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1 Introduction
Statistics and econometrics have made great progress in the last two decades. It became
necessary to study the distributions or the asymptotic distributions of some complex
statistics, so the weak convergence of a stochastic process has been widely studying as
an important subject of modern probability theory.

Kac [13] described the solution of the telegrapher’s equation in terms of a Poisson pro-
cess. Later, Stroock [18] gave that the law of the continuous processes {X,(¢), ¢ > 0} given
by

t

2 1 [t r
Xs(t):s/ SN0 gy = —/ N2 dr, >0, 1)
0 0

where {N(t),t > 0} is a standard Poisson process, weakly converges when ¢ tends to zero,
in the Banach space C([0, T]) of continuous functions on [0, T], to the law of a standard
Brownian motion.

This result of Stroock [18] has been extended to obtain approximations of other pro-
cesses such as, among others: Brownian sheet (cf. Bardina and Jolis [5]), m-dimensional
Brownian motion (cf. Bardina and Rovira [7]), fractional Brownian motion (cf. Delgado
and Jolis [11], Li and Dai [14]), fractional Brownian sheet (cf. Tudor [19], Bardina et al. [6],
Wang et al. [20]) and so on. We can refer to Dai [10], Mishura and Banna [16], Nieminen
[12], Ouahra [17], Wang et al. [21] and the references therein for more information about
weak convergence.
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On the other hand, by the fact (-1)N") = cos(mN(r)) = &N, equality (1) can be rewrit-
ten by

t .
Xg(t)z—f N g 0. )
0

In this case, X (¢) can also be written by Euler’s formula as X, (f) = Re X((¢) + iIm X (¢),
where

Re X (t) = é/otcos<nN(8L2)> dr and ImX.(¢)= %fotsin<nN(8L2>) dr

are the real part and the imaginary part, respectively.

Then, some authors considered the weak convergence to the complex Brownian motion
by the angles 6 replacing the 7, where 6 € (0,2m) in equation (2). For example, Bardina
[2] and Bardina et al. [4] constructed the process from a standard Poisson process which
respectively weakly or strongly converges in law to a complex Brownian motion, and got
that the real part and the imaginary part of this process are two independent Brownian
motions. Bardina and Bascompte [3] obtained the weak convergence towards two inde-
pendent Gaussian processes from a Poisson process (see also Bardina and Rovira [7], a
d-dimensional Brownian motion of this result). In addition, it is well known that some
properties of the Poisson process can be found from a Lévy process (cf. Applebaum [1]),
so there are some literature works which research an approximation of a complex Brow-
nian motion from the Lévy process (cf. Bardina and Rovira [8]).

Inspired by all the above works, the purpose of this paper is to research a weak approx-
imation of a complex fractional Brownian motion from a standard Poisson process and
from a Lévy process, respectively, by the method in Delgado and Jolis [11].

Let {M,,t > 0} be a Poisson process of parameter 2. We define {N, ¢t > 0} and {N}, ¢ > 0}
two other counter processes where, at each jump of M, each of them jumps or does not
jump with probability %, independently of the jumps of the other process and of its past.
In Bardina et al. [4], they proved that N and N’ are Poisson processes of parameter 1 with
independent increments on disjoint intervals.

Then, for 6 € (0,77) U (;r, 27), we consider the first processes Zf = {Zf(t), t € [0,1]} with

) 2, ! Ny 0Ny
Z(t) = E(_l) / Ky(t,r)(-1) 2e < dr, te€][0,1], (3)
0

where N and N’ are the processes defined above, G is a random variable independent of
N and N’, with Bernoulli distribution of parameter %, and

t
Ky(t,7) =cHr%’H/ (u—r)H_%uH_% du (4)

which is the kernel of fractional Brownian motion with H € (%, 1) and cy is the following
normalizing constant:

_[ HQH-1) ]2
o = B(2—2H,H - 1)

(cf. Mandelbrot and Van Ness [15]).
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And consider the other processes Yf ={Y] f (¢),t € [0,1]} from a Lévy process with

2 1 iexl
YO(t) = () / Ky(t,r)e <2 dr, t>0, (5)
€ 0
where {X;,s > 0} is a Lévy process with Lévy exponent yx(u), c(6) = 2”1;/’6’[‘7% is a con-

stant depending on 6, 6 € (0,27), and Ky/(¢,r) is defined in (4).
It is well known that Lévy exponent yx(#) can be expressed by the Lévy—Khinchine

formula as follows:
. 1 2.2 iux .
Yx(u) = —aiu+ —o“u” — (e -1- zuxl‘x‘d)n(dx),
2 R\0)

where a € R, 0 > 0, and 7 is a Lévy measure, that is, min{x?, 1}5(dx) < co. For the

Jovor
sake of simplicity, let

a(u) :=Re Yx(u) = lcrzuz - / (cos(ux) - l)n(dx) (6)
2 R\0)
and

b(u) :=Im¥rx(u) = —au — 1azuz - / (sin(ux) - uxl‘xkl)n(dx). (7)
2 R\[0)

In addition, denote ¢y, (1) = E(e™Xt) = e7*VX® a5 the characteristic function of a Lévy pro-

cess. According to (6) and (7), it is easy to get

[¢x. ()] = e (8)

The one aim of this paper is to extend the result in Bardina et al. [4] to the case of
the complex fractional Brownian motion from the unique standard Poisson process and
a sequence of independent random variables with common distribution Bernoulli %, that
is:

Theorem 1.1 Let {Pl, & > 0} be the family of laws of the processes Z¢ given by (3) in the
Banach space C([0,1],C). Then P! converges weakly as ¢ tends to zero to the law P in the
Banach space C([0,1],C) of a complex fractional Brownian motion Z = {Z(¢),t € [0, 1]}:

1

1 1
Z(t) = / Ky (t,r)dW (r) = f Ky (&, r)dW(r) + i / Ky (t, 1) dW2(@r), (9)
0 0 0

where W(r) = Wi(r) + iW?(r) is a complex Brownian motion, W'(r) and W?(r) are two

independent standard Brownian motions.

The other aim of this paper is to extend the result of Bardina and Rovira [8] to a slightly

more general setting applicable to the complex fractional Brownian motion. So, for our
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processes Y, we get the following weak convergence of realizations of these processes,

which is stated as follows.

Theorem 1.2 The family {P% ¢ > 0} of laws of the processes Y! in C([0,1],C) converges
weakly when & tends to zero to the family P’ of laws of a complex fractional Brownian

motion Z.

The rest of the paper is organized as follows. Section 2 is devoted to proving the tightness
of the family {P}, ¢ > 0} and {P?,¢ > 0}. In Sect. 3, we give the proof of our main result.
In addition, throughout the paper C denotes positive constants, not depending on &,

which may change from one expression to another.

2 Main lemmas

In order to prove that the family P! is tight, we need to prove that the laws corresponding
to the real part and the imaginary part of processes Z! are tight. Using the Billingsley
criterium (see Billingsley [9]) and that our processes are null on the origin, it suffices to

prove the following.

Lemma 2.1 Foranyt>s, ¢ >0, there exists a constant C such that
sup(E(Re Z2(£) - Re Z°(s))" + E(Im ZZ(£) — Im Z(5)) ) < C(t — 5)*". (10)

Proof From the definition and the independence of N and N/, it is easy to calculate (see

Bardina et al. [4]) that, for any 0 < x; < x;,
E[(_l)N;Z Ny gi0(Nxy Ny = g 22), (11)

Following the representation of complex fractional Brownian motions Z%, the real part

and the imaginary part can be written as follows:

2 ! Ny
ReZ/(t) = g(—l)G / Ku(t,r)(-1) & cos(ONz ) dr (12)
0 £
and
2 1 N/2r
Ime(t) = —(—I)G/ Ky(t,r)(-1) ¢ sin(@N%)dr, (13)
& 0 &

respectively. Then Z/(t) = Re Z%(¢) + iIm Z! (¢). Furthermore, the increments of the real

part and the imaginary part of the processes Z¢ can be expressed as follows:

!
Ny
&

1 I
ReZ!(t) -Re Z!(s) = %(—1)G / (Kr(t,r) = Ki(s,7))(=1) 2 cos(ON3)dr
0 &

2 1 N/2r
=-(-D° / AKp(t;s,1)(=1) +* cos(ON2;)dr, (14)
0 &
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and

1 N’ZV
ImZ () - Im Z{(s) = %(—DG / (Ku(t,) = Ki(s, 1)) (-1) 2 sin(ON 2, ) dr
0 &

2 1
=—(—1)G/ AKy(t,s,r)(- 1) sm(@Nzr)dr, (15)
& 0

where AK(t,s,r) = Ky (t,r) — Ky (s, 7).
Considering
2(Ccosx1 COS Xy COS X3 COS Xy + Sinxg sinwy sinwxs sinaxy)

= cos(xg — x3) coS(xy — x7) + cos(xy + x3) cos(xy + x1) (16)

and the independent increments of N', we can get equality (17):

/ 4 4 ! !
Ny N 2ry +N'p,, +N 2r4 Ny, 2r)

by ry Ny )+ Ny =Ny, 142N+, )
) & & 3 Focy S F 3 3

Ny 0, )
= (—1) &2 &2 2 2 (17)

Therefore, the left-hand side of inequality (10) can be calculated as follows:

E(ReZ’() -Re Z(s))" + E(ImZZ(¢) - Im 2% (5))"

N, oy +N2r2 +N2r3 +N274
=—E

(—1)46/ H AKy(t,s,r)(-1) 2 &2 &2 &2
(0,114
4
x co8(0Nar ) coS(ON2r, ) cos(ONary ) cos(ON 21, ) ® drij|
&2 &2 2 w2 et
N, oy +N’2r2 +N’2£ +N’2ﬂ
+—E

(—1)4G/ HAKH(tS,r,)( ) 2 &2 2
[0,1]%

4
x sin(ONz ) sin(ON 2, ) sin(0N 2, ) sin(ON 2, ) (X) dr{|
82 82 62 62 l:1

4
16
= = X4 {(—1)“" /[0 . Ly <ry<rs=ra) | | AKu(t,57)
4 i=1
N’zrl +NY +NGpg N,
X (—1) 92 52 52

X [cos(@Nh )cos(ON 2, ) cos(6’N2_r23 )cos(ON2)
82 82 & 52

4
+sin(ON 2r1 )sin(ON 2r2 ) sin(O N/ 2r3 )sin(ON 2r4 ) ® dr,:|

i=1

4
16 4!
- g x 5E|:‘/[‘0,1]4 1{r1§r2§r3§r4} [1[ AI(H(t’31 ri)
Ny Nl N N,
X (—1) 62 &2 62 62
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4
x c08(ONzy, — N2, ) cos(ON2z, — N2y ) (X) dri:|
82 82 62 82 l:1

16 4 4
+ o X EE / \ 1) <ry<ry<ry) 1_[ AKy(t,s,1;)
[0.1] i=1
N/Zrl +N/272 +]\[2r3 +N2r4

X (—1) 7 £2 &2 &2

4
x coS8(ON2ry +ON2y)cos(ON2r, + ONm)® dri:|
82 82 22 82

i=1
= 11 + 12;
where
4
16 4!
I = o X D) E|;/[0‘1]4 Y <ry<rs<ra) g AKu(t,s,1:)
N, +1\1/2r2 +N'ypy N’y
x(-1) & &2 2 2
4
X c08(ON2ry —ON2ry) coS(ON2r, —ONor ) ® dri:|
£2 2 &2 e i=1
and
16 4! :
L= poy X EE /[\0,1]4 L <n<rs<n) [1[ ARy (,5,17)
N/2r1 Jr‘,\[2}'2 +N 2r3 +N2r4

x(-1) & & 2 2

4
x coS(ON2ry +6ON2r3) cos(ON2r, + 9N2A)® dr,-j|.
52 £2 82 52

i=1
According to equality (11) and | cos 6| < |e®%|, it is easy to get

Noy Noy 00y Nan) 2 2q) o)

E(—l) ET &2 e ST 2 = 6_2( &2 2 = e £2

Then

16 4l i
I =— x —E 1 AKy(t,s,r;
1= "7 /[0’1]4 {r1<ry<r3<ry} g H( i)
N/ZA +N,2Q +N/2Q +NZﬂ
X (—1) £2 82 82 82

4
X C0S(ON2ry, —ONa2ry ) cos(ON2r, —ONa2r ) ® dri:|
EA- 0 2g

16 4!

4
= 8_4 X E 014 l{rl <ro<rz<r4} !:_1[ AI<]—[(t7 S, V[)

Page 6 of 18

(18)

(19)

(20)

(21)
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’ ’
N 2ry =N 2r]

xE[(-1) & 2 cos(§N2, — N2z )]
62 62

N’2ﬂ —N’zﬂ 4
xE[(-1) & @ cos(ONy — N2y )] (Xl) dri
16 4! 2

<~ x = 1 AKy(t, s, r;
= 84 D) {\/[0J]2 {rlfrz}!:ll H( l)

! !
Nary Ny

2
X E[(—l) 2 2 cos(ON2, —ONar )] dry d}"z}
) 2

2
16 4!
< — X — 1 | |AK t,8,1;
= 84 2 {'/['0’1]2 {r1<r} H( l)

i=1

4 ! .
Nowy "N i0(N2ry ~Nary )

2
xE[(—l) 2 2e 2 s_z]drldrz}

4(rp—r1)

= —1 —‘ {/ 1 - AK{—[(t ) 3 2 d d’ }2 (22)

X S,ri)e &€ T .

4 2 {r1=ra} | | 190 16772
& [0,1]2 i1

Using the inequality |ab| < %(z/z2 + b?), the last expression of (22) is easily bounded by

4(ro-r1)

16 4! 1 _Mrp-ry)
— X — X — 1 AKZ(t,s,m)e 2 drdr
84 2 22 {\/[071]2 {r1<ra} H( 1) 1 2

_4ry-ry) 2
+ / 1[’1§’2}A1<1%1(t’5) r)e <* drn di"g}
[0,1]2

4 1 1 L4 _4o-r)
=— X — AKZ(t,s,r1) dr —e &£ dr
a 22{]0 2 (t,5,7) 1/” - )

1 4 4lry-r) 2
+/ Al(fl(t,s,rz)drzf —e e2 drl}
0 o €

4 1, >
=g i{./‘o AKH(t,s,r)dr} (23)

as ¢ tends to zero. It is well known that
! 2 2
/ (Ku(t,7r) = Ky(s,1)) " dr = E[By(t) - By ()] = (£ - )*". (24)
0
Then there exists a constant C; such that
E(ReZ’() -ReZ(s))" < Ci(t —9)™. (25)
Moreover, considering the fact that

cos (x4 + x3) cos(xy +x1)

= [cos((x4 —x3) + (2 — 1) + (2x3 + 21 —xz)) cos(xy + xl)]

Page 7 of 18
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= [cos((xs — x3) + (%2 — x1)) | [cOs(2x3 + %1 — %2) cOs(x3 + X1) |
- [sin((x4 —x3) + (% — xl))] [sin(2x3 + X1 — X3) cos(xy + xl)]
< |[cos((xa —x3) + (%2 = x1)) ]| + | [sin((xa — x3) + (%2 —x1)) ]|

< [|cos(xa —x3)| + |sin(xa — x3)|] x [|cos(xa —x1)| + [sin(xs — x1)|]

and using the inequality |x + y| < /2(x2 + y?), we get

[T

’cos(x4 —Xx3) + sin(xy — x3)| < ﬁ(cosz(m — x3) + sin®(xg — xg))

_ \/E}ei(xzrxs) |

Then, for the term I, we have that

16 4l i
IL,=— x =E 1 AKy(t, s, r;
274"y /[0’1]4 {r1<ry<r3<ry} [1[ H( i)
N’Zr1 +N’2Q +N/2Q +Nyy

X (—1) 572 2 82 2

4
X COS(ON2ry, +ONary ) cos(ON2r, +ONar )® dri:|
ER R

16 4l ki
= F X EE /[0,1]4 Ly <ry<rs<ra) !;[AI(H(t’S’ ri)
N, +N/22 +N'ypy +N'yy,

x(-1) & & 2F 2

X [cos(ON2y —ON2ry) + sin(@N2zy —6ON2s)|

4
x [cos(@N% - GN% )+ sin(GNszzz - QN% )] @ dr,»:|
4 4
16 4!
< — X — 1 < < AK; t,8,7; d}"'
= 84 9 o.]* {r17r2§r37r4}!:1[ H( l)@ i
N/ﬂ_N/ZL
xE[(-1) & & (cos(ON2y —ONz;) +sin(ONzy —ON2y))]
82 82 EZ 22

4 !
N2r 7N2r

x E[(-1) ¥ 2 (cos(ONz, —ONz, ) +sin(ONz, — Nz, ))]
82 52 82 82

/

2 N, -N
16 4! 2y T 2ry
=7 X~ 1 | | AKy(t,s,r;)E[(-1) &2 &2
84 P iv/[\(),l]Z {r1<ro} H( l) [( )

i=1

X (cos(GNzr2 —6ON2r ) +sin(@N2r, —6ONar ))] dry dry
2 2 2 2

2
16 4!
< — X = 1 | |AK t,s,r;
= 84 2 {/[‘0’1]2 {r1<r} H( l)

i=1

(26)

(27)

Page 8 of 18
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Page 9 of 18

Ny, =Ny i0(Nar, ~Nar; )
xE[(—l) 2

2
2e 2 &2 ]drldrz}

16 4 1

Aro-r1) 2
) _Mra-rp)
- 84 x 2 x 22 {/[‘0,1]2 Lir<ry) AKy(t,s,m)e 2 dn di’z} ' 28

Similar to the proof of the term I3, using equality (23), we easily get the bound of the last
integral of (28) as follows:

1 2
X 2 {/0 AK,%,(t, S, 7) dr} < Gyt —s)*, (29)

where C, is a constant. Combining (25) and (29), we obtain that there exists a constant C
such that

sup(E(Re Z{ (¢) - ReZﬁ(s))4 +E(ImZ%(¢) - Im Z! (S))4) <C(t-s)*

(30)
This completes the proof. d
Next, we consider the tightness of the processes Y?
Lemma 2.2 Foranyt>s, € >0, there exists a constant C such that
sup(E[Re Y/ (£) —Re Y/ (5)]* + E[Im Y2 (£) - Im Y2 (5)]") < C(¢ —5)*"". (31)
Proof For the complex function a(t) = €%, we can obtain by using fundamental opera-
tions:
(cos Ot — cosBs)* + (sinO¢ — sinfs)* < |a(t) — a(s)|4. (32)

By (32), we have

E[Re Y!(£) —Re Y/ (s5)]* + E[Im Y/ (£) — Im Y?(s)]"
<E[r/0-Y/O)

4

2 1 X 2y 1 —i6X 2y 2
=C4(9)s_4E</ AKy(t,s,r1)e & drlf AKy(t,s,rm)e ¢ drz)
0 0

O ary ~X2ry ) 10X 273 ~X 21y ) 4
9)— (f 1_[ AKy(t,s, r,)E[ N ]® dr;
01]* 1

i=

4
24
= c4(9)8—4 X 4! \/[o ” 1“15’25’35%} 1_[ AKy(t,s,1;)
’ i=1
iQ(XZQ—Xﬂ) i9(X2V4 —Xzﬁ)
xE[e 2 2 e 2 2 ]®dri. (33)
i=1

Because the process X has independent increments, we have

0[(X 27y X273 )+(X 27y =X 27 )]
e 27T ] o, s, 0] 105, x, O] (34)
P &2
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So, the last expression of (33) is easily bounded by

24
4
¢ (9)8_4 X 4'!/[0’1]4 1 <ry<r3<ry) HAKH(t ST H¢X2r2 ~Xor (Q)H

1
i=1 2 62

||¢x2,4 oy @] ® dri. (35)
i=1

According to equality (8) of the Lévy process, we get ||¢x,_x, ()] = - %@, Thus, ex-
pression (35) is equal to

4

a2t 2220 4()
4 (9)_4 x 4! 1{r1 <ro<rz<r4} l_[ AKH(t) S, ri)e e
€ (0.1 i=1

4
72(r4—r3)
xe & a®) ® dar;
i=1

i=1

2
23 2 2ry-ry)
=c'(0)= x4 / 1<) [ AKu(tos,r)e 2 O dry dry
& [0’1]2

a2 2 -2 4)
<c (9)5_4 x 4! , 1y < AK (L, 5,11)e ¢ dry dry
[0,1]

2 ~2naor) () 2
+ IKVISVZ}AI<H(t’S: 7’2)6 ¢ dl"l dl"z
[0,1]2

4 r2 r1) ()
=c"(0)2 x 4! AKH(t $,71) —e e2 dry | dry
0
1 9 _2(r2 -r1) 2
+/ A](zl(t,s,rz)(/ —e .~ L 4(9) d"l) de)
0 o €

1 2
54&(9)4!( /0 A[(,%,(t,s,r)dr). (36)

By equality (24), there exists a constant C such that the last integral of (36) can be bounded
by C(t — s)*1. The proof has been completed. d

For the proof of Theorem 1.1, we need the following lemma

Lemma 2.3 Forany f(r) € L%([0,1]) and & > 0, let
2 t Ny 0Ny,
F(t) = g(—1)G/ (1) e Zdr, tel0,1].
0

Then there exists a constant C such that E[Re F(¢)]* < Cf f2 dr and E[ImF(t)]* <
C Jo f2(r)dr.

Page 10 of 18
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Proof Following the definition of F(), we get
2 2 ¢ N/Zr 2
E[ReF(t)] = E|:(—1)G/ f(r)(-1) cos(HN% ) dr:|
& 0 &
4 ‘ Nay
= E[;(—I)ZG/ f(r1)(=1) <% cos(ON2 )dr
0 &2

t Ny,
X/Of(i”z)(—l) ETCOS(ON%Z)dVQ]

4 Noy +Nop
= E|:_2 X 2'/ ) l{rlfrz}_f(rl),f(FZ)(_l) €2 e
[0,¢]

3
x c08(ON 2 ) cos(ON2r, ) dry dr2:|. (37)
Because
Nb,, +NY, (N'yy Ny 42N Ny, Ny, )

(-1) & T o1 2 2 2ol 22
and
1
cos(ONar, ) cos(ON2r, ) = E[cose(NzQ ~ N2y ) +c0sO(N2r, +Nay)]-
82 82 82 82 82 52

Then equation (37) is equal to

4 Noy, -Noy
E[— / pznf 1) FF [cosb Nz ~Nay)
[0,£] e e

g2

+c0sO(Nar, + N2y )] dr; drz]

2 P
4 Nap Ny
= L < f ()f(R)E[(-1) 2 2 [cosO(N2r, — N2 )]]dri dra
& (0,42 2 2
4 Nap Ny
el Lo <) f (M)f(R)E[(-1) 2 &2 [cos@(Nz% +Nz% )]] dry dra
[0,£] & £
= 13 + 14.
Using (21), we get
4 _4(r2—r1)
I3=— L <m)f(r)f(r2)e % dridr
& [0,£]2

4 1 74(r2—r1)
=— X —|:/ l{rlfmfz(rl)e 22 dridry
[0,]2

2 _4rp-rp)
+/ l{rlfrz}'f (7’2)6 &2 dr1 dl"z
(0,412

1 t g 4rp-r) t 24 4lrp-r))
= —|:/ f2(r1)dr1/ —e €2 dr2+/f2(r2)dr2/ —e €2 dr1:|
21Jo n € 0 0o ¢
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4roy
2

L/}%ﬁxl—éﬂgﬂﬁhyh/v%wX1—Es)dm}
0 0

|:/0 fz(rl)dr1+/;f2(r2)dr2] =/Of2(r)dr

4 N/ZQ Ny,

, 1{,15,2}f(r1)]’(r2)E[(—1) 2 2 [cosG(NzQ +Nzl)]]dr1 dry

&2 2

<

D= NI

and

L= —
&% Jjou

4 !

Ny, “Nop  i0(N2ry ~Nary )

4 2 1 2
=aV2 [ ool FH e E T Yanar,
0,¢

< ﬁ/tfz(r)dr
0

since
cosO@(Nar, + Nary)
52 82
=cosO (N2, —Na2ry +2N2r )
52 82 6'2
=cosO(N2r, — N2, )cos(2N2, ) —sin@ (N2, — N2y )sin(2Nar )
) 2 2 2 2 2
< |cos9(NzQ —Nﬂ)| + |sin9(NzQ —Nm)|
2 2 2 2
< /2(cos? (N2, = Nar, ) +5in® O(Nar, — Nar )
82 82 52 52

(N2ary N2

" )
:«/5|el &2 %|

For the term E[Im F(£)]?, we have
2

2 2 G t N/Z—r .
E[ImF(t)] =E|:g(—1) /f(r)(—l) &2 s1n(9Nz£)dr:|
0 &

4 N’y +NY, .
:E|:_2 x 2! / L < f (r)f (r2)(-1) &> &% sin(@Na2r, )
€ [0,£]2 2

x sin(0Nar, ) dry dr2:|.
2
Using the equation
1
Sin(@N2, ) sin(ONar, ) = — (cos O(N2ry —Nary ) —cosO(Nar, + Nor )),
2 2 2 2 2 2 2

similar to the calculation of E[Re F(£)]?, we can get E[Im F(£)]? < CfOth(r) dr. The proof
of this lemma is accomplished. d

3 Weak convergence to the complex fractional Brownian motion

In this section, we give the proof of Theorem 1.1 and Theorem 1.2 by checking that the
families of laws of the processes Z¢ and Y? are tight respectively and that any weakly
convergent subsequence converges to the law of the complex fractional Brownian motion.
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Proof of Theorem 1.1 Firstly, following Lemma 2.1, we have proved the tightness of the
family P! of laws of the processes Z¢ by applying Theorem 12.3 of Billingsley [9].

Next we will prove that the family of stochastic processes Z¢ converges in the sense of
finite dimensional distribution function to the process Z. That is, for any integer number
N > 1, considering arbitrary real numbers a,...,ay € Rand &,...,tx € [0, 1], we have

N N
S= " aZl(t) > S=Y_ arZ(t)
k=1 k=1

as ¢ tends to zero. To prove this, the convergence of the corresponding characteristic func-
tions must be checked.

For the sake of simplicity, we denote

2 GNY% 9Ny,
6)=-(-1) de &
3
2 G+N'y, G+N'y,
=—(=1) 2 cos(@N2)+i—(-1) € sin(ON2)
3 2 e )
:=Red(r) +iImo(r).
Note that
1 1 1
Sz:/ K*(r)@(r)dr:/ I(*(V)Ree(r)dr+if K*(r)ImO(r)dr (38)
0 0 0
and
1 1 1
S= / K*(r)dW (r) = / K*(r)dW'(r) +i / K*(r)dW2(r), (39)
0 0 0

where K*(r) = Zﬁlﬂﬂ( (tr,7), W(r) = Wl(r) + iW?(r) is a complex Brownian motion,
W(r) and W2(r) are two independent standard Brownian motions.

The function K*(r) € L2([0,1]) can be approximated by a sequence of step functions of
the form

my—1

K"(r) =Y KL (), (40)

i=0

withO=r5<rf<---<r, ;<r, =land K, i=0,...,m, — 1 being constants that are
chosen such that

1
1
/ (K*(r) —K"(r))zdrs - forany n € N. (41)
0
Define now

1 1 1
Sg:/o K”(r)@s(r)dr:/(; K”(r)ReQS(r)dr+i/O K"(r)ImO,(r)dr (42)
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and

1 1 1
= / K™(r)dW (r) = / K"(r)dW'(r) +i / K"(r)dW2(r). (43)
0 0

0

By taking f(r) = K*(r) - K"(r) in Lemma 2.3, we have that there exists a positive constant
C, which does not depend on #, such that

1
E[(ReS! —ReS!)’]<C /O (K*(r) = K"(r))” dr < c% (44)
and
2 ! 2 1
E[(ImS! -ImS)"] <C / (K*(r) - K"(r))" dr < ¢~ (45)
0

for any ¢ > 0.
On the other hand, for fixed n € N,

mnl
/K@ (r)dr

my—1 my—1

Z/ K/'Reb,(r) dr+zZ/ K!'Im0,(r)dr

converges in law as ¢ tends to zero to

1 1
=/ K"(r)dWl(r)+i/ K™(r) dW?2(r)
my—1 myu—1

Z/ K" dw( r)+12/ K" dW?(r)

due to the result established by Bardina et al. [4]. Then we have the convergence of the
corresponding characteristic function: for anyx € Rand n € N,

E[eixs?] — E[ei"sn] ass — 0. (46)

From Bardina et al. [4], it is easy to get that Re Z¢(¢) and Im Z/(£) are two independent
centered Gaussian processes. So, we get that

[E[e"% ] ~E[e"]]

|E gt (ReS?+iTm §7) ] E[eiA(ReS+iIm5)]|

F

[
[emRes@ 7}LImS] E[eiAReSe—AImS:H
|E[(esze59 zAReS)e—AImSg]

+E[eu\Re5( —AImS? e’“ms)]|

| [e 2.Im S :”15 + ‘E[ IARCS]|16’ (47)

. v . 6
where I5 := |E(e*ReSe — ¢*ReS)| and [y := |E(e7* M5 — e 1mS)),
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Using the mean value theorem, there exists & € (a, b) for a < b such that
el — e = / ie*dx = ie® (b-a) = e 2" (b - a).
a
Then it is easy to get

|EeiX2 _EeiX1| _ |E(eiX2 _eiX1)| _ ]Ee"(%ﬁ)(Xz —X1)|

<E[|eF9]1X, - X1 1] < EIXo — X4,

where X3, X, are two random variables. So, there exists a constant C > 0 for the term I
such that

I < |A[{E[ReS] —Re S|} < C{E[ReS! —ReS|}.
Meanwhile, by (38) and (39), we have
E|ReS? —Re S| < Is; + I + I3,
where I5; = E| ReSg —Re S|, I5, =E|Re S —Re §”|, and I3 = E|Re §” —Re §|.
Using the Schwarz inequality (E|£7n()? < E|€|*E|n|? and (44), we can get, for any & > 0
andn eN,
Is; =E[Re S —Re 57|

1
=E / (K*(r) = K"(r)) ReO(r) dr
0

1 3 1 3
5( / (1<*(r)_1<"(r))2Ree(r)dr> <E / (Re@(r))Zdr)
0 0

! * N 1
§C</O (K*(r) - K"(r)) dr) §Cﬁ.

By Bardina et al. [4], we easily get that the real part and the imaginary part of the pro-

cesses Zf are two independent Brownian motions. So, for the term I5;, we have
Is» =E|Re S —Re S|

1 1
:E’/O K”(V)Reé?(r)dr—/0 K" (r)dW (r)

—0, €—0.

According to the Schwarz inequality and the isometric property of the Wiener integral

with respect to the term I53, we obtain that, forany n € N,

1 1/2
Iss < (E|ReS” ~ReS|?)? < C(/ (K*(r) —K”(r))zdr> < c%.
0
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Then both I5; and Is3 become arbitrarily small by taking n > n for some ny € N. Similarly,
we can prove I converging to 0 as # tends to infinity. This completes the proof. O

Proof of Theorem 1.2 The tightness of the processes Y? comes from Lemma 2.3. Next, we
identify the limit law by proving that the family of stochastic processes Y converges in
the sense of finite dimensional distribution function to the process Z as ¢ tends to zero,
that is, we prove

N N
o=y aY! () —> T:= ) axZ(t)
k=1 k=1

in distribution when ¢ tends to zero, where a1,...,ay € R and t1,...,ty € [0, 1].
Similar to the proof of Theorem 1.1, note that

1 2 i0X o 1
T, = / K*(r)—c(@)e 2dr and T :/ K*(r)dW (r),
0 & 0

where K*(r) = ZJ,L arK(ty,r).
Because K*(r) € L,([0, 1]), there exists a simple function
my—1
K"(r) =Y K{'lgpm 1(r) (48)

k=0

withO=rg<r{<---<ry 4 <r, =1suchthat
1 9 1
/ (K*(r)-K"(r))"dr<-, n>1
0 n

0X 3y
Now, define two variables 77 = fol K"(r)2c(0)e 5 drand T" = fol K"(r)dW (r), then

1 2 i0X 9
E|T/ - T.| §E/ (K™(r) = K*(r))=c(0)e < |dr
0 £
1 ) 1
50(8)(/ ‘(K”(r)—](*(r))‘ dr)
0
1
< C(e)ﬁ' (49)
By (48), we have
1 2 i0X 3
T::/ K"(r)—c(@)e 2 dr
0 &
iy a2 i0X 5,
=Y K¢ / Zc(®)e = dr. (50)
k=0 o €

According to the result obtained by Bardina and Rovira [8], it is easy to get the weak con-
vergence of T” to T", where T" = fol K"rdW(r) = Zi"o_l K} frr,f” aw (r).
k
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So,

E(e"T") — E(e"T"), &—0. (51)
By the triangle inequality, we have

[E(e"") —E(e")| <al+Bl+y", u€Re>0,neN, (52)

where Ol;' _ |E(eiuTg) _ E(eiuTg')L ﬁ;’ _ |E(ei”T5”) _ E(ei”Tn)|, Y= |E(eiuT”) _ E(ei”T)|~

Using the mean value theorem and inequality (49), we obtain o < uE|T, — T?| converg-
ing to 0 as # tends to infinity. With respect to the term 87, it is easy to get the convergence
of B! to 0 as ¢ tends to 0 from (51).

Next we consider the term y”. By the Schwarz inequality and the isometric property of

the Wiener integer, we get
y" <ukE|T"-T)|
< u[E|Re T" —Re T| + E|Im 7" —Im T|]

ul[(E[Re 7" ~Re T)? + (E[lm 7" —~Im T|*)?]

1 1
|| ( /0 (K*(r) - 1<"(r))2dr>

1
Iulﬁ -0 (53)

IA

IA

as # tends to infinity. This completes the proof. O
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