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1 Introduction
In this paper, we deal with the following Cauchy problem of the coupled semilinear
parabolic system:

ad
8—1: = Au+b(|x|)x-Vu+ (|x| +1)'\1v”, xeR",t>0, (1.1)
ad
8_‘; = Av+b(|xl)x- Vv + (|x] +1)k2uq, xeR"t>0, (1.2)
u(x,0) = up(x), v(x,0) =vp(x), x€R" (1.3)

1
loc

where p,q > 1, A,y > 0, ug, vy € L
CY([0, +00)) satisfies

(R") N L*°(R") are nonnegative nontrivial, b €

lim s(s+1)b(s) =k (—00 <k < +00), (1.4)
§—+00
and additionally, in the case that —n < k¥ < +00, b also satisfies
Ko = inf{s(s +1)b(s): s> O} > 1. (1.5)

It was Fujita [1] who first proved that the Cauchy problem of the semilinear equation

d
a—?:Au+u”, xeR",t>0 (1.6)
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admits no nonnegative nontrivial global solutions if 1 < p < p. = 1 + 2/n, whereas it admits
both nontrivial global (with small initial data) and non-global nonnegative (with large ini-
tial data) solutions if p > p.. Later, the fact that the critical case p = p, belongs to the blow-
up case was shown in [2—4]. From then on, many mathematicians have focused on the
extensions of Fujita’s results (see, e.g., [5—23] and the references therein).

Studies on equations with a gradient term are relatively rich. Meier [5] investigated the

Cauchy problem of
ou
E:Au+b(x)~Vu+up, xeR",t>0, (1.7)

with b € L*(R”;R") and proved that the critical Fujita exponent is

1
Pc=1+ E;
where w* is the maximal decay rate for solutions to (1.7) without #”. For constant vector
b, w* = n/2, while for nonconstant vector b, w* is unknown generally. Nevertheless, there
are still some results for some special nonconstant vectors b. In [20], Zheng et al. studied

the Neumann exterior problem for (1.7) with

b(x) = Lx, x € R" (—00 < k < +00)
|%[2

and formulated its critical Fujita exponent as

+00, -0 <k <-n,
= 2 _ 1
Pc + e Nn<K <400, (1.8)
1, K = +00.

Also, it was shown in [22] that the critical Fujita exponent to the Cauchy problem for (1.7)
with b(x) = b(|x|)x is still (1.8), where b satisfies (1.4) and (1.5). A more general case that
the coefficients of the derivative of u with respect to time ¢ and source term depend on
spatial position was considered in [23]. For more studies about the quasilinear equations
with gradient terms, one can see [14, 18, 20], etc.

The results of Fujita type for coupled systems are also fairly rich. In 1991, Escobedo et al.
[6] formulated the critical Fujita curve for (1.1)—(1.3) with b = 0 and A; = A, = 0 as follows:

2
Pg).=1+—max{p+1,q+1}. (1.9)
n

Moreover, Guo [9] studied the Neumann exterior problem of the system

9

% Au+LEx Vu+ |, xeR"\Byt>0, (1.10)
ot ]2

v

— =Av+ Lx'Vv+|x|Auq, xe€R"\ By, t>0 (1.11)

ot |2
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with k € R, & > 0, and proved that the corresponding critical Fujita curve is

+00, Kk <-n,
(pq)c =

1+ fli—zmax{p+ l,g+1}, «>-n.
Na et al. [24] showed that the critical Fujita curve for problem (1.1)—(1.3) with ; = A, =0

and nonnegative b is

(00). = 1+ﬁmax{p+1,q+l}, 0 <k < +00,
.=

1, K = +00.

There are also some results about coupled parabolic systems involving time-weighted
sources. For example, Cao et al. [25] investigated the Cauchy problem of the following

systems:
ou
i Au+ i), xeR"t>0,
av
rrie Av+fru!, xeR"t>0,

where f;(£) € C*([0, +00)), fi(£) ~ t% (t — +00) with 0; € R, i = 1,2, and showed that the
critical Fyjita curve is

pg)c=1+ %max{(az +1)p+ (o1 +1), (01 +1)g + (09 + 1)}.

In this paper, we formulate the critical Fujita curve to problem (1.1)—(1.3) as follows:

+00, -0 <k <-n,
1+ -1 max{(2+ A1) +p(2 + 12),
(vg). = P {( 1) +p( 2) (1.12)
q2 + A1) + (2 +A2)}, —N<K < +00,
1, K = +00,

and prove the following Fujita-type blow-up theorems.

Theorem 1.1 Assume that b € C'([0, +00)) satisfies (1.4) and (1.5) with —o0 < k < +00.
Let p,q > 1 satisfy

A A
p=l+——  g=1+——, 1<pg<(pq).
n+kK n+kK

with (pq). defined in (1.12). Then every nonnegative nontrivial solution to problem (1.1)—
(1.3) must blow up in a finite time.

Theorem 1.2 Assume that b € C([0, +00)) satisfies (1.4) and (1.5) with —n < k < +00. Let
pq > (pq). with (pq). defined in (1.12), then there exist both nonnegative nontrivial global
and nonnegative blow-up solutions to problem (1.1)—(1.3).
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The difference between (1.12) and (1.9) shows that the asymptotic behavior of the coeffi-
cients of the gradient term and the exponents in the coefficients of source terms can affect
the properties of solutions essentially. The method used in the paper is mainly inspired by
[16, 18, 20, 22, 23]. To prove the blow-up of solutions, we determine the interactions be-
tween the diffusion terms and the gradient terms by energy estimates instead of the point-
wise comparison principle. A nontrivial global supersolution is constructed to show the
global existence of nontrivial solutions. What is noteworthy is that the non-self-similarity
of (1.1) and (1.2) brings a difficult challenge for constructing the supersolution.

The paper is divided into three parts. In Section 2, we list some preliminaries such as the
well-posedness of problem (1.1)—(1.3). Later, in Section 3, we illustrate several auxiliary
lemmas to be used later. Finally, in Section 4, the Fujita-type blow-up theorems are proved.
We will always assume that

2+ 1) +p(2+22) Z g2+ 11) + (2 + X2)
without loss of generality.

2 Preliminaries
The solution to problem (1.1)—(1.3) is defined as follows.

Definition 2.1 Let 0 < 7 < +o0. (u,v) is called a solution to problem (1.1)—(1.3) in (0, T)
if

0 <u,ve C([0,T),Li,.(R")) N L. (0, T; L™ (R"))

and the integral identities

T T
/0 fRn u(x, t)z—(f(x, t)dxdt+/0 /}Rn u(x, 1) (Ap(x, ) — div(b (x| ) o (x, t)x) ) dx dt
T
o[ ey e ndrdes [ uowiots0de=0

and
T oy .
/ / v(x, 1) ——(x, £) dxdt+/ / v(x, £) (A (x, £) — div(b(Jx]) ¥ (x, H)x) ) dac de
0 n at 0 ;
T
+/0 /n(lxl + 1)/\214’1(96, )Y (x, £) dxde + /}Rn vo(x) ¥ (x,0)dx = 0

are fulfilled for any ¢, ¥ € C*1(R” x [0, T)) vanishing when ¢ is near T or |x| are sufficiently
large.

Definition 2.2 (i, v) is said to be a blow-up solution to problem (1.1)—(1.3) if
[t 0) ”LOO(R”) + v 0 ”LOO(]R") — 400 ast—> T,

with 0 < T, < +00, which is called blow-up time. Otherwise, (1, v) is said to be a global
solution.
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The existence theorem and the comparison principle to problem (1.1)—(1.3) can be
found in [26, 27] and the references therein.

3 Auxiliary lemmas
As mentioned in [20, 22, 24], one can prove the following lemma and remarks which will
be used later.

Lemma 3.1 Assume that b € C'([0, +00)) satisfies (1.4) and (1.5) with —oo < k < +00. Let
(¢1,v) be a solution to problem (1.1)—(1.3). Then there exist Ry > 0, § > 1, and M, > 0, de-
pending only on n and b, such that for any R > R,

d
5 | el v = MR [t ()

Bsr\Br

+ / (Jcl + 1)A1v”(x, One(lxl)dx, £>0 (3.1)
Rn
and

d
— /n v, £)nr(lx]) dx > —MyR™? / v(x, )nr(|x]) dx

dt Jg Bsr\Br

+/ (|x| + l)xzuq(x, t)nR(|x|) dv, t>0 (3.2)
RVI

in the distribution sense, where

h(s), 0<s<R,
nr(s) = %h(s)(l + cos g__li))i;), R<s<éR,
0, s> 6R

with
h(s) = exp{/ 3b(3) dE}, r>0,
0

while B, denotes the open ball in R" with radius r and centered at the origin.

Remark 3.1 If k = +00, then Lemma 3.1 holds for any fixed R > 0, but § > 1 and M, >0
depend also on R.

Let us seek the self-similar supersolutions to system (1.1) and (1.2) of the following form:

u(x, t) = (& + to) U ((t + ) (Ix] + 1)),

V() = (£ + to) V(£ + ) (%] + 1)), (3.3)
xeR",t>0
with
(24 21) +p2+ 1) g2+ 1)+ (2+24)

wq-1) 20pg-1) '
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and £, > 0 to be determined later. If i,V € C'([0, +00)) solve

n—_ll/{’(r) +(t+8)"? ((t +120)%r - l)b((t +120)2r — I)L{'(r) + %ﬂ/{'(r)

U'r) +
+ ) + UG <0, 1> (E+ 1)V (3.4)

V'(r) + ”—:1V/(r) +(t+20) (8 + 80)"Pr = 1)b((t + ) *r - 1)V'(r) + %rV'(r)
+oV(r) + P2V9(r) <0, 1> (t+1) ", (3.5)

for fixed t > 0, respectively. Then (u, v) given by (3.3) is a supersolution to system (1.1) and
(1.2).

Lemma 3.2 Assume that b € C([0, +00)) satisfies (1.4) and (1.5) with —n < k < +00. Let
rq > (pq). with (pq). defined in (1.12) and

Ur) =VF)=ce ™, r>0, (3.6)

with w € CY1([0, +00)) satisfies w(0) = 0 and

w11, 0o<r<p?
2( )
@'(r) = { (@2 + (@1 — 02) S )y, P<r<l,
(w3 + (01 — @)™ ), 1>,

where 0 < [ < 1 will be determined,

o = 2(pq - D = 2(pg -
) g + (- 2) 27 i+ 1) (pg + (g)c - 2)

with k1, ko satisfying

2((2 + A1) +p(2 + 1))
pq+ (PQ)C -2

K1 < Ko, -n<K< —n<Ky<K.

Then there exist 0 >0, 0< 1< 1, and ty > 0 such that (u,v) given by (3.3) and (3.6) is a
supersolution to (1.1)—(1.3).

Proof In the case that 0 <r</?and ¢ >0,

n-1
r

U"(r) + U'(r) + (¢t + t)'? ((t + 1) 2r - l)b((t + 1) 2r - I)U’(r)
+ %ﬂ/l’(r) + uld(r)

1
= (—nw1 —w(t+ to)l/zr((t + 1) %r - 1)b((t + 1) %r - 1) + U+ (a)1 - 5);“2)

x U(r)
< (~(n +ko)w1 + p + W) U(r)
= (—(Ko — K1)y — % + w%l)lzl(r),
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where k¢ = inf{s(s + 1)b(s) : s > 0}. We can take 0 < /; < 1 such that, forany0< /<],

z ; lu/(r) +(t+20) (¢ + £0)*r = 1)b((t + to)2r — 1)U (1)

U'(r) +

+ %I‘Z/{/(V) + uld(r)

< (pq - (I%I)C)M

2
_—WU(r), 0<7"<l,t>0. (3.7)

From the definition of the function , one gets

n+Ky—

U’ r) + 1Z/{’(r) + %rl/{’(r) + uld(r)

r

= <(a)’(r))2 - (r) -
(n+x3) (n+k2) _

= ((wz + (01 - w2)12 ) (wz + (w1 - w2)12 - l)"2 M)U(V)

2 ree 2 ) pg+ (pg)e -2
3 (_ (v~ ()
“\ pq+(pg).-2

n+Ky—

1w’(r) - %rw’(r) + ,u)l/{(r)

+ w%l)lxl(r), P<r<l,

which implies that one can take 0 < /; < /; such that, for any 0 </ <,

-1 1
PO ) + STU) + WU ()

_ (pq - (pQ)c)lfL
= 2pg + (pg)c - 2)

U"(r) +

Ur), P<r<lt>0. (3.8)

Finally, for r > [, it holds that

n+Ky—

U’ r) + 1Z/I’(r) + %rZ/{’(r) + uld(r)

r

= (a)2 + (a)1 - C()2)ln+K2) <w2 + (a)1 - 602)[”+K2 - %)7‘22/{(}’)
+ (1= (1 + K2) (w2 + (@1 — w)I"2))U(r)
= (602 + (w1 - wz)lnwz) (‘Uz + (w1 — )" — %)Vzu(r) + (M —(n+ Kz)wz)u('”)

(pq - (pg))n

- Ur).
pq + (pq)c -2 )

1
= (0)2 + (w1 — a)z)l’“"z) (a)z + (w1 — W) "2 — §>r2L{(r)
The choice of k1, k5 leads to
llﬁl}[(l;l+ ((1)2 + (a)1 - a)z)ln+K2) =wy < 5,

which yields that there exists 0 < /5 < [, such that, for any 0 </ < /3,

1
wy + (w1 — ) "2 < X

Page 7 of 13
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and thus

_ (pq - (I%I)C)M
2(pq + (pq). - 2)

n+Ky—

U’ )+ 11/{/(1’) + %rl/l’(r)ﬂd/l(r) < Ulr), r>Lt>0. (3.9)

Fix 0 < [ < 3, it follows from (1.4) that, for £, > 0 sufficiently large,
(t+ to)mr((t +t0)2r - l)b((t +t0)V2r - 1) > Q, r>02,t>0. (3.10)
r

It follows from (3.7)—(3.10) that

n-1

Uu"(r) + U'(r) + (t+ t)'? ((t + 1) 2r - l)b((t +t0)2r - l)Z/{’(r)

+ %r[/(r) + uld(r)

n+Ky—

sUu'(r) + 1Z/l/(r)J’ %"Z”/(rﬂuu(r)

(rq - (pq))n

I V- U ) )
= 2ar (pq)c_z)U(r), re(0,/2) U (% 1) Ul +00),t>0. (3.11)

Similarly, one can show that

n—

V'(r) + ! V'(r) + (¢ + o) (( + t0)2r = 1)b((t + £0)*r = 1)V'(r)

r
+ %rV/(r) +vV(r)
- ( (rq - (pq)c)u (Q+A1)+p2+12)— (g2 + A1) +(2+ )»2)))
<- + V(r)
2(pq + (pq)c - 2) 2(pg - 1)

-_ (pq - (pq))n
= 2pq+ (pq)c-2)

V(r), re (0, 12) U (lz,l) U (l, +00),t > 0. (3.12)
Due to 1,43 > 0, p,q > 1, and the definition of the function w,

0<Ky= sup(r“e_(p_l)“’(’) +772 e_(q_l)“’(’)) < +00.
r>0

Choose o > 0 sufficiently small such that

1 _a-1 (g — (pq) )
max{o o S g s (o)

Then (3.11) and (3.12) yield that

n-1

Uu'r) + U'(r) + (& +t0) 2 ((t + t0)r — 1)b((¢ + o) *r = 1)U (r)

r

1
+ Eru/(r) + uU@) + PVP(r) <0,

re(0,2)U (1) Ul +00),t>0

Page 8 of 13
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and
V' (r) + HT_l]/(r) +(t+20) (¢ + 80)*r = 1)b((t + to)*r = 1)V'(r)

1
+ Er]/(r) +uV) + r2UI(r) <0,

re (0, 12) U (12, l) U (I, +00),t > 0.
Therefore, (u,v) given by (3.3) and (3.6) is a supersolution to system (1.1) and (1.2). O

4 Proofs of Fujita-type blow-up theorems
In the final section, we will prove the blow-up theorems of Fujita type for problem (1.1)—
(1.3). Let g, h, Ro, 8, and My be given as Lemma 3.1 in this section.

Let us prove Theorem 1.1 firstly.

Proof of Theorem 1.1 It follows from —oco < k < +00 and 1 < pq < (pq). that

2+ A1) +p(2+Ay)
K< —n.
pqg-1

Fix k > « to satisfy

c . (2+A1)+p(2+k2)_

—-n<kK n, (41)
pq-1

which, together with (1.4), yields that there exists Ry > 1 such that
$?b(s) <R, s>Ry.
For any R > Ry, one can get that

S~ SO 1<01 OSSSRI)
/ sb(s)ds < 5
0 Ky +1Ins, s>Ry,

and

S efo,  0<s<R, i
h(s) = exp / sb(s)dsy < y <K(s+1), s>0,
0 efogk s> Ry

where
eK() eKOSl? s
K= max{ sup —, sup - }, Ky =1|k|InRy + sup f sb(3) ds.
0=s<R, (8 + 1)< op (s+1)¢ 0<s<R1 Jo
Therefore,

0 < nr(s) < h(s)xposr1(5) = K(s + 1) xposm(s), >0, (4.2)
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where x[osgr) is the characteristic function of the interval [0,5R] and K > 0 depends only
onn, b, Ry, §, and k. Let (4, v) be the solution to problem (1.1)—(1.3), and denote

wg(t) = /]R" (u(x,t) + ROv(x, t))ne(lxl) dx, £>0

with some constant 6 to be determined. For any R > max{Ry, R;}, Lemma 3.1 shows

n

%WR(t) > —MoR >wg(t) + R’ / (|x| + l)xzuq(x, t)nR(|x|) dx

+/ (|x| + l)hv”(x, t)nR(|x|) dx, t>0. (4.3)
RYI

From the Holder inequality and (4.2), one gets

|t (1) s
(g-1)/ 1/
/ x| + 1) 2@ (|x|)dx>q q(/R n(|x|+1)“u‘f(x,t>nR(|x|)dx> '

=(L
(

#—n2/(p-1) (a-1)/q A Ve
< K/ x| + 1 2 dx) </ (|x| + 1) 2u”(x,t)mg(|x|) dx>
Bsp R”
(g-1)/q N 1/q
< (K S+ 1yieicsateon dr) ( f (Il +1) 2u4(x,t)nR(|x|)dx)
Bsr
, 1/q
M(q V/d pnee- "*KMZ)/’](/ (o] + 1) 0 (x, t)nR(IxI)dx> , t>0. (4.4)
RV[

Similarly, we have

1/p
/’W%ﬂWQMﬁM§AKAWR“EW““W</(MH&YHﬂ%ﬂwUMﬁM> ,
R” R”

t>0, (4.5)

while M; > 0 depends only on n, b, Ry, 8, A1, A2, p, ¢, and k. Substituting (4.4) and (4.5)
into (4.3) gives

n

d o . q
WD) 2 -MoRwi(t) + M, @D p-la-1)0r+R) 32+ ( / ulx, t)ng(x) dx)
R

i p
+ MI(p—l)Rf(p—l)(an)H\l—pQ (R0 / v(x, t)ﬂR(x) dx) , t>0. (4.6)
RVI

(q—p)(n+K)+11—Ao then

Choosing 6 = )

(1-pg)(n+K)+ A1+ phy

—(g-1D)(n+e)+r+0=-(p-1)n+k)+Ar —pb =
p+1
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Lemma 3.6 in [24] and (4.6) lead to

iWR(t) > —M()R_2WR(t) + MZR—(pq—l)(Vl+l?+)»1)/(p+l)
de -

q p
{( / u(x,t)nR<x>dx> +<R9 / v(x,tm(x)dx) }
R” R”

> ~MoR2wp(t) + 277 MpRUPDr+0 P22l o) min [k (£), wh(2)}
= wpg(t) (_MORfZ + prMzR[(lqu)(mEHM +phall(p+l) | min{ Wﬁ—l @), W;Ie_l (t)}),
t>0 (4.7)

with M, = min{M}_p,M}_q}. Note that (4.1) implies

(1-pq)(n+K)+ A1 +pry N
p+1

-2,
while wg(0) is nondecreasing with respect to R € (0, +00) and

sup{wR(O) :R> O} > 0.
Therefore, there exists R, > 0 such that, for any R > Ry,

Mosz < 2—(p+1)M2R[(1—pq)(n+;z)+xl+p)\2]/(p+1) . min{wfe_l(o),wz_l(o)}. (4.8)
Fix R > max{Ry, R, R;}. Then (4.7) and (4.8) yield

%WR(t) > 27D pp, RIOPOCO il e ) min{wh (), wh(2)},  ¢> 0.
It follows from p, g > 1 that there exists T > 0 such that

we(t) = /1‘@ (u(x, £) + ROv(x, t))nR(x) dx — +o0 ast— T,.

From supp nz(|x|) = Bsg, one gets
||u(~,t) ||LOO(R,4) + ||v(~,t) ||LOO(R”) —+00 ast—T,.
That is to say, (#,v) blows up in a finite time. O

Let us turn to proving Theorem 1.2.

Proof of Theorem 1.2 The fact that problem (1.1)—(1.3) with small initial data admits a
nontrivial global solution follows from the comparison principle and Lemma 3.2. Then let
us show the blow-up of the solution to problem (1.1)—(1.3) with large initial data.

Fix R > Ry and let (&, v) be the solution to problem (1.1)—(1.3). Denote

we(t) = A (u(x, ) + v(x, t))nR(x) dx, t>0.
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From Lemma 3.1, Remark 3.1, the Holder inequality, and Lemma 3.6 in [24], it follows that

S elt) 2 MR g0 + [ b+ 17 ()
Rn

+ /H(|x| + 1)'\1v”(x, Hnr(lxl) dx

1-q
> _MoR 2iip(t) + ( /R (1l + 1) 72" Ve (1) dx)

<(/. u(x,t)nR(|x|)dx>q
.\ (A;{n('x' . 1)—A1/(p—1>,7R(|x|)dx)l_p([l;{ﬂ v(x,t)nR(lxl)dx)p

q »
> —MoR 2wg(2) +M3{ (/1;” u(x, t)nR(|x|) dx> + </Rn v(x, t)nR(|x|) dx) }
> —MoR *wp(t) + 277 M3 - min{wh(2), wh(2)}

= Wr(t)(~MoR™* + 2P M5 - min{ i} ' (£), W ' (®©)}), ¢>0 (4.9)

with

M; = min{ (/l;n(m +1) 72 (1) dx)l_q, (/Rn(m + 1)‘“/(”‘1)nR(|x|)dx)l_p}

depending only on #, §, p, g, and R. If (1o, vo) is so large that
27 P - min{ ik (0), wh 1(0)) = MoR ™,

then (4.9) leads to
d_ —(p+1) ] ~q
EWR(t) >2 Ms - mln{WZ(t),wR(t)}, t>0.

The same argument as the proof of Theorem 1.1 shows that («, v) must blow up in a finite
time. 0
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