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Abstract

For the pricing of vulnerable options, we improve the results of Klein and Inglis
[Journal of Banking and Finance] and Tian et al. [The Journal of Futures and Markets],
considering the circumstances in which the writers of options face financial crisis. Our
pricing model faces the risks of default and the occasional impact experienced by the
underlying assets and counterparty’s assets. The correlation between the option’s
underlying assets and the option writer's assets is clearly modeled. Asset prices are
driven by the jump-diffusion processes of two related assets. Furthermore, we
consider a variable default boundary (VDB) based on the option’s potential debt and
the option writer's other liabilities. In case financial distress happens, the payout rate is
connected to the option writer’s assets. Through the Taylor expansion, we derive an
approximate explicit valuation for vulnerable options.
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1 Introduction

In the 1990s and earlier, financial market participants did not pay enough attention to
counterparty risk. On account of the impact of the global financial crisis, more and more
investors and researchers have begun to consider the influence of counterparty risk on the
company’s credit risk. Now many financial institutions trade their derivatives with coun-
terparties and other institutions in the over-the-counter (OTC for short) markets. Due to
system defects used for OTC market transactions as well as ineffective regulation, credit
risk becomes the major risk threatening the stability of the entire financial system. Thus,
accurately pricing the various options to effectively resist financial crises is urgent in the
OTC markets. The standard option pricing formulas [1, 2] do not focus on counterparty
risk. Subsequently, some literatures begin to pay attention to the pricing of vulnerable
options and consider counterparty risk (see [3-13]).

Specifically, Johnson and Stulz [3] think that the option is the writer’s sole liability. When
the counterparty defaults, the option holder will receive all the assets of the option writer.
Hull and White [5] extend the model, assume that the counterparty has other liabilities,
the payout rate is exogenous, and the option holder will obtain part of the option’s intrin-
sic value when the counterparty defaults, thereby deriving the vulnerable option’s pricing
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formula. Jarrow and Turnbull [6] propose a risk neutral evaluating mechanism of deriva-
tive securities exposed to default risk. Klein [7] provides an analytical solution of the Eu-
ropean vulnerable option’s price, taking into account the interrelationship between the
option writer’s asset and the underlying asset. They also assume that the option writers
have other liabilities, and when the counterparty defaults, some of the nominal claims will
be paid.

Recently, Klein and Inglis [8] and Hung and Liu [9] have extended the model of [7] to
obtain closed-form solutions of European vulnerable options facing interest rate risk and
financial crisis, and to price vulnerable options in incomplete markets, respectively. Klein
and Inglis [10] extend the results of [3] and [7] through incorporating the VDB that re-
lies on both the potential liabilities of the options and the other liabilities of the option
writers. If a financial distress occurs, the payout rate is associated with the asset of the
option writer, and the correlation between the underlying asset and the option writer’s
asset is explicitly modeled. They get an approximate analytical formula for vulnerable op-
tions. In [11], the pricing model of vulnerable options not only faces default risk but also
faces the occasional impact of the underlying asset and the counterparty’s assets. These
two types of assets are related. The asset price dynamics follow the jump-diffusion pro-
cesses. The jump is divided into two parts: the trait part of each asset price and the part
of the system that affects the price of all assets. In [12], when the underlying asset follows
a stochastic volatility model, Yang et al. use asymptotic analysis to obtain an approximate
analytical pricing formula for vulnerable options. Yoon et al. [13] use the Double Merlin
Transform under constant and random (Hull-White) interest rates to get analytical pric-
ing formulas for each interest rate case so that vulnerable option’s value can be accurately
and effectively calculated. Through a Markov modulation mechanism switching method
to simulate various economic conditions and giving the dynamics of the assets values by
two related jump-diffusion processes, Niu et al. [4] study the pricing of vulnerable Eu-
ropean options. By Laplace transforms, they obtain an analytical solution of the price of
vulnerable options.

This paper will extend the results of [10] and [11] for valuing vulnerable options when
the option writer suffers the financial crisis. As in [11], the asset prices are driven by jump-
diffusion processes. The jump is divided into two parts: the trait part of each asset price
and the part of the system that affects the price of all assets. Following Klein and Inglis [10],
we assume that there are interrelations between the option’s underlying asset and the op-
tion writer’s assets, and the option writers have other liabilities. The value growth of the
option itself may also give rise to financial distress. The default barrier is divided into a
stochastic part that measures the option’s potential payoff and the fixed part that repre-
sents the option writer’s other liabilities. Furthermore, we make the assumption that only
variations in the value of the asset underlying the option or the writer’s assets can cause
financial distress. By the Taylor expansion, we derive an approximate explicit valuation for
vulnerable options.

We proceed as follows. In Sect. 2, a jump-diffusion model incorporating a variable de-
fault boundary (VDB for short) is proposed, and we obtain an approximate explicit solu-
tion of vulnerable European option. We present the detailed technical calculations in the

Appendix.
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2 Pricing vulnerable options

2.1 The model

Let (£2,F,Q) be a complete probability space and r be the instantaneous riskless rate.
Jump processes are given to describe the discontinuous changes of prices. We will give the
following assumptions underlying our model for vulnerable option. One can see references
[10] and [11] for the detailed description.

Assumption 1 Suppose that S; denotes the price of the underlying asset of the option.

The dynamics of S; are presented as follows:

ds
o = (1= k) de v osdw 4 (A - 1) am, (2.1)

-

where \Vt(l) is a standard Brownian motion on (§2, F,Q), and os denotes the volatility.
Mil) represents a Poisson process, which models the jumps of the underlying asset price.
A% denotes the jump intensity of M;l). M;l) and A% both consist of two parts,

MY =N +N,

Ai= s+ A,

where Nt(l) models the individual impact on the asset price, and N; models common shocks
that also have influence on the counterparty’s asset. N; and Nt(l) are both Poisson processes
with intensities A and Ag, respectively. We assume that they are independent. Zil) denotes
the underlying asset’s jump amplitude when the jump happens. We suppose that Z" and
ZED are independent and have the same distribution when s # ¢. ks = IE[eZi])] — 1 represents
the average jump percentage of the price. We always assume that ks is finite and ZED isa
normal random variable with expectation p; and variation 012. Then kg = eyt _ 1,

Assumption 2 Suppose that V; denotes the value of the option writer’s asset. The dy-

namics of V; are presented as follows:

av, @
v_t = (r—kyal)dt + oy dWP + (% —1)dM®, (2.2)

t—

where Wt@) denotes a standard Brownian motion on (£2, F,Q), and oy represents the
volatility of the counterparty’s asset. We assume that p denotes the correlation coefficient
of \/Vt(l) and Wt(z). MEZ) represents a Poisson process, which models the jumps of the asset

price V;. A}, denotes the intensity of M?). MEZ) and A}, both consist of two parts,

M =N +N,,

A=Ay + A,
where N is a Poisson process independent of N’ and N;. N/’ modeling the indi-
vidual impact on the asset price has the intensity Ay. ZEZ) denotes the jump ampli-

tude of the underlying asset when the jump happens. Suppose that Ziz) is distributed
normally by Nj(u2,03), and Z§2) and Z are independently and identically distributed
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when ¢ #s, where Nj(-,-) denotes the one-dimensional normal distribution function.
@) . . .

ky =E[e? ]-1= e#2*3%5 _ ] denotes the mean percentage jump when the jump arrives.

Furthermore, we assume that (Wfl), Wt(z)), Nt,ZEI) ,Nt(l),ZEZ), and Nt@) are independent.

In our model, we consider the related credit risk not only in the continuous section but
also in the point process section. Regarding the continuous section, Wt(l) and Wt(z) have
the correlation coefficient p. Regarding the point process section, relevance is reflected in
the common market factors N;.

Assumption 3 Default happens only at the maturity of the option 7" when the threshold
value D* + ¢7 is more than the value of the option writer’s asset V7, where D* denotes the
value of the option writer’s other liabilities, and ¢y = (S7 — K)*. St denotes the underlying
asset’s price at the maturity, and K denotes the excise price of the option.

Assumption 4 When the financial crisis happens, the option holder receives (1 —w) times

the intrinsic value of the option at its maturity. w denotes the percentage reduction of
(1-a)Vr
D* +cT
denotes the value of the option writer’s

the option holder’s nominal claim. We assume that w=1 — , where o denotes the
Vr
D* +cT

assets which can be used to pay the claim represented as a percentage of the total claims
at 7.

deadweight costs of the financial crisis, and

Based on the methods used in [10] and [11], we get the approximate explicit valuation
of the vulnerable options.

2.2 Valuation of European vulnerable options
Let C* denote the value of a vulnerable European calls, which can be presented as

—rT (1 - O{) VT
C*=e™" ]E|:(ST - 1()"' (I{VT>D*+ST—K} + ml{vT<D*+ST—K} .

The first part of this equation is the standard expression for the payoft on a European call
option when there is no financial crisis, i.e., V7 > D* + S; — K. The second part indicates
that in case financial distress happens, i.e., Vi < D* + S7 — K, the entire assets of the option
writer can be allocated to the option holder and other creditors of the option writer. The

rate foS_TIi < represents the proportion of the amount that can be used to pay to the option

holder.
Through the It6 formula, we have the following equalities:

MP
1
InS7 =1nSy + (r— —052 —k5A§>T+ USW/(TI) + ZZ(I(L,
2 1k
1 il
InVr=InV+ (r— 50V~ kvx;;) T+oy W +Y 2%,
T
k=1 *

where t,g) represents the kth jump time of Mgi), i=1,2, respectively. Suppose that Zii)
distributes normally by N;(u1;,07), i = 1,2. Conditional on

g(Tnm,nz) = {NT =m, N = nl;N<T2) = l’lz},
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the total jump times of S; and V; are denoted by

m, =n+n,

My ="+ nj.

Obviously, (In “?S—g, In %) is a bivariate normal random vector with the following numerical
characteristics:

S 1

Ml(ml) =E ln—T =\r- —O’Sg —kg)»j; T+Wllle,
So 2
V. 1

My(my) =E n——|=(r- —0\2, —kyAy | T + maus, (2.3)
Vo 2

ST VT
Covl{In—,In— ) = T.
OV<H SO n VO) pPOsOy

Denote

1 -
ISz, =InSo + (r - 5052 - ksk§> T+oswi+ Y &,
k=1

1 -
InVyym, =InVo + (r - 50"2/ - kv)»}k/) T+ GVW?) + ZE/EZ),
k=1

where “g‘,fi) are independent and distribute normally by N(u;,07), i = 1,2. The probability
space can be decomposed: £2 = ;2o U, _o Uy o G and G n GUIY2) - g for any
l;-/],ll 7-/]'1, and i2 7’]2

Thus, C* can be rewritten as follows:

T 1-a)Vr
Cr=e" ]E|:(ST -K)* (I{VT>D*+ST—I(} + m[{VT<D*+ST—I<} Liweo)

oo 0 o0

= e_rTZ Z ZE[(ST -K)* <1{VT2D*+ST‘K]

n=0 n1=0 ny=0

(1 _OK)VT I /
+ m (Vi <D*+Sp—K)} {weg(Tn’"l’”z)}

oo 0 X

=Y > Y Q(Nr=nNY = n, NP =)

n=0 n1=0 ny=0

eTE [(ST,m1 -K)* <1 (VEiy 2D+, —K)

+ (1 - a)VT,mz I ’
D + STyml _K (VT oy <D*+ST,m; —K}
o0 00 00

= Z Z Z @AT1)" GsTY™ ™ Ay T)™" e T-rsT-2yT

p 2.4)
! —_n)! PAY) my,my» (
n=0 my=nmy=n n ( 1 I’l) (m2 ”1)
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where

Copmy =€ 'E |:(ST,m1 -K)* <1{ VI, iy 2D*+S7,my K]

+ m (VT 0 <D¥ 487 1 —I(})i|'
D* + Sy — K TP Tm
Now, we divide C,,, ., into four parts for further calculation:
Conpny = €T [C1(my, my) + Cy(my, ma) + Ca(my, ms) + Calmy, my)), (2.5)
where Ci(m1,my), Co(my, my), C3(my, my), and Cy(my, my) are given by

Cr(my, m2) = EIST.m L(51,y 2K,V my D% 481,y ~K} )5

Co(my, ma) = =KE[lisy,,,, =K.V ) =D* 451, K} )5

l-«
Ci(my,my) = E[ms Ty VTmy (St 2KV <D +S1,my _1(}],
C KE|— =%y,
a(my, my) = — D* + Spmy — K Tomy LS 1y 2KV iy <D* 481,y K] |-

By complicated calculation, we can get the closed form of C(my,ms3), Cy(my, my),
Cs(my, my), and Cy(my, my) respectively:

1
Ci(my, m3) = So exp{(r—kgkj‘g)T+ mip + Emlfflz}Nz(ﬂl(ml),ﬂz(m1,m2),5),

Cy(my, my) = —KNy (b1 (m1), by(m11,m3), ),

(g + U(m) + mV (my))?
2

, 28(g + Ulm) + mV (ma))nV () + (nV(my))* }

Cs(my, my) = Hexp{

2
- Na(c1(my, my), ca(my, my), —8),
Ca(mi, my)

 Hexp { (g +mV(my))? +28(g + m\2/(mz))77 V(my) + (nV (m))* }

- Ny (dy(my, my), da(my, my), =8),

where N, (-, -, -) denotes the two-dimensional normal distribution function. The calcula-
tion process can be found in the Appendix, and the above parameter values are given as

follows:
In i—? + (I"+ %O’S2 —kg)nz)T+ mipy + mlo-lz
a1 (m) = ’
b+ mp+ (5~ m)\JoIT + mo?
as(my, my) =

V1 -2pm+m? '

Page 6 of 21
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In ‘j—? +(r—20¢ ks T + my

bl(ml) = )
2T + myo}
b-m

by(my, my) = — L

V1-2pm+m?
c1(my, my) = by (my) + (g + \/GSZT +mol +myolT + m2022>
+ SW,/G‘Z,T+WQJ§,
ca(my, my) = —by(my, my) — S(g + \/USZT +mof + m\/U‘Z,T + mzazz)
—m,/a‘%T+ mzazz,
di(my, my) = by (my) + <g +my ol T + mz022> + SW,/U%T + Mo},
do(my, my) = —by(my, my) — 8<g +my o2 T + m2022>
~V1=2m + m? 02T + myo2, (2.6)

— O'so'vT
p(m1)m2)= P =p0,
\/0'52T + mlolz\/a‘z,T + m2022

DK+ sTemo
In( K+ oeXP{Ml(m1)+mp}) — Ma(my)

Vo

b=
Voo T + myo}

JoiT + myo}

e —
ol T + myoy
Soexp{(r — 303 — kshi)T + mypy +,/0¢T + myolp}
D* — K + Soexp{(r— 302 —ksh3)T + mypu1 + /02T + myoip)
p—m

Y

JV1-2pm+ m
~Soy/ 02T + myof exp{Mi(my) + /02T + mioiq}
g: )
D* — K + Soexp{M;(m) + /02T + mioiq)

e (1 — )So Vo exp(M1 (1) + Mo (m3)) exp(-gq)

D* — K + Soexp(M;(m) + /02T + mioiq)

(1 — a)KVp exp(My(m2)) exp(—gq)

D* — K + Sy exp(Mi(m1) + /02T + myoiq)
n=+1-2pm+m?,

U(m) = /02T + miof,
V(my) = /o3 T + myo},

]:[:
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where p and g are two design parameters, around which we take the first Taylor expansions

in the Appendix. From Equation (2.5) we can derive that

levmz
* 1 2
=Soexpy —ksAiT + mypug + 5/Moi Ng(al(ml),az(ml,mz),S)

— Ke "N, (b1 (m1), by (my, m»), §)
{ (g + U(my) + mV (my))?
exp 5

. 28(g + U(my) + mV (ma))nV (my) + (nV (my))? }
2

+He T

Na(c1(my, m3), c2(my, my), —8)

e ex { (g + mV(my))* +28(g + mV (ma))nV (my) + (nV (m5))* }
2

No(dy(m1, m), dy(my, my), =8). (2.7)

Thus, we can obtain the analytical pricing formula of the vulnerable European call op-

tions

_ ii i " (AsT)Y™M 7 (A T)"2" e M-rsT=2y T
n! (m1 —n)! (my —n)!

n=0my=nmy=n
1
. {SO exp{—kg)gT +mipy + Emlof }Nz(al(ml),ag(ml,mz),S)

— Ke Ny (b (m1), by(1my, m), )

(g + U(my) + mV (my))?
2
s 28(g + U(my) + mV (ma))nV (m3) + (nV (my))> }
2

+HeTexp {

Ny (c1(my, my), ca(my, my), —8)

p{ (g + mV(my))* +28(g + mV (m2))nV (my) + (nV (my))> }
2

- Heex

No(dy(my, my), da(my, my), —5)}~ (2.8)

Similarly, the explicit form of vulnerable European put option is expressed as

(m1 —n)! (my —n)!

n=0my=nmy=n

1
: {—So exp{—kgk§T +mypy + Emlalz}NZ(_ﬂl(ml)ya2(mlym2)y—5)

+ Ke " Ny(~by (my), by(my, m3), -5)
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(g + U(m) + mV (my))?
2
. 28(g + U(my) + mV (my))nV (m3) + (nV (my))? }
2

—HeTexp {

- No(=c1(my, my), ca(my, m3), 8)

(g +mV(my))* +28(g + mV (m2))nV(my) + 0V (m>))* }
2

+He T exp {

- No(=dy(my, my), dy(my, m), ) }

2.3 Three specific examples
As our particular cases, we will give the following three examples: classical Black—Scholes

model, Merton’s jump-diffusion model, and the model in [10].

Example 1 (Classical Black—Scholes model) When the counterparty risk and jump risk do
not exist, we have D* + St — K =0, A = As = Ay =0, and n = n; = np = 0. Then Equation

(2.8) is the classical Black—Scholes equation. This time, we can get

hl

C1(0,0) = E[St,0l(s70=x}] = SOE[ So JnSE01n Slf)}i|

S
= SOE[%I n &My 0) ]
0 {a1> ‘(f)sﬁ }

* M1 (0)+o5v/Tx 1 o2 d
=So/ eMtOrosVIr 77 dx
b1 (0) N2

o 1 2 1 %2
— SO/ erT—ias T+os</Tx e T dx
-b1(0) 27

e 1 (x*rfsﬁ)2
=Spe'T / ——e 2z  dx

b1(0) V27
a [ 1 u2 J
=§pe€ / ——e 2 du
~b1(0)-0s/T V27T
= Soe’ "N (Ay),

C5(0,0) = -KE[[is702x3] = —KEU{]“ S10 ]
So

K
>In %’

=-KE[/ In %—Ml 0) ]

o= =2 )
x 1

:_K/—bl(o) Nl a

=—KN1(By),

CS(O, 0) = C4(O; 0) =0,

where Nj(-) denotes the standard normal distribution function.

Page 9 of 21
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In S +(r+2trS)T

i and B = A1 —o5+/T, respectively.

Moreover, a;1(0) and b1 (0) reduceto A; =

Equation (2.8) can be rewritten as
C*= S()NI(Al) - 1<eirTN1(Bl).

Example 2 (Merton’s jump-diffusion model) Since there is no risk of default, we have D* +
S7—K =0. Thus,

ST,m
Cl(mlr m2) = IE[‘S'T,V}'tll{ST_m1 ZK}] = S0E|: SO 1I{IH STsml >In SI; }]

_ SO [ M (m1) ,\/(TST+W110'1E11 I ]

In & -Mq(mq)
33 1y
{€1>7Sﬁ

& S a2, 1 u?
=S() eMl(m1)+ osT+mioju e~ T du
~b1(m) V2r

0 o T o2y
_ rT—kSA*T+m1M1+lm102 1 —7(,4 og Temop)
=§pe S P e 2 du

by (my) V2T

)

1, 2 1 2

:SOerT—k5X§T+m1u1+7m10'1 / e—% dx

—bl(ml)—«/aL%Tﬂ'nlalz V2

0 2
_ SoerT—k3A§T+m1u1+%m1012 1 -5
—ay(my) V2

=SO rT— ksAST+m1M1+2m10'1Nl(al ml))

7 dx

Co(my, m3) = —=KE[l sy, >xy] = —KE[I

ST, ]
{In Tmlz]n %}

= _I(E[1{§1>ln %—Ml(ml) ]
N

o0 1 2
—b1(my) \/
=-KN; (bl(ml)),

=_-K 2 du

C3(0,0) = C4(0,0) = 0.
Thus
Conymy = SOe_kSAETWWH%leZNl (a1(m1)) — Ke "Ny (b1 (my)).

As Cyyy m, is irrelevant to miy,

* _ i i i ()\T)n ()LST)ml " ()\VT)mZ ne—AT rsT— AVTC
= my,my
e, m—m)t (my —n))!
oo o0 o0
()‘S AT-AgT OWT)"Z T
-y S ERBT st (3 S e
n=0 mj=n ny=0
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“AT-xgT )\T) ()LST)
Z Ze n! (ml n)!

n=0 mi=n

: (Soefks'\gﬂmw”%mla‘z]\[l (a1(m)) — K" Ny (b1(m1))),

where a;(m;) and by (m;) can be found in (2.6). Noting that (a + b)" = """ /C! a'b"™, we
can represent C* as follows:

cr=> e"%T@ (Soe k5T +ir13107 Ny (ay (i) — Ke "Ny (b (3)) ).

i=0

Example 3 (Vulnerable non-jump Black—Scholes model in [10]) To simplify the formula,
we can assume that the two design parameters p and g are equal. If there is no jump, that
is, A=Ag=Ay =0, m =my =0, C1(0,0), C»(0,0), C3(0,0), and C4(0,0) can be restated as
follows:

b—
C1(0,0) = Soe’TNz(bl +05\/_—¢+80'5ﬁ,5),
V1-2pm+m?

b—
C5(0,0) = —KN, (bl(ox—i,a),

JV1-2pm+m?

02
(1 -a)SoVoexp{2rT + (p — m)osoy T + (—2pm + mz)T" T — gp}

C5(0,0) =
3(0,0) D* — K + Soexp((r — 362)T + osv/Tp)
X N2 (Cl (07 0)’ 62(0! O): _8);
2
1-a)KV, T+ (-2 VT -
€4(0,0) = L= KVoexpl T+ Capm + )5 T=82) y (40,0),dy(0,0),-3),

~K + Soexp((r— 202)T + 05v/Tp)
where the parameters are given by

b1(0) = lnSO +(r——a 7T
1 O'Sﬁ )

c1(0,0) = b1(0) + (a5 + (0 = m)ov )T,
¢2(0,0) = b_i - (805 —V1-2pm+ mzav)ﬁ,
d1(0,0) = b,(0) + (o — m)oy VT,

b
d,(0,0) = 27" ~V1-2pm + m2oyT,
V1=-2pm + m?

p—-m
,/1—2,0m+m2’

b 1(D*—K+Soexp(r——T+ogx/_p))
=1In
Vo

S =

m—$< Soexp(r——T+ag\/_p) )
D* — K + Syexp(r — 7T+<75«/Tp)
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Equation (2.8) can be rewritten as

b_
C*=&mbcnmyHmJTf_———lﬂi——+&KJ?¢>
Ji—spm s m?

b—
—Ké“TAb<bﬂ0L——————EEL——qS)
V1-=2pm + m?
2
(1 -a)SoVoexp{rT + (p —m)osoy T + (—20m + mz)%‘/ T - gp}
D* = K + Soexp((r — 302)T + 053/ Tp)
x Ny (€1(0,0), ¢(0,0), -8)

+

2
(1 - a)KVyexp{(-2pm + m?) 7L T - gp}
+
D* —K + Soexp((r — 20)T + 054/ Tp)

Na(di(0,0),d5(0,0),-8).

Appendix

In this section, we will give the detailed calculation needed to obtain the pricing formula
Suppose that &; and &, both distribute normally N7 (0, 1) with correlation coefficient

osoy T

p(my, my) =
02T + mo2,/olT + myo2
S 197 Vv 202

0.

For simplicity, we sometimes denote it by p. As we know, (In 57;(’)“1 ,In VT#’)"Z) is bivariate
normally distributed. Then the following equalities hold:

S 1
In g’ml = (r— 5‘752 —ks)\,})T+ mypy ++/ 02T + miolé,
0
V 1
In % = (r— 5012/ - kvk"{,> T + mypy + /o T + myo3&,.
0
Recall that

0

Vr, 1
My (my) = ]E|:ln Tvm2:| = (r - 50‘2, - kv)»’\k,> T + mos.
0

St, 1
Mi(m) = E|:ln Tsml] = (r— 5052 - /(S)\.;) T + myjty,

Then C;(m,m,) in Equation (2.5) is given by

Ci(my, my)

= ESTum LiS1, 2K,V py 2D* K4S,y )]

STm
=&E[“11 }

ST, vr, D*-K+ST,
So  {In(=g)=In & In(—2 ) zIn( L))

So Vo

Stm
=%E[“11

St vr D*-K+ST
So (=g L)-MyGmy) In 6 -Myom) In(—pr)-Ma(mp) In(——p =L )-My(mp)
> >
\/UngWllUlz 7\/U§T+m1012, \/U‘2/T+m2zr22 N ¢05T+m20§
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— SOE[eMl(m1)+4/G§T+m1012§'11 D K4S ]
ool £-myom) . In(———y L )My ()
> 2>
l_\/U§T+m1(712 2 \/U‘Z/TerZUZZ
_ So/oo /oo eMl(m1)+«/oszT+m102’12 1
~b10my) Jf @) 270/1 ~p(m1,my)*
1 ~ o ~ ~)
cexXpy ——————— U = 2p(my, M) UV + v }ﬁdﬁ,
{ 2(1 - p(mlxm2)2)[ ]
where
I+ (r— 102 — ksh) T + mips
bi(m) = ,
Jo2T +mio}
. 2 2~
ln(D K+Soexp{M1(r\r;1)+«/aS T+myoq u}) —Mz(le)
Sf@) = : :

/52 2
oy T + myoy

As in [10], we linearize the non-linear boundary f(%) in the integral by taking a first
order Taylor series expansion around the point “p” as follows:

f@) ~f(p) +f )i - p) = b+ m( - p),

where
D*—K+5, ST '
ln( + 0exp{M1(”&;)+mp}) —MZ(WIZ)
b=f(p) =
and

/ JoiT +myo} Soexp{Mi(my) + /02T + myolp}
m=f'(p) = : )
JORT + myo} D* — K + Soexp{My(m) + /02T + mioip}

Now we derive

Ci1(my1,my)
_ SoeMl(m])/oo /OO e«/a‘%Tﬁ-mlalzﬁ 1
—by(m1) J b+m(li-p) 27 YV 1- ﬁ(mlr }’}’12)2
1 ~2 _ ~  ~)
eXpP\ - ——————— |U —2,0(}’}’[1,}’}’[2)MV+V }dl\/’d’ii
{ 2(1 - p(my,my)?) [ ]

Next we need to rotate the default boundary to eliminate its dependence on the variable
. Consider the following transformation:

U= —=%,

Page 13 of 21



Zhou et al. Advances in Difference Equations (2018) 2018:465

The determination of the Jacobian of this mapping is |J| = \/;7 Applying this trans-

formation to C;(m,m;,) gives

Ci(my,my) = SoeMl(”’l)/oo /OO M
~by(m)V1+m? J b—mp znm
Wowr
Vi-pV1+m? )
- ety
* [hl(ml)w /b—mp 271—@

2(%,y) dy dx

— SOeMl(m1)<

¥ (%,y) dy dx,

where

+

2@n-v| s (i) () 0 )
) P 2(1 - 52) 1+ m? p 1+ m? ¢ 1+ m?

() I
""@”"“{ () () )
=P 2(1 ) \V1+m? V1+m2 ) \/1-2pm + m>

() |

and
p—m

dl—2ﬁm+m2'

Simplifying the exponential term ¥ (%,), we obtain

exp(,/02T + mio?q) NG
q,r)araq

Ci1(my, m3) = Spe™ ml)/ /
by (my) bomp 27T\/1—82

§=

1-2pm+m?
where
A(ﬁﬁ):exp{ 2(1 82)[ 28qr+r ]}
Now completing the square gives
02 T+myo? 00 00
§T+myof )
Cl(mly le) = SoeMl(Wl1)+f / /‘ 1
bi(myq) b-mp 27_[”
1-2pm+m?
2
O R R )

2
><<7—8,/052T+m1012)+<7 8,/02T + mio} ]}
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We denote

~ 02T + myo?
M(my) = My (my) + S——1 = (r-

1
5 kg)\f;)T+Wll,bL1 + 51’)’11012.

Using a simple change of variables results in

omy [ * 1
Ci(m1, ma) = Soe™ ™ / / / —8./02 V.
—by(my)- 052T+m1<712 bomp 0§ T+m101 21— 52

1- 2pm+m

1 ~ — ~
. eXp{—m[Wz - 28WZ +22]} dZdW
= Soeﬁl(’”l)Nz <b1(m1) +4/02T + mo?,
b_
T[T e 8),
JV1-2pm+m?

where N,(, -, -) denotes the two-dimensional normal distribution function.

In order to simplify the expression of parameters, we represent

ar(my) = bi(my) + /02T + miol,
ax(my, my) = by(my, my) + 5\/ 052T + m1012,

ln +(r—302 —ksh¥)T + mips
bl(ml) = )
,/05T+ myo}
b-m
by(my, my) = —fp~
V1-2pm+m?
Thus,

C1(my, m3) = Soe™ "™ Ny (a1 (my), az(my, my), §).
For C,(my, m,), the following expressions hold:

Cy(my, my)

= =KE[is1,, 2K,V iy 2D+ 7,, k)

*© o0 K { 1 }
- — — Xpy— —|u” - 2puv +v° |t dvdu
/—bl(ml) /f(ii) 2m\/1-p° 2(1-72) [ V]

o0 00 1 )
:_K/ / 46”’{ — —2pUV + 7V }d“dN
—by(my) J b+m(li-p) 27'[\/1_752 2(1 - 2) [ ]

2(%,y) dy dx

o0 oo 1
ST —
—b1(m)V1+m2 J b—mp 27‘[@

1-62 ) o0 ad 1
g / / Y weyhaia
(\/1 p\/1+ b1 (m1)V1+m? b-mp27rv1—82 et
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o0 o0
1
- K / / —  _AG)didg
—b1(my) by 27TV 1- 52

1—25m+m2
1

o0 o0 1
= I(/ exp{—
~bim) 222 27/1 - 82 2(1-62)

f [;f_zarﬁm]}qu
A/ 1-2pm+m
= —KNy (by (m), ba(my, m3), 8).

Recall that &; and & both distribute normally N;(0,1) with correlation coefficient p.
Then Cs(m,,m;) can be presented as follows:

Cs(my, my)

l-«
=E [msrml VTmy LSt iy 2KV iy <D*+S 7, —K}i|

:E|: -«

D* — K + Soexp{My(m1) + /02T + myoi& )}

2 2 JoZTrmyo}
X S() VoeMl(m1)+W§1 eMZ(m2)+ oy, T+myoy

: 1{sl>—b1(m1>,sz<f<a>}]

o0 f (@)
= / / (1 - Ol)SoV()
—b1(my) J—00

exp{Mi(my) + My(my) + \/O'SZT +myo i+ \/G‘%T + myo v}

D* — K + Soexp{Mi(m1) + /o2 T + myo?ii}

(i —25'1117+T/Q]}d§di7.

X

1 1
S
211 - 5> 2(1-7p°)

We also need to modify the denominator in the above integral. Let

1
D* — K + Soexp{My(m1) + /02T + myo i}

Define G(u) as follows:

F(u) =

G(%) = In F(u).

Now we can use other first order Taylor series expansions around the point “4” to lin-
earize G(u):

Gw)=Glq)+G(@i-q) =f +g(i-q),

where

1

D* — K + Soexp{Mi(m1) + /o2T + mlafq}>

f=G(q)=ln<
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and
~So+/ 02T + myol exp{Mi(m) + /02T + mioiq}
g=Gq)= :
D* — K + Soexp{M;(m) + /02T + mioiq}
Therefore

F(i) ~ exp[f +g(ii - q)],
expig( - q)}

D* — K + Soexp{Mi(m1) + /02T + moiq)

Now, substituting the Taylor series approximations into Cs(m11, m5,), we have

F(u)~

(1 — a)So Vo exp(M; (1) + My (m3)) exp(—gq)

C3(m1,my) =
D* — K + Soexp(Mi(m1) + /02T + mioiq)
s} b+m(li-p)

/ / exp{(g+\/052T+m1012)72+\/0‘2,T+m20227}
~by(my) J -0

. ;exp{—%[ﬁz _2m+v2]}(ﬁda.
2my/1-p2 2(1-7p%)

Denote

e (1 — )So Vo exp(M1 (1) + My (m3)) exp(-gq)
D* — K + Soexp(M;(m1) + /02T + miolq)

then we have

Cs(my, my)

00 bm(i-p) exp{(g + \/GSZT +mio ) + \/O"Z,T + myo v}
il
~b1(my) J-o0

2m/1-p>

exp{_ﬁ[ﬁhzmm]}dmﬁ

o) b-mp
] e |
—b1(m1)V1+m? J -0

02 2 2 2 ~ "
exp{(g+\/ 5 T+mlj%¢avT+m202 )X + /ol T + myody}
Q@,y)dydx
21 -7p2
_H V182 o /‘
v1- ﬁzv 1+ m? —b1(m1)V1+m? J —c0

2 2 2 2
eXp{(ng\/aS T+m1;%\/UVT+m202 )35 + O\Z,T + m20227} N
Y W ®,9) dy dx
21 - 82
b-mp

:H/OO /4/1—2§m+m2
=b1(m1) J-o0

b-mp
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exp{(g + \/GSZT+ miof + m\/o\z,T+ myo3)q + /1= 2pm +m?, /ol T + myoi7}
27+/1 - 82

x A(g,7)drdq.

Denote

U(m) = /02T + mo},
V(my) = /03T + myoy,

P=g+U@m)+mV(my),
P=g+ mV(ms),
n=+1-2pm+m?,

Q = TIV(WQ),

and

c1(my, my) = by (my) + (g + \/USZT +mol +myolT + m2022>

+8y/1-2pm + m2,/6\2,T + myol,

co(my, my) = —by(my, my) — 8(g + \/aszT +mol + m\/o‘z,T + mzozz)
-V 1-2pm+m? /02T + myoy.

Now completing the square gives

Cs(my, my)
(g + U(my) + mV (my))*
2

, 280+ Ulm) + mV (m))nV (ms) + (nV(my))* }
2

:Hexp{

b-mp

./OO /4/1—Zﬁm+m2 1
~by(my) J—o00 2m/1— 82

x exp{—ﬁ[(’é—P—éQ)Z—28(5—1’—60)

+(7—3P—Q)+(7—3P—Q)2]}d7da7

) Hexp{ g+ U(ml);' mV (my))?

N 28(g + U(m) + mV (mx))nV (my) + (nV (my))? }
2

b-mp

/-oo /vm—8(g+L[(m1)+mV(m2))—r7V(m2)
=b1(m1)~(g+U(m1)+mV (m3))-8nV(mz) J —00
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expi — W*—28Wz +2°| t dz dw
274/1 - 82 p{ 2(1—82)[ ]

2
_ Hexp{ (g+ U(ml);’ mV (my))

. 28(g + U(my) + mV (ma))nV (my) + (nV (my))? }
2

Na(c1(my, my), ca(my, my), =8).

Similarly, C4(m1, m5) can be written as

Ca(my, my)
l-«
=-KE D* + ST,m1 -K VT:mZI{ST,ml ZK:VT,mz <D*+ST,m1 -K}
1_
- —K]E[ i

— K + Soexp{My(m1) + /02T + myoi&r}

) )
x VOeMz(mz)m/oVTerza2 E2I{Slzb1(m1)£2<f(ﬁ)]i|

/ /-f(u (1 - a)KVoexp{My(my) + /02T + myo v}
bitm) /=0 D* — K + Soexp{M(my) + /02T + myoi}

! [uhzmm]}mm

1
o /1-7 exP{_2(1 -7
(1 — a)KVy exp(M;(m3)) exp(-gq)

- K + Soexp(Mi(my) + /02T + miolq)
00 b+m(ti-p)
x/ f exp{g’ﬁ+,/a12/T+m20227}
=b1(my) J-o0

1 ) e
u” —2puv +T/Q]}d17dﬁ

1 B 2
217 eXp{ -

Denote

(1 — a)KVy exp(Ma(m3)) exp(-gq)

— K + Soexp(M;(m1) + /02T + mi0iq)

then we have

]:I:

Ca(my, my)

B 00 b+m(ti-p)
=—H/ / exp{gﬁ+,/a‘3T+mzo§7}
=b1(my) J-o00

—25%217+T/Q]}d17d’ﬁ

1 { 1 7
. expy— —|u
21y/1 - 5> 2(1-7%
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b-mp exp{(g V UVT”"Z% X+ /ovT + mzozy} o
——H/ / 2(%,y) dy dx
by (m1)V 1+m? 00 27‘[\/1—5

~ 1— 52 00 /-bmp
\/1 p\/l‘l' blmlm —00

exp{(EEN L% ”;1‘:—:;”2”2)5? +, 00T +myo3y}
v (%,y)dydx
27+/1 - §2

b—mp

Z—H/ /«/1 2pm+m
by (my)

exp{(g + m /02T + myo3)q + /1 - 2pm + m> /02T + myo 37}
x Alg, 7 drdq
271 - 82

Now completing the square gives

Ca(my, my)

_ —]:[exp{ (g +mV(my))* +25(g + m\zf(m))n V() + (nV(m2))* }

b-mp

/ /4/1 2pm+m2
b1(my) 2w/1 - 82

x exp{—ﬁ[(’é—i’—ao)z ~28G-P-5Q)

+(‘r‘—3i>—Q)+(7—5i>—Q)2]}d‘r‘d”

 flex { (g +mV(m))* +25(g + mV (ma))nV (ma) + (nV (m3))* }
2

b-mp

./00 /m“&”mwmz))nwmz)
~b1(my1)~(g+mV(m2))-8nV(mz) J—o00

1
x 27A/1 - 82
(g + mV(my))? +28(g + mV (my))nV(my) + (nV (m3))? }

1 ~ ~—~ ~
exp{—m[w2 —28wz+%2]}d5dw

= _Hex {
2

No (dy(my, my), day(my, my), -5),

where

di1(my, my) = by (my) + (g +my ol T + mza22> +8y/1-2pm +m? /02T + myo3,
da(my, my) = —by(my, my) — 8<g +my ol T + m2022>
—V1-2pm+m% /ol T + myo3.
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