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Abstract

This paper is concerned with a class of two-term fractional differential equations.
Three-point boundary value problems with mixed Riemann-Liouville fractional
differential and integral boundary conditions are discussed. The Green'’s function is
investigated and the existence results are obtained based on some fixed point
theorems. The Hyers—Ulam stability is also studied for null boundary conditions. As an
auxiliary result, a Gronwall type inequality of fractional order integral is obtained.
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1 Introduction
In this paper, we consider the following boundary value problem of nonlinear fractional
differential equations:

AD%x(t) + DEx(t) = f(t,4(2)), O<t<T, "
x(0)=0,  puDy'x(T) +1y*x(n) = ys,

where D and Dg are Riemann-Liouville fractional derivatives with 1 <« <2and 1 < 8 <

@,0<A<1,0<pu<1,0<py<a-B,%>0,0<n<Tandf:[0,T] x R— Ris agiven

function satisfying some assumptions that will be verified later.

Fractional differential problems have attracted much attention in recent years due to its
wide application in many fields of science and engineering, including fractal theory, poten-
tial theory, biology, chemistry, diffusion, etc. See, e.g., [1, 2]. There are several kinds of frac-
tional derivatives used in different applied areas, such as Caputo derivative and Riemann—
Liouville derivative. Recently, Atangana et al. [3—6] presented the Caputo—Fabrizio and the
Atangana—Baleanu fractional derivatives.

In the literature, °Df, u(t) + f(t, u(t)) = 0 is known as a single term equation. This kind of
fractional differential equation has many applications and has been studied widely. See,
e.g., [1, 2, 7-10]. Equations containing more than one fractional differential terms are
called multi-term fractional differential equations; they have some concrete applications
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in many fields. Due to the complexity of such a kind of equations, it seems that there has
been no result for a general multi-term fractional differential equation. Only some special
cases have been investigated. A classical example is the so-called Bagley—Torvik equation
(B-T equation for short) [11],

AY(1) + BDE () + Cylt) = f(0),

where A, B and C are certain constants and f is a given function. This equation arises
from the mathematical model of the motion of a thin plate in a Newtonian fluid. The B-T
equation, as well as various generalizations, has wide applications in fluid dynamics and
hence has attracted much attention. For example, Cermak et al. [12] investigated the two-
term fractional differential equation

D%y(t) + aDly(t) + yb(t) = 0

with real coefficients a, b and positive real orders o > 8, which contains some important
cases such as the B-T equation for @ = 2, 8 = 3/2 and the Basset equationfora =1, 8 = 1/2.
The analytic solution and the numerical solution for the B-T equation were studied in [13]
and [14], respectively. Various methods were introduced to investigate the approximate
solutions such as the finite difference method [15], the variational iteration method [13,
16], the homotopy perturbation method [17] and the generalized differential transform
method [18]. Boundary value problems for the B-T equations were studied in [19, 20] and
[18, 21-23] for various boundary value conditions. In [18], the authors considered the ap-
proximate solution of B—T equations with variable coefficients and three-point boundary

value,

y'(x) + px)D%y + q(x)y = g(x), x € [a,b],
y(a) = ai, y(b) + ry(&) = B1, & €la,b],

where 0 < a < 2, p(x), g(x) and g(x) are known functions, o1, B1, A,  and & are given
constants. In [19, 20], Ntouyas et al. studied the generalized B-T equations with multiple
integral and differential boundary conditions

ADZx(t) + (1 — MDhx(d) = f(t,%(2), O0<t<T,
x(0)=0,  wDy!(T)+ (1 - w)DGHT) = ys,

and

ADZx(t) + (1 — M)Dhx(t) = f(t,%(t), O0<t<T,
x(0)=0,  uIdx(T)+ (1 - u)I2x(T) = 3.

Green functions for the corresponding problems were investigated and the existence re-
sults were obtained by using fixed point theorems. For more detailed information, we refer
the reader to [2, 24—26] and the references therein.

Stability analysis is an important respect of differential equations. Hyers—Ulam stability
for differential equations was initialed in the 1940s by Ulam [27] and Hyers [28]. Roughly
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speaking, the Hyers—Ulam stability for a differential equation is the answer to the ques-
tion whether there is an exact solution near an approximate solution (the solution to the
approximate equation) to the differential equation. So it is obviously important for the
study of numerical and approximate solutions and real world applications of differential
equations. For this reason, many researchers investigate the Hyers—Ulam stability for dif-
ferential equations of both integer and fractional order [29—-32]. There are only a few works
on the Ulam stability of fractional differential equations. Recently, Wang, Lv and Zhou [33]
presented some Ulam stability results of fractional differential equations by using Hery—
Gronwall inequality. By the method of Laplace transform, Wang and Li [34] studied Ulam
stability of a fractional order linear differential equation. Later, Wang and Li [35] investi-
gated the Hyers—Ulam stability for a nonlinear fractional Langevin equation and its cor-
responding impulsive problem. The authors of [36] researched a class of new differential
equations with no instantaneous impulses. However, to the best of our knowledge, few re-
sults can be found on the Hyers—Ulam type stability for boundary value problems except
that of Kumam [37].

Inspired by the above comments, in this paper, we consider the three points boundary
value problem of a two-term fractional differential equation, with mixed integral and dif-
ferential boundary conditions (1). Equation (1) with Riemann-Liouville fractional deriva-
tives of order & and B is a generalization of the B—T equation. To compare with the discus-
sionin [11, 19], there is no coefficient (1 — 1) or (1 — 1) here, and the boundary conditions
with mixed derivatives and integrals are different from the boundary value conditions in
[11, 19]. So, our results can be regarded as an extension of B—T equation and partially ex-
tend the results in [11, 19, 38] and [20]. We also investigate the Hyers—Ulam stability for
Eq. (1) with the boundary value conditions x(0) = 0 and x(T) = y. To deal with the Hyers—
Ulam stability, we prove a fractional Gronwall-type integral inequality by the method of
iteration, which is a generalization of the main result in [39] and Lemma 3.4 in [10].

2 Preliminaries

Let C([0, T],R) be the Banach space of all continuous functions from [0, 7] into R with
the norm ||x||oo = maxcjo,r] [%(£)|, and L'([0, T], R) denotes the Banach space of functions
x:[0, T] — R that are Lebesgue integrable with norm ||x||;1 = fOT |x(t)| dt.

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order @ > 0 of a function
f:[a,b] — R at the point ¢ is defined by

t _ o)1
2= %f(s) ds

provided the right side is point-wisely defined, where I" is the Gamma function.

Definition 2.2 ([1]) The Riemann-Liouville fractional derivative of order « > 0 of a func-
tion f : [a,b] — R at the point ¢ is defined by

dVl t
DO = ! f (6 = sy () ds

n—a)%

provided the right side is point-wisely defined, where n = [] + 1, [] denotes the integer
part of «.
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Lemma 2.3 ([1]) Leta >0,andx € C[0, TINL[0, T]. Then the fractional differential equa-
tion D§x(t) = 0 has the unique solution

@) =t et 2+t ¢ €Ri=0,1,2,...,n—1L,n=[a] +1.
Lemma 2.4 ([1]) Let o > 0. Then for x € C(0, T) N L(0, T), we have
IEDEx(t) = x(£) + 1t + ot 2+ -+ "7,

forsomec; €R,i=0,1,2,...,n-1,n=[a] + 1.

Lemma 2.5 The solution of the boundary value problem (1) satisfies the integral equation

T T
x(t) = gt"“l +/0 G1(t,8)x(s) ds +/0 Gz(t,s)f(s,x(s)) ds,

where
 ul(@) TNt [(a)nen!
o= (@) + @ , 0<t<T, (2)
o —y1) (e +y2)
gt
ot lramy (T = sy P!
1 _ a-B+m-1
Gulti= | TEmm WL Ocsstsn<d 3)
1
Ch [W(T— s)*Pns
+W(Tl s)x Py, O0<t<s=<n<T,
#_;_m(T—s)“ p-r-1, O<t<n<s<T,
a—pB-1
~ g =97
-1
+or e (T =97
Gia(t,s) = + W(n s)eFrra-1] O<s<n<t<T, 4
-p-1 pte! -1
}\.F l(t S)uﬂ +W(T )uﬂyl , 0<T]§SSt<T,
W_&m(T—s)o‘ﬁ”l L O<n<t<s<T,
1 -1 _ et -n-1
(@) -9 - 57 [r(aliyl)(T‘s)a "
F(al-i-yz) (T’] _S)a+y2_1]’ O<s S t S n< Ty
-1
Go(t,5) = —%[ﬁ(T-QHﬂ (5)
Ty (=977, O<t<s<n<T,
‘7@{%;1) (T -5y, O<t<n<s<T,
1 N u -y1-1
W(t—s)“ -Gl (T -9 ™
+ Fany =971, O<s<n<t<T,

Gnlt9)=1 [[TER TS . (6)
m(t—s) —m(T—S) , O(T]SSSt(T,
_L(T_S)a*)/rl O<n<t<s<T

OAT (a—y1) ’ n=tx= ’
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Gu(s), 0<t<n<T,
Gi(t,s) = 11(t,8) n @)
Gp(ts), 0<n=<t<T,

Gault,s), O0<t<n<T,
Goltrs) = 21(,5) n ©
Gal(t,s), 0<n<t<T,

Proof From Eq. (1), we have
Dex(t) = —%Dgx(t) + %f(t,x(t)), tel0,T]. 9)

Taking the Riemann-Liouville fractional integral of order « on both sides of (9), we get

—_é ' _e-B-1 1 ‘ _ a1
x(t) = )»F(oz—ﬂ)/()‘(t s) x(s)ds+)hr(a)/0‘(t s) f(s,x(s))ds

+ Cﬂfail + Czlfaiz.

Then, x(0) = 0 implies C, = 0. Hence

= _; ! _ ya-B-1 _ el
x(t) = AT /0 (t-s) x(s)ds + —— “_,( / (t-s) (s x(s))
+Cp* (10)

Applying the Riemann—-Liouville fractional derivative of order y; to both sides of (10), we
deduce that

1 _ a—B-y1-1
D} x(t) = 7}\[‘(& 5 Vl)/(t )P 1x(s) ds

= _glen-1
' ma -7) /0 (=57 (2(9) ds

NoREAC R
I'(o-y1)

Taking the Riemann-Liouville integral of order y; to both sides of (10), we obtain

V2 - - Ot B+ys—1
I°x(t) = T ﬁ+y2)/(t s) 27 x(s) ds

Ot+ 1
+m/(t S yzf(sxs))

I'(x)

f toz+y2—l'
(e +y2)

Let

ul ()T I (a)n* 7!

O = + .
Fla-y) I(a+ys)

Page 5of 17
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By using the second condition of (1), we get

- H ! _e-pn-1
Vs = M“(a—ﬁ—yl)/ (T —s)* P~ x(s)ds

/ (T —s)* ™M~ 1f(s x(s))

/\F(a Y1)
wl(e) o1 /7 By
+C—L Tl © —5)* P ly(s) ds
"T-m) AF(a—ﬁWz) , 17 ©
1 7 _ ' (a) _
+ —8)¥2Le (g x(s)) ds + C; ————n*+7271)
)»F(O!+J/2)/o (n=3) S (5:56) "Ta+y)
which leads to

Ci = 1 P S /T(T—s)"“ﬁ"’“lx(s) ds
"o vs A (a-B-y)

a—y1-1
e Vl)./ (T'-9) S (s(s)) s

Ot B+y2— lx(s)

)»F(Ol ﬁ+)’2)/

Y P }
AT (o + Vz)/o (n=5)727f (5,%(5)) s |-

Substituting the value of C; into (10), we have

I SE AR 1 L el
x(t) = kF(a—ﬁ)/o(t s) x(s)ds+)\r(a)/(;(t s) f(s,x(s))ds

tot—l
+—| V3t
2] [3 Al (@ - /3 ™)

/ (T - 5)* 77 f (s, %(s)) ds

/ (T = 5)* P 7"1x(s) ds

M"(a Y1)

(n = 5)* P72 1x(s) ds

+M"(0t—/3+)/z)/o

RS S PR ]
T ), 09 ) ds |

In the two casesof 0 <t <n< T and 0<n <t < T, we can verify

x(t) = gt"‘_l + /OT G1(t,s)x(s) ds + AT Gz(t,s)f(s,x(s)) ds,

which completes the proof. d

It is easily seen that G, is continuous, and hence is bounded on [0, T] x [0, T']. When

a—-B-1<0ora—-pB-y —1<0, G; is unbounded. Fortunately, we have

TGt ds< —— tt ohly
/0 Grle )]s < W(a—ﬂﬂfo( A
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tot—l
.= T — §)* B-v1— ld
[|r(a pe y1)|/( ) s

_ a—ﬂﬂ/z—ld
* |F(Ol—l3+)/2)|./o =9 S]

1
T Al@-B+1)

-1
+ ta_ #T‘X*ﬂ*n
OL| Ta-B-y1+1)

o—p

+; a=B+yy
Fla-B+y+1)
1

P
Sal@-g+1)

+Ta71 H oa—f-y1
Or [ Ta-B-y+1)

+;na_/§+}’2 ,
Fla-B+y+1)

which means fOT |G1(t, s)| ds is uniformly bounded for ¢ € [0, T]. We denote

= max/ |G1(t s)|ds
and

T
M, = max/ |G2(t,s)|ds.
0

te(0,7T)

Next, we introduce an integral inequality which can be regarded as a generalization
of the Gronwall inequality. It is also the generalization of the main result in [39] and
Lemma 3.4 of [10].

Lemma 2.6 Suppose o >0, a > 0, g(¢,s) is a nonnegative continuous function defined on
[0, T] x [0, T) with g(¢t,s) < M, and g(t,s) is nondecreasing w.r.t. the first variable and non-

increasing w.r.t. the second variable. Assume that u(t) is nonnegative and integrable on
[0, T with

ult) <a+ /tg(t,s)(t — ) tu(s)ds, tel0,T].
0

Then

ult) <a+ a/ (g &9r (t—s)”"‘_1 ds. (11)

Proof Let Au(t) = fot g(t,s)(t —s)* u(s) ds, where u(t) is nonnegative and locally integrable
ont € [0, T]. It follows that u(t) < a + Au(t), which implies

n-1
u(t) < ZAka + A" u(t) (Aoa = a). (12)



Xu et al. Advances in Difference Equations (2018) 2018:458 Page 8 of 17

We now prove that
. CEET @)

by induction. For # = 1, the proofis trivial. Assume that Eq. (13) holds for # = k. Then, for
n =k + 1, we obtain

A u(t) = A(A*u(@)) = / t g(t,s)(t — )" Ak u(s) ds
/ ot 5)(t — )27 / %(s—r)ka"lu(r)dtds
/g(t / (8t F(k) (t— )% (s — o) u(r) dr ds

tI—v k
:/Og(t,t)k”[/r F((Zi)(t—s)“_l(s—t)ka_lds]u(r)dt

/tg(t,f)k”(l“(a))k
A I (ka)

‘gt s) I (@) !
o T((k+Da)

Bla, k)t — 7)1y (1) dr

(£ = 9" u(s) ds.

By mathematical induction, the mequahty (13) holds for all # € N. Replaced u(t) by a in

(13) we deduce that A¥a < a ft %( s)k*1ds, k=1,2,.... Similar to the proof of

Lemma 3.4 of [10] we can verify that

n ! (MF(O())" no—1
A u(t)s/o W(t—s) u(s)ds — 0

as n — 0o uniformly in ¢ € [0, T]. Finally, letting n — oo in (12), we get

u(t) < ZOA”a <a+ a/ Z (g(tlfz:a) £ syl s,

i.e., the inequality (11) holds. The lemma is proved. O

3 Existence results
In this section, we investigate the existence for BVP (1). For convenience we list the hy-
pothesis.

(Hy) f:[0,T] x R— R is continuous.

(H,) There exists a constant L > 0 such that

|f (&,%1) = f (£;%2)| < Llay — 2]

for all x;,4y € Rand ¢t € [0, T].
(H3) There exists u € C([0, T'],R*) such that

If (&,2)] < u(?)

for each t € [0, T] and x € R.
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(Hs) There exist a continuous function ¢;(¢) € C([0, T'],R*) and a nondecreasing func-
tion ¢, € C([0, T],R*) such that

[f(t,%)| < ¢1(6)2(I%])
foreach t € [0, T] and x € R.
Theorem 3.1 Assume that (Hy) and (H,) hold. If
My + LM, <1,
then the boundary value problem (1) has a unique solution in C([0, T],R).

Proof We define an operator S: C([0, T'],R) — C([0, T'], R) by

T T
Sx(t) = gt"“l + /0 G1(t,8)x(s) ds +/0 Gz(t,s)f(s,x(s)) ds,

for each t € (0, T).

By Lemma 2.3, x € C([0, T], R) is a solution of problem (1) if and only if x is a fixed point
of S. We now prove that S has a fixed point. Taking x1,%, € C([0, T'], R) arbitrary, according
to (H,), we find

|Sax1 (£) = Sxa(8)|
T T
< / |G1(t,9)||x1(s) — 22 (s)| s + f |Ga(,9)||f (s,%1(5)) = f (5,%2(5)) | ds
0 0
T T
<=l [ 6169 ds+ Lis -l [ [Gale)]ds
0 0
< My + LMy)||%1 - %2,
and hence
[Sx1 = Sxa|l < (M + LMy)|lx1 — %2
Since M; + LM, < 1, S is a contraction. By Banach contraction principle, S has a unique

fixed point in C([0, T'], R), i.e., the boundary value problem (1) has a unique solution. This
completes the proof. d

Theorem 3.2 Assume that (Hy) and (Hs) hold. If
M1 < 1,
then the boundary value problem (1) has at least one solution in C([0, T],R).

Proof We define mappings A and B from C((0, T), R) into itself by

T
Ax(t) = %t”‘1+ f Gy (6, 5)x(s) ds
> 0
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and

T
Bx(t) :/ Gz(t,s)f(s,x(s)) ds.
0

It is easy to verify that B is continuous on C([0, T],R), since G, and f are contin-
uous. Further, since M; < 1, we can choose a constant r > 0 large enough such that
My + M + % <1,ie., rMy + Ms||ul| + %g_l < r, where u belongs to C([0, T],R")
such that [f(¢,x)| < u(¢), according to (Hs). Set B, = {x € C((0, T),R) : ||x|]| < r}. Then B, is

nonempty, bounded, closed and convex. Moreover, for any x,y € B, and ¢ € [0, T], we have

ta—l T
|Ax(z)| < )/ST " / |G (2, 9)| |x(5)] dis
0
o—1
< I"Ml + VBT
2

and

T
[By(o)| < / 1Galt,9)||f (s, (5)) | ds
0
< M|lull.
Thus, |Ax(t) + By(t)| < rMy + Ma|lu| + VSSH
Next we prove that A is a contraction. In fact, for any x,y € C((0, T'),R) and ¢ € [0,1],

<r,ie,Ax + By € B,.

T
|Ax(t) - Ay(p)| < / |G1(2,9)||%(6) — y(8)| ds < My |lx -yl
0
It follows that || Ax — Ay|| < M |x — y||. Since M; < 1, we know that A is a contraction.
Finally, we have to show that B is compact. Take any bounded subset & € C([0, T, R).

Then there exists a constant ry > 0 such that U = {u € U : ||u|| < ro}. We prove that BU is
bounded and equicontinuous. In fact, for any x € U, we have

T
| Bx()] 5/ |Ga(8,9)||f (5,%(5)) | ds < M ]|ull < Moy
0

for each t € (0, T'). Hence BU is bounded. Further, for any 0 <t; <, < T and x € U, we
have

T T
|Bx(ty) - Bx(t)| = ‘ / Galt ) (5,(5)) - / Galtr, 9)f (5,(5)) dis
0 0

T
H a-1 a-1 a—y1-1
5/0 1T BT =9 (sx() ds

+ 67 =571 (n = )27 f (s, %(5)) dis

| Gt
0o OAM (o +y2)

+ /0 1 %(a)[(tz —s)* (4 —s)"‘_llf(s,x(s)) ds

ty 1
+ /tl F(a)(tz - s)"‘_lf(s,x(s)) ds

Page 10 of 17



Xu et al. Advances in Difference Equations (2018) 2018:458 Page 11 of 17

ta—l _ toz—l T
< A [ et astu
Or(a —y1)

tg l_ta 1
mf (n = a2 sl
2

W /0 (12 =99 = (1 - 9| dislul

L ? - ld
+ t ¢
)\F )f (2 5) slull

Toz yl(ta l_ta 1)
OL (- yy + 1)
na+y2(ta 1 t?—l)
OA(@+7s+1) °
1
vl
Al (o +1)

5 —t7 +2(t2 — 1) ]ro

We can see from the above inequality that |Bx(t;) — Bx(¢1)] — 0 as £, — &1 — 0, and the
convergence is independent on x, #; and £,. This shows that BU is equicontinuous. An
employment of Arzela—Ascoli theorem shows that B is compact. Now, we apply Kras-
noselskii’s fixed point theorem on operator A and B to deduce that there exists at least one

x such that Ax + Bx = x, which is the solution of the boundary value problem (1). O

Theorem 3.3 Assume that (Hy) and (H,) hold. If

r
M +M2||¢1||11msup¢ )

r—>«

<1,

then the boundary value problem (1) has at least one solution in C([0, T],R).

Proof Define a mapping S: C([0, T],R) — C([0, T],R) by

T T
Sx(t) = gt"‘_l +/(; G (t, s)x(s) ds +f0 Gz(t,s)f(s,x(s)) ds

for ¢ € [0, T]. It is easy to prove that S is continuous. In order to apply Schauder’s fixed
point theorem, we only need to show that S is compact.

Firstly, we take any bounded subset Q € C([0, T'],R). Then there exists g (g > 0) sat-
isfying that Q € B, = {x € C([0, T],R) : ||x|| < g}. Notice that B, is a closed convex and

bounded subset. For any x € B, we have

|Sx(8)| <

Vsta_l) T T
G (¢, d. G, (t, s d
5 +/0 |G1(t,9)|[x(9)] s+_/0 |Ga(t,9)||f (s,%(5)) | ds

ysT!
e

V3 Tot—l
®

IA

T T
+ IIxII/0 |Gi(,5)|ds + ||¢1||¢2(||x||)/0 |Ga(t, )| ds,

IA

+ TM1q + TM;||é1 |l ¢2(q),
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which means SB,, and therefore SQ, is uniformly bounded in C((0, T'),R). For 0 < t; <t <
T and any x € B,

|Sx(t1) - Sx(t2)| < g(tg—l _ t(lx—l) "

T T
/ G (2 $)x(s) — / Ga(t1,5)x(s) ds
0

0

+

T T
/ G (2, 5)x(s) — / Galtr, s)x(s) ds
0 0

=P1+P2 +P3;

Vv _
Py = 03(’52 -57),

T T
Py = / Gl(tZ’S)x(S)—/ G1(ty,5)x(s) ds
0 0
T i 1 1 .
—_— (£ - _qe-B-ri-
= /0 O (a-B-1) (t2 5 )(T s) x(s) ds
! ; _ a1 _ a—Bn-1
’ /o OM (o - ﬁ+y2)( b )(’7 s) 272 x(s) ds
n 1
+ /0 m[(tz —S)Dt—ﬂ—l —(u _s)a—ﬁ—l]x(s) ds
: /t m%‘s)“"“lx(sms
M/T T _ g)*-Bn-1
- @“1(01—/3—1/1) o ( S) ds||x||
tg —t“ ' ! a—f+yr—1
m/ (n —8)* 77" ds||x|
+ m /0 (k2 = 9)* P71 = (&1 — 9P| dis||x|
1 tz(t )u_ﬁ_ld
s ),
o —E TP
OAM (- B —y1)
G e LAt
OL (a =B +72)
q a-f _ a—p _ a-p
)\[‘(a B) [t "+ 2t -t) ],
T T
Ps = / Gz(tz,s)f(s,x(s))—/ Ga(t1,8)f (s, %(s)) ds
0 0

T
H a-1 _ a-1 a-y1-1
|| G - )T 9 (a0 ds

' ! a-1 at+yp—1
+/0 i@y B =9 Y (5a(0) ds
/tl 1 a-1 a-1
] el =9 = -9 f (s a(9) ds

ty 1
+ /tl F(a)(tz - s)"“lf(s,x(s)) ds
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(g™t =t et
<m[/ (T =)™ d3]||¢1||¢2(||x||)
5t -

*m[ / (=572 lds}nd)lnapz(uxn)

! ! a-1 a-1
+ Al () |:/0‘ |(t2—S) —(t1—s) |ds]||¢1||¢2(||x||)

1 f
* T(a)/ (&2 —5)* " dslgll g2 (I1x1)

MTa yl(toz l_ta 1)
A (- +1)

naﬂ/z (tot—l _ —1)

l¢1ll2(q)

+ m”dh”%(f])
1 N .
S varrey CRU R R AT

It is trivial that P;, P, and P;s all tend to 0 as ¢, — ; — 0. Hence, |Sx(£) — Sx(¢1)] — 0
(£, — t1 — 0). Notice that the convergence is independent on x, t; and t,. It follows that
SB, is equicontinuous. An application of the Arzela—Ascoli Theorem yields that SB, is
compact. Therefore, we have shown that S maps bounded subsets into compact subset,
i.e., S is a compact mapping.

Now, from the condition M; + M||¢1 ]| lim,_, o sup ) < 1, we can choose a positive r

large enough, such that

$a(r)  ysToH
+

My + M| || 0

<1,

ie., Mir + My||¢1llda(r) + 7’37;71 < r. Hence, we can take C > 0 such that M;C +
M1 ]92(C) + mg_l <C.LetU={xe C((0,T),R): |lx|| < C}. Then S: U — C((0,T),R)
is compact and continuous. If there exist A € (0,1) and x € U such that x = ASx, then, for

everyte (0, 7),

|x(t)| = |ASx(t)| < |Sx(t)|

ystot—l
©®

v3 T(x—l

()

+

T
+ ./0 G1(t,s)x(s) ds

T
/ Ga(t,5)f (s, %(s)) ds
0

+ M C + M |1l (I1x11)

o—1

< MiC + My [|2(C) + V"‘"@

It then follows that C = ||x|| < M;C + M, ||¢1]|¢2(C) + < C, which contradict to the
fact that x € U. Thus, x # ASx for each 1 € (0,1) and x € L[ . By the Leray Schauder alter-
native, S has at least one fixed point, which is the solution to the boundary value problem

(1). This completes the proof. d
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4 Stability analysis
In this section, we study Hyers—Ulam stability of the boundary value problem

AD%x(t) + Dhx(t) = f(6,x(2), 0<t<T,
x(0) =0, x(T) =

(14)

Definition 4.1 The boundary value problem (14) is Hyers—Ulam stable if there exists a
real constant ¢ > 0, such that for any ¢ > 0, and for every solution y(¢) € C([0, T], R) of the
inequality

|ADZy(t) + Dhy(t) - f(t,3(8))| <&, tel0,T],
there exists a solution x(¢) € C([0, T'], R) of problem (14) with
() —x(t)| <ce, te[0,T).

Theorem 4.2 Assume that (H,) and (H,) hold. Then the solution of the boundary value
problem (14) is Hyers—Ulam stable.

Proof For ¢ >0, and each solution y(£) € C([0, T], R) of the inequality
|ADy(e) + Dyy(®) —f(y(®)| <e, te[0,T],

we can find a function g(¢) satisfying ADgy(z) + DY 0 y(8) =f(&y(t)) + g(t) and |g(f)| < e. It
follows that

§0) =~ 15750 + LI (63(0) + K580
oa-1

+ Tot—l

[y(T) # I SR (TAT)) - —Ia'g(T)]

Let x(¢) € C([0, T], R) be the unique solution of (14). Then x(t) is given by

oz—l

— [x(T) + %Ig_ﬂx(T) - ~I2f(T, x(T))i|

x(t) = —11“ Bx(t) + f(t x(t)) +
Then we have

6 )] = <157 (O (0] + < 5 1 (6:30) 7 (50|

IA

a-1
| 15T =D+ JEIFATH) A (1) |

Ot—

1 o (2
* 13 le0] + S 6 le(T)

D i (D
SX/O [ ra—p ' Tw ]'y(s)_"“”ds

ta—l T (T_s)a—ﬂ—l (T_S)a—l
UT&-I/O [ ra-p T

:| |y(s) - x(s)| ds

Page 14 of 17
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(t )a 1 -1 T (T_S)oz—l
/ @ |g(S)|dS+AT°‘—1 T lg(s)| ds

s)ep-1 (£—-s)*!
= _/(; [ I'a-p) +L (a) ]|y(8)—x(s)|d3

T o—p— —
+l/ [(T_S) i +L(T ]|y(s) x(s)|ds
0

A F(oe—,B) I'(a)
(T -5
+ 2¢ X ; 71_‘(“) ds
1 [TE=-s)P1 (t—s)*!
5X/o [ ra-p T ]'y(s)_x(sws
Mie)e + —2L
+ 8£+Ar(a+l)8,
where )\fo ) ﬁ) By _s) ]|y() ()|dS<M( )8 and M(e) is a constant dependent
one. Letg(t,s) (a ) +L _S) andM M(e) + a+1 . Then

’y(t) - x(t)’ <Ms + /0 g(t,s)(t —s)* P71 |y(s) — x(s)| ds.

We note that g(z,s) < W + Lypry Tﬂ ( M). Hence, in view of Lemma 3.4,

(@) —x(t)| < Me + Me /Ot ; %(t — sy P s

< Me + Me /Ot Z 7(1\1:[(1;53 : gin (¢ —s)"(""‘s)_1 ds

= Me +M6‘Z WMI(@ = B)" ap)

[ (n(w—B)+1)
< MeEy g(MT“ P (o - B)).
Let ¢ = ME,_g(MT“ P I"(a — B)). The inequality
|y(2) — x(t)| < ce
holds. Thus, the boundary value problem (14) is Hyers—Ulam stable. O

5 Examples
Example 5.1 Let us consider the following multiply three-term fractional differential

equation

3 5
iD§x(t) + Dy x(t) = sin(x(t)), O<t<3i,

1 3
x(0) = 0, ID§x(H) +Ifx(%) = +.

(15)

Herea =3, =3 A=t u=tp=lca-Bm=23m==% T=1n=1and
f(t,x) = 2 sinx. It is evident that [f(£,x1) — f( t,xz)l < (3)*&1 — 2] < |41 — x|, which sat-
isfies condition (H,). So, we can select L = 1. We can calculate that ® = 0.9090913801766,
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M; < 0.4588930235784, M, < 0.0465184974808. So, M; + LM, < 0.5054115210592 < 1.
Therefore, by applying Theorem 3.1, we deduce that the boundary value problem (15) has
a unique solution on (0, 1),
Y
Let g(t,s) = M,(a 7+ L“_(a Noting that g(t,s) < AF T * Lt ~ 4.7314835278026
(=M). Let x(4) = 1. By Theorem 4.2, the problem (15) with x(i) =1 is Hyers—Ulam stable.

Example 5.2 Considering the following boundary value problem which contains Rie-
mann-Liouville fractional derivatives of two orders in a differential equation and the con-
dition

3 5 .
ID§x(t) + Dy x(t) = t2x2, O<t<i,

1 3
x(0) =0, EDSx(3) + I x(%) = 5.

(16)

Here o =3, =3 A=5 n=qun=g<a-B =3 rm=y T=gad
n = %. By direct computation, we have ® ~ 0.053013292298, M; < 0.2209565547363,
M, < 0.0111290158488. Choosing ¢;(t) = £? and ¢, = x% we can show that M; +
M|y | lim, . sup 22
solution on (0, 8)

< 1. Hence, by Theorem 3.3, the problem (16) has at least one

6 Conclusion

In this paper, we study a class of two-term fractional differential equations. We first in-
vestigate the Green function of a three-point boundary value problems with mixed frac-
tional differential and integral boundary conditions. Existence results are obtained based
on some fixed point theorems. We also study the Hyers—Ulam stability for null boundary
conditions. Our results improve and generalize the results in [11, 19, 38] and [20]. More-
over, we present a Gronwall type inequality of fractional order integral by the method of
iteration.
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