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1 Introduction

In this paper, we consider the system of nonlinear second-order difference equations

A, 1+ f(n, 1, ve) =0, n=1,N-1, s
A%, +gnuyvy) =0, n=1,N-1,

subject to the multi-point boundary conditions

r q r l
ug = E ajug;, uy = E biuy,, Vo = E CiVe;s VN = E divy,, (BO)
i=1 i=1 i=1 i=1

where N e N, N > 2, p,q,r,l € N, A is the forward difference operator with stepsize 1,
Aty = Uppy — Uy, A2ty 1 = Upey — 20Uy + U1, and 1 = k,m means that n =k, k + 1,...,m
fork,meN, & eNforalli=1,p,n;eNforalli=1,q, ¢ € Nforalli=1,r, p; € N for all
i=LL1<&<<E<N-1,1<m<--<n<N-1,1<<---<¢<N-1,and
1<pi<---<p=N-1

Under sufficient conditions on the nonnegative nonlinearities f and g which contain
some concave functions, we investigate the existence and multiplicity of positive solu-
tions of problem (S)—(BC) by using the fixed point index theory. By a positive solution
of (S)-(BC), we mean a pair of sequences (u,Vv) = ((44),-573 (Vi),-gn) satisfying (S) and
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(BC) with #, > 0 and v, > 0 for all » = O,N, and u, > 0 for all # = 1,N or v, > O for all
n =1,N. The existence and nonexistence of nonnegative and nontrivial solutions (u, v)
(4, =0, v, >0 for all » = 0,N and (u,v) # (0,0)) of problem (S)—(BC) with some posi-
tive parameters in system (S) were studied in the papers [14] and [15] by using the Guo-
Krasnosel’skii fixed point theorem. We also mention the paper [19], where the authors
investigated the existence and multiplicity of positive solutions for problem (S)—(BC) un-
der some assumptions on the functions f and g which are different than those we use in
this paper. The existence, nonexistence, and multiplicity of positive solutions for system
(S) with parameters or without parameters, subject to the multi-point coupled boundary

conditions
P q
uy =0, Un = Zaivéi; vy =0, VN = Z biuniy (BCI)
i=1 i=1

were studied in the papers [16] and [18].

The mathematical modeling of many nonlinear problems from computer science, eco-
nomics, mechanical engineering, control systems, biological neural networks, and others
leads to the consideration of nonlinear difference equations (see [2, 4, 21, 23]). In the last
decades, many authors have investigated such problems by using various methods, such
as fixed point theorems, the critical point theory, upper and lower solutions, the fixed
point index theory, and the topological degree theory (see, for example, [1, 6-12, 17, 20,
24-28]).

The paper is organized as follows. In Sect. 2, we investigate a system of second-order lin-
ear difference equations subject to the boundary conditions (BC), and we present the prop-
erties of the corresponding Green functions. In Sect. 3, we prove the main theorems for
the existence and multiplicity of positive solutions of problem (S)—(BC) which are based
on some theorems from the fixed point index theory, and we present two examples to

support our results.

2 Preliminary results
We begin this section with a result from [14] related to the following system of second-

order difference equations:
Au,1+y,=0, n=1,N-1, 1)

subject to the multi-point boundary conditions

p q
uy = Zaiué‘,'r uy = Zbium, (2)
i1 i-1

wherep,g €N, & e Nforalli=1,p,n; € Nforalli=1,4,1 <& <---<§ <N-1,1<ny <
~-<ng<N-1,andy, eRforalln=1,N-1.
We denote A; = (1-Y2 b)Y 0 a4+ (1= a)(N-Y1, biny).
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Lemma 2.1 ([14]) If Ay #0, then the solution (u,),_gx of problem (1)—(2) is given by u,, =
Z;ZII G1(n,j)y; for all n = 0,N, where the Green function G is defined by

q q »
G1(n,)) = go(m,)) + Ail |:(N - n) (1 - Zbk) + Y bi(N - m)j| > aigo(Es))
k-1 i1 i1

1 P p q
+A—[}1<1—Zﬂk) +Zﬂi$ij|2big0(ni7j)v nZOJN’jzl)N_]-) (3)
1 k=1 i-1

i=1

and

. 1 ]|jiN-n), 1<j<n<N,
o)) = — (4)
N |nN-j), 0<n<j<N-1

Next we will present some properties of the function gy and the Green function G;.

Lemma 2.2 The function gy given by (4) has the following properties:
() go(n,j)>0foralln=0,N,j=1,N-1;
(b) go(n,)) < h(j) foralln= O,—N,j =1,N — 1, where h(j) = g0(,)) = %j(N —J) for all
j=1,N-1;
(©) go(n,j) = k(n)h(j) foralln=0,N, j=1,N — 1, where k(n) = mn(N —n) for all
n=0,N.

Proof For the proofs of (a) and (b), see [7].

For (c),if 1 <j <n <N, then we have

1'(N )> 1
—j(N-n
N

1
2 =" Wy N-) e NW-1znlN-),

which is satisfied forallj = 1, N — 1 and n = O, N.

If 0 <n<j<N -1, then we obtain

1 1
—n(N—j) > ————n(N - n)—j(N —j NN -1) > j(N - n),
YL 1)_N(N_1)n( nJWN-j) & (N-1)=j(N -n)
which is satisfied forall j=1,N — 1 and n = 0,N. O

Lemma 2.3 Ifa;>0foralli=1,p,Y " jai<1,b;>0foralli=1,q, > L b; <1, then the
Green function Gy of problem (1)—(2) given by (3) satisfies the inequalities
(@) Gi(n,j) <Ah()foralln=0,N,j=1,N — 1, where

1 q p 1 p q
A=1+A—1<N—§bﬂ’),’)< ﬂi>+A—l<N—;ai(N_§i))(Zbi>>0'

i=1 i=1

(b) Gi(n,j) = k(n)h(j) foralln=0,N,j=1,N —1.
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Proof By the assumptions on the coefficients a;, i = 1,p and b;, j = 1,4, we can easily see
that A; >0 and A > 0. By using Lemma 2.2, for all # =0,N and j = 1, N — 1, we deduce

P
Gi1(n,j) < k() {1 + —|: (1—219/() +Zb (N —n; i|<2a,')
i=1
q
i=1 i=1
- Ah()),
and
Gl(nrj) = go(”l’]) = k(l’l)h(]),
that is, we obtain inequalities (a) and (b). |
Lemma 2.4 Assumethata; > Oforalli=1,p,Y " a;<1,b;>0foralli=1,q,3.7 b; <1,
and y, > 0 for all n = 1,N — 1. Then the solution (u,),_gx of problem (1)—(2) satisfies the
inequality u, > %k(n)umfor alln,m=0,N.

Proof By using Lemmas 2.1-2.3, we deduce

N-1 N-1 N-1 1
Uy = Z Gi(n))y; = Zk(”)h(f)yj > Z 14 1(m, )k(n
j=1 j=1 j=1
1 N-1
= —k(n) /21: G1(m,j)y; = —k(n)um, Vi, m =0,N. O

We can also formulate similar results as Lemmas 2.1-2.4 for the discrete boundary value

problem
A, 1+9,=0, n=1,N-1, (5)
r !
Vo= cvy,  wn=Y div, (6)

where r,l €N, ¢;>0foralli=1,r, Y} ¢;<1,g€Nforalli=1,rd; >0foralli=1,1
Zf;ldi<1,pieNforalli:ﬁ,1§§1<---<§,§N—1,1§p1<~~~<,015N—1,and
Y. >0foralln=1,N-1.

We denote by

/ r r 1
Ay = (1 - Zd’) ZCiCi + (1 - ZQ’) <N— Zdipi) >0,
i=1 i=1 i=1

i=1

Page 4 of 17
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1 1 r
Ga(n,)) = go(m, ) + Aiz [(N— n)(l - Zm) + Zdl-(N—p»] > cigolEi))
k=1 i=1 i=1

r r !
+ Ai|:n<1 - ch> + Zcigi:| Zd,»go(,oi,j), n=0,N,j=1,N-1,
2 k=1 i=1 i1
1 [ r 1 r !
B=1+ A_2<N— ;dl/}l> (ZC,’) + A—(N—ZC;‘(N—Q)) (Zd;) > 0.

i=1 2 i=1

Then we deduce the inequalities G, (1, /) < Bh(j) and G,(n,j) > k(n)h(j) for all n = O,N,
j=1,N — 1. In addition the solution (Vi),—on of problem (5)—(6) satisfies the inequality
Vy > %k(n)vm for all #,m = O, N.

We recall now some theorems concerning the fixed point index theory. Let E be a real
Banach space with the norm || - ||, P C E be a cone, “<” be the partial ordering defined by
P, and 0 be the zero element in E. For ¢ > 0, let B, = {u € E, || u|| < 0} be the open ball of
radius ¢ centered at 0, and its boundary 0B, = {u € E, ||u|| = 0}. The proofs of our results
are based on the following fixed point index theorems (see [3, 5, 13, 22]).

Theorem 2.1 Let A: B, NP — P be a completely continuous operator which has no fixed
points on 0B, N P. If |Au|| < ||ul| for all u € 0B, N\ P, then i(A,B, N P,P) = 1.

Theorem 2.2 Let A: B, N P — P be a completely continuous operator. If there exists ug €
P\ {0} such that u — Au # ug for all A > 0 and u € 3B, N P, then i(A,B, N P,P) = 0.

Theorem 2.3 Let 2 C E be a bounded open set with 0 € 2. Assume that A: 2 NP — P
is a completely continuous operator.

(@) Ifu £ Au for all u € 082 N P, then the fixed point index i(A, 2 NP, P) = 1.

(b) If Au £ u for all u € 32 N P, then the fixed point index i(A, 2 N P,P) = 0.

3 Existence and multiplicity of positive solutions
In this section we present sufficient conditions on the functions f and g such that problem
(S)-(BC) has positive solutions with respect to a cone.

We present the assumptions that we shall use in the sequel.

(H1) a;>0,&§ eNforalli=1,p, 1 <& <---<§ <N-1,
bi>0,m;eNforalli=1,q,1<m<---<n, <N-1,
¢;>0,;eNforalli=1,r,1<¢1<---<& <N-1,
d,»zO,p,»eNforalli:ﬁ,1§p1<~~~<,o;§N—1,and
S ai<, Y bi<, Y a<, Y di<1

(H2) The functions f,g:{1,...,N -1} x R, x R, — R, are continuous, (R, = [0, c0)).

(H3) There exist functions a,b € C(R,,R,) such that

(a) a(-) is concave and strictly increasing on R, with a(0) = 0;

(b)

f(nuy)

a(v)

fi =liminf, o, € (0,00],

uniformly with respect to (n,u) € {1,...,N -1} x R,, and

glmuy)
D)

uniformly with respect to (n,v) € {1,...,N — 1} x R,;

g5 = liminf, .o, € (0,00],
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Ch(u))
u

(¢) lim,_ o, a = 00 exists for any constant C > 0.

(H4) There exist a1, oy > 0 with oy, < 1 such that

S5, =limsup,_, o, f(fa—'iv) € [0, 00),

uniformly with respect to (n,u) € {1,...,N -1} x R,, and

: (n,u,)
gsoo = hmu—>oo £ P 0

exists uniformly with respect to (n,v) € {1,...,N - 1} x R,.

(H5) There exist the functions ¢,d € C(R,,R,) such that
(a) ¢(-) is concave and strictly increasing on R,;

(b)

fnuy)
c(v)

uniformly with respect to (n,u) € {1,...,N -1} x R,, and

fL =Tliminf,_, € (0,00],

gL, =liminf,_ o g(;{ZSV) € (0, 00],

uniformly with respect to (n,v) € {1,...,N — 1} x R,;

() lim,_ C(Ci(")) = 00 exists for any constant C > 0.

(H6) There exist By, B2 > 0 with 8182 > 1 such that

f§ =limsup,_,, f(:/’;i"/) € [0, 00),

uniformly with respect to (n,u) € {1,...,N -1} x R,, and

T gmuy) _
& = lim, 0, P 0

exists uniformly with respect to (n,v) € {1,...,N — 1} x R,.

(H7) The functions f(n, u,v) and g(n, 4, v) are nondecreasing with respect to # and v, and
there exists Ny > 0 such that

3N, 0 3N 0

SOnNo N < G i, gy 2 NN < G T i By

forallmef{l,...,N -1}
By using the Green functions G; and G, from Sect. 2, our problem (S)-(BC) can be

written equivalently as the following system:

Z

uy = YN G i)f GGyuvi), n=0,
Vo= Y N Ga(n, gl s, vi), n=0,N.

’

(7)

Then (u,v) = (44),,-55> (Vn) ,-g) 1s a solution of problem (S)—(BC) if and only if (u,v) is a
solution of system (7).
We consider the Banach space X = RN*! = {u = (u,,),,_gx» 4 € R,i = 0,N} with the max-

imum norm || - ||, ||#|| = max,_g3 l#;|, and the Banach space Y = X x X with the norm
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1Ge, V)| = ]l + |Iv]]. We define the cones

1 _
Py =queX,u= (), g5 Un > Zk(n)llu”,\v’n = O,N} c X,

1
p, = {V €X,v=Vn),so8Vn > Ek(n)llvll,\?’n = O,N} cX,

and P=P; x P, CY.
We introduce the operators Q;,Q;: Y — X and Q: Y — Y defined by

Ql (u’ V) = (an(l/t, V))n:(),_N’ QZ(u’ V) = (QZn(u) V))n:(),_N’
N-1

Quu(u,v) = Z Gi(m, 0)f (i, u;,vi), n=0,N

i=1

N-1

Quulwv) =Y Go(m,i)gli,ui,vi), n=0,N

i=1

Q(ur V) = (Ql(u: V)r Q2(u’ V))r (M, V) = ((un)n=mr (Wq)n:(),W) €Y.

The pair (&, v) is a solution of problem (S)-(BC) if and only if («,v) is a fixed point of
operator Q in the space Y. So, we will investigate the existence of fixed points of opera-
tor Q. Under assumptions (H1) and (H2) and by using Lemma 2.4, we can easily prove
that Q(P) C P and the operator Q : P — P is completely continuous.

Theorem 3.1 Assume that (H1), (H2), (H3), and (H4) hold. Then problem (S)—(BC) has
at least one positive solution.

Proof By (H3), there exist C; >0, C; > 0, and a sufficiently small r; > 0 such that

fn,u,v) > Cia(v), V(mu)e{l,....N-1} xR,,ve[0,r],

(8)
gn,u,v) > Cob(u), V(mv)e{l,...,.N-1} xR,,u €[0,r],

and

72C; max{A, B}N3u

(GH) = Gy

, Yuel0,n], 9)

where C3 = max{%h(]‘),]‘ =1,N-1}.

We will show that (Q; (i, v), Qa(1,v)) £ (u,v) for all (u,v) € 3B,, N P. We suppose that
there exists (,v) € dB,; N P, that is, ||(&,v)|ly = r1, such that (Qi(,v), Qa(%,v)) < (u,v).
Then u > Q1(u,v) and v > Q,(u, v). By using the monotonicity and concavity of a(-), the
Jensen inequality, Lemma 2.3, relations (8) and (9), we obtain

N-1 N-1
tn > Qua(,v) = Y Galm i)f (i1 vi) = C1 Y h(Dk(m)a(v;)
i=1 i=1

N-1

Cl N-1 N-1
> Cik(1) ) h(av) = > hli)a (Z Ga(i, g, u,,v,>>
i=1

i-1 j=1
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c, Nt N-1 c VL N-1
> ﬁl Zh(i)a (CzZGz(l J)b(u,)> ~ = "k L)ﬂ(CZZh(/)k b(u,))

Jj= i=1 j=1

o N-1 1 N-1 c No1
=5 Zl h(i)a <c2k(1) > h(i)b(w) ) <Z h(z’))a<W ]21: h(i)b(u,))

i=1

N-1

CI(N? -1 N-1)C
_6]1\§N 1))Z“<( zhv)b ’)>
J=
G+ A <(N—1)C2h.) e ,)>
T 6N /21:“ NG, ) Cably
- CI(N+1)J§(N—1) H)a(Cobta)
T 6N 4 NG .

CICZ(N Ny Z (])72C3max{A,B}N3

= TeN2C; OGN -1
12Nmax{A B &
> Z N k(/)n ull
j=1
12Nmax{A B} =
> Z ||u||

So, ||u|| > max,,_yx=1 4n > 2||ul, and then
lul =0

In a similar manner, we deduce

N-1
a(vi) > a(Qu(u,v)) = a (Z G2(i,/)g (> w)» V/))

j=1

a((N = 1)Ga (i, )g(j, ;)

[V
-
b
N

(10)

Page 8 of 17
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f 72C3max{A BIN3
Z )

—1p Y

G,
N

72N? max{4, B} !
S TNeoec A Zh(l) (; G1(, 6)f (6, ue,w))

N-1
N w Zh(/) (Zh O)K()Cal w))
6=1

72Nmax{A B} !
= N1 (Z h(;)) (Z h(@)am))

6=1

12N max{A4, B}

= Z h(O)a(vs)

12N max{A, B} = ( 1 )
=N w@)al =k0) v
N2-1 ; B

12N max{A, B} 1
o (Zh(9)> (—nvn)

> 2Nmax{A,B}B—Nd(||V||)

>2a(|lvll), Vi=1,N-1.

Then we conclude that a(||v||) = a(sup,_gx vi) = a(v1) = 2a(||v|l), and hence a(||v|]) =
By (H3)(a), we obtain

lvil =0. (11)

Therefore, by (10) and (11), we deduce that ||(#, v)||y = 0, which is a contradiction. Hence
(Q1(u,v), Qa(u,v)) £ (u,v) for all (u,v) € 3B,, N P. By Theorem 2.3(b), we conclude that the

fixed point index
i(Q,B,, NP,P) =0. (12)

On the other hand, by (H4) we deduce that there exist Cy > 0, C5 > 0, and Cg > 0 such
that

fn,u,v) <Cp™ +Cs, VY(mu,v)e{l,....N-1} xR, xR,
(13)
gnu,v) <eu®+Cs, V(mu,v)e{l,....N-1} xR, xRy,

with

) 6 3 o 6a2+1
f1= mm{B(N2 - 1) <4AC4(N2 - 1)) " 8BAC,)® (N? — 1)e2+1 }
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Then, by (13), we have

N-1 N-1

Qunlu,v) = Z Gy (m, )f (4w, vi) < ZAh(l')(CAIV?l +Cs)

i=1 i=1

N-1 N2—1
=ACy Y i)V + ACs — ¥n=0,N,

i=1

(14)
N-1 N-1
Qui,v) =Y Galm, i)gli, i vi) < Y Bh(i)(e124 + Co)
i=1 i=1
N-1
N%?-1
= Be; ;h(i)uj?‘z +BCe——, Vn=0N.
We consider now the functions p, g : R, — R, defined by
- AC4L(N?-1) 3w “2 BCs(N?-1)T"" AGC;(N%?-1)
p(w) = 2 + ,
6 4AC4 (N2 -1) 6 6
- 6%2 AC4(N? -1) o AC5(N?-1)\** BCs(N?-1)
qw) = wl + + .
8(ACL(N? — 1)) 6 6 6
Because
. pw) . qw) 0, if ooy <1,
lim —~ = lim —= =
w—oo W w—oo W 1/8, ifajay =1,
we conclude that there exists R; > r; such that
~ 1 - 1
pw) < A qw) < W W=Ri (15)

We will show that (u,v) £ (Q1(,v), Q2(u, v)) for all (i1,v) € 3Bg, N P. We suppose that
there exists (u,v) € B, N P, that is, ||(x,v)|ly = Ry, such that (&,v) < (Qi1(x,v), Qz(u, ).
So, by (14), we obtain

N-1 N2 -1
tn = Quilw,v) < AC ) h()V;* + ACGG——, Vn=0N,

i=1

e N*-1
vy < Qou(u,v) < Bey X:h(i)u?‘2 +BCq e Vn=0,N.

i=1

Then, for all # = 0, N, we deduce

“ = N2-1\" N2-1
Un <ACs Y i) (381 > h()us* + BCq ) +ACs
i=1 j=1

N1 &= -1\ N2-1
=AC, c (lezh(l)uj2+BC6 c +ACs c

j-1

Page 10 of 17
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o1
-1 N2-1
) + AC5 6

= (Bel > )l + BCs

N2—1 o N2 -1\ N?-1
Be; Jull> + BCs— +ACG—

-1 3lul| @2 N?Z-17% N%-1
<AC4 + BCg—— +ACs
AAC4(N? - 6 6

“1T/ 3|(» @ NZ-17™ N*-1
||(u V)IIY BC; +ACs , (16)
2AC 6
and
N-1 -1
v, < Bey Zh(l)u‘“ +BC6

i=1

N-1 N-1 _1 o N2_1
< Be, Zh(l)(AC4Zh(1)v°‘1 ACY ) +BCe—

i=1 j=1

N2-1 N2-1 N%2-1\* N?2-1
< Be; AC, IvII** + ACs +BCq
6 6 6 6
62 N?-1 N2 -1\ N2-1
ACy lvI|®t + ACs + BCq
8(ACL(N? - 1)) 6 6 6

6%
8(AC,(N? -

N2_1 o 2 -1 *2 N2—1
Ty (AC4 < I u,v)||1+AC5 3 ) +BC—— (17)

By using (16), (17), and (15), we conclude that u, < 1 [(u,v)|ly and v, < [/(x,v)|ly for
all # = 0, N. Therefore we obtain that ||(&,v)|y < %ll(u, V)|ly, and so ||(z,v)|ly = 0, which
is a contradiction because ||(z, v)|ly = Ry > 0. So, (u,v) £ (Q1(u,v), Qa2(u,v)) for all (u,v) €
dBg, N P. By Theorem 2.3(a), we deduce that the fixed point index

i(Q, Bz, NP,P) = 1. (18)
Because Q has no fixed points on 9B,, U 8B, , by (12) and (18), we conclude that
i(Q, (Bx, \ B;,) N P,P) = i(Q,Bg, NP,P) - i(Q,B,, NP,P) = 1.
So the operator Q has at least one fixed point (u!, v!) € (Bg, \ B,,) NP, withry < [|(u!,v})||y <
Ry, that is, [|#'|| > 0 or |[v!|| > 0. Because u! € P; and v! € P,, we obtain u, > 0 for all

n=1,Norv.>0foralln=1N. O

Theorem 3.2 Assume that (H1), (H2), (H5), and (H6) hold. Then problem (S)—(BC) has
at least one positive solution.

Proof By (H5) there exist C; >0,i=7,...,11, such that

f(n) u, V) = C7C(V) - CS’ g(nr u, V) > ng(l/i) - ClOr
Y(n,u,v)efl,....N-1} xR, xR, (19)
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and

72C1oN? max{A, B}u

¢(Crad(u)) = GG _1)

- Cllr Yu € R+; (20)

C9(N 1

where Ciy = max{<%=Y}(j),i = 1,N — 1} > 0. Then we obtain

N-1 N-1
Quiw,v) =Y Ga(m i)f (i us,vi) = Y Ga(m,i)(Cre(vi) - Cs)
i=1 i=1
N- N-1
Z (k) (Cre(vi) — Cs) = Y h(i)k(1)(Cre(vi) - Cs)
i=1 i=1
N-1

Zh(;) (Cre(vi) = Cs), Vn=LN-1,

(21)
N-1 N-1

Qan(u,v) = Z Ga(n, i)g(i, ui,vi) > Z Ga(n,)(Cod(u;) — Cio)
i=1 i=1

N-1

N-
Z (D)k(n)(Cod(u;) — Cro) > Zh(i)k(l)(ng(ui) - Cyo)
1

i=1

N-1
1
= ]T] Zh(l)(C9d(l/tl) - Cl()), Vn= 1,N - 1.
i=1

We will prove that the set U = {(u,v) € P, (u,v) = Q(,v) + A(p!, 9?), A > 0} is bounded,
where (p!,¢?) € P\ {(0,0)}. Indeed, («,v) € U implies that u > Q;(u,v), v > Qz(u,v) for
some ¢!, 2 > 0. By (21), we obtain

N-1
2> Quu(u,v) > - Zh(z c(v)—Ciz, VYn=1,N-1, (22)
C N-1
vz Qulwy) = 2 D h(d(w) - Cuay Yn=TN T, (23)
i=1

where C;3 = Cg(N? = 1)/(6N), Ci4 = C1o(N? — 1)/(6N).

By the monotonicity and concavity of ¢(-) and the Jensen inequality, inequality (23) im-

plies that
N-1
c(vy + Cra) > (% a h(i)d(u; ))

N-1 SN - 1)

]\ﬁ a2 c( h(i)d(u; ))
N-1

Co(N - 1)
= N_1 2 C( NCoy h(i) - CIZd(uz))
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1 Ailcg(N—n

> h(i)e(Crod(u;
= N1 NG, ()c(Crad(us))
C. -
2 )), Vn=LN-L (24)
Since c(v,) > ¢(v, + C14) — ¢(C14), by relations (22), (23), and (24), we deduce
c, V-1
Uy = ﬁ7 ;h(i)C(Vi) -Ci3
C N-1
—Z Zh ()[c(vi + Cra) = c(Cra)] - Ci3
i=1
c, N1
= ﬁ7 ;h(i)C(Vi +Ciq) - Cis
N-1 N-1
C C
> ﬁ7 Z ) |: 2 Zh(l Clzd(u;))] -Cis
i=1
CrCo(N?-1) X
- e ;h(;)c Ci2d(u))) — Ci5
C,Cy(N? - 1) 72C'12N3 max{A, B}
-C1)-C
> N, le ) N1 1) -Cis
12N max{A, B} \
= — ;h(j)uj ~Cis>2|ul - Cis, ¥n=1,N-1,
where Ci5 % + Ci3, Ci6 = % + Cys.
Therefore || u|| > u; > 2||u|| — Ci6, and then
llull < Cis. (25)

Since c(vy) > c(zk(n)Iv]) = c(ggIvl) =

> BNc(||v||) for all n = 1,N — 1, then by relations
(19), (22), (23), and (24), we obtain

c(vp) = c(vy + Cra) — c(Cia)

Co =
> en Zh(z)e (Crad(w)) - ¢(Cra)

72C1oN> max{A, B}
= NC

CCoN? _ 1) Mi—Cll)—C(CléL)

_72N? max{A B}
ahor o Zh(z)u, Cr7

72N? max{A, B} X

, ‘ C N-1 ‘
= w ;h(l) <ﬁ7 ;h(])C(VI) - C13> - C17

Page 13 0of 17



Agarwal and Luca Advances in Difference Equations (2018) 2018:470

12N max{A4, B} Y

== "7 - h(j)c(v;)) - C
N2 _1 FZI j 18

12N max{4, B} X\ 1
> o1 Zh(l)ﬁc(ﬂvﬂ) - Cis

zzc(”V”)_ClSr Vn=1,N -1,

i max
where Cy7 = %CNHD +¢(Crq), Cig = %7221{‘43 +Cp.
Then c(||v]]) > c(v1) = 2¢(||v[]) = Cis, and so c(]|v||) < Cig. By (H5)(a) and (c), we deduce

that lim,_, o, ¢(v) = 00. Thus there exists Cj9 > 0 such that
vl < Cro. (26)

By (25) and (26), we conclude that ||(#,v)||y < Ci6 + Cio for all (u,v) € U. That is the set U
is bounded. Then there exists a sufficiently large R, > 0 such that (u,v) # Q(u, v) + A(p!, ¢?)
for all (u,v) € 90Bg, NP and A > 0. By Theorem 2.2 we deduce that

i(Q, Bz, N P,P) = 0. (27)

On the other hand, by (H6) there exist Cy > 0 and a sufficiently small 7, > 0, (r2 < Ry,
ro < 1) such that

f(l’l,bt, V) = CZOVﬂl; V(I’l, M) € {11'“1N_ 1} X R.,.,V € [0,7’2],
(28)
gmu,v) <euf?, Y(mv)e{l,...,N-1} xR,,uc[0,r)],

where &, = (2AB%1 Cgo(Nz‘l)*‘31*1)’1/“31 > 0.

We will show that (#,v) £ Q(u,v) for all (u,v) € 0B,, N P. We suppose that there exists
(u,v) € 0B,, N P, that is, ||(&,v)|ly = r; < 1, such that (&,v) < (Q1(1,v), Q2(1,v)), or u <
Qi1 (#,v) and v < Qy(u, v). Then by (28) we obtain

N-1

2 < Qu,v) = Y Gi(m, i)f (i, i, vi) < ACag Z h(i)v)"

i=1 i=1

N-1 N-1 A
<ACy Y h(i) (Z Ga (i, /)g(jy ujs V/))
i=1

j=

i=1

_ ABPCy(N? - i
< 20( 52 (Zh(/)) ||u||ﬂ1ﬂ2

N2—1 B1+1
:A351C20< c ) e |lu) P72

1
N-1 N-1 p1
5ACgozh(i)(BZh(] £x1t] )
J

g (N2 -1\ 1
SABﬂICzo%l(T) el = 3 llell, ¥m=O,N.
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Therefore [|u|| < 1 ||ul|, so
llull =0. 29

In addition

N-1

Vi < Qon(u,v) = Z Ga(n, i)g(i’ Uis Vi)

i=1

Bes(N2 -1
BexlN" =1, h2 vn -GN (30)
6

N-1
<B Z h(i)szuf32 <
i-1

By (29) and (30) we deduce that ||v|| = 0, and then ||(, v)||y = 0, which is a contradiction
because ||(u,v)|ly = r, > 0. Then (i, v) £ Q(u, v) for all (u,v) € 3B,, N P. By Theorem 2.3(a),
we conclude that

i(QB,NP,P)=1. (31)
Because Q has no fixed points on 9B,, U dBg,, by (27) and (31), we deduce that
i(Q,(Bg, \ B,) N P,P) = i(Q,Bg, N P,P) —i(Q,B,, N P,P) = —1.

So the operator Q has at least one fixed point (12, v?) € (Bg, \ B,,) NP, withry < [|(u2,v?)||y <
R,, which is a positive solution for our problem (S)—(BC). a

Theorem 3.3 Assume that assumptions (H1), (H2), (H3), (H5), and (H7) hold. Then prob-
lem (S)—(BC) has at least two positive solutions.

Proof By using (H7), for any (u,v) € 9By, N P, we obtain

N-1 N-1

. . 314]\[0 . No
Q) SA;h(l)f(l,No,No) < WD maxlA B) 2 i) <=

N 3BN, N,
. . 0 . 0
QZn(ur V) < Bzh(l)g(erOrNO) < (N2 — 1) maX{A,B} Zh(l) < 7, Vn= O,N

i=1 i=1

Then we deduce

[QEwy = [ Quw )] + Qe )] < No = [[(.v)]

v Y(w,v) € 9By, NP.

Because Q has no fixed points on 9By, by Theorem 2.1 we conclude that
i(Q,Bn, NP, P) =1. (32)

On the other hand, from (H3) and (H5), and the proofs of Theorems 3.1 and 3.2, we
know that there exist a sufficiently r; > 0 (r; < Np) and a sufficiently large R, > Ny such
that

i(QB, NP,P)=0,  i(QBg, NP,P)=0. (33)
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Because Q has no fixed points on dB,, U 9B, U 9By, by relations (32) and (33), we obtain

i(Q, (Br, \ Bxy) NP, P) = i(Q,Bg, N P,P) — i(Q,By, N P,P) = -1,

i(Q,(Bn, \ B,)) NP,P) = i(Q,By, NP,P) - i(Q,B,, NP,P) = 1.

Then Q has at least one fixed point (u!,v') € (Bg, \BNO) N P and has at least one fixed
point (#2,v?) € (B, \ B,) N P. Therefore, problem (S)—(BC) has two distinct positive so-
lutions (u!, v1), (u?,v?). O

Remark 3.1 In (H3), if a(v) = v’ with p <1 and b(u) = u? with g > 0, the condition from
(H3)(c) is satisfied if pq < 1. In (H5), if c(v) = v’ with p <1, and d(u) = u? with g > 0, the
condition from (H5)(c) is satisfied if pg > 1.

Examples
(1) We consider f(n,u,v) = (1 + e “*) and g(n, u,v) = (1 + e ")u? for

n+l

(m,u,v)e{l,...,N-1} x R, x R,. For a(v) =+ with p < 1, and b(u) = u4 for g > 0

and pq < 1, then assumptions (H3) and (H4) are satisfied if ¢ > 0 and «, > 6. For
4

deduce that problem (S)—(Bé) has at least one positive solution.

(2) We consider f(n,u,v) = (1 + e)v"' and g(n,u,v) = (1 + e”")u® for
(mu,v)e{l,...,N-1} x R, x R,. For c(v) =v* with p <1, and d(u) = u? for g >0
and pq > 1, then assumptions (H5) and (H6) are satisfied if p < 61, g < 65, B1 < 61,

example, if 6 = %,p = %, q=3,01= %, and o = 3, we can apply Theorem 3.1, and we

and B, < 6,. For example, if 6; =4,6, =2, p = %, q= %, B1=3,and B, = %, we can
apply Theorem 3.2, and we conclude that problem (S)—(BC) has at least one positive
solution.
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