . . . ,m.

(21)
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The solution of (21) is

z̄(t) =
1

�(ρ)

∫ t

ti

(t – ξ )ρ–1δz̄(ξ )dξ +
1

�(ρ)

∫ t

ti

(t – ξ )ρ–1φ(ξ )dξ

+
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1δz̄(ξ )dξ +
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1φ(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2δz̄(ξ )dξ +
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2φ(ξ )dξ

+
m∑

i=1

(t – ti)Ĩi
(
z̄(ti)

)
+

m∑

i=1

(t – ti)φi +
m∑

i=1

Ii
(
z̄(ti)

)
+

m∑

i=1

φi

+ (1 – t)

[
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1δ(ξ )dξ +
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1φ(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2δz̄(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2φ(ξ )dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2δ(ξ )dξ +
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2φ(ξ )dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2δz̄(ξ )dξ +
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2φ(ξ )dξ

+
m∑

i=1

(1 – ti)Ĩi
(
z̄(ti)

)
+

m∑

i=1

(1 – ti)φi +
m∑

i=1

Ĩi
(
z̄(ti)

)
+

m∑

i=1

φi

+
m∑

i=1

Ii
(
z̄(ti)

)
+

m∑

i=1

φi

]

, t ∈ Ji.

Hence, for every t ∈ Ji, one has

∣
∣z̄(t) – z(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ +

1
�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
m∑

i=1

(t – ti)
∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

(t – ti)|φi|
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+
m∑

i=1

∣
∣Ii

(
z̄(ti)

)
– Ii

(
z(ti)

)∣
∣ +

m∑

i=1

|φi|

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2|δz̄(ξ ) – ϑz(ξ )|
�(ρ – 1)

dξ

+
∫ �

ti

(� – ξ )ρ–2|δz̄(ξ ) – ϑz(ξ )|
�(ρ – 1)

dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

(1 – ti)|φi|

+
m∑

i=1

∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

|φi| +
m∑

i=1

∣
∣Ii

(
z̄(ti)

)
– Ii

(
z(ti)

)∣
∣ +

m∑

i=1

|φi|.

Hence by (H1)–(H4) and using (20) along with (i) of Remark 1, one has

∣
∣z̄(t) – z(t)

∣
∣ ≤ L‖z̄ – z‖PC

�(ρ)(1 – L)

∫ t

ti

(t – ξ )ρ–1 dξ +
2L‖z̄ – z‖PC

�(ρ)(1 – L)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3L‖z̄ – z‖PC

�(ρ – 1)(1 – L)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2 dξ

+
L‖z̄ – z‖PC

�(ρ – 1)(1 – L)

∫ �

ti

(� – ξ )ρ–2 dξ

+ 2mb‖z̄ – z‖PC + 3mb∗‖z̄ – z‖PC +
ε

�(ρ)

∫ t

ti

(t – ξ )ρ–1 dξ

+
2ε

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3ε

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2 dξ +
ε

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2 dξ + 5mε

≤ ϒ‖z̄ – z‖PC +
[
(2m + 3)
�(ρ + 1)

+
3m + 1
�(ρ)

+ 5m
]

ε.
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This yields

‖z̄ – z‖PC ≤ [ (2m+3)
�(ρ+1) +

3m+1
�(ρ) + 5m]ε

1 –ϒ
.

Hence we have

‖z̄ – z‖PC ≤ Cm,ρε,

where

Cm,ρ =
[ (2m+3)
�(ρ+1) +

3m+1
�(ρ) + 5m]

1 –ϒ
.

Thus the solution of (1) is HU stable. Also by setting ψ(ε) = Cm,ρε; ψ(0) = 0, the solution
of (1) becomes GHU stable. �

Assume that:
(H8) For a nondecreasing function θ ∈ C(J, R), there exists βθ > 0, such that, for any t ∈ J

Iρθ (t)≤ βθθ (t); consequently Iρ–1θ (t)≤ βθθ (t).

Theorem 6 If the hypotheses (H1)–(H4), (H8) and the inequality (17) are satisfied, then
problem (1) is HUR stable with respect to (θ ,ϕ) and consequently GHUR stable.

Proof We address for any solution z̄ ∈ E of inequality (4) and for unique solution z the
given problem

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C
0 D

ρ
ti z(t) = ϑz(t), 0 < t < 1, t �= ti, i = 1, 2, . . . ,m,

�z(t)|t=ti = Ii(z(ti)), �z′(t)|t=ti = Ĩi(z(ti)), i = 1, 2, . . . ,m,

z(t)|t=0 = –z′(t)|t=0, z(t)|t=1 = –z′(t)t=�,

� ∈ (0, 1),� �= ti for i =, 1, 2, . . . ,m.

From the proof of Theorem 5, we get

∣
∣z̄(t) – z(t)

∣
∣ ≤ 1

�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ +

1
�(ρ)

∫ t

ti

(t – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ
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+
m∑

i=1

(t – ti)
∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣ +

m∑

i=1

(t – ti)|φi|

+
m∑

i=1

∣
∣Ii

(
z̄(ti)

)
– Ii

(
z(ti)

)∣
∣ +

m∑

i=1

|φi|

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1
∣
∣φ(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2|δz̄(ξ ) – ϑz(ξ )|
�(ρ – 1)

dξ

+
∫ �

ti

(� – ξ )ρ–2|δz̄(ξ ) – ϑz(ξ )|
�(ρ – 1)

dξ

+
1

�(ρ – 1)

m∑

i=1

(1 – ti)
∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣δz̄(ξ ) – ϑz(ξ )

∣
∣dξ

+
1

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2
∣
∣φ(ξ )

∣
∣dξ

+
m∑

i=1

(1 – ti)
∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣

+
m∑

i=1

(1 – ti)|φi| +
m∑

i=1

∣
∣Ĩi

(
z̄(ti)

)
– Ĩi

(
z(ti)

)∣
∣

+
n∑

i=1

|φi| +
m∑

i=1

∣
∣Ii

(
z̄(ti)

)
– Ii

(
z(ti)

)∣
∣ +

m∑

i=1

|φi|.

Thanks to (H1)–(H4), (20) and part (i) of Remark 2, we have

∣
∣z̄(t) – z(t)

∣
∣ ≤ L‖z̄ – z‖PC

�(ρ)(1 – L)

∫ t

tk

(t – ξ )ρ–1 dξ +
2L‖z̄ – z‖PC

�(ρ)(1 – L)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1 dξ

+
3L‖z̄ – z‖PC

�(ρ – 1)(1 – L)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2 dξ

+
L‖z̄ – z‖PC

�(ρ – 1)(1 – L)

∫ �

ti

(� – ξ )ρ–2 dξ

+ 2mb‖z̄ – z‖PC + 3mb∗‖z̄ – z‖PC +
ε

�(ρ)

∫ t

tk

(t – ξ )ρ–1θ (ξ )dξ
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+
2ε

�(ρ)

m+1∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–1θ (ξ )dξ +
3ε

�(ρ – 1)

m∑

i=1

∫ ti

ti–1

(ti – ξ )ρ–2θ (ξ )dξ

+
ε

�(ρ – 1)

∫ �

ti

(� – ξ )ρ–2θ (ξ )dξ + 5mεϕ

≤ ϒ‖z̄ – z‖PC + ε
[
βθ (5m + 4) + 5m

](
ϕ + θ (t)

)
.

This finally yields

‖z̄ – z‖PC ≤ [βθ (5m + 4) + 5m]
1 –ϒ

(
ϕ + θ (t)

)
ε,

‖z̄ – z‖PC ≤ Cm,ρε
(
ϕ + θ (t)

)
,

where

Cm,ρ =
[βθ (5m + 4) + 5m]

1 –ϒ
.

Hence the solution to problem (1) is HUR stable and consequently GHUR stable. �

5 Example
Consider the following implicit BVP of FODEs with impulsive conditions:

Example 1

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C
0 D

3
2
t1z(t) = |z(t)|

20(t+1)(1+|z(t)|) +
sin |C0 D

3
2
t1 z(t)|

20+t2 , t ∈ J, t �= 1
3 ,

z(t)|t=0 = –z′(t)|t=0, z(1) = –z′( 12 ),

�z( 13 ) =
|z( 13 )|

60+|z( 13 )|
, �z′( 13 ) =

|z( 13 )|
45+|z( 13 )|

.

(22)

In this example, we see that ρ = 3
2 , � = 1

2 , m = 1. Set

∣
∣F

(
t, z(t), δz(t)

)∣
∣ =

|z(t)|
20(t + 1)(1 + |z(t)|) +

sin |C0 D
3
2
t1z(t)|

20 + t2
.

The continuity of F is obvious.
For z, z̄ ∈ E and δz, δz̄ ∈ C(J, R), t ∈ J,

∣
∣F

(
t, z(t), δz(t)

)
– F

(
t, z̄(t), δz̄(t)

)∣
∣ ≤ 1

20
(∣
∣z(t) – z̄(t)

∣
∣ +

∣
∣δz(t) – δz̄(t)

∣
∣
)
.

This satisfies (H2) with K = L = 1
20 . Further, for t1 = 1

3 , let

�z(t)|t=t1 =
|z(t1)|

60 + |z(t1)| and �
(
z(t)

)|t=t1 =
|z(t1)|

45 + |z(t1)| , where z ∈ E.

For any z, z̄ ∈ E, we have

∣
∣I
(
z(t1)

)
– I

(
z̄(t1)

)∣
∣ =

∣
∣
∣
∣

|z(t1)|
60 + |z(t1)| –

|z̄(t1)|
60 + z̄(t1)

∣
∣
∣
∣ ≤ 1

60
∣
∣z(t1) – z̄(t1)

∣
∣
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and

∣
∣Ī

(
z(t1)

)
– Ī

(
z̄(t1)

)∣
∣ =

∣
∣
∣
∣

|z(t1)|
45 + |z(t1)| –

|z̄(t1)|
45 + z̄(t1)

∣
∣
∣
∣ ≤ 1

45
|z – z̄|.

These satisfy (H3) and (H4) with b = 1
60 , b∗ = 1

45 .
Also

ϒ = 0.04355 < 1.

In view of Theorem 4, the uniqueness of solution to (22) follows. Thanks to Theorem 5
analogously one can see that the solution of problem (22) is HU stable and consequently
GHU stable.
Further, assuming θ (t) = 1, we have

0I
3
2 –1

t θ (t) =
1

�( 32 – 1)

∫ 1

0
(1 – s)

3
2 –2s ds ≤ 1

3
√

π
.

Thus (H8) holds with βθ = 1
3
√

�
and θ (t) = 1, therefore, in view of Theorem 6, the solution

of (22) is HUR stable corresponding to (θ ,ϕ) and consequently GHUR stable with respect
to (θ ,ϕ).

6 Conclusion
By successful applications of nonlinear analysis and classical fixed point theory, we have
developed adequate conditions under which the proposed class of implicit impulsive
FODEs has at least one solution. Further, some useful results were also obtained that en-
sure different kinds of HUSwhich is important for the nonlinear problems from optimiza-
tion and numerical point of view and plays a main role in numerical solutions where the
exact solution is quite difficult.
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