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Abstract

In this paper, we study the periodic solutions of high order differential delay
equations with 2k — 1 lags. The 4k-periodic solutions are obtained by using the
variational method and the method of Kaplan-Yorke coupling system. These are new
types of differential delay equations compared with all previous research. And it
provides a precise counting method for the number of periodic solutions. Two
examples are given to demonstrate our main results.
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1 Introduction
Given f € C°(R, R) with f(-x) = =f(x), xf(x) > 0, x # 0. Kaplan and Yorke [13] studied the
existence of 4-periodic and 6-periodic solutions to the differential delay equations

& (t) = —f(x(t - 1)) (1)

and

() = ~f (x(¢ - 1)) = f(x(t - 2)), (2)

respectively. The method they applied is transforming the two equations into adequate
ordinary differential equations by regarding the retarded functions x(¢ — 1) and x(t — 2) as
independent variables. They guessed that the existence of 2(n + 1)-periodic solution to the

equation

could be studied under the restriction
x(t —(n+ 1)) = —x(t),

which was proved by Nussbaum [20] in 1978 by the use of a fixed point theorem on cones.
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After that a lot of papers [3—12, 14—18] discussed the existence and multiplicity of 2(n +
1)-periodic solutions to Eq. (3) and its extension

®(t) == VF(x(t-1), (4)

i=1

where F € C}(RN,R), VF(-x) = —=VF(x), F(0) = 0. But they all studied first order equations.
In this paper, we study the periodic orbits to two types of high order differential delay
equations with 2k — 1 lags in the form

2k-1
x(2s+1)(t) __ Zf(x(t - i)), (5)
i=1
and
2k-1
x(2s+1)(t) - _ Z(_I)Prlf(x(t _ l)), (6)

i=1

which are different from (3) and can be regarded as a new extension of (3). The method
applied in this paper is the variational approach in the critical point theory [1, 2, 19].
We suppose that

feCORR), f(-x)=—f(x) (7)
and there are «, 8 € R such that

lim@ =q, limf(—x) =

x—>0 X X—>00 X

B. (8)

Let F(x) = f; f(s)ds. Then F(—x) = F(x) and F(0) = 0. For convenience, we make the fol-
lowing assumptions:
(S1) f satisfies (7) and (8),
(Sy) there exist M > 0 and a function r € CO(R*, R*) satisfying r(s) — oo, r(s)/s — 0 as
s — oo such that

‘F(x) - %ﬂx2 > r(|x|) - M,

(S3) £[F(x) - $Bx%] >0, |x| — oo,

(S3) £[F(x) - 2ax?]>0,0< x| < 1.

In this paper, we need the following lemma as the base of our discussion.

Let X be a Hilbert space, L : X — X be alinear operator,and @ : X — R be a differentiable
functional.

Lemma 1.1 ([3], Lemma 2.4) Assume that there are two closed s'-invariant linear sub-
spaces, X* and X~, and r > 0 such that

(a) XU X~ is closed and of finite codimensions in X,

(b) X )CX,L=L+P'AgorL=L+P A,
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(c) there exists ¢y € R such that

inf @ (x) > cy,
xeX+t

(d) there is coo € R such that
D) <co<P(0)=0, VxeX NS, ={xeX :|x]|=r}

(e) @ satisfies the (P.S).-condition, ¢y < ¢ < €, i.€., every sequence {x,} C X with
®(x,) = c and P'(x,) — 0 possesses a convergent subsequence.
Then @ has at least % [dim(X* NX™) —codimy(X* U X™)] generally different critical orbits
in @7 ([co, ¢oo)) if [dim(X* N X~) = codimy(X* U X7)] > 0.

Definition 1.2 We say that @ satisfies the (P.S)-condition if every sequence {x,} with
®(x,) is bounded and @’(x,) — 0 possesses a convergent subsequence.

Remark 1.3 We may use the (P.S)-condition to replace condition (e) in Lemma 1.1 since
the (P.S)-condition implies that the (P.S).-condition holds for each c € R.

2 Space X, functional @, and its differential ¢’
We are concerned with the 4k-periodic solutions to (5) and (6) and suppose

x(t —2k) = —x(t), k>1. 9)
Let

X = {x e L?:x(t-2k) = —x(t)}

= 2i+ 1)t 2i+ )t
3 (acos BEEDTE g gin PEDTEY o pe R,
2k 2k

i=0

> 2i+ 1)t 2i+ 1)t
X:cl{ E <aicos( l;k)” +b,-sin( l;k)ﬂ ):ai,bieR,
i=0

oo
Z(Zi +1)(al +b7) < oo} cX,
i=0

and define P: X — L? by

o0

Px(8) = P(Z (“!’ cos % + b;sin %))

i=0

(2i+ 1)t (2i + l)nt)' (10)

2
=) (2i+1)>H (ai cos ot + b; sin
Py 2k 2k

Let

~ > 1 (2i + V)7t o i+ Drt
1 _
P x(t) = igo Qi (ai cos Y + b; sin Y .
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Then the inverse P! of P exists. For x € X, define

ak
{x,7) =/0 (Px(®),y®) dt,  |xll = v/ (x,%),

4k
(%3} = /0 (=@ y®) dt, 5]z = /o205,

Therefore (X, || - ||) is an H3 space.
For (5), define a functional @ : X — R by

1 4k
D (x) = E(Lx,x) +/ F(x(2)) dt, (11)
0
where
2%-1
Lx=—P7 Y (1) 1™ (e - ). (12)

i=1

Letm=k—-1and

20+ 1)mt 2i+ 1)t
X(@) = x(t):aicosu+bisinuzabbieR .
2k k
We have
o0 m
X=Y [Z(X(Zlk +i) + X2k + 2k —i - 1))}. (13)
=0 L i=0
If x;(¢) = a; cos (2%}2’” + b; sin% € X(i), i € N, we have
2s5+1 o8} .
2i+ 1)
Lx= (-1 L tan 2 DT . 14
x=(-1) <2k> (;xltan m (14)

Obviously, L|x : X(i) = X(i) is invertible.
Based on the theorem given by Mawhin and Willem [19, Theorem 1.4] the differential

of functional @ is differentiable, and its differential is
P o/ (x) = Lx + K(x), (15)

where K(x) = P~1f(x). It is easy to prove that K : (X, [|[|?) — (X, ||x||3) is compact.
Therefore, from (14) we have that if

oo

2i+ 1)t 2i+ 1)t
x(t) = Z(a,- cos % + b; sin %),
i=0
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then

2s+1
(La,x) = (1)) (l) 2k(2i + 1) (a} + b} ) ta

(2019) 2019:3

[e.¢]

2k

i=0

o]
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a 2i+ 1)
4k

m T 2s+1 (2[ + 1)7T
=y ZH)M(%) 2k(4lk + 20 + 1) (ady,; + byy,,) tan —-——

=0 L i=0 4k

m 2s+1
= (%) 2k(alk + 4k — 2i - 1)**!
i=0 <

) ) i+ 1)m
X (@3 saxi1 + Pogsapio1) tan — .

4k
On the other hand,
[e¢]
(P! B, x) = Z 2kB(a; +b})
i=0
= Z |:Z 2kp (d%lkJri + b%lkﬂ') + Z 2kp (“%lluzk—i-l + b%lk+2k—i—l)j|’
1=0 L i=0 i=0
P ox,x Z 2/(0: a + b2

=0 L i=0 i=0

o0 m m
= Z |:Z 2k (a%lkﬂ + b%lkﬂ‘) + Z 2ka (a%lkﬂk—i—l + b%lk+2k—i—1)j|‘

Therefore, we have

(L +P7'B)x,x)
2i+1)m

oo m T 2s+1
- 2% Z |:Z( 1)s+1 <2k) (4”( + 2%+ 1)25+1 tan m + ,3) (ﬂglkﬂ' + b%lkﬂ')
=0 L i=0
s+1 T 2ot . 2s+1 (2i + 1)7-[
+Z — ) (Ak+4k-2i-1)*an—"" + B8

4k
2 2
X (“21/<+2k—i—1 + b21k+2k—i—1):|’

((L + P’la)x,x)
2i+1)m

° m T 2s+1
=2k - = 4lk + 2i + 1)%1 ¢ ) 2 b2
;[;(( ) (2/() (4lk + 2i + 1)** tan T (i + Do)
3 7\ i+ )
+ Z(—(—l)“l <§() (4lk + 4k — 2i — 1)> tan =27 a)
i=0

4k

2 2
X (“21k+2k—i—1 + b21k+2ki1)i|'
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For (6), define the functional ¥ : X — R by

4k
W(x) = %(Lx,x) + / F(x(2)) dt, (16)
0
where
2k-1
Lx=—P Y s —i), (17)
i=1

Letm=k—-1and

(2i+ 1)t besi 2i+ )7t

% + »; SIn % Iﬂ,‘,biER}.

X@) = {x(t) =a;Ccos

We have

i=0

X= Z[i(X(zlkH‘) + XUk + 2k — i — 1))}. (18)

If x;(¢) = a; cos % + b; sin % € X(i), i € N, we have

e Zsrl [ (2i+ Dm
Lx=(-1) l(ﬂ) (;xicotT). (19)

Obviously, L|x() : X(i) — X(i) is invertible.
Based on the theorem given by Mawhin and Willem [16, Theorem 1.4] the differential

of functional @ is differentiable, and its differential is
P (x) = Lx + K(x), (20)

where K(x) = P~1f(x). It is easy to prove that K : (X, ||x[|?) — (X, ||x|3) is compact.
Therefore, from (14) we have that if

> 2+ 1)1t 2+ 1)t
x(t) = Z(di cos % + b; sin %),
i=0

then

=7\ (2i+ )
(Lx,x) = (1)1 (—) 2k(2i +1)** (a] + b}) cot ————
—\ 2k 4k

Shs m\* Qi+ 1)
=> [Z(—l)s+1 <ﬂ) 2K (4lk + 2i + 1) (a2, + bly.;) cot S

=0 L i=0

m 2s+1
7 , s
- E (-1 (ﬂ() 2h(Alk + dk = 2i = 1)* @y op i1+ Dygoni1)
i=0

X cot

2i+1)m
4k '
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On the other hand,

(P! B, x) = Z 2kB(a; +b})

i=0

[=0 i=0 i=0

o0

(P ax,x) = Z 2ka(aj + b7)
i=0
1=0 L i=0 i=0

Therefore, we have

((L+P'B)x,x)

° m 2s+1 .
=2k Z |:Z ((‘1)S+1 (%) (4lk + 2i + 1)** cot @i+ lm + ,3)
=0 Li

- k 4k
=0

X (“gnm + b%zkn)

N i( (—1)! < 7 )2S+1(4lk +4k —2i—1)* cot @i+ Dz + ,3>
(- T —9i— “tr r
2 2k ak

2 2
X (“21/<+2k-i—1 + b21k+2k—i—1)j|’

(L+P o), x)

> i 2s+1 )
=2k [Z <(—1)S+1 (%) (4dk +2i + 1)** cot @itz a)
=0

Py 4k

x (a%lkﬂ' + b%zlm)

m 2s+1 .
2i+1
+ ; <—(—1)S+1 <%() (4lk + 4k — 2i — 1) cot % + Ol>

2 2
X (a21k+2k—i—1 + b21k+2ki1):|'

Lemma 2.1 Each critical point of the functional @ is a 4k-periodic classical solution of

Eq. (5) satisfying (9).

Proof Let x be a critical point of the functional @. Then x(¢) satisfies

2k-1

= )T i)+ f(2(0)) =0, ace.t € [0,4K].

i=1

[o¢] m m
= Z|: 2kp (ﬂglk+l' + b%”(+i) + Z 2kp (d%lk+2k—i—1 + b%lk+2k—i—1):|'

o0 m m
= Z|: 2ka (a%lkﬂ' + b%um) + Z 2ka (a%lk+2k—i—l + b%lk+2ki1):|'
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Consequently,

2k-1

= )T @ — i 1) + f(x(t - 1)) =0,

i=1
2k-1

= D)@ - 2) + f(x( - 2)) =0,

i=1
2k-1

=D )T - - 3) + f(x(t - 3)) =0,

i=1

2k-1

=Y DR (- i - (2k - 1)) + £ (x(2 - (2k - 1)) = 0.
i=0
Calculating (21.1) + (21.2) + (21.3) + - - + (21.(2k-1)), we can get
2%-1

x(2s+1)(t) + Zf(x(t — l)) =0, ae.te [01 4/(];

i=1

namely
2k-1
B ==Y f(x(t 1), ae.te[0,4k],
i=1

Page 8 of 22

(21.1)

(21.2)

(21.3)

(21.(2k-1))

which implies that x satisfies the above equation for all ¢ € [0, 4k] since the function on the

right-hand side is continuous, then x is a classical solution to (5).

O

Lemma 2.2 Each critical point of the functional ¥ is a 4k-periodic classical solution of

Egq. (6) satisfying (9).

Proof Let x be a critical point of the functional ¥. Then x(¢) satisfies

2k-1

B Zx(mﬂ)(t ) +f(x(t)) =0, a.e.tel0,4k].

i=1
Consequently,

2k-1

=Y o xP(—i-1) +f(x(t - 1)) =0,
i=1

2k-1

=Y o xP (- i-2) +f(x(t - 2) =0,

i=1
2k-1

=Y xP (e —i-3) +f(x(t - 3)) =0,

i=1

(22)

(22.1)

(22.2)

(22.3)
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2k-1
=Y o aP (E—i— 2k - 1)) + f(x(t - (2k - 1)) =0. (22.(2k-1))

i=1
Calculating (22.1) — (22.2) + (22.3) — - -+ + (22.(2k-1)), we can get
2k-1
A+ Y (1) f(x(t - 1)) =0, ae. te[0,4k],
i=1
namely
2k-1
@) = = (-1 (et - i), ae. te[0,4k],

i=1

which implies that x satisfies the above equation for all ¢ € [0, 4k] since the function on the

right-hand side is continuous, then x is a classical solution to (6). O

3 Partition of space X and symbols
For (5), let

X;:{X(21k+i):lz(),05i§m,

. 2s+1 .
(_1)S+1((4lk+2l+ l)n) an 2i+ )7

2% ak +’3>0}

U{X(21k+2k—i—1):120,0§i§m,

. 2s+1 .
1y ( (4lk + 4k — 2i — l)n) an i+ 1w

2% ak +ﬂ>0}’

Xgoz{X(Zlkn):le,Ogigm,

(4dk +2i + D \*? Qi+ 1)
_qysHlf M A N
(-1) ( T ) tan K +p<0

U{X(21k+2k—i—1):lzo,0§igm,

. 2s+1 .
1y < (4lk + 4k — 2i — 1)7r> an (2i+ )7

2k 4k +'B<0}’

Xg:{X(zzkn):zZo,ogism,

(@alk +2i + D \ =" Qi+ 1)n
_1)s+1 _
(-1) (42k ) tan " +a>0

U{X(21k+2k—i—1):120,0§i5m,

. 2s+1 .
_(_1)s+1<(4lk+4k—2z— 1)7r> an 2i+ )7

2% ak +a>0}’
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X; = {X(21k+i):120,0§i§m,

@k +2i + D \*" Qi+ Dr
_1)s+1
(-1) <72k tan Iy +a<0

U {X(21k+2k—i—1):120,0§ifm,

(alk + 4k —2i — D \ > i+ D7
_(_ s+1 A= T
(-1) ( T ) tan P +a<0}.

On the other hand,

X&:{X(Zlkn):lz(),Osifm,

. 2s+1 .
1! ((4lk +2i+ 1w ) an i+ 1)m

2% ak +ﬂ=0}

U{X(21k+2k—i—1):120,0§i§m,

(alk + 4k - 2i - D \*" @i+ )7
_(_1)5+1 N
1) ( 2% ) T

+,8=0},
X8:{X(2lk+i):120,0§i§m,

(alk +2i + D \*"' Qi+ 7
_qysel MV P e N —
(-1) < oK tan K +a=0

U {X(2lk+2k—i—1):le,0§ifm,

(alk + 4k —2i — D \ > i+ D7
_(_1)5t1 T —
(-1) ( % ) tan " +o 0}.

Obviously, dim X2, < oo and dim X < co.
Lemma 3.1 Under assumptions (S1) and (S,), there is o > 0 such that

(L+P'B)w,x)>0lxl>, xeX and

(L+P'B)x,x)<—alx]? xeX.

Proof First, we have that, for 8 > 0 and s = even, (-1)**! = -1,i € {0, 1,...,m},

(4lk +2i + 1) \ ** n (2i + D)7 iy
2k 4k

((4l+(i)k +2i+ 1)1 >2“1 (2i + D)7

>S— |\ —— tan —————

2% w0

(23)
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where [* (i) = max{/ e N : —(W)z“l tan % +f >0} and

@k +2i+ D7 \ > Qi+ D
- — tan ———— +
2k 4k
@l (k +2i + 1)\ **! n (i + D o
< 2%k 4k ’

where /(i) = min{l/ € N : ~(UEZHUT 2501 g DT 4 g ),

In this case, we may choose

min AN tan 21+ D + p
o; = e )
2k 4k 4+ (D)k + 2i + 1)2s+1

7\ > an 2i+ Dm B S0
2k 4k (41-(i)k + 2i + 1)2s+1 ’

and let o = min{oy,01,...,0,} > 0.
Second, we have that, for 8 > 0 and s = odd, (-1)**! =1, i € {0, 1,

(4lk + 4k — 2i — 1)z \ >+ an (i + D iy
2k 4k

((41+(i)/< +4k—2i- ) )2”1 (i + D
> — tan ———

2% w TP

where [ (i) = max{/ e N : —((4””4];;2"_1)” )2+ tan Q’Z,i)” +pB>0}and

(alk + 4k - 2i — 1) \ =+ . (2i+ )7 p
2% M T
4l ()k + 4k - 2i - D \*" i+ D7
<— tan———— + 8 <0,
2k 4k

where [~(i) = min{/ e N : —((4lk+4](27<2i_1)” )L tan (2i211)” +p <0}

In this case, we may choose

min AN tan @i+ D + p
o; = -\ 577 )
2k 4k (4 (i)k + 4k — 2i — 1)2s+1
\* Qi+ Drn B
— tan - >0,
2k 4k (4l-()k + 4k — 2i — 1)2s+1

and let 0 = min{oy, 01, ...,0,,} > 0. The proof for the case 8 < 0 is similar. We omit it. The

inequalities in (23) are proved.

Lemma 3.2 Under conditions (S1) and (S,), the functional ® defined by (11) satisfies the

(P.S)-condition.

...,m},
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Proof Let I1, N, Z be the orthogonal projections from X onto X7, X, X2, respectively.
From the second condition in (8) it follows that

’(Pil(f(x)_ﬂx)’xﬂ<%||x||2+M, xeX (24)

for some M > 0.
Assume that {x,,} C X is a subsequence such that @’(x,,) — 0 and @ (x,) is bounded. Let
wy, = [Ix,, y, = Nxy, z, = Zx,. Then we have

OL+P'B)=(L+P'B)I, N(L+P'B)=(L+P'B)N. (25)
From
(@' (), 20n) = (Lt + P f (00, 20) = (L + P Bt 200) + (P (F () = Bn) s %)

and (25), we have

(T (%), %) = (IT (L + P7* B) s %) + (ITP ™ (f (%) — BXn), %)
=((L + P BYwy, wy) + (TP (f (%) — BXn), W),
and then, by (23), we have

(L4 P BYwas ) + (TP (F ) = i), wi) > 2 = Milw, ],

which, together with I7®’(x,) — 0, implies the boundedness of w,,. Similarly we have the
boundedness of y,. At the same time, (S,) yields

1 o B
®(x,) = 5((L +P‘1,6)xn,x,,) +./o F(x,)dt - §||x,,||§
- %((L + P B W, W) + %((L + P B) Y yn)

s IB
+/0 Fsn)dt & (1wl + Il + 12 1B).

Then the boundedness of @(x) implies that ||z,||> is bounded. Consequently |z,|| is
bounded since X, is finite-dimensional. Therefore, |lx,| is bounded.
It follows from (15) that

(IT+N)®'(x,) = (IT + N)Lx,, + (IT + N)K(x,,)

= L(wy +yu) + (IT + N)K(x,,).

From the compactness of operator K and the boundedness of x,,, we have that K(x,,) — u.
Then

L|x$o+xgo (Wn +yn) g _(n + N)u (26)
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The finite-dimensionality of X2, and the boundedness of z, = Zx, imply z, — ¢ € X

Therefore,
Xn=ZntWntYn—>¢— (L|x$c+xgo)_l(n +N)u,

which implies the (P.S)-condition.
For (6), let

X ={X(2lk+i):lzo,0§i§m,

(alk +2i + D \*" Qi+ )r
sl M e Aidiaratd
(-1) ( T ) cot " +,6>0}

U{X(21k+2k—i—1):120,0§i§m,

(4lk + 4k - 2i - D \*"' i+ D7
_(_1)5+1 N

(-1) < % ) cot— +B>0¢,
X;oz{X(21k+i):lz(),0§i§m,

. 2s+1 .
1! ((4-lk +2i+ 1) ) cot 2i+ )7

2% ak +’3<0}

U{X(21k+2k—i—1):120,0§i§m,

(alk + 4k — 2i — D \ > (2i+ Dn
_(_ s+1 A=
(-1) ( T ) cot wt

,8<0},
X;={X(2!k+i):lzo,0§i§m,

. 2s+1 .
(1) ((4lk +2i+ )7 ) cot 2i+1)m

2% 4k +“>0}

U{X(21k+2k—i—1):120,0§ifm,

4lk + 4k - 2i - D \ =7 @2i+1
—(=1)**! (Al + -l cotM +a>0¢,
2k 4k

Xg:{X(zlkn):le,Ogigm,

et [k + 20+ D) w2+ )r
(-1) <72k c0t44k +a<0

U{X(21k+2k—i—1):le,OSigm,

(4lk + 4k —2i — D \ =" @i+ D7
_(_1)5+1 N
(-1) ( % cot % +a<0¢.
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On the other hand,

X&:{X(21k+i):120,0§i§m,

(-

(alk +2i + D \*? Qi+ Dn
s+l MY P& T ) hiitand —
1) ( T cot % +B=0

U{X(21k+2k—i—1):120,0§i§m,

. 2s+1 .
(1 ((4lk 4k - 2i— 1)7r> o 2it D

+,8=0},

2k 4k

X8z{X(21k+i):120,0§i§m,

2k 4k

. 2s+1 .
1) <(4lk +2i+ 1)71) cot 2i+ 1) foe O}

U{X(21k+2k—i—1):le,Ogigm,

. 2s+1 .
_(_1)S+1((4lk+4k—21—1)7r> cot 2i+ 1w +a:0}.

2k 4k

Obviously, dim X2, < oo and dim X < co.

Lemma 3.3 Under assumptions (S1) and (S,), there is o > 0 such that

(L+P'B)x,x)>0lxl? xeXl and

(L +PB)xx)<—olx|’ xeXs.

Proof The proof is similar to Lemma 3.1, we omit it.

Lemma 3.4 Under conditions (S1) and (Ss), the functional ¥ defined by (16) satisfies the

(P.S)-condition.

Proof The proof is similar to Lemma 3.2, we omit it.

4 Notations and main results of this paper

We first give some notations.

For (5), if (—

Ni(a) =

Ni(B) =

1)**! = -1, denote

-y " card{{>0:0< (74””4/‘ 2072541 gap —(2’211)” <-al,

2k

-y " card{{>0:0< (w)zs+1 tan % <-B},

S card{l > 0:0 < (WA2ZEDT 2541 oy (2‘2,1)” <al, a=>0.

a <0,

B <0,
Z Ocard{l >0:0< ((4lk+21+1 )2s+1 tan 2l+1 < /3}1 :3 > 0.
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And
“ alk + 4k - 2i - D \*? @Qi+1
:anrd [>0:0< (( lk + k - )71) tanuz—a}, a <0,
- 4k
N (a )—icard [>0:0< 4lk+2l+1 2SHtan(ZiJr—l)”—oc a>0
1 +/ — / - . 4]( - ’ —_ Y
“ 4lk + 4k - 2i - D)7 \ = 2i+1
:anrd [>0:0< (( e+ k - )n) tan—( i+ Dz :—ﬂ}, B <0,
, 4k
0 . (@l +2i+ D\ (2i+ D
N7 (B:) = anrd ZZO'O<(72I< tan74k =B, B=0.

Alternatively, if (~1)*! = 1, denote

N =1 Y rocard{l>0:0< (—(4”‘*22/?1)” )**1 tan —(2”,1)” -a}, a<0,
1) = )
Y rycard{l>0:0< (4(4””4];7(2’ )7 )25+1 tap (2”]1)” <al, a>0.
Nu(B) - -y " card{{>0:0< (44”“2”1 )25+ tan (21211)” <-B}, B<O,
1 '3 - . (4lk+4k—2i 2s+1 21+1
Zizocard{120.0<(T) tan 20T . gy B> 0.
And
“ (41/< +2i+ ) \* Qi+ )n
NO(or) = dll>0:0< tan——— = —a |, 0,
1(es) lZO:car ( an " o o<
“ (4dk + 4/( —2i-Dr\*"' Qi+
N? = di/>0: tan ———— =« ¢, >0,
1 () Z:car > < an " o
“ (41/< +2i+ D) \* Qi+ )n
NO(B.) = d{i>0: tan ———— = -8 ¢, 0,
1(B2) gcar ( an " B B<
NO(B.) and I50:0< (4lk+4k 2;-1);1 Mt (2i+ D sl 5=
T an———— = ,
) 4k

For (6), if (-1)**! = —1, denote

— Y7 card{l > 0: 0 < (WEHACZEDT 2501 0 LD ¢ g} <0,

No(o) = m (alk+2i+1) Qi+1)
Y gcard{l>0:0 < (F5T) =+ cot ’Zk”<oz}, a>0.
Ny (B) — Y card{l > 0: 0 < (UEHHCZEDT st oo GIEUT < gy B <,
2 =
Zl.zocard{le:0<((4”‘4'22,?rl )zs”cot(zfi </3}, B>0.
And
4lk + 4k - 2i - D \ = (@2i+1
N0 anrd{l>00 <( * 2/l )71) cot%=—a}, a <0,
k

i=0
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“ (alk +2i + D \*" Qi+ D
Ng(OlJr):ZCElrd IZOIO<<T COtTZOC ) OZZO,

m 4 4k —2i—1 2s+1 2 +1
= E cardi/>0:0< (Al + 4k - 2i - )z COtM:-ﬂ , B<O,
, 2k 4k

NY(B,) = anrd ZZO:O<<

@alk +2i+ D \*? Qi+ 1)
_— cot ——
2k 4k

::3}’ B=0.

Alternatively, if (-1)*! = 1, denote

Ny(@) — Y rpcard{l > 0:0 < (WEZEDT 25l oo BT ) g <,
200) = . ’
Srpcard{l > 0:0 < (WEHE2ENT 2501 oo ZEEDT ) g > 0,
Ny(8) -y 7 card{{>0:0< ((4”“'2$1)”)23+1 cotM <=8}, B<0,
2(B) = .
Y ycard{l>0:0< (W)%+1 cot &itbr 2”1 <B}, B=0.
And
m 2s+1 .
4lk +2i+1 2i+1
:anrd [>0:0< ( i+ D cot—(l )T[:—(x , a<0,
- 4k
m 2s+1 .
(4lk+4k— 2i—-1)m 2i+1)m
NY(o,) =Y card{/>0:0 cot——"— =a{, a>0,
Z(Ol+) ; = < K o o>
m 2s+1 .
4lk +2i + 1 2i+1
:anrd l>0 0< (( ! )7T> Cot%:_ﬁ}v ﬂ<01

(alk + 4k —2i — D \ = i+ D7
0 . e
N;(B:) = E card 120.0<< T cot " B, B=0.

Now we give the main results of this paper.

Theorem 4.1 Suppose that (S1) and (S;) hold. Then Eq. (5) possesses at least
n =max{Ni(8) - Ni(e) = NY () = N} (er.), N1 (@) = N1(B) — N} () = N} (B.)}

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

Theorem 4.2 Suppose that (S1), (S2), (S3), and (S;) hold. Then Eq. (5) possesses at least
n=Ni(p) ~Ni(@) + N{(B.) + N{ (t.)

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

Theorem 4.3 Suppose that (S1), (S2), (S3), and (S;) hold. Then Eq. (5) possesses at least
n=Ni(e) - Ni(B) + Ny () + N} ()

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.
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Theorem 4.4 Suppose that (S1) and (Sy) hold. Then Eq. (6) possesses at least
n = max{Na(§) = Na(er) = N3 (B-) = N (et.), Na(et) = Na(B) — N3 (er-) = N3 ()}

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

Theorem 4.5 Suppose that (S1), (S2), (S3), and (Sy) hold. Then Eq. (6) possesses at least
n=Na(B) ~ Na(@) + N3 (B,) + N3 (ar.)

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

Theorem 4.6 Suppose that (S1), (S2), (S3), and (S;) hold. Then Eq. (6) possesses at least
1 =Na(@) = Na(B) + Ny () + N3 (B.)

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

5 Proof of main results of this paper

Proof of Theorem 4.1 Suppose without loss of generality that
n=Ni(B) - Ni(@) - NY(B-) - Ny (a,).
Let X* = X! and X~ = X;. Then
X\ (XTUXT) =X\ (XL, UXy) S XL UXSU (XL NXp).
Obviously,
codimy (X* +X7) < dimX), +dimXg +dim(X2, N Xg) < oo,

which implies that condition (a) in Lemma 1.1 holds. Let Ay, = 8. Then condition (b) in
Lemma 1.1 holds since, for each j € N, we have that x € X(j) yields (L + P~ 8)x € X(j).

At the same time, Lemma 3.2 gives the (P.S)-condition.

Now it suffices to show that conditions (c) and (d) in Lemma 1.1 hold under assumptions
(81) and (Ss).

In fact, we have shown in Lemma 3.1 that there is o > 0 such that ((L+P~18)x,x) > o ||x||?,
x € X},. And the second condition in (8) implies that |F(x) — 3 8x*| < 30 |x[> + My, x € R
for some M; > 0.

Then

1

ak
D (x) = E(Lx,x) +/ F(x(t)) dt
0

4k
_ %((L+P‘1,3)x,x>+ /0 [F(x(t)) - %mx(t)ﬂ dt
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1 1

> Solall’ - Jollxl® - 4kv,
2 4
1 2

= 20 ll%ll” - 4k

if x € X*. Clearly, there is ¢y € R such that

inf @(x) > co.
xeX*t

On the other hand, we have shown in Lemma 3.1 that there is o > 0 such that ((L +
P1B)x,x) < —o||x||%, x € X5,. And we can show that there are r,0 > 0 such that |F(x) -

1 1
3Bx* < 30x1?, x| =r. So

ak
®(x) = —(Lx,x) +f F(x(t)) dt
0

NI—= N

ak
((L+P7'B)xx) + / |:F(x(t)) - %/3|x(t)|2i| dt
0

1 1
<—=olxl*+ >ox|?
2 4

1
<-—olx|*
4
That is, there are r > 0 and ¢, < 0 such that
D(x) SCoo<0=@(0), VxeX NS, ={xeX:|x|=r}

Our last task is to compute the value of

n= %[dim(X+ ﬂX‘) — codimy (X ™ +X_)]
= % [dim(Xgo N Xg) - codimx(X;'o + Xa)]
- % i[dim(}(;o ()N X; (j)) — codimy) (X5, () + Xg (j))]-
=0

By computation we get that, for each i € {0,1,...,m},

2s+1 .
—1 _ s+1 l (2l + 1)7‘[ ,3 2
((L+P ﬁ)x’x>_ <(_1) (2/() tan 4]( + (4lk+2l+1)2s+1>”x” ’

x € X(2lk + i),

2s+1 .
-1 _ s+1 l (21 + 1)7‘[ ﬂ 2
((L+P ﬁ)x;x>_ <_(_1) <2k> tan 4<k + (4lk+4k_2l_1)2s+1>”x” ’

x e XQ2lk +2k-i-1),
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and

2s+1 :
i (2i+ 1) o
L+Pla)ex) = (1) () ¢ "
((L+P a)x,x) (( ) (2/() M T @lk+2i+ 1)25*1>”x||

x € X(2lk + ),

2s+1 :
) 2i+ 1) o
L+Pla)aa) = (-1 L t K
((z+ Plar)n,a] (( ) (2k) T +(41/<+4/<—2i—1>2”1>”x”

xe€Xlk+2k—-i-1).

Therefore,

X (20 +0) = XX, N X2k + i) =9,

X2k +2k—i—1) =X NXQ2lk +2k—i—1)=X(Q2lk + 2k —i—1),

Xo 2l + i) = Xg N X(2Lk + i) = X (2lk + i),

X5k + 2k —i—1) = X5 N X(2lk + 2k —i—1) =
ifi €{0,1,...,m}and (-1)**! = 1 and / > 0 is large enough, which means that there is M > 0
such that dim(X?, (j) N X (7)) — codimyx (X, (/) + X (7)) = 0, j > M, from which it follows that

n=

[aim (X2,0) 1 X5 ) — codimagy (X2, () + X5 3)

N =

[dim X7, () + dim X (j) - 2]

N =

N =

™M= M= I[M=

[dimX;o(j) + dimX(;(j)] — (M +1).

~.
Il
(=]

Then we have
M
> dim(XZ,()
=0
) Ni(B) +card{2lk +2k —i—1:0<2lk+2k—-i-1<M}, B=0,
Ni(B) —NY(B.) + card{2lk + 2k —i—1:0<2lk +2k —i—-1 <M}, B<O0,

Moo ~Ni(a) - N%(a,) + card(2lk +i: 0 < 2lk +i <M}, « >0,
Zdlm(XO ()) =2
0 —Ni(a) +card{2lk +i:0<2lk+i<M}, a<O,

and

M
> [dim X2, () + dim X5 ()] = 2[Ny(B) = Nifer) = N(B-) - N} ()] + 2(M + 1) (28)

j=0

~

Therefore
n=Ni(B) — Ni(e) - NY(B-) - Ny (ay).

The proof for the case (—1)**! = —1 is similar.

Theorem 4.1 is proved.
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Proof of Theorem 4.2 and Theorem 4.3 Since the proof for the two theorems is similar, we
prove only Theorem 4.2.

Let X* = X, + X%, X~ = X° + XJ. Then, as in the proof of Theorem 4.1, we check condi-
tions (a), (b), (c), (d), and (e). In the present case, we may suppose that (28) still holds for
some M > 0. Let X2, (i) = X% N X (), X3 (é) = X3 N X(i). Then

n

N =

[dim(X;O(i) N Xg(i)) — codimyq (X2, (i) + Xg(i))] + (dim X2, + dim X9)

[dim X7 (i) + dim X[ (i) - 2] + (dim X, + dim X{)

N =

M= 1M 1M

I
(=]

[dim X () + dim X5 (i) ] - (M + 1) + (dim X2, + dim X))

= N(B) = N(@) = N°(B-) - N°(e.) + (N°(B,) + N°(B-) + N°(ev,) + N°(et.))
= N(B) - N(@) + N°(B.) + N°(-). O
Proof of Theorem 4.4, Theorem 4.5, and Theorem 4.6 Since the proof of Theorem 4.4 is

similar to that of Theorem 4.1, and the proofs of Theorems 4.5 and 4.6 are similar to that
of Theorem 4.2, we omit it. Our proof is completed. d

6 Examples
Example 6.1 Suppose that f € C°(R, R) satisfies

1
5mix+x5, x> 1,
fx) =

—mix—x°, |x| k1.

We are to discuss the multiplicity of 8-periodic solutions of the equation

3
() ==Y fla-i). (29)

i=1

In this case,s =1, (<1)**' =1,k =2, m =1, « = -7, B = 57>. This yields that
81+ 1) \>
Ni(a) = —card{l >0:0< <%> tan% < 713}

8/+3)m\*> 3
—card{120:0<<%) tan§<n3}:—1,

3
Ni(B) = Card{lz 0:0< (W) tan% < 5713}

8l+8-2-1)m\> 3
+card{120:0<(¥) tan§<5n3}:2,

and N?(@,) = N%(B.) = NO(@.) = N%(8,) = 0.
Applying Theorem 4.2, we conclude that Eq. (29) possesses at least three different 8-
periodic orbits satisfying x(¢ — 4) = —x(t).
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Example 6.2 Suppose that f € C°(R, R) satisfies

3nx+x%, x| > 1,

Sfx) =

mx—x3,  |x] <L

We are to discuss the multiplicity of 12-periodic solutions of the equation

5

K(t) == (1) f(xt - ). (30)

i=1
In this case, s =0, (-1)**' = -1, k=3, m =2, =7, B = 3. This yields that

12/ +1
No() = card{lZO:O< %cotlmr}

(127 + 3)m 3
+cardy/>0:0< ———cot— <7
6 12

(121 + 5)m 5
+card{/>0:0< ————cot— <7 { =4,
6 12

6 12
12/ +3)7 3 }
———cot— < 37

12+ ) T
No(B)=card{/>0:0< ————cot— < 3w

+card{lZO:O<

:9,

12/+5 5
+card{120:0<ucot—ﬂ<3n}

and N9(e,) = N9(B) = N2(@.) = N3(8.) = 0.
Applying Theorem 4.5, we conclude that Eq. (30) possesses at least five different 12-
periodic orbits satisfying x(t — 6) = —x(t).
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