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Abstract

In this paper, we consider an efficient numerical algorithm for solving the
two-dimensional fractional cable equation. The stability and convergency of the
numerical scheme are rigorously proved by the Fourier analysis. Then we find that
the convergence order is O(t? + h + hy). Finally, numerical experiments are carried
out to verify the accuracy and effectiveness of the new scheme.
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1 Introduction

Fractional differential equations have been studied by many researchers in recent years.
The fact shows that fractional differential equations can describe many phenomena and
processes in various fields of science and engineering [1-6]. Since the fractional operators
are nonlocal and have the character of history dependence and universal mutuality, it is not
easy even impossible to obtain the analytical solutions of fractional differential equations,
especially in high-dimensional domains. Therefore, there has been a growing interest in
developing numerical methods for fractional differential equations [7-17].

The cable equation is one of the most fundamental equations for modelling neuronal
dynamics. A recent study [18] has found that the diffusion of molecules through the cy-
toplasm of Purkinje cell dendrites is slowed at the macroscopic scale, primarily through
temporary trapping by dendritic spines, and to a lesser extent through macromolecular
crowding or binding [19, 20]. Henry et al. [21] derived a fractional cable equation to model
electrotonic properties of spiny neuronal dendrites, which is similar to the traditional ca-
ble equation except that the order of derivative with respect to the space and/or time is
fractional.

In this paper, we consider the following two-dimensional fractional cable equation:

du(x,y,t) _ oDi_yl o 32u(x,y, t) i %u(x, y,t)
ot dx? dy?

- K30D;_yzu(x,% t) +f(xryr t)r 0 = XY =< L;O <t =< Tr (1)
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with the initial condition
u(x,9,0)=vxy), 0<xy<L, (2)
and the boundary conditions

M(O;J’r t) = ¢1()” t)r M(Ld’, t) = ¢2()’, t)r 0< y= L,0<t<T, (3)

bl(x, 07 t) = (/Jl(x’ t)’ u(x, L) t) = @2(96; t)r 0 <x=< L;O < t < T: (4')

where 0 < y1,y, < 1, k1, ky and k3 are positive constants, and f(x,,t), ¥(x,9), ¢1(9,t),
D20, 1), 1(x,t) and @2 (x,t) are sufficiently smooth functions. The symbol ODifyu(x, ¥, )
denotes the Riemann—Liouville fractional derivative of order 1 — y with respect to vari-
able ¢, which is defined by

o [ ulx,y,s)

Dliy ’ ;t = .
oD w0 = ey ae ) msy

ds, O<y<l.

We mention some recent progress on the numerical treatment of the fractional cable
equation. Liu et al. [22] presented two implicit numerical methods for the fractional ca-
ble equation and discussed the stability and convergence of these methods using the en-
ergy method. Lin et al. [23] constructed a finite difference/Legendre spectral scheme for
the fractional cable equation. Hu et al. [24] proposed two implicit compact difference
schemes for the fractional cable equation and analyzed the stability and convergence of the
first scheme. Zheng et al. [25] used the discontinuous Galerkin finite element to approx-
imate the fractional cable equation. Zhang et al. [26] presented discrete-time orthogonal
spline collocation methods for the two-dimensional fractional cable equation. Irandoust-
Pakchin et al. [27] employed the method of Chebyshev cardinal functions for solving the
variable-order nonlinear fractional cable equation. Dehghan et al. [28] applied the ele-
ment free Galerkin (EFG) method for solving fractional cable equation with the Dirich-
let boundary condition. Zhu er al. [29] proposed two fully discrete schemes, based on
Galerkin finite element schemes and the convolution quadrature method. Yu et al. [30]
provided a fourth-order compact finite difference method for two-dimensional fractional
cable equation. Liu et al. [31, 32] presented the finite element method for the nonlinear
time-fractional cable equation. However, to the best of our knowledge, there is no nu-
merical scheme with second-order accuracy in time for the two-dimensional fractional
equation. Our scheme in this paper can reach to second-order accuracy in time. We inte-
grate both sides of the fractional cable equation with respect to the time ¢, and then use
the Riemann-Liouville fractional integral definition to discretize the fractional term.

The remainder of this paper is outlined as follows. In Sect. 2, we introduce the derivation
of the new method for the solution of (1). The stability and convergence of the scheme are
analyzed by the Fourier analysis in Sects. 3 and 4. In Sect. 5, some numerical experiments

are presented to demonstrate our theoretical analyses.
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2 Derivation of the numerical method

For three positive integer numbers M, M, and N, let i, = L/M,, h, = L/M; and © = T/N
be the spatial and temporal step sizes, respectively. Denote x; = ik, y; = jhy, t = kt for
i=0,1,...,M;,j=0,1,...,My and k =0,1,...,N. The exact and approximate solutions at
the point (x;, y;, &) are denoted by ui‘l and LIlk] We introduce the following notations:

ko ok ok 2
s2,5 — Ui_yj—2ui; + Uy Houk = (1 h_x82 k
wUij = 2 ’ Ui =1+ 12%% Ujj
X
ko k ok 2
s2k — Wijy = 2055+ Uiy ok =1+ h_y(sz S
vy 2 ’ YT 1277 )"
y

In this paper, we always suppose that u(x,y, ) € U(82), where

%u(x,y,t) 0%u(x,y,t) *ulx,y,t) 3*ulx,y,t) ulx,y,t)
ax6 T 9yo 0x20t2 T 9yrarr T a8

’

u2) = {u(x,y, t)

€ C(.Q)}.
Integrating both sides of (1) from #;_; to &, k= 1,2,...,N, we have

u(xi’yjr tk) - u(xiryj’ tk—l)

1 ti 82 Vi, ti 82 Vi
|:K1/ w3y ) (-7t ds+/<2/ 7u(x jrS) (g — )7t ds]
0

" T(n) o2 o 0
1 %=1 32y(x;, vi,
L [ / Fuyps) syt s
I'(y1) 0 0x
et 92u(x;, ), 8)
+ K2A szl(tk_l - S)}/l_1 dS]
1 173 1 tk-1 1
- = [Ks / u(x;, yj,8)(tx — )2~ ds — k3 [ u(x;, yj, ) (tk—1 — 8)"~ ds}
I (y2) 0 0
tk
+/ S0 95,8)ds
-1
=L+ -I+1, (5)
where
L= K1 '/tk 0%u(x;, yj,9) (b6 — ) ds - -1 9% u(x;, ), 5) (b — s dis
I'(y1) LJo ox? 0 ox? B '
[ & 82 i) fk-1 82 i)
= FIZ)Z/ ) / u(;cy2y, i (tx — )" ds —/ —u(;Cyzy] ) (try =) ds],
1) LJo 0
ks [ [ b1
I3 = / u(x;, ¥j, ) (tr — ) ds— / u(x;, ¥j, ) (tk-1 — 512! dSi|,
I'(y2) LJo 0

I = / kf(xi,yj,s)ds. (6)
L1
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It follows from the Lagrange interpolation formula that

3%u(x;, ¥, ) Ch—s 02u(xi, yjy ti-1) L5 tio1 0%u(xi, yj, t)
0x2 T 0x2 T 0x2

+0(1%), te1<s=<k. 7)

Using a Taylor expansion, we have

Pulxnyptr) 5

- ulxi,yj te) + O(H) ®
9 2 h,% / *
x 1+ ﬁ&%
and
%u(xs, vy, tr) 8
ayzy] = ——5—ulx,y;,t) + O(hy). ®
Y
1+ ESJ%

Based on (7) and (8), we can obtain the following approximation of I;:

k o 2 2
K1 " (t,—s 6 S—t,.1 6
I = E / ( . M(x,, ,’t _ ) + X M(x', ,’t ))
1 ' (y1) |:n=1 byt T 14 @82 i Yjr tn-1 T hzaz i»Yjrtn

12% 1+ﬁx

X (t —s)"1 7 ds:|

k-1 2
K1 " (t,—s & S—ty1
- ”(x‘;y‘,t —l)+
ey [;fm( : P ten) +

hg
1+ 583
52 1
X #zu(xiryjrtn))(tk—l - ds | + Ry
1+ 336
k
= M1 Z(“qul) - bglyl))siu(xi}yj) tken) + Ri1, (10)
n=0
where
Kl-[yl
m=—=—r,
I'(y1+2)
1, n=0,
21”/1 -2 n=1
a)) = ’ ’
n
(m—-1)'" 2y 4 (n+ D), nw=2,... k-1,
1+ )k + (k=D kb p=k, (11)
0, n=0,
o) = L n==4L
n
(m=2)17" —2(n — )17 4 i, n=2,...,k-1,
A+ ) k=1 + (k=2)'" —(k=1)'"", n=k,
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and

ke, k=1
Ry = O(r2 + hfj) |:Z/ (b — )" ds — Z/ (fgeq — )71 ds:|. (12)
n=1 Yn-1 n=1 Y in-1

Similarly, we obtain the following approximation for I, and I5:

k
I =, Z(ﬂi,yl) - bﬁ,"1>)5§u(xi,y,, tken) + Ri2, (13)
n=0
where
Ky TV
_ 14
o Foh+2) (14)
and
ko o, k=1
Ry = O(r2 + h‘;) |:Z/ (e — )" ds — Z/ (fgeq — )71 ds:|,
n=1 Y tn-1 n=1 Y tn-1
1 1 (15)
k
I=p3 Z(afq”) - bi,n))u(xhy/, tkn) + Ry3,
n=0
where
K3Ty2
_ 16
M3 T +2) (16)
and
k tn k-1 tn
Ri3=0(7?) Z/ (t— )V ds — Z/ (1 — ) s |.
n=1"Yin-1 n=1 v tn-1
For I, applying the trapezoidal rule leads to
T
I = 5 [f(xi;yj; t) +f (X0 yjs tk-l)] + O(l'g)- (17)

Substituting (10), (13), (15) and (17) into (5) and multiplying both sides by H,H,, we
have

HxHyu(xi; Yi» tr) - HxHyu(xi: Yis tr-1)

k
=1 Yy _(@? = b)Y H, 87 u(xi, yjs ten)

n=0
k

+ s Z(aiyl) _ b;n))’}—[xaiu(xi,yj, tk-n)
n=0

k
— U3 Z(ﬂglyﬂ - bf,’m))HxHyu(xuyp tk—n)

n=0

+ %HxHy[f(xivyj; t) +f (%0, js tr1) ) + R, (18)
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where

R;(,j = RH + R12 + R13 + O(TS)

k tn k-1 tn
= O(c® + liy + 1) [Z f (te—s)"ds =) f (teq —s) 7! ds:|
n=1 Y -1 n=1 v n-1
k th k-1 tn
+ O(tz) [Z/ (4 —s)? L ds — Z/ (tg —5)7?27t ds:| + O(rg).
n=1 v -1 n=1Yn-1

Since

k tn k-1 ty 1
> / (tc—s)tds =) / (t1 =) Hds = —[(kt)” - (kT - 7)"],
n=1 " tn-1 n=1 Y tn-1 4

forkt <T,
Rl =O(t> + hiy + hy). (19)

Omitting the small term Rffj and replacing the function uf‘] with its numerical approxi-

mation Ulk; in (18), we can get the following difference scheme for (1):

k k-
HoHy U — HH U !

k k

= Z(“qul) _ bzyl))Hy(giufan + o Z(afqyl) _ bglyl))q_[x(gy?ufj—"
n=0 n=0
k T
— s Y (@ - bV HH U + S HH (i + 17 (20)
n=0

In addition, the initial and boundary value conditions can be written as

Up; = Y(ihe jhy),  i=0,1,...,My,j=0,1,..., My,
Us; = Gy, ko), Uy = ol kt), j=0,1,...,Myk=1,2,...,N, (21)
Ut = il kt), Uk = ealihke), i=0,1,...,M,k=1,2,...,N.

3 Stability analysis

In this section, we will analyze the stability of the scheme (20) by using the Fourier analysis.

Let I:V[l]]‘ be the approximate solution of (20) and define

k-0, i=01,..,M;-1j=0,1,...,My-1,k=0,1,...,N, (22)

and

k_T .k _k k Kk k k k
P = [pll’pl2""’lol,Mz—l’pZI’pZZ""’pZ,MQ—l""’le—l,l’

P k
le—l,Z"“’le—l,Mg—l]' (23)
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With the above definition and regarding to (20), we can easily get the following roundoff

error equation:

H HJ’IOU H H}’lou

k
= Z(a;m) _ b;yl))q_[ygip” . Z (Vl) y1 7‘[ 82,0”
n=0
k
—us Y (a)? - b H Myl (24)
n=0

For k=0,1,...,N, define the grid function

xi—lq—"<x<x,+h—" i:1;2;---7M1_1’
p{(,
i)’ .
. Y- 2 <y<yi+ 2, j=12,...,M; -1,
p"(x,y) = " n
0 ngi? or L—7x<x§L,
| o0sys% or L-%Z<ys<L

where p*(x,y) can be expanded in a Fourier series
[o¢] [o¢]
Pk(x’y) = Z Z ék(lll lz)eq2n(11x/L+lzy/L)’ k = 11 2) o 7N) (25)

ll =—0Q 12=—OO

in which
1 L L
g=+-1, &l ) = o /O /o p* (%, y)e P/l byll) gy gy,

We introduce the following norm [33]:

1

L p
”pk”2=|:/0 ’pk(xyy)‘zdxdy} .

Using the Parseval equality, we have

(32 3 letwnar) o

l1=—00ly=—00

According to the above analysis, we suppose that the solution of Eq. (24) has the follow-

ing form:
k ihyt+qogjh
pki= £ elorihsraonjhy (27)
where o1 = 2’2—11 and oy = @

Page 7 of 18
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Substituting (27) into (24), we have

(w1 + m1wy + pows + n3wi)Ek

= [w1 - (ﬂ(lyl) - h( )lez - (ﬂ(yl) )Mzws - (d ) ))M3w1]%_k—1
k k
= (s + paw3) Y (al) = YY) ek — pswn Y (al? - b)), (28)
n=2 n=2
where
1 h hy
@ == cos? 2% 4 0 ) (cos? 222 1 2),
9 2 2
4 ok h
Wy = = sin® 22 ( cos? AL , (29)
3 2 2
4 h hy
w3 = Zsin? 2% (002 22 4 o
3 2 2

Lemma 1 If0<y <1, the coefficients 4\ and b/’ (n=0,1,...,k) satisfy

1) aV-b=1, -1<d" - <1, a?” - b <0, n=2,...k

n

k
@ Y (@ - =1+ )k - (k-1)]>0, 50
n=0
k
@3 Y (aV-b1)> b —al -1
n=2
Lemma 2 For0<y; <1, ifal — b <0, or if0 < a? — b\ < m (i=1,2), we
have
Wy — (“(1y1) _ b(lyl))mwz _ (“(1y1) _ b(lyl))MZwS _ (a(lyz) _ b(ln))ug,a)l S 0. (31)

Proof From (11), (14), (16), and (29), we can get ;1 >0, 1y >0, 3 >0, 2 <w; < 1,0 <
wy <4and 0 < w3 <4.

(i) When a!"” — ") < 0, we can easily have
W) — (“(1y1) _ b(yl))ulwz _ (ﬂ(n) b( ))Mzws _ (a(yz) _ b(1y2))M3wl S 0.

~ W) _ ) 1
(ii) When 0 <ay™ —by" < ST
Wy — (a(ln) _ b(ln))mw2 _ (a(“) b(f/l))llzws _ (a(lyz) _ b(lm))ltsah
1
>wy — —9(M1602 + a3 + U31)
A1 + p2) + 7143
4 1

> e (A + Ao + U3)
9 91+ H2) + S 13

=0. O

Page 8 of 18
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Theorem 1 Suppose that & (k =1,2,...,N) are the solution of (28), under the conditions
of Lemma 2, we have

|Ek|§|$0|) k=1)2;~-'1N- (32)

Proof We prove (32) by means of mathematical induction.

For k = 1 from (28), we can write

1 = (@ — b pws - (@) - b )uaws — (@ - B ) pson

1§11 = 8ol (33)
w1+ (1w + U3 + U3
From Lemmas 1 and 2, the above equation leads to
|§ | ~ w1 — (ugm) _ b(lyl)),uw)z _ (a(l}/l) _ b(lyl))MZCUS _ (a(l)’z) _ b(le))Mswl |§ |
1= 0

w1 + 1wy + U3 + U3y

- w1 + |a(11’1) _ b(ll/l)',ulwz + |d(lyl) _ b(1y1)|l1«2w3 + |a(1)’2) _ b(1y2)|li3w1 |E |
= 0
w1+ U1w + U3 + U3W]
< w1 + 1w + Uow3 + (L3

< &0l = [&0l. (34)
w1+ (U1w2 + U3 + U3y

Now we suppose that

|En|§|§0| (1’121,2,,/(—1) (35)

From (28) and (35), we have

|Ek| - W — (a(l)’l) _ b(lyl))/'LIU)Z _ (a(ll/l) _ bgyl))uzws _ (a(lm) _ b(lyZ))/'LS(‘)l |§k_1|
o W1 + L1y + Uows + 3w
k
M1z + a3
+ ‘a(nyl) _ bﬁf”|l€k—n|
W1 + 1wz + Haw3 + 3wy |17
Mn3w L
+ — |l = 6|18l
W1 + U1y + U3 + U3W1 Y

n=

W) — (a(l)/l) _ b(lyl))MIwZ _ (a(ll/l) _ b(lyl))l'LZwB _ (ﬂ(l}/z) _ b(lm))HBwI

< 5ol

W1 + U1y + U3 + U3

k

Miw2 + o3

+ |€0|Z|a£lyl)_b£’n)‘
w1 + 1wy + oWz + U3 Py

k

H3wi

+ &l Z|a§11/2) _ bfqyz)i
w1+ H1w2 + Uaw3 + [U3W P

- W) — (a(ll/l) _ b(lyl))'ulwz _ (a(lyl) _ b(lyl))MZwS _ (a(l}’z) _ b(lm))ﬂi%wl |§ |
= 0

w1 + U1y + U3 + U3
M1w2 + o3 (71) ()
¥ [6ol(1+ay™ = b7")
w1 + (Ui1wy + U3 + U3y
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M3w1

+ £l (1 +a?? — b
w1 + U1wy + Uow3 + U3y

= |EO|;

which completes the proof. O

Theorem 2 Under the conditions of Lemma 2, the compact difference scheme (20) is stable.
Proof From (26) and (32) we can write

”pk”§= Z Z |§k(lhlz)’2 < Z Z }50(11712)’2 = Hpo||2

9°
l=—00lp=—00 l1=-00ly=—00

Therefore, we have

4], < k=1,2,...,N,

which means that the proposed scheme is stable.

4 Convergence analysis

In this section, we discuss the convergence of the difference scheme (20). Similar to the
stability analysis, we define the grid functions as follows:

P X — hx<x<xl+h7, i=1,2,..., M -1,
€;js ’
(x,y) = y-R<y<y+2, j=l2...M-1,
0 OSxSth or —h7x<x§L,
OSJ’E% or L—hyy<y§L’
Rk xi_h?x<x<xl+h7’ i:1;2,...,M1—1,
l]’ .
_—< < , :1,2,...,M -1,
R¥(x,y) = Y y=yits J )

0§x§% or L—%"<x§L,
0,

Ofyf%y or L—hyy<y§L,

where € (x,) and R*(x,y) can be expanded in a Fourier series,

00 00

(%) Z 3 Gl b B 21,2, LN, (36)
1=—00 lp=—00
) 00
Z Z le eq2n(11x/L+12y/L), k= 1,2,...,N, (37)
1=—00 lp=—00

in which
o) = / / K ) P IID g y,

1
ﬂk(lblz):ifo /0 K (x, y)em P OHLbYIL) g gy,
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We introduce the following norm [33]:

L pL %

= [ [ [ 1w asas] o)
L pL ) )

”Rk ”2 = |:/0‘ /(; |77k(x,3/)\ dxdy} ’ (39)

where

k _ Tk k k k k k k k k
€ = [611’612’""el,Mz—l’eZl’eZZ"'"62,M2—1""’6M1—1,1’eMl—l,Z"“’eMl—l,Mz—l]’

k _ [pk pk k k k k k k k
R" = [RII’RIZ’ te ’Rl,Mz—l’RZI’R22’ ce ’RZ,MZ—I’ te ’RMl—l,l’RMl—l,Z’ te ’RMl—l,Mz—l]'

Applying the Parseval equality, we have

||ek||2=(Z > |ck(11,zz>|2) : (40)

11 ==00 12=—OO

||Rk||2:<2 > \nk(zl,lz)V) : (41)

=—00lp=—00
From (19) there is a positive constant Cy such that
IRE] < Colz? + At + 1Y), (42)
Subtracting (20) from (18), we can obtain the following error equation:

k k-1
MM ek, - HoHyel

=1 Z(ﬂ(yl YA, (Sxell +M22 00 _ ), 52 k n

—Mgz (a? - B\ H, Hyek ”+Rf1,
1=0

i=0,1,...,M-1,j=0,1,...,M, - 1,k=0,1,...,N, (43)
and

€;=0, 0<i=<M;,0=<j=M,,

e’a},ze’&bj:o, 0<j<M,0<k<N, (44)

ey =€y, =0, 0<i<M;,0<k<N,

where X i = u L[k
According to the above analysis, we suppose that the solution of Eq. (43) has the follow-

ing forms:

k o1ihx+qoojh k o1ihx+qoojh
ei,j - é'keq 111x+q02) Y, Ri,/ — flkeq 1Ux+qo2)hy (45)

Page 11 0f 18
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Substituting the above relations into (43), we obtain

W) — (d(lyl) _ b(lyl))ﬂlwz _ (a(ll/l) _ b(lyl))PLZwS _ (a(lm) _ b(lyZ))//LSwl

Sk = Ck-1
w1+ 1wz + Uaw3 + 3w
k
wy + oW
+ M1 + Haws Z(ﬂ(nyl) _ bﬁ,yl))é“k—n
W1 + (1wz + w3 + 3wy =5
3w k
3¢1 (») _ p(r2)
+ a’ —-b Ck-
W1+ (1w + U3 + U3W1 HX:;( " " ) "
1
* Nk (46)

W1 + U1y + U3 + U3

Noting that e® = 0, we have
o =2Soll1,1) =0.

Due to the convergence of the series in the right hand side of (41), there is a positive con-
stant C; such that

Inel = [l b)| < Crr|m(h, b)| = Cirlml,  k=1,2,...,N. (47)

Theorem 3 If ¢ (k=1,2,...,N) be the solutions of (46), under the conditions of Lemma 2,
we have

9
&l <k Crtlml, k=12..,N.

Proof For k =1 in (46), we have

1 9
[61] = Iml < —Citiml.
W1 + 1wy + Haws + (3w 4

Now we suppose that
9
|§n|§711C1f|771| (n=1,2,...,k-1). (48)
From (46) and (48), we have

W] — (ﬂg}/l) _ b(lVl))Mla)z _ (a(l)/l) _ b(l)/l))Mza)3 _ (a(lyz) _ b(lyz))'usa)l

1Skl < [Sk-1l
w1+ (1w + Uow3 + U3zwi
k
+ H1wg + o3 Z‘“(n) _pm | 2]
W1 + U1 + HaW3 + (3w |75 ! g
k

M3W1
w1+ U1w2 + Uow3 + U3w1

+

Zia;n) _ biyz) | |Cenl

n=2
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1
+ Nk
w1+ 1wy + Uow3 + 3w
- w1 — (ﬂ(ln) _ bgyl))//vla)z _ (a(lVl) _ b(l}/l))’u2w3 _ (a(lyz) _ b(1y2))ﬂ3w1

W1 + U1y + U3 + U3

9
X(k—1)1C1T|711|

k
MW + Uows 9
" (k=1 Crelm|y_a? - b
n=2

w1+ 1wy + Uow3 + 3w

k
MH3w1 9 9
+ (k=1)=Cit|ni| Y _|al? - b7 | + = Crzim|
W1 + 1wy + o3 + 3w 4 = 4
_ - (ﬂ(l)’l) _ b(lyl))lez _ (“(1y1) _ ]9(1)/1))#20)3 _ (ﬂ(lyz) _ b(1y2))ﬂsw1
- W1 + 1w + Haws3 + 3w
9
x (k=1)=Cit|n]
4
H1w2 + Uows 9
+ (k—1)—C1t|n1|(1+a(1yl)—b(1y1))
1 + 1wy + o3 + 3w 4
H3w1 9 9
. (k=1)=Ciz[ni|(1 +al = b)) + = Crtiny|
W1 + 1w + Haws3 + 3w 4 4

9 9
= [(k— I)ECN + chfi||771|

9
=k-C .
2 1TIml

Theorem 4 Under the conditions of Lemma 2, the difference scheme (20) is convergent and

the convergence order is O(t* + hy + hy).

Proof From the left hand of (39) and (42), we have

IRY|l, </ MiMahyhyCo(? + My + hy) = LCo(t + My + H}).

Using Theorem 3 and the above inequality (49), for k = 1,2,..., N, we can obtain

[e'9) [e'9) 9 2
= 3 % #(3) el

11=—()O 12=—OO
9\ 2
-e(3) aelR;
9\? 2
< k2(1> Ci?L*Cy(v* + M} + h)”.
Cy and C; are defined as (42) and Theorem 3. Since kt < T, we have

'], < C(e> + ki +y), k=1,2,..N,

in which C = 3TC,C,L.
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From the above discussion, the conditions of Lemma 2 are sufficient. However, numer-
ical simulations for a wide range of y; and y, in the next section demonstrate that the
stability and convergence of the scheme are generally established. O

5 Numerical experiments

In this section, some numerical results are given to testify the effectiveness and conver-
gence orders of our new proposed scheme. To illustrate the accuracy of the method and
for the comparison, we take the same spatial step /1, = /1, = /1, and denote the L, and Ly,
norm errors of the numerical solution as follows:

ex(h,t) = max |U" - u"
0<n<N

’

eso(h, 1) = Or_<nna§)§v” u—u” ||OO

Furthermore, the temporal convergence order and the spatial convergence order are de-
fined by

ey(h, 1)

eso(l,271)
esc(l, T) )’

h,2
rate 1 = logz<u>,

rate 2 = 10g2<

when / is sufficiently small, and

ey (2h, 1)
32(h¢ t) >’

eso(2h,T)
eso(h, 7) )’

rate 3 = log2<
rate 4 = 10g2<

when 7 is sufficiently small, respectively.

Example 1 Consider the following two-dimensional fractional cable equation:

3”(96,% t) 1-y1 azu(x:y; t) azu(x)yr t)
e D) +
ot 0x? 9y?

O<x,9y<1,0<t<1, (50)

] — oDy ulx,3,0) +f (., ),

with the initial condition
u(x,y,00=0, 0<x<1,
and the boundary conditions

u(0,y,)=0, 0<t<l,
u(l,y,t)=0, 0<t<1l,
u(x,0,)=0, 0<t<l,

ulx,1,6)=0, 0<t<l,
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where

2
flxy,t) = [2t bty sin(mrx) sin( y).

t1+y2:|
T'2+y) I'(2+y2)
The exact solution of Eq. (50) is u(x, t) = £ sin(;rx) sin(rr y).

We use the difference scheme (20) to solve the above equation. Firstly, the temporal

errors and convergence orders are given in Table 1. We take the sufficiently small spatial
1
128

temporal convergence order, which is consistent with our theoretical analysis. Secondly,

step &1 = 7z and various y; and y;, respectively. It is observed that the scheme generates

the spatial errors and convergence orders are tabulated in Table 2. We take the sufficiently

1
2000

our scheme has accuracy of O(#*) in the spatial direction. That is in good agreement with

small temporal step © = and various y; and y,, respectively. The results illustrate that

our theoretical analysis.

Table 1 Numerical errors and convergence orders in time direction with h = -

128

T eh, 1) rate 1 eso(h, T) rate 2
y1=09,y,=08 1/20 3.1063e-4 * 6.2126e-4 *

1/40 7.7663e-5 1.9999 1.5532e-4 1.9998

1/80 1.9416e-5 2.0000 3.8832e-5 1.9999

1/160 4.8537e-6 2.0001 9.7074e-6 2.0001
1 =08y,=06 1/20 3.0836e-4 * 6.1672e-4 *

1/40 7.7136e-5 1.9991 1.5427e-4 1.9991

1/80 1.9291e-5 1.9995 3.8582e-5 1.9995

1/160 4.8233e-6 1.9998 9.6467e-6 1.9998
11 =06,¥,=02 1/20 298794 * 59758e-4 *

1/40 75111e-5 1.9920 1.5022e-4 1.9920

1/80 1.8851e-5 1.9944 3.7702e-5 1.9944

1/160 4.7253e-6 1.9961 9.4507e-6 1.9965
Y1 =02, =06 1/20 2.1680e-4 * 4.3360e-4 *

1/40 5.6905e-5 1.9297 1.1381e-4 1.9297

1/80 1.4814e-5 1.9415 2.9629e-5 1.9415

1/160 3.8312e-6 19511 7.6624e-6 1.9511

Table 2 Numerical errors and convergence orders in spatial direction with T = ZJW

hy=hy, ey(h, 1) rate 3 eoo(h, T) rate 4
Y1 =09 y,=08 1/4 7.025%e-4 * 1.4052e-3 *

1/8 4.3084e-5 4.0274 8.6167e-5 4.0275

1/16 2.6514e-6 4.0223 5.3027e-6 4.0223

1/32 1.3649e-7 42798 2.7299e-7 42798
y1=08,1,=06 1/4 7.0294e-4 * 1.4059-3 *

1/8 4.3105e-5 4.0275 8.6210e-5 4.0274

1/16 2.6527e-6 4.0223 5.3054e-6 4.0223

1/32 1.3656e-7 42799 2.7312e-7 42798
Y1 =06,y,=02 1/4 7.0338e-4 * 14067e-3 *

1/8 4.3132e-5 40274 8.6265e-5 40274

1/16 2.6547e-6 4.0221 5.3095e-6 4.0221

1/32 1.3705e-7 42757 2.7411e-7 42757
¥1=02,9,=06 1/4 74232e-4 * 1.4846¢-3 *

1/8 4.5522e-5 4.0274 9.1044e-5 4.0274

1/16 2.8069e-6 4.0195 5.6139%-6 4.0194

1/32 1.5015e-7 4.2245 3.0031e-7 4.2245
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Figure 1 Numerical and exact solutions with
y1=03,1=05h=h=2LandT=c5att=1

u(x,y,t)
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Figure 2 Absolute error with y; = 0.3, y», =05,
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Figures 1 and 2 present the graphs of the numerical solution, the exact solution and the
absolute error with y; = 0.3, 5 = 0.5, h, = b, = é and 7 = % From these diagrams, it
can be seen that our scheme gives a good approximation to the exact solution at mesh

points.

The comparisons of our numerical solutions and the results of method developed in [26]
for various y; and y, are shown in Table 3. It can be seen that the accuracy of our scheme
is superior to the scheme proposed in [26] .

6 Conclusion

In this paper, we proposed a new numerical method for the two-dimensional fractional
cable equation. The stability and convergence of our scheme are obtained by the Fourier
analysis. Numerical experiments are given to test the effectiveness of the new scheme and
the results are in accordance with theoretical analyses. The application of the idea to more

fractional differential equations will be considered in future work.

Page 16 of 18
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Table 3 Comparison of errors between the scheme (20) and the scheme given in [26]

hy=hy=1 es(h, 1) e0o(h, T) ey(h, T) [26] exo(h, T) [26]
Y1 =09, y,=04 1/5 4.8507e-3 9.7013e-3 2.7115e-2 5.3825e-2
1/10 1.2286e-3 24074e-3 1.0684e-2 2.1395e-2
1/20 3.0928e-4 6.1511e-4 4.1439e-3 8.2895e-3
1/30 1.3769e-4 2.7467e-4 2.3706e-3 4.7416e-3
Y1 =06,,=08 1/5 4.6336e-3 9.2673e-3 5.03%4e-3 9.7966e-3
1710 1.1881e-3 2.3281e-3 1.6070e-3 3.2412e-3
1/20 3.0103e-4 5.9869e-4 5.0187e-4 1.0054e-3
1/30 1.3436e-4 2.6804e-4 2.5264e-4 5.0562e-4
Y1 =05,7,=05 1/5 4.4248e-3 8.8496e-3 1.9661e-2 3.8921e-2
1710 1.1486e-3 2.2508e-3 7.2986e-3 1.4625e-2
1/20 2.9324e-4 5.8320e-4 2.6612e-3 5.3241e-3
1/30 1.3133e-4 2.6199%e-4 14673e-3 2.9349e-3
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