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1 Introduction

All the time neural networks have attracted much attention for its wide application [1-
7]. In 1983, Cohen—Grossberg neural networks (CGNNs) were originally proposed in [8].
Since then, the CGNNSs have gained increasing research attention [9-14] due to their ex-
tensive applications, such as pattern recognition, image and signal processing, quadratic
optimization, and artificial intelligence. Whether the above application is successful de-
pends on a key prerequisite that the system has some stability. So stability analysis of var-
ious neural networks has become a hot research topic [15-25]. In practical experience,
neural networks are often disturbed by environmental noise. The noise may influence the
stability of the equilibrium and vary some structure parameters, which is usually satisfied
by Markov processes. During the recent decade, neural networks with Markovian jump-
ing parameters have been extensively studied due to the fact that systems with Markovian
jumping parameters are useful in modeling abrupt phenomena, such as random failures,
changing in the interconnections of subsystems, and operating in different points of a non-
linear plant. Moreover, Markovian jump dynamics have been applied to various complex
systems, such as dissipative fault-tolerant control for nonlinear singular perturbed sys-
tems with Markov jumping parameters based on slow state feedback, slow state variables
feedback stabilization for semi-Markov jump systems with singular perturbations, finite-
time nonfragile /2—[* control for jumping stochastic systems subject to input constraints
via an event-triggered mechanism, and so on ([26—29] and the references therein).
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High-order Cohen—Grossberg neural networks, as an important class of dynamical sys-
tems, have been the object of intensive analysis by many authors in both theory and ap-
plications due to the fact that high-order neural networks can be with impressive compu-
tational, learning, and storage capabilities. In fact, most researchers focused on low-order
neural networks and did not consider the high-order terms, which have faster convergence
rate and stronger approximation property. Furthermore, the high-order neural networks
have been shown stronger approximation property, impressive computational, storage,
and learning capabilities, greater storage capacity and higher fault tolerance, and faster
convergence rate than in traditional low-order neural networks. There are a lot of liter-
ature related to the stability analysis of high-order neural networks [30—36]. In practical
engineering the diffusion phenomenon cannot be avoided in the neural networks model
when electrons are moving in an asymmetric electromagnetic field. So various reaction—
diffusion models were considered [13, 14, 31, 37, 38]. For example, in [31] the following
reaction—diffusion high-order Hopfield neural network was investigated:

0 i(tr ) ] 0 l‘(t, ) "
Matx = Za—xk<Dik(t,x,u) ua d )_driui(t:x)+;Wri1ﬁ(ui(t»x))

m
k=1 Pk

+ Zgj(uj(t - r(t),x)

j=1

+ Z Z Tyingi (i (t — ©(2))) @ (wi(t - (0), %)) +vi. (1.1)

j=1 I=1

In addition, p-Laplacian reaction—diffusion models were recently studied in [37] and [14].

For example, in [37] the following p-Laplacian reaction—diffusion system was investigated:

E;—L: - a(l(u))Apu =f(u) + h(t). (1.2)

Note that seldom literature involves both boundedness analysis and robust stability anal-
ysis of high-order neural networks, which inspires our current work. In this paper, we
present a sufficient condition for the boundedness and robust stability of the reaction—
diffusion high-order Markovian jump Cohen—Grossberg neural network with nonlinear
Laplacian diffusion. Of course, the existence and uniqueness of the equilibrium solution of
the system will be first presented by employing the M-matrix and the topological degree
technique.

For convenience, we need introduce some standard notation.

® Q= (gij)uxn >0 (< 0): a positive (negative) definite matrix, that is, yTQy >0 (< 0) for all
0#yeR"
Q = (gi))nxn = 0 (< 0): a semipositive (seminegative) definite matrix, that is, y'Qy=>0
(<0)forally e R".

Q1 > Q2 (Q1 < Qy): Q1 — Qy is a semipositive (seminegative) definite matrix.

Q1 = Q2 (Q1 = Q): Q1 — Q is a nonnegative (nonpositive) matrix.
Q1> Q2 (Q1 < Qq): Q1 — Qq is a positive (negative) definite matrix.

Amax (@) and Apmin(P) denote the largest and smallest eigenvalues of a matrix @,
respectively.
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® |C| = (IcjDuxn for any matrix C = (¢)uxn; |u(t, %) = (lus (&, 2)], |2 (&, %), ..., |1 (8, %))

for any u(t,x) = (uy(t, %), ua(t, %), ..., u,(t,x))7.

e I: the identity matrix of compatible dimension.

e The symmetric terms in a symmetric matrix are denoted by x.

Motivated by some methods and results of the related literature [30—34, 39-41], we
present the existence and uniqueness of the equilibrium solution of the system and study
the boundedness and robustness of dynamics of reaction—diffusion high-order Markovian
jump Cohen—Grossberg neural networks (CGNNs) with p-Laplacian diffusion, including

the common reaction—diffusion CGNNS.

2 Model description and preparation
Consider the following high-order Markovian jump Cohen—Grossberg neural network
with nonlinear Laplacian diffusion:
D) 50 S (DY Ve, ) 2l
— a;(u;(t, %)) [bi(u;(t, %)) - 2;11 Wi (£)fi(u;(t, %))
S Y Tr(Og e — (), )
=201 2imr Trip(0)gi(u(t — 7(8), 0)) @i (it — 7 (2), %)) + o], (2.1)
VreS,i=1,2,...,n,
%;") =0, ij=1,2,...,n(tx)€[0,+00) X 382,

ui(s,x) =&(s,x), x€82,-1<s<0,7(t) €[0,7],

where x € £2, and £ is a bounded domain in R” with smooth boundary 32 of class C2.
The initial value function &;(s,x) is bounded and continuous on (-00,t] X £2, «; is the
input from outside of the networks, u;(z, x) is the state variable of the ith neuron at time
t and space variable x, a;(u;(¢,x)) presents an amplification function, whereas b;(u;(¢, x))
denotes an appropriate behavior function, D; = D;(¢,x) > 0 is the diffusion operator, f; and
g are active functions, and T}; and T, are the first- and second-order synaptic weights
of system (2.1) (see, e.g., [42]). (£2,7,P) is the given probability space, where Qis sample
space, 7 is a o -algebra of subsets of the sample space, and P is the probability measure
defined on 7. Let S = {1,2,..., 0}, and let {r(¢) : [0, +c0) — S} be a homogeneous, finite-
state right-continuous Markovian process with generator I7 = (¥;j)uxn, and the transition
probability from mode i € S at time £ to mode j € S at time ¢ + At

;6 +0(8), i # i,
P(r(t+8) =j| r(t) = i) = 7y +0(8) 7
1+ )/i]‘S + 0(5), j= i,
where y; > 0 is the transition probability rate from i toj (j # ), v = — Z]"fl/ i Vip8>0,and
lims_0(8)/8 = 0.
Let u* = (u},u},...,u’)T € R" be a constant vector. Then it is not difficult to deduce the

following fact:

S5 Tualg e - vt - (03)) - i)

j=1 I=1



Rao and Zhong Advances in Difference Equations (2018) 2018:434

= Trinsi(g — g () + Trinsi(g —gi(u7)), (2:2)
j=1 I=1 j=1 =1

where

- gt - r(t;, %)) +&up) (2.3)

Indeed,

i i Trin[ g (y(¢ — 7(8), %)) g (s (£ ~ T(0),%)) — (2] )i (7) ]

j=1 [I=1
) Z Z Trijl[g[(ul(t - t(t;, %)) + g (u}) (gt - 7(0),%)) - g (i)
j=1 I=1

N g(u(t — (2),%)) + gi(u;)

P (e~ 0,9) - )

Y Tl g e - 7(6,5) g )

j=1 i=1

S Teaule - 10,) - g (),

j=1 I=1

which proves (2.2).

In (2.2), i and j are symmetric, which implies that

DD Tasila-a(u) =YD Tuysi(g - g())), (2.4)

j=1 I=1 j=1 I=1

and hence

S Tl ugle - 0,9t - 70,) - g4

j=1 I=1

= Z Z(Triﬂ + Trip)si(g - g(4))- (2.5)

j=1 I=1

Taking g/(u}) =0 = gj(u;‘) in (2.5), system (2.1) can be rewritten as follows:

W) - o (Do Vyult,x) - Au(t,x))
x [B(u(t,%)) + W) (ult, ) + TH(Og(us(t - 7(2), %))

& T (O)+TH (6)

& Ty (t)+TH(6)

(2.6)

S‘OT nxn? T+ TEO ) 24
x gu(t —t(1),x)) + o],
augim =0, (t,x)e[0,+00) x 052,

u(s,x) =&(s,x), x€2,-t<s<0,7(¢) €[0,7],

Page 4 of 29
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where o = (a1,02,...,0,)7, f(u) = (A1), fo(t2), ... fu(uan) T, gw) = (g1(11), g2(u2), ...,

2.(u,))T for u = (uy, us,...,u,)7, the Neumann boundary value 3“655”6) = (3”gg’x), 3”23(:”6), e

3”’57(;’")) with a”g(j’x) = (a'gx’x), 8‘33(62”‘), oo d’giix) )T, the matrix D = (D;(t, %)), xm, and the vec-

tor function ¢ is defined as

1wy (t - 7(2),x))
S(us(t — 7(1),x))

(2.7)

_1
§0—2

n (Mn(t - T(t)r x))

Throughout this paper, we assume the following hypotheses:

(H1) There is a positive constant vector M = (My, My, ...,M,)T € R" such that
g <M, j=1,2,...,n.

(H2) There is a real number matrix B = diag(b, by, ..., b,) such that b;(0) = 0 and

bi(s) — by(r)

S—r

ZBQO, Vs,reR,s#r,i=1,2,...,n.

(H3) There exist real number diagonal matrices A = diag(ay,a, ..., a,) and
A =diag(a,,a,,...,a,) such that

0<A<A(s) <A.

(H4<) There are real matrices Fl = diag(Fu,Fu, e »Fln)y Gl = diag(Gn, G12, ooy Gln)r
F, = diag(F31,Fy3, ..., Fa,), and G, = diag(Gay, Gay, ..., Gay,) such that

£y <SOSO _
s—t

i(s) — g(2)
2j> Gy < % =

with

|[Fij| < Fyj, |Gyl <Gy, Vj=12,...,n.

Remark 1 Fyj, Gy; may be negative numbers, which implies conditions weaker than the
corresponding conditions of [43].

Denote
MT Tn(t) + TL()
MmT - T (t) + T,g(t)
I = ) Tr(t) = . ’
e nxn? Ton(®) + T};’(t) n2xn
(2.8)
ATy () + ATL(?)
~ ATy(t) + AT)(2)
ATr(t) = . ’

AT, (t)+ ATL(®)) ,

nexn
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Trl + Tr]i §OT
~ Tr2+Tr€ S‘OT
r= > ng ’

T T
Tm+T’” n2xn S0/ yxn? (2.9)
lgol”
|ol”
IT¢| =
T
|§0| X2

For any mode r(t) =i € S, we assume that W,, T, and T, are real constant matrices of
appropriate dimensions, and AW,.(£), AT,(t), and AT, (t) are real-valued matrix functions

representing time-varying parameter uncertainties satisfying

W,(£) = W, + AW, (¢), T.(t) = T, + AT,(2), T.0) =T, + AT.(2) (2.10)
with

(AW,(8), AT, (t), I’ ATi(t)) = E,K(t)(N,, Ny, N,), (2.11)
where E,, N,, N,o, and N, are real matrices, and |K(¢)| <1 with the identity matrix I.

In the case p = 2, system (2.1) becomes the following common reaction—diffusion high-

order Markovian jump Cohen—Grossberg neural network:

du;(tx) _ du;(t,
) = 30y 7 (D) — (i1, ) B (8, )

- Z];‘il Wrij(t)ﬁ(uj(t; x)) - Z]}il Trij(t)gj(uj(t - T(t)’x))
=21 2o Trip(0)gi (e — T (8), 0)) @i (wa(t — T(2), %)) + ],

(2.12)
rES’i: 1,2,...,}’1,
auégj,x) =0, §,j=12,...,m(t,x) €[0,+00) x 352,
/)
ui(s,x) = &(s,x),x€ 2, -1<s<0,7(t)€[0,7],
or
) _ 7 o (Do Vult,x)) — Ault, %))
x [B(u(t,x)) + W (t)f (u(t, x)) + To(O)g(u(t — T(£), %))
s T (O+T (0)
s T O+ TS (0)
+
(2.13)

L) e \Ton 04750 12,0
x g(u(t —t(2),%) +al,
a”;i’x) =0, (t,x)e[0,+00) x 052,
u(s,x) =&(s,x), xe€2,-t<s<0,7(¢) €[0,7].
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Lemma 2.1 ([44]) Let ¢ > 0 be any given scalar, and let M, €, and K be matrices of appro-
priate dimensions. If KTK < I, then we have

MEE+ eTKIMT < e " MMT +eeTe,

Lemma 2.2 (Schur complement [45]) Given matrices Q(t), S(t), and R(t) of appropriate
dimensions, where Q(t) = Q(t)T and R(t) = R(t)T, we have

( Q) S(t))
>0
ST(t) R
if and only if
R(E) >0, O@F)-SHOR)ST(t) >0,
or
Q(t)>0, R(t)-STH)Q®)ST(1) >0,

where Q(t), S(t), and R(t) are dependent on t.

Lemma 2.3 (Poincaré integral inequality (see [46])) Let §2 be a bounded domain of R"
with a smooth boundary 352 of class C*, and let h(x) be a real-valued function belonging
to H}(2) such that %lag =0. Then

/ﬁvmwfdsz%/MQn%m, (2.14)
2 2
where A is the smallest positive eigenvalue of the Neumann boundary problem

—Ah(x) = Mh(x), xe€ 82,
W) _ 0, xedf.

3.76/'

(2.15)

3 Main results
Before giving the main results of this paper, we need to present two necessary technical
lemmas.

Lemma 3.1 Let u* = (uf,u,...,u)T be an equilibrium point of system (2.6), and let it =

u —u*, where u = u(t, x) is any solution of system (2.6). Then

n n

9 AL,
dx=Y —|D)|ViP2=—)d 3.1
) x Zaxk( | u| 8xk) x ( )

k=1

d
(Diwum’—z

8%,‘
P 8xk Bxk

and

- "9 i
[ iy o (v ) ax
250 i 0%k xk
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=—ii/qlb|wl|”(

k=1 i=1

) dx, (3.2)

where q; > 0 for all i.

Proof Indeed, since u} is a real number,

~ A % Bui Bit, -
Ui=uj—u; = = = Vu; = Vi,
axk 3xk
and hence
n n ~
ad ou; ad ou;
ZB—(DAVM,'V’ZE)—MI) dx = 8—(D,'|Vui|p2aul)dx
o1 0%k Pk o1 0%k Tk
n ~
ad . ou;
=S L (Vi 24 dx.
3xk 8xk

k=1

On the other hand, the Neumann zero boundary condition yields

/Zq,ul (D|w |1"Z ) ;;/q,Dquﬂ( ) -

In addition, from (H4) and the Weber theorem of one-variable quadratic equation it is

not difficult to get the following conclusion.
Lemma 3.2 Let u* = (u},u},...,u)T be an equilibrium point of system (2.6), and let it =

u—u*, f(it) = f(u) — f(u*), and g(ir) = g(u) — g(u*). Then there are two positive definite
diagonal matrices Ky and K; such that

20 (e, %)) | KoF ((t,0)) | 2|t %)| " Ko(Fy + Fy)[f ((t, %))
2|iu(t, )| FiKoF i, %) <0 (3.3)
and
2[g(i(t - v(0),%))|" K [g(z - v(9).%) |

—2|a(t- r(t),x)| Ki(Gy + Go)|g(a(t - 7(2),x))|

+2|a(t - T(8),%) | G1K1 Gy k(¢ - T(8),x)| <0, (3.4)
where u = u(t,x) is any solution of system (2.6).
We now give the main result of this paper.

Theorem 3.3 Assume that

(B = (1W,] + |EAIN\)Fa = (IT,] + |E-|INwol)Ga — (C1 T3] + [EAIN)Ga) ™' = 0,

res. (3.5)

Page 8 of 29
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Then:
(a) System (2.1) or system (2.6) has a unique equilibrium point.
(b) All the solutions of system (2.1) and system (2.6) are bounded.
(c) Ifthere is a sequences of positive definite diagonal matrices P, (r € S), Ky, and Ky

such that
®,<0 Vres, (3.6)

where
A, 0 PA|W,| +Ko(Fy+F)  PA(T, |+ T|T,|) PAIE| 0
x  —2G1K1G 0 Ki(G1 + Go) 0 0

3 % ¥ —2Kp 0 0 IN|T
A * s —2K; 0 INyolT + N, |T

* * * * -1 0
* * * * * -1

with .,Zr = Ar - 2F1KOF2 and

no
Ay =-2P,AB+> y;P, reSs, (3.7)
j=1

then the unique equilibrium point of system (2.1) or system (2.6) is globally asymptotically
stochastic robust stable.

Proof System (2.1) is equivalent to system (2.6). We divide the proof of the theorem into
four steps.

Step 1. We first prove that there is at least one equilibrium point for system (2.6).

If u* € R" is an equilibrium point of (2.1), then by (2.1) we get

hi(uf) =0, VreS,i=12,...,n,

where

i) = i) = D7 Wr 0 () = 3 T (0)g (1)

Jj=1 Jj=1

- Z Z Tn]l(t)g] gl (u[)

j=1 I=1

Since i and j are symmetric, exchanging i and j results in

g( * n n
ZZTn]l gl ZZTnl](t) ’ gl( ): rtl](t)gl( ) /(u;f)»
j=1 I=1 j=1 I=1 j=1 I=1
and hence
T S .
ZZ rijl t)g] gl(u[) D) ( rz'jl(t) + rzl;(t))g;(’/l,)

j=1 I=1 j=1 I=1
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Next, taking
Hyi(uf, 1) = Mhyi(u}) + (1= Nuf, re[0,1],

by (H2) and (H4) we get

[, 2)| = 2] =2 3 W07 0) | =2 3] T 0 g o)
j=1

j=1

1 n n
=25 2 2l [(ITin(®) + T @)]) g (1) | - (1 = m)] |

j=1 I=1

= [1+ = ]| = 3 W0y ] -2 3| T 0G|

Jj=1 Jj=1

—A% SO M| Toie) + Tag(8)]) Gogl iy | = Mesl = 2 Y | Wi (8)]|[£i(0)]

j=1 =1 j=1

=1 )| T(0)]1g0) —A% SN M| T + Ty @) lg O] (3.8)

j=1 j=1 I=1
Moreover, we can rewrite (3.8) in the matrix and vector form:
H 0]

> (1= )| +A<IB%— W, (0)|E, - |T,(0)|G - %F|i(t)|G2)|u*|

—A[|a| + [ W0)]|f0)] - | T.(0)]|g(0)] + %F|’Tr(t)||g(0)|]

> (1=)|u*| + 2(B = |W,()|Ez = | T.(8)| G2 - | T(t)|Ga) ||
-l + W00 - | 0]l + 5 T T0) ) |

> (1= 1)|u*| + 2B = (IW,] + |EAINA)F2 = (1T] + 1E|INyol ) Ga

—(I\T,|+ |Er||ﬁr|)Gz)[|u*| — (B= (IW;| + |E-|IN: ) Fy = (1T, ] + |E-|IN:ol) G
— (1T, + |Er||Kfr|)G2)‘1(|a| + [ W(2)|[F0)]
- |T,()]|g0)] + %F}Tr(t)Hg(O)y)].
Let
Q= {u eR, |ul <R+ (B = (W] + |EAIN)Ey = (1T5] + |EA|INwo|) Gy — I'T,Go) ™!

(1t + (w00 - 7.0]le0)] + 51T 0]l ) ]

Page 10 of 29
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where R € R" is a positive vector such that (B
(T|T,| + |E,|IN,|)G2)R > 0, since (B
|E,|IN,|)G,) is an M-matrix.

= (IWl + 1EAIN )F2 = (ITy| + |E/[INyol) G2 —
= (W3l + |EAINDE2 = (I Ty | + |E [ INyo)Go = (| T | +

Then £2 is not empty since 0 € £2, and for any u € 342,
Ho(u, 1) = (1= 2)|ul + A(B = (IW,| + [E|IN/|)F2 = (IT;] + |E/ || Nrol )
—(TIT;) + |ENIN) G2) 9 > 0.

So

H.(4,)) #0 Vued2,xe[0,1],r€S.
Now the homotopy invariance theorem yields
deg(h, 2,0) = deg(H(u,1), 2,0) = deg(H (4,0), 2,0) =

where deg(h, £2,0) denotes topological degree. Moreover, topological degree theory tells

us that there is at least one solution for /() = 0 in 2, which implies that there exists at
least one equilibrium point u* for system (2.1).

Step 2. We prove that u* is the unique equilibrium point of system (2.1).
Indeed, if v* is another equilibrium point of (2.1), then

0 Z Wrt}(t)f + (t) Z T”] t)gl )
j=1
+ ZZTrl]l(tg] gl ul) +
j=1 I=1
0= Z Wm](t)f + ® Z Trt/(t)g] )
j=1 j=1
+ZZTn]l(tg; gl Vl)+ai'
j=1 I=1
Since

Z Z T (g () (}) - g (v}) & (v))

j=1 I=1

- Zzwww T 0) ) -2 (),

j=1 =1

we have

bilu = vi| < [bi() = b:(7)]

4

< Y W@y ®)]u = vi| + D | Ty(0) | Goy (0) | = v; |

Jj=1 Jj=1
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+ Z ZM]| Trijl(t) + Trll](t)|G2](t)|u;< - Vl*|

j=1 =1
or
B|u*—v*|
< ’W,(t)’Fz‘u* —V*’ + ’T,(t)‘Gz‘u* —V*’ + FTr(t)Gz}u* —v*‘

<[(IW; + |EAINA)E2 + (1T + |EAINvol) Ga + (T, + |E/|IN 1) Go]

that is,

(B~ (IW,] + [EINA)Es = (I1T5] + E- [Nl )G — (TN T, + 1E/|ING ) Go) [u* —v¥| < 0.
Since

(B - (1W;] + [EAIN,)Es = (1T, + |E/|INw|) Gz — (T T + IE N1 G) ™ = 0,

we get |u* — v*| <0, and hence u* = v*.

Thus we have proved the existence of the unique equilibrium point of system (2.6), and
so conclusion (a) is proved.

Step 3. Next, we prove the boundedness of all the solutions of system (2.1).

First, we note the following fact:

S5 L0 o ¢~ w000t~ 7(0,%)) — 0 )]

j=1 =1

=3 Ta®s(g-g()) + DY Tun()gi(g - &(u7)), (3.9)

j=1 I=1 j=1 I=1

where g; = gi(u;(t — 7(¢),%)), @1 = g(ui(t — ©(¢),x)), and

- (e - r(t;, %)) + &) (3.10)

Moreover, since i and j are symmetric, exchanging i and j results in

ZZTrl]l t)gj gl(ul -4 Ml ZZTMJ t)gl 43 M/) g/( ))
j=1 I=1 j=1 I=1
So we get

ZZTn}l(t)g] (w(t = ©(0), %)) @ (s (£ = 7(0), %)) - (w1} )@ (us]) ]

j=1 I=1

= 3 (Tol®) + T (g - (1))

j=1 I=1
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Moreover, by Lemma 3.1 we may rewrite system (2.1) in the following equivalent form:

) = Y s (Dil Vit 012 ) — (8, %) + ) B8, %))
j:l Wrij(t)fj uj(trx)) - Zj:l Trij(t)gj(uj(t - 1(t),%))
- Z}il Yo (To(t) + Tri(2)) sig;(u; (¢ — ©(2), x))], (3.11)
%};") =0, ij=1,2,...,n(tx)€[0,+00) X 382,

(s, x) = &(s,x) —u, xe2,-1<s<0,7(¢) €l0,1],

where & = u — u*,fj(itj(t, x)) = fi(u;(t, %)) — fi(u}), and g (i1 (¢, x)) = gj(u;(t, x)) — g().
Let

uit) - 12| =/ s — w2 .
2
From Lemma 3.1 and (3.11) we can derive
d
P KON N

:2/ (ui—u:‘)wwc
o)

n
<2 / [—gié,wui(t,x) — " 4@y | W0 st %) — 1 | Foy (8, 6) — 57|
2

j=1

+ ﬂlZ|M (t x) u; i<|Tn/(t)| Z|Tn/l(t + Trll](t |Ml>

j=1

X G2/|u/(t - r(t),x) - I/l]*|:| dx,
which, together with the Holder inequality, implies
/ Z| W,ij(t)| |ui(t,x) —u; |F2j|u,'(t,x) - u}“)| dx
02 .
j=1

<Z|Wrut)!Fz/Hutx | COREA
j=1

and
2| i) - uH A LZORA

w2
- D -]

o [y i)
_2/‘(‘2(14[ ul) 8t

n
< 2{—@,-12 Jut,) = |+ @ Y| Wi ®)| st ) =} | By a8, ) = w7 |
j=1

Page 13 of 29
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+a; Z”ui(t,x) - uf| <| T(0)] + Z| Tyij(2) + Trilj(t)|Ml>

j=1 I=1

<Galut-0.2) ]|
which in turn implies that

d *
2 -]
< —abil|wi(t,x) - uf || +a; Z‘ Woi(0) | Foy || (8, %0) — ||

j=1

+a; Z (‘ T,(t)| + Z‘ Tn(t) + Trilj(t)‘Ml> Goj|uj(t - (2), %) - u; .

j=1 =1

Note that

|Wr(t)| = |Wr| + |Er||Nr|y |Tr(t)| = |Tr| + |Er||Nr0| and

r|T,0)| < NT,| + |E|IN, .
Define the matrix Wr = (Wrij)nxn as
W, = |W,| + [E|IN, ],
the matrix 7, = (Tri,»),,x,, as
T, = T, + |E:|INyol,
and the matrix T, = (Tﬂ-j)y,xy, as
T, = T|T,| + |EIN,|.

Then we have

d ~ " .
7 ”u, —u; ” < -a;b ” ui(t,x) — u; ” +a; E W,iFo; || u;(t, x) — u}* H
=1

n
+a; ) (T + Try) Gyl — 2(8), ) — |
j=1

Since (B—(|W,| +|E|IN,)Fy — (| Ty| + |E/||INvol)Ga — (I'| Ty | + |E, | |IN}]) Gy) is an M-matrix,

there is a positive vector Q = (q1,42,...,4,)" >0 such that

n n
a |:qibi - Z @i WiiFsy — Z ai(Ty; + Tri]’)GZj:| >0 Vir.

j=1 j=1
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Let

i) g WiFoj + a; PRy (T + T) Gy

i

qia;bi
- n kY = n et 7 - -
@) i GWeiFop+ @i )y qf(Try + Trj)Goj L@
qiaib; a4 4

Let a, = max; ;ﬂ Then a, > 1 and

=1

Ki<as Vir.

Since

Page 15 of 29

Vi, r.

d ~ A
Sl | = —abiue» - ui] +a > Wiy |w(t,2) —uf |

=1

n

+ Zli Z(frlj + Trij)G2j||”j(t - r(t),x) -
j=1

we get

5 a
et 6 - o

*
U

)

n
< —egibitgiiai || I/ll'(t, x) - l/l?< || + €Qibité_ll' Z VAV”‘]'FQJ' || I/lj(t, x) - I/l}* ||

j=1

n
+ eg"bittjli Z(i—'ﬂj + Trij)G2j || l/lj(t - T(t), x) - ul*

’

n
i 2Ty + T Gog (£ - v(0), %) — |

j=1
or

d a.bit * a.b;t = - kY *

e ) ) = 7, Y Wit ) |

j=1
+ e4ibit
j=1

So we have

t
d a:bs
[ &

¢ B n
< / |:e£ibisc_li Z WrijFZj ” u/(s, x) — lxt}* ”
0

j-1

ui(s) —uf|) ds

n
+ e,y (T + Tr) Goy |y (s = ©(),%) — ] |

Jj=1

:| ds,
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or

1
o UOREA|
qi

L

-~ t 7 "
< qle—gibit |&:0) — u7 || + i/ |:e‘£ibi“‘5)éi Z erszj”u,(s,x) - uf I
i i JO

j=1

N n
+ e P73 (T + Ty Goy | (s — 7 (), %) — uf ||i| ds.
j=1

Let

1
ko=1+— () - uz])-
0 +q~< sup ]||u(s) u H)

i “se(-00,80

The boundedness of &(-) yields that there is 8y > 0 such that

e—ﬂiz’it

£(0) —uf| < min{l - ;, (1 - g)qi}, £ > .
We will prove that

Jie®) - | < aiko < max [qiko).

Page 16 of 29

(3.12)

(3.13)

We will prove this by contradiction. Assume that (3.13) does not hold. Then there must

existie {1,2,...,n} and ¢, > §; such that

||u,«(t*) —u; ” = q;ko, ||uj(t) - u,* || <giko, je{l,2,...,n}t<t,.
On the other hand, (3.12) and the definition of «; result in

— ) -

< —e% Ei Lx

1 1 (=
< Ei(O)—uZ‘H+—/[
qi qi Jo

N n
+ e bt g, Z(f”y + T,,',»)ng [[4;(s - 7(s), %) - uy ”j| ds

j-1

i i 1
< (1 — K—) + K;ky < ko(l — K—) + K;ko < ko +K,'k0<1 - —) < ko,
Ay Ay A

which is contradictory to ||u;(¢,) — u} || = giko.

j=1

n
e_gibi(t*_s)ﬁi Z ‘Avn‘}'sz || uj(s,x) — l/t/* ||

(3.14)

So we have proved the boundedness of all the solutions of system (2.1) and thus obtained

conclusion (b).

Step 4. We will prove that the equilibrium point #* is globally robustly asymptotically

stochastically stable.
From (H4) we have

[fw) -fW| <Blu-vl,  |gu)-gW)| < Glu-v|
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and

Z)u(tx) =V o (Do V,iilt,x)) — Aii(t, x) + u*)
x [B(a(t,x)) — W(£)f (ia(t, %)) — T (O)g (it — 7 (2),x))

T T (O+TH(©)
- Tra(O+TH(®) . (3.15)
- . . g(u(t —(t),x))],

T/ uxn \ Tm@®+TL

}’IZX}’I

us,x) =&(s,x), x€82,-t<s<0,7(¢t) €[0,7],

with the Neumann boundary value condition

ou(t,x)
av

=0, (tx)e][0,+00) x 352,

where T; = (Trijl)nxn; ri

T) = (Trilj)nxn; and

_ gt - 7(2), %)) + giuy)
1= > )

s=(s162-sn)s T =(51,62-sn)
B(@t) = Bu) - B(w*),  f@)=fw)—f(u),  g@@)=gu)-g(u).

Remark 2 1f system (3.15) is under the Dirichlet boundary value condition
u(t,x) =0, (t,x)€[0,+00) x 082,

then we can still derive a formula similar to (3.2):

/;qlulz (wa”a

ou;
> dx
Xk

=_ZZ/q,D|VuL|P2< ”)

k=1 i=1

= _quiDi Z/ |ﬁi|p dx; (321)
i=1 V2

where

- Vol? dx
= inf f9|—§0|
omewi?(2) Jo lol dx

If the Neumann boundary condition M

= 0 was replaced by the Dirichlet boundary
condition u;(£, )]s = 0 in system (2.1), we would not derive a formula similar to (3.2),
since system (2.1) involves ; (the input from outside the networks), so that #; = u; — u} =
—u; on 082, that is, the equilibrium solution #; is not necessarily zero. Of course, we can
still deal with the Dirichlet boundary problem by employing the Ekeland variational prin-

ciple and Lyapunov—Krasovskii functional method [47]. However, system (3.15) does not

Page 17 of 29
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involve the input «;, which implies that Dirichlet boundary value problem gives the same
results as the Neumann boundary problem.

Obviously, the null solution of system (3.15) is globally asymptotically stable if and only
if the unique equilibrium point u#* of system (2.6) is globally asymptotically stable.

Consider the Lyapunov—Krasovskii functional
Vi, r) = /g i (¢,%)P,iu(t, x) dx = /Q (e, )| P, |at, %) dx, reS.
Moreover, (H2) and (H3) yield
/ﬂﬁT(t,x)(A(u)B(ﬂ))dxz /;)&T(t,x)ABit(t,x)dx
_ /9 | (¢, %) | AB| (¢, )| .

Diagonal matrices derive

./.o AT (t,2) Y yiPyii(t %) dx = /

)
(e, 0| > vl x)| dx.
-1 @ -1

Moreover, (3.14)—(3.15) and Lemma 3.1 yield
LV(tr)<0-2 / |t %)| " (ABP,) |ia(t, x)| dox
2
T >
+ / it )| Y vy in(t, )| doe
Q i1

+ [ TG W] A i)

+ |ate, ®)| " PA|W,@)||f (a6, %) |] dx

| lleate =0, 9)| |70 AP e )

+ |att,2)| PA| T (20)|[g(a(t - T(8),x))|] dx
[ Lleate - @) o] 7 AR o)

+ |att,x)| PAT|T(0)|[g(a(t - 7(2),%))|] dx, (3.16)

where L is the weak infinitesimal operator, I" and Tr(t) are the matrices defined in (2.8).

Letting
(2, )|
po | -0
[fae |

g (@(z — (2), %)

Page 18 of 29
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by (3.3)—(3.4) and (3.16) we can get

LV(t,r)
A, 0 PA|W,(t)| + Ko(Fy + Fy)  P,A(T, (@) + T T,(2)])
_ 1| * 2GiIKG, 0 Ki(G1 + Ga)
=X « ~2K, 0 ’
* * * -2K3
<x"O.x (3.17)

where A, = A, — 2F1KoF»,

no

A, =-2P,AB + Z y}"jl)jr

j=1
and
A, = 2F KoF; 0 PA(W,| + [ENIKOIIN,) + Ko(Fy + F») P,
o - * -2GK,G, 0 Ki(Gy +Go)
T * * —2K, 0
* ES * —21(]
=D, + AD, (3.18)

with P, = PA(|T,| + T'|T,| + |E,[IK®)|(INyo| + IN,])),

A, — 2F, KyF, 0 P,A|W,| +Ko(Fy +F) PA(T, + T,
@, = * —2G1[<1G2 0 I<1(G1+G2)
T * * 2K, 0
* * * -2K;
and
0 0 PAIENKOIN] PAIEIK®I(INol + IN,|)
AG, = x 0 0 0
* ok 0 0
* %k * 0
Denote
P,A|E,|
0 -
M= | €=(0 0 INIT NI+ INIT).
0

Applying the Schur complement theorem twice yields

o M ef
=% -1 o0]|<o=0+ MM +eTe<0.
* * -1
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Moreover, Lemma 2.1 yields
O, =P, + AD <P, + MM + "€ <0. (3.19)
Combining (3.19) and (3.17) results in
LY (t,r) < XTG),X <0.

It follows by the standard Lyapunov functional theory that the null solution of sys-
tem (2.1) is globally robustly asymptotically stochastically stable. Thus conclusion (c) is
proved. 0

Remark 3 It is the first time that the boundedness of p-Laplacian reaction—diftfusion high-
order neural networks is investigated and the robust stability criterion is derived for such
complex systems. If p = 2, then we will further derive a better corollary.

4 Applications and analysis

In the case of p = 2, system (2.1) reduces to the common reaction—diffusion Cohen—
Grossberg neural networks (2.12). Applying Theorem 3.3 and Lemma 2.3 to the Sobolev
space W,*(£2) results in the following corollary.

Corollary 4.1 Assume that
(B~ (1W;| + [EAIN)E2 = (1T, + |EAINw ) Ga = (T Ty + |EAIN)Gy) 20, reS.

Then:
(a) System (2.12) or System (2.13) has a unique equilibrium point.

(b) All the solutions of system (2.12) and system (2.13) are bounded.
Suppose, in addition, that there are positive definite diagonal matrices P, (r € S),
Ky, and K; such that the following condition holds for all r € S:

A, 0 PA|W,| +Ko(Fy +Fy)  PA(T,|+TT,|) PAIE| 0

k) —2G11(1 Gz 0 [(1(G1 + Gz) 0 0

* * _2K, 0 0 IN;| T

* * * -2K, 0 INol” + N, |T <0
* * * * -1 0

* * * * * -1

with A, = A, — 2F\KoFy — 201 DP,. Then:

(c) The unique equilibrium point of system (2.12) or system (2.13) is globally robustly
asymptotically stochastically stable, where A is the smallest positive eigenvalue of the
Neumann boundary problem (2.15).

Remark 4 Corollary 4.1 illustrates that the diffusion item plays its role in stability criterion
of high-order reaction—diffusion system, whereas the influence of the diffusion term was
ignored in [31, Thm. 1].

Remark 5 The Weber theorem of one-variable quadratic equation was flexibly applied to
the LMI approach of robust stability criterion for reaction—diffusion neural networks. As
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far as we are concerned, seldom literature related to reaction—diffusion neural networks
involves such a technique.

Remark 6 1t is the first time that both boundedness result and robust stability criterion of
reaction—diffusion high-order neural networks are derived.

If the stochastic factor, the input variable, and parameter uncertainty are neglected,
then (2.12) becomes a deterministic system. Furthermore, letting a;(s) = 1, b;(s) = b;s, and
Ty (¢) = 0, then system (2.12) is reduced to the following reaction—diffusion cellular neural
network:

) = 3 een e (D) — [Buaas(8,%) = 2, Wiy (2,%)
_Z;lzl Tzif}(uj(t_f(t)’x))]r i=12,...,n

it _ 0, §,j=1,2,...,n (%) € [0,+00) x 02,

axj
ui(s,x) =&(s,x),x€ 2, -t<s<0,7(t)€l0,].

Definition 4.2 For any T > 0 and x € 2, u = {(u1(¢, %), ua(t, %), ..., u,(t, %))}, with
T € (0,00] is called a mild solution of (4.1) if for any i € N' £ {1,2,...,n}, ui(t,) €
C([0, T]; L*(£2)) and the following integral equations hold for ¢ € [0, T] and x € £2:

ui(t,x) = e £(0,x) - f o [5iui<9,x) - Wigfi(1;(6,)
0

j=1

- i Tfy (i (60 - f(ﬂx))} do,

j=1
and

u;(t,x) = &(t,x) V(s,x) € [-7,0] x £,

dyui(t,x) =0 V(t,x) €[0,+00] x 982.

Moreover, if the diffusion phenomenon is ignored, (4.1) degenerates into the following
cellular neural network:

dxi(t) = —bxi(t) + > Wifilg(0) + 20, Tfia(¢ = T(2)), t=0,ie N,
xi(s) = &i(s), se[-7,0].

(4.2)
For system (4.2), we get the following concise conclusion under the meaning of Defini-
tion 4.2.

Theorem 4.3 Iff; is Lipschitz continuous with Lipschitz constants L; > 0 and f;(0) = 0 for
alli=1,2,...,n, then system (4.2) is globally exponentially mean-square stable.

To prove Theorem 4.3, we need to utilize [6, Thm. 5], to derive the following lemma.

Lemma 4.4 Let f; and o; be Lipschitz continuous with Lipschitz constants L; > 0 and T; >
0 for i € N, respectively. Let, in addition, f,(0) = 0 = 0;(0) for i € N. Then the following
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time-delay ordinary differential equations are globally stochastically exponentially mean-

square stable:

doxi(t) = =lami(t) = 31 byfi(o(8) = D cufi(xi(E — 7(2))
= Y hy [ fixi(s) dsl dt + oy(xi(e) dwie), t=0,i€N, (4.3)
xi(t) = &i(®),  (s) € [-7,0].

Proof Rao and Zhong [6] utilized the Banach fixed point theorem, the Holder inequal-
ity, the Burkhold—Davis—Gundy inequality, and the continuous semigroup of the Laplace
operator to derive the globally stochastically exponential stability in mean square of the
following impulsive stochastic reaction—diffusion cellular neural network with distributed

delay:

du;(t,x) = q;divVu(t,x) dt
— laai(t, ) = Y bfi((6,%)) = Y0 e ay ¢ = 7(0), %))
= D7 i [y a5, 0)) dls) it + 01t %)) dwi(0),
t#t,xeY,ieN, (4.4)
u(ty,x) = uty,x) + gulty,x)), xe€¥,k=12,...,
ui(t,x) = ¢i(6,x), (%) €[-1,0] X7,
u(t,x) =0, wuecl0,+00] x37T.

Letting g; = 0 in [6, Thm. 5], the diffusion phenomenon is ignored. Furthermore, if the
impulse phenomenon is neglected, then partial differential equations (4.4) degenerate into
the ordinary differential equations (4.2). In [6, (H1)], g; = 0 implies that y > 0 can be big
enough if Q is selected well. In [6, (6)], G; = 0 (impulse phenomenon being ignored). So
by [6, (6)] we can get

1 1 - nt* 2
2 2 2\72
K 2 6M [_20,2%‘“?) s rlrel?\}(( > ~(1651* + Icy )L;> + —<I}El§‘\}‘ Tf)}

Y = v: oy

Obviously, « € (0,1) if letting y big enough. Due to [6, Thm. 5], we complete the
proof. d

Proof of Theorem 4.3 Now, letting 1; = 0 and 0;(-) = 0 in Lemma 4.4, we can deduce The-

orem 4.3 immediately. O

Next, we discuss the boundedness of all the mild solutions of system (4.1). We further

assume that the initial value &;(s, x) is bounded for all (s,x) € [-7,0] x £2.

Definition 4.5 Model (4.1) is said to be uniformly bounded in L™ if for any given 7; > 0
and for all £ € [ty, T] with T € (0, 00), we have

Juilt, )] ooy < C ViEN.
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Lemma 4.6 ([48, 49]) Let 2 C RN(N € N) be a bounded domain with smooth boundary,
and let A denote the Laplacian in L*($2) with domain

[ze W (2)|V-v=00n082}

for s € (1,00). Then the operator —A + 1 is sectorial and possesses closed fractional pow-
ers (A +1)",n € (0,1), with dense domain D((-A + 1)"). Moreover, the following three
properties hold.

(i) If m € {0,1},p € [1,00], and q € (1,00), then there exists a constant Cy > 0 such that,
forallze D((-A + 1)),

lellwmo@y < G (=4 + 1)z 4 0

(ii) Suppose p € [1,00). Then the associated heat semigroup (e'*)s=o maps LP(£2) into
D((=A + 1)) in LP(S2), and there exist constants Cy > 0 and Ly > 0 such that

[ (A +1)7e 4z, o) < Cot e lzl| (e

forallze LP(82) and t > 0.
The initial value &(s, x) is further assumed to be bounded for all (s,x) € [-7,0] x £2.

Theorem 4.7 Iff; is Lipschitz continuous with Lipschitz constants L; > 0 with f;(0) = 0 for
alli=1,2,...,nand ||eP*? || < Me™"%, then model (4.1) is uniformly bounded in L™, where

M >0 and y > 0 are constants.

Proof Employing the variation-of-constants formula for u;, we derive that, for any 7; > 0,

T

t n
i, %) = LAy (1), x) — / Pilt-s)(a-1) i {biui(s,x) =D Wiy (wi(s, %))
1 j=1

- Z Tif; (u(s — t(s),x)):| —D,'ui(s,x)} ds, t>1, (4.5)

j=1
Lettingg=2and n € (%, %) in Lemma 4.6, we see that

[P Vi1, ) | ooy < (Crll(=A + 17 A Vuy(z,) | o )

Lo(R2

< (GGt e P (T, ) | o)) < Coe (4.6)
Here A, > 0 is the first positive eigenvalue of the Neumann boundary problem

(~A+1)p=rp in§2,
dp=0 onasf2,

where 9, denotes differentiation with respective to the outward normal of 92.
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In view of Definition 4.5, we can similarly derive

/[ e Zcf(”/( — (s),x)) ds

1 ]1

Loo(82)

< ZC1C2|CU|L / (t — )" PR (s — T (s), %) HL2 ds < Cy.
j=1

Similarly, we can utilize the trigonometric inequality to prove

/‘t D;(t—s)( {[bl/l (S x ZW[ u](s,x))

- Zn: Ejﬁ(u/(s - r(s),x)):| —Diui(s,x)} ds <Cs. (4.7)
J=1 L(£2)
Combining (4.5)—(4.7) results in
|wit, )] o0y <€ ViEN,
which completes the proof. O

By employing the method similar to that of the proof of Lemma 4.4, we get the following
corollary from Theorem 4.7.

Corollary 4.8 Iff; is Lipschitz continuous with Lipschitz constants L; > 0 with f;(0) = 0 for
alli=1,2,...,n, then model (4.2) is uniformly bounded under in L*.

5 Numerical example
Example 5.1 Consider system (2.1) or (2.6) with the following data. Let n =2, S = {1,2},
and rewrite system (2.1) as follows:

du, tx Zk ) Bx (Di| Vui(t, %) P~ zmgxth))
a;(u;i(t, %)) [bi(u;(L, x)) - Z, 1 Wi (@)fi(ui(t, %))
- Y0 Ty(Ogi(ui(t - T(0),%))
=3 Yk Te(0)gi(ui(t — T(8), )@t — T (2),%)) + ],
VreS={1,2},i=1,2,

2albx) 0, 4,j=1,2,(tx) € [0,+00) x 32,
7

ui(s, %) = £(s, x) = cos2%(s? + x%) + sin(sx®),

x€R,-1<5<0,7(t)€[0,7],i=1,2,

where £2 = [0,1] x [0,1] C R?, p = 2.116, and

a1(s) = 0.8 + 0.05(1 + cos®s), ax(s) = 0.8 + 0.08(1 + cos®s?), seR;

bi(s) = 3s + sins, by(s) =2.9s —sins, seER;



Rao and Zhong Advances in Difference Equations (2018) 2018:434

fi(s) =0.2s + 0.01 sins, fa(s) =0.2s +sin(0.01s), s€R;

g1(s) =0.11sins, g(s) =sin(0.12s), seR.
Remark 7 Here, we only verify that b,(-) satisfies (H2). Other functions can be similarly
verified to satisfy the corresponding conditions. Obviously, 5;(0) = 0, and the Lagrange

mean value theorem yields

bi(s) = bi(r)

b1(s) —b1(r) = (s—r)(3+cosn) = =3+cosn>2, S,reRs#r.

This verifies that b, (-) satisfies condition (H2).
Next, we propose the following data for system (2.1) or (2.6):

2 0 -0.13 0 021 O
]B = y Fl = ) FQ = ’
0 1.9 0 -0.15 0 022

-0.131 0 018 O 0.016 0
Gl = ’ GZ = ) D= ’
0 -0.151 0 0.19 0 0.019

0.11 0.01 0.101 0.01
Tl = ) T2 = )
0 0.119 -0.01 0.119
0.11 0.11 0.12 0 0
M= , I = .
0.12 0 0 0.11 0.12
0.22 0.013
0.11 0.01 0.12 0.011 ~ 0.13 0.24
Ty = , Ty = ) T = )
0.12 0.12 0.13 0.112 0.24 0.141
0.141 0.224
0.234 0.131
0.117 0.011 0.112 0.011 ~ 0.131 0.242
Ty = , Ty = , T, = ,
0.12 0.121 0.113 0.118 0.224 0.124
0.124 0.236

0.101 0.011 0.133 0.021 0.118 0.011
Wl = ) WZ = ) El = ’
0.0112 0.103 0.0112 0.11265 0.012 0.111
0.113 0.01 0.111 0.0011 0.103 0.011
EZ = ) Nl = ) N2 = )
-0.02 0.115 0 0.1002 0.012 0.11795
~ 0.117 0.012 ~ 0.103  0.001
Nl = ) NZ = ’
0.011 0.1101 -0.012 0.1215
0.1011 0.001
Ny = )
0.01  0.1003
0.1143 0.011 0.833 0 — 1.001 0
NZO = ) 4 = » A= )
0.012 0.11555 0 0.8101 0 0.8993

o[ Y2} —-0.3896  0.3896
"\ v/ \ 0578 -05788)°
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Computer simulation of State u1(t,x) Sectional curve of State variable u1(t,x)
o 0.03 T T

0.025

u1(t,0.261)
0.02

=

0.015

0.01
0.005

30
S w0 2 0 . .
pace x 0
0 Time t 0 10 20 30

Figure 1 Computer simulations of the state us (t, )

Leta; = 2%,&(5;96) =cos(s® +x% +i),i=1,2;7(t) = 9.878 cos’ t, and T = 9.878. Now we can

compute by Matlab that
(B - (IW1| + |E1|IN1[)Fy = (IT1] + |E1[IN1ol) G2 — (F|T1| + |E1||K[1|)Gz)_1

-1
_(1os4 -oou1) (05143 00031\
“\-00113 1.8398 ) \0.0032 0.5436) "

and
(B - (IWal + |E2|IN2|)Fy = (1T + |E2|IN2o|) G — (F|T2| + |]52||K[2|)G2)_1

-1
_( 19395 -00160) _ (05156 00045)
~\-00133 18364 /) \0.0037 05446] "

so that (3.5) is satisfied.
Moreover, running Matlab LMI toolbox on LMI condition (3.6) results in

2.4653 0 11.5294 0
Pl = » P2 = )
0 1.5081 0 7.4705

522.2023 0 0.0479 0
Ko = , K= .
0 455.3373 0 0.0422

Therefore, according to Theorem 3.3, there exists a unique equilibrium point for system
(5.1), which is globally robustly asymptotically stochastically stable, and all the solutions
of system (5.1) are bounded (see Figs. 1-2).

Remark 8 In [31, Thm. 1], the equilibrium point of system (1.1) is globally exponentially
stable in norm || - || in the mean square for any time-varying delays 7 (¢) satisfying 7 (¢) <
n < 1, whereas the condition t(t) < n < 1 is not necessary in our Theorem 3.3 (see, e.g.,
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Computer simulation of State u2(t,x) Sectional curve of State variable u2(t,x)
0.025 ‘ , -
0035, ...
0.02 1
u2(t,0.259)
0.015 b
0.01 1
0.005 b
S 0 5 % 2 4 &
pacex 0 Time t
Figure 2 Computer simulations of the state uy(t,x)

Example 5.1). Due to the ingenious employment of our Lemma 3.2, we get robust stability
criteria and boundedness results in our Theorem 3.3 and Corollary 4.1 whereas such newly
obtained results did not appear in [31, Thm. 1]. Motivated by some good methods and
results, we have created some new methods and results in this paper.

In [50], stability of periodic solution for reaction—diffusion high-order Hopfield neural
networks with time-varying delays was derived, which gives us a lot of beneficial inspira-

tion.

Remark 9 In comparison with [50, Thms. 3.1-3.3], our Theorem 3.3 and Corollary 4.1
give criteria of LMI conditions, which can be applicable to Matlab LMI toolbox, implying
that our Theorem 3.3 and Corollary 4.1 are more practical than [50, Thms. 3.1-3.3]. In
addition, the boundedness is not considered in [50], whereas in this paper we presented
boundedness results.

6 Conclusions and further considerations
Itis the first time that the boundedness of p-Laplacian reaction—diffusion Markovian jump
high-order neural networks is obtained, and the given robust stability criteria are applied
to computer Matlab LMI toolbox, which is applicable to wide calculations of practical
complex engineering. Finally, a numerical example demonstrates the effectiveness of the
proposed method.

Under the Lipschitz condition on the active function, Theorem 4.3 and Corollary 4.8
present the stability and boundedness result for system (4.2). So we want to know whether
the following system is bounded and stable under similar concise conditions:

B0 = — () [bili(t) — Ty Wi(efi(ai() — 1L Ty(Ogi(i(e — T(8))
=Y Y Ta(tgl(t - T @)@t —t@) + o], i=1,2,...,m,
x;(s) = &(s), x€R,-1<s5<0,7(¢) €[0,1].

This is an interesting problem.
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