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1 Introduction

The theory and application of time scales was introduced by Hilger [1] and Bohner et al.
[2]. At present, there exist various research branches of time scales theory such as oscilla-
tion [3-6], stability [7], and boundedness [8]. For the study of time scales theory, integral
inequalities are usually used to investigate the boundedness of dynamic systems. In recent
years, different types of integral inequalities have been widely studied [9-26]. For example,
the sublinear integral inequality

u(t,s) <alt,s) + b(t,s)‘/t‘/s[f(é,r)u(f,t) + (g, T)u (o), 7)]ATAE, 0<A<],

was investigated in [11]. Later, Sun et al. [12] studied the integral inequality

u(t) <al(t) + b(t) t ()u(s) + h () (o (s)) = ha(s)u*? (o (s))]As, O0<Ar;<l<iy,
NG

which was generalized to the more general nonlinear case by Tian et al. [13]. The following
integral inequality

u?(t) < a(t) + b(t) /t[f(s)up(s) + hy(s)ul(s) - hz(s)u’(s)] ds

+c(t) Z Bx"(t:—0), O<g<p<r

to<ti<t

was considered in [14], and the theoretical results can provide the bounds for a class of dy-
namic systems with mixed nonlinearities and impulsive effects. Very recently, Boudeliou
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[25] investigated a class of nonlinear integral inequalities in two independent variables
and their applications. Up to now, two dimensional integral inequalities with mixed non-
linearities have received less attention.

In this paper, we investigate the integral inequalities with mixed nonlinearities and for-
ward jump operators, which can be used to estimate the bounds of the solutions to a class
of partial dynamic systems on time scales. Consider the integral inequalities

W(6,5) < alt,s) + b(t,s) / / [F(&, (6, 7) + (6, D (0(E), 7)
_h2($rr)uh(a(§)’r)]AIA§! (11)
W (t,5) < altys) + bit,s) / / [F(& Du(E, ) + ()i (6, 7)

- hZ(Sr T)M)LZ (G(S)’ T) + hS(Sr T)M)L?‘ (E:U(T))
—h4($,t)uk4(§,o(t))]A1AE, (1.2)

and

W(t,5) < alt,s) + blt, ) / f (&, D5, 7) + (6, D) (o), 7)

—hy(&, D)2 (0 (€),7) + h3 (&, T)u™3 (8,0 (1)) — ha(§, T)ui** (€, 0 (7))
+hs5(&, D)5 (0 (8),0 (1)) — he(&, 7)o (0(§),0 (7)) |ATAE, (1.3)

where p > ¢ >0 and 0 < A; < p < A;y1 (i = 1,3,5) are real constants, u,a,b,f,h; (i =
1,2,...,6): T x T — R, are rd-continuous functions.
Inequalities (1.1)—(1.3) can be applied to the following partial dynamic system:

uttts(t,s) = F(t,5,u(t,s), u(o(¢),s), u(t, 0 (s)), u(o (£),0(s))) (1.4)

with boundary conditions u(t, so) = «(£), u(te,s) = B(s), and u(to, So) = uo. Integrating (1.4)
yields

u(t,s) = a(t) + f(s) -
/ / (&1, u 1),u(o (S),r),u(‘g‘,a(r)),u(o(f;’),a(r)))ArAé.

It is not difficult to apply the theoretical results to estimate the bounds of the above system.

2 Preliminaries

Let R = (=00, +00) and R, = [0, +00). Both T and T are arbitrary time scales. T is defined
as follows: if T has a left-scattered maximum 1, then TX = T — {m}; otherwise, TX = T. C,q
and C}; are the sets of all rd-continuous functions and positive rd-continuous functions,
respectively. i represents the set of all rd-continuous and regressive functions, and iR* =
peR:1+u@)p)>0,teT}o(t)=inf{se T:s>t}, ult) =o(t) —t, and & is defined as
(P ®q)) = p(t) +q(t) + n)p(t)q(t), t € T.

Next, some lemmas are introduced.
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Lemma 2.1 Let u be a nonnegative function, 0 <ry <p <Ay, b1 >0, hy >0, ky >0, and
ky > 0. Then, fori=1,2,

(D™ i + (1) k< 0;(Ai, hy ki, p),

where

N
oy A\ P A
Qi()‘iwhi;khp):(_l)l(_l_l) (_>p h{ k’ktxlp~
p p

Proof Define F;(u) = (-1)*'hu* + (=1)'k;u?. Then F;(u) reaches the maximum value at
1

Ml 5o
U= (#};)P * and

A;

(M M\
(Fi)max:(_l)l(__1)<_>p BT fori=1,2.
p p

This completes the proof. O

Lemma 2.2 ([2]) Assume that u,b € Cq, a € R*. Then
() < a®ut) + b(t), t>toteTr
implies
t
u(t) < ulto)ea(t, to) + / b(t)e.(t,o (1)) AT, t>toteTr
to

Lemma 2.3 ([10]) Leta > 0 and p > g > 0. Then, for any K > 0,

a?? < 9xctapivy P~ gar,

p p

3 Main results
Theorem 3.1 Suppose ki(t,s),ky(t,s) € C!y are defined on T x T satisfying kis(t,s) =
ki(t,s) — ko(t,s) > 0 and

,u(t)/ b(O’(t),T)klg(t,‘[)AT <1
50
Then inequality (1.1) yields
t 1/p
u(t,s) < {a(t, s) + b(t, S)/ (1 + 1(t)Bi(7,9)) C1(t, 8)ew, @81z (t,a(r))Ar} (3.1)
to
forany K >0, (t,5) € T x T, where

Ay(t,s) = Lrca-priv f b(t, 0)f (1, 7) AT,
p

S0
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/;Z b(o (), T)kia(t, T)AT
1-p(0) [ blo (0, Dkia(t, 1) AT

Bl(t,s) =

and

Ci(t,s) = /s [a(a(t), t)klz(t, )+ (ZK(‘H’)/pu(t, )+ l%](”’)/(t, r):| AT

0

2 s
+ Z/ ei()"ii hi(t7 r)lki(ti t),p)AT.
i=1 V50

Proof Based on (1.1) and Lemma 2.1, we obtain

(6,9 < a(65) +b(69) [ [ [ 0w, 1)+l 0w (00,
—hy(&, 1) (0 (€),7)|ATAE

<alt,s)+ b(t,s)/ / |:f(§,T)Mq(§; 7) + kia(§, ) (0 (€), 7)

2

* Zei()»i,hi(f,‘L'),/Q(S,‘L’),p):| ATAE.

i=1

Define v(t, s) by

Wtrs) = f ] [f(s,r)uq@,r)+ku(s,r>up(o(s),r)

2

+ Zgi()‘ivhi(57 t):ki(51 T)»P)i| ATAS

i=1

It is easy to obtain that v(¢,s) > 0 for (¢,s5) € T x T, v(t,s) is nondecreasing with respect to

t and s, and
u(t,s) < (a(t,s) + b(t,s)v(t,s))”p.

Taking the derivative of v(¢t,s) with respect to £, we get
VA (t,$) = / [f(t, T)ul(t,7) + ki (8, 1) (o (8), T)
50

2
+ ZQ,‘(X,‘, h,‘(t, ‘L'),k,'(t, ‘E),p):| At.

i=1
Based on Lemma 2.3, for any K > 0,

Wit 7) < (alt, ) + b(t, T, 7)) "

< g[((q’p)/p(a(t, )+ b(t, T)V(E, 7)) + P4 gaw,
p

N

(3.2)

(3.3)

(3.4)

Page 4 of 13
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Inequalities (3.2)—(3.4) yield
A ’ 9 1a-p)ip P=9 ap
VA4 (2, s) 5/ |:f(t,t)(l—71( (at, ) + b(t, T)V(E, 7)) + TK >
50

+kia(t,7)(a(o (), 7) + b(o (8), T)v(o (2), r))] At

2 s
3 [ 6wt o)kt o)) ac
i=1 V50

IA

(zl((q—p)/p /S b(t, T)f (¢, T)AT) v(t, s)
p S0

+ (/Sb(a(t), T)klz(t,T)Al')V(U(t),S)

S0

+ /S [a(o(t), t)klz(t, T)+ (zl((q_”)/f’a(t, )+ ul(q/p)f(t, T)] AT
50 p p

2 s
+ Z/ ei(}\‘i;hi(t’ T)’ki(t’T)’p)AT
i=1 V50

B (t,5)
- At s)V(E,s) + Wv(o(t),s) +Cit,s),

which implies that
VA4 (t,5) < (A1 @ B1)(5,9)V(t, ) + (1 + u(£)By(£,9)) Ci (2, 9).

Based on Lemma 2.2 and v(ty, s) = 0, we can deduce that

v(t,s) < / (1 + u(r)Bl(r,s))Cl(f,s)e(Al@Bl)(f,s) (t,a(t))At.

to

This combined with (3.2) yields (3.1). The proof is completed. d

Remark 3.1 Letting p = ¢ = 1 and hy(¢,s) = 0, the inequality in Theorem 3.1 reduces to
[11, Theorem 3.1].

Theorem 3.2 Assume ki(t,s) € Cy, i = 1,2,3,4, are defined on T x T satisfying k(t,s) =
ki(t,s) — ko(t,8) > 0, kza(t,s) = k3(t,s) — ka(t,s) > 0, and

u(t) /Sb(U(t),T)/(lz(t,f)AT <1

Then inequality (1.2) implies
t lp
u(t,s) < {a(t, s) + b(t, s)/ (1+ 1(7)Ba(7,9)) Ca(T, 5)e(ar@8,)(x.) (t,a(r))Ar} (3.5)
to

forany K >0, (t,s) € T x T, where

ki (¢,7) = max{0, k3 (£, 7)),
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k3u(t, 0 (1))b(t,0 (7))
1+ u(r)b(t,o(r))

As(t,s) = / <%1<(q-1’>/ﬁb(t, Of (¢, 1) + + k5 (£, z)> AT + ka(t, ),
S0

/;Z b(o(t), T)kia(t, T)AT
- () fyy blo (@), Dkualt, 1) AT

Bs(t,s) =
2()1

and

(t: o ('[))/(34(t, o ('L'))
1+ p(t)b(t,o(7))

Coltys) = /s[a(o(t),r)klz(t,t) + 2

" (zK(q-Wa(t, )+ ul(q/”)/(t, z)} At
P 2

2 s
3 [ 00 k1)) A
i=1 VS0

4

‘ ki(t, o (7))
'3 [ e )

Proof Based on (1.2) and Lemma 2.1, we obtain

W(t,5) < alt,s) + bl ) / / [F(&, (€, 1) + (€, D) (o), )
ol (0/(8), ) + hs(6, T (£,0(0)) — a6, D) (£, 0(0)) | AT A

<alts) +b(t,s)/ / [f(é,r)uq(é,t) + k1o (&, T)u? (0(8), T)

2

(S,G(T)) + Z Gi(kix hi(é: t): ki(%_; f)J?)

i=1

- ki(¢,0 (1))
’ ;9"(“’“"‘5”)’ e st B

N k3a(&,0(1)) iy
1+ u(r)b(§,0(7))

Define w(t,s) by
o= [ [ﬂs,r)uq(s,r)+ku(s,r>uf’(0(5>’f) * %“p@’”(”)
2
+ D 0:(hi (8, 7). K8, 7))
i=1

! ki(€,0 (1))
+ ;01 ()\irhi(é"[)’ 1+ [,L(T)b(t,O’(T))’p) AfAé:

Then w(¢,s) > 0 is nondecreasing with respect to ¢ and s, and

ult,s) < (a(t,s) + b(t, s)o(t,s)) . (3.6)
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Taking the derivative of w(t,s) with respect to ¢, we have

ksa(t, 0 (7))

C!)Af(t, s) = v/S: |:f(t, t)uq(t, T)+ klz(t, ‘L’)up (O'(t), ‘E) + mup(t,ﬁ(f))

2
+ Z 0;(%i hi(t, T), ki(t, T), p)
i-1

4 oo ki(t,o (7)) A (3.7)
+23 ( o ”’1+u(r)b(t,o(r)>””) " '

By Lemma 2.3,

Wit 7) < (alt, 7) + b(t, T)oo(t, 1)) 7

< Tx@oe (a(t,7) + b(t, T)wr(t, 7)) +
p

< P . P4 gealp (3.8)

for any K > 0. It follows from (3.6)—(3.8) that

W™ (t,5) < / |:f(t ‘L')( KPP (a(t,7) + b(t, Too(t, 7)) + 2 quW)

+kio(t, T)(a(o (@), 7) + b(o (t), T) (0 (£), 7))

. ksa(t, o (7))
1+ u(7)b(t,0(7))

+Z/ Ahtr tr)p)At
+Z/

i=3 V50

(a(bo () + b(t,a(f))w(t,a(f)))]m

</\“h 0, ki(¢,0 (1)) )AT

1+ u(0b(to (1)

IA

(ZK(‘”’)/” / b 0)f (s r)Ar)w(t, 5)

+ (fsb(a(t),r)ku(t,r)Ar)w(a(t),s)

+ /s b(t,0(7))ksa(t, 0 (7))
s 1+ ()bt o(r))

: a(t, o (t))ksa(t, o (1))
+ /SO |:6Z(O'(t),f)k12(t,f) T b o)

a)(t,o(r))At

+ (5’1<<q-1’>/ﬂa(t,r) 2= ql(‘”’) f(t,r)]Ar
p p

2

3 [ 06 e 00k 00p) A
i=1 50

e ki(t, o (2))
+ Z/SO 0; (Ai,hi(t,r), T bt o) M(r)b(t,a(r))’p)At

i=3

_ <127K(qp)/p fs: b, T)f (¢, r)Ar)w(t, s)
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+ </Sb(6(t),‘L’)klz(t,‘[)A‘L’>a)(O’(t),S)

+ /s b(t, 0 (1))kz(t, 0 (7))
s 1+u(0)b(to(r))

a)(t,o(r))At + Cy(t, 5).

Note that
w(t,o(r)) =o(t, 1) + n(t)w® (¢, 7).
Therefore

W™ (t,s) < <§K(‘H’)’p / : bt O (&, t)AT)w(t,s)

+ (/S b(O'(t)r T)klz(t, T)AT>CU(O’(t),s)
+/s b(t, 0 (t))ksa(t, o (7))

Ar
s w(0blo@) B0 @M ED)AT+ G(s)

(4 g b(t,o<r>)k34<t,a<r>>) )
< (/So (p](q PYPp(t, T)f (¢, T) + T+ 0@)bo() At |w(t,s)

+ (/Sb(a(t),r)ku(t,r)Ar)a)(a(t),s)

+ /s k34(t,(7(1'))a)AT(t,‘L')AT + Cy(t, 5).

Since
k34 (t, 0(1:))51)Ar (t7)= (/(34(t, O'(‘L'))a)(t, ‘r))AT - kﬁ( (t, Dol 7),

we get

™ (t,5) < </ (qu P, ) (1, 7T) + b(t’g(r))k34(t’0(r)))Ar)a)(t,s)

1+ u(r)b(t,o(t))
By(t,s)

= Ay(t,s)wl(t,s) + mw(U(f)J) + Co(t,9),

S

+ b cr(t) ‘L' klz(t ‘E)A‘L’) (a(t),s)

k3y(t,s) + 1(34 (¢, T)A‘E)u)(t s) + Cy(t,s)

which implies that
w(£,5) < (Ay @ By)(t, s)w(t,s) + (1 + p(t)By(t,5)) Ca(t; 9).
By Lemma 2.2 and w(Z,s) =0,

w(t,s) < / (1+ (7)Bao(7,9)) Ca(T,8)e(ur@By)(r,) (10 (T)) AT

This combined with (3.6) yields (3.5), which completes the proof.

Page 8 of 13
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Theorem 3.3 If there exist ki(t,s) € Cy,i=1,2,...,6, defined on T x T such that kij(t,s) =
ki(t,s) — ki(t,s) = 0,j=i+1,i=1,3,5,and

w(t) AL, s) <1,
then inequality (1.3) yields

t 1/p
u(t,s) < {a(t, s)+b(t, S)/ (1+ ,lL(‘E)Bg(‘E,S))CQ(T,S)E(Az@.gz)(r,s)(t,O‘(T))A‘L'} (3.9

forany K >0, (t,s) € T x T, where /_<‘L3A6r (t, T) = max{0, k5A6’ (t, 1)},

Altys) = / (b(a(t), kalt,7) + bg"j%g;;ﬁl’?g(i;‘(’j;)) LR, r)> At +kso(6,9),

A(t,s)
1 - u(t)Alt,s)’

a0 (8),0(0)kss(t, (7))
Caltss) = Calts) + / L+ 1(0)b(o (1), 0(7))

Ag(t,S) =A2(t,S), Bg(t,S) =

6 s

ki(t,o (1))
> / 6 <“’h’”’ D T m@ble B0 @) )A”

i=5

Ay(t,s) and Cy(t,s) are defined by Theorem 3.2.

Proof Combining (1.3) and Lemma 2.1, we get

W(t,5) < alt,s) + bl ) / / [F(E, Du(E, 1) + (€, D) (o), )

—ha(§, D)2 (0/(5),T) + h3(§, )i (§,0(1)) — ha(§, 1) (§,0 (1))
+hs(§, 1) (0 (8), (1)) - he(§, D)u (0 (€), 0 (7)) | AT AE,

< alt,s) + b(t,s) / [ |:f($;f)uq(§,f)+/<12(€,T)Mp(0(§),f)

N ksa(&,0(1))
1+ u(r)b&,o0(1))

kse(&,0 (7))
1+ u(r)b(o(&),0(1))

ki(§,0(z)) p)
"1+ p(0)b,0 (1)

ki(é,O'(f))
6, (}mhi(g, 7), 1 M(T)b(g(g),o(t))’p):| ATAE.

u’(§,0(7)) +

W (0(8),0(7))

4
Oi()"i!hi(gﬁ kl E’ 4 + 29 (A'nh 5;
i=3

2
>
i=1
6
>
i=5
Define z(t, s) by

z(t,s):/ / [f(é,f)uq(é»f)+ku(5,f)up(0($),f)

ksa(&,0 (7))
L+ u(r)b(§,0(7))

kse(&,0 (7))

W(§0() + - w(0)b(o(€),0 (1))

W (o(8),0(2))
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zekh( ), ki€, T) 49Ah( : ki, 0 (1))
Do 1) 30 e S )

i=1 i=3

- ki(§,0(x)
Oi\ Ao hi(§,7), P ) |ATAE.
2 (e 0 @ owr?) [ 4728
Then z(t,s) > 0 is nondecreasing with respect to ¢ and s, and
u(t,s) < (a(t,s) + b(t, s)z(t, s))l/p. (3.10)

Similar to the procedure of Theorem 3.2, we get

22 (t,s) < As(t,5)z(t,s) + (/sb(o(t),r)ku(t,r)At>z(o(t),s) + Cy(t,s)

/s a(o(t),0(t))kse(t, 0 (7)) AT
s 1+wm(r)b(o(t),0(r))

/s b(o(t),0(1))kse(t, o (1))
+

L+ M(T)b(a(t),ﬂ(t)) Z(G(t))a(f))Af

6 s ki(t, o (1))

i=5 * %0

= Ay(t,5)z(t,s) + (/sb(o(t), r)ku(t,r)Ar>z(o(t),s) + Cs(t,8)

S0

Z(a(t),a(t))Ar.

/S b(o(£),0(1))kss(t, 0 (7))
s 1+u(r)blo(t),o())

Note that
z(o(),0(1)) =z(0(t),7) + u(r)z* (0 (2), 7).
Therefore

28 (t,s) < As(t,5)z(t,s) + </s b(o (t), T)kua(t, r)Ar)z(o(t),s) + Cs(t,s)

S0

5 b(o(t),0(1))kse(t, 0 (7))
+ (lg 1+ /’L(r)b(o'(t),a(f)) AT)Z(O’(t),s)

+ /S k56(t,cr(r))zAr (a(t), ‘E)A‘L’

= Ay(t,8)z(t,s) + (/S h(a(t), r)ku(t, I)Ar)z(a(t),s) + Cs(t, )

</S b(o (t), 0 (7))kse(t, 0 (7))
+

T a0 @) At)z(a(t),s) + ks (t, S)Z(O‘(t),S)

- /S k& (¢, 0)z(o(t),7) AT

/5 b(o (t),0(7))kss(t, 0 (1)) Az

< Ay(t,s)z(t,s) + (/S b(o(t),T)kia(t, T)AT + T+ 1 (b @,0@)



Fan et al. Advances in Difference Equations (2019) 2019:12

+ kse(,5) + / S/};f(t,r)m)z(o(t),s) + Cs(t,s)

S0

Bs(t,5)
= As(t,8)z(t,s) + #)Bz(t’s)z(o(t),s) + Cs(t, ),

ie.,
Z2(t,5) < (A3 @ B3)(t,s)z(t,s) + (1+ n(®)Bs(t,9)) Cs(t, 9).

It follows from Lemma 2.2 that

Atys) < / (1+ 1(0)Bs(1,9) G (T, ey (60 (2)) AT

to

due to z(#y, s) = 0. This together with (3.10) yields (3.9). The proof is completed. |

Remark 3.2 The inequalities in Theorems 3.1-3.3 generalize the results in [12—14] to two
independent variables, which can be used to study the boundedness of dynamic systems.

Remark 3.3 The explicit bounds for inequalities (1.1)—(1.3) can be obtained by choosing
proper k;(t,s) (i = 1,2,...,6). For example, letting k; (¢, s) = k»(¢,5) > 0 and k5(¢, ) = kg(£, s) >
0 yields B;(t,s) = 0 in Theorems 3.1-3.3. Under this case, Theorems 3.1-3.3 possess sim-
pler forms.

4 Application

In this part, an example is presented to state the main results.

Example 4.1 Consider the partial dynamic system with positive and negative coefficients

uttds(t,s) = f(t,8)ult,s) + hi(t, s)u'>(o (t),s) — hy(t, s)u(o (t),s),

u(t,so) = a(t), u(to,s) = B(s), u(to, So) = to,

(4.1)

where f, hy,hy : T % T— R, are right-dense continuous functions. System (4.1) possesses
sublinear and superlinear terms, which can be regarded as a class of dynamic systems with
mixed nonlinearities. By simple calculation, the solution of System (4.1) satisfies

|u(t,s)| <al(t,s) + /teA(m) (t,a(r))C(t,s)At, (4.2)

to

where
a(t,s) = |a@®)| + [BG)] + luol,  Alt,s) = %1«2’3 / f(r)AT,
C(t,s) = /s<%1(2/3a(t, )f (¢t 1) + %1(1/3f(t,r))Ar

+ /3[91<%,h1(t,r),k1(t,r), 1) +02(2, 2 (8, 7), ko (8, 7), 1):|Ar
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for any K > 0 and any rd-continuous functions ki(z,s) > 0 and ky(t,s) > O satisfying
ki2(t, ) = ki(t,8) — ka(t,s) = O for (¢,s) € T x T.
Actually, integrating (4.1) generates

u(t,s) = a(t) + B(s) —uo

+ / / [F(E, Dule, 7) + (e, DB (0 (€),7) - (e, 1) (0 (€), )| AT AE.
Therefore,

Iu(t,S)ISa(t,SH/ / [ (&, 0)|u(E, )| + (€, O)|u(o @), 7)™
—ha(&,7)|u(o(8),7) "] AT AL, (4.3)

By Theorem 3.1, (4.3) yields (4.2).
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