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1 Introduction and statement of the main results
In this article, we are interested in the existence and multiple solutions to the discrete
fourth order nonlinear equation

Aty — Aryo Auyy) = f(n,u,), 1€ Z[1,K], (1.1)
with boundary value conditions
Au_y=ANu,, i=0,1,2,3, (1.2)

where Nu, = AN u,) (7=2,3,4), Auy, = u,, Ay = thy41 — th, f(5,u) € CR%,R), 1, >0
is real-valued for each n € Z[0, k], ro = rx, Kk > 1 is an integer. Here, Z denotes the sets of
integers, R denotes the sets of real numbers, N denotes the sets of natural numbers. Given
a<binZ,let Zla,b] :=Z N [a, b]. Let u* denote the transpose of a vector u.

Boundary value problem (1.1) with (1.2) can be regarded as being a discrete analogue of
the fourth order differential equation

u®(s) ~ [r()u/ ()] =f (s, u(s)), se€(0,1), (1.3)
with boundary value conditions

u(0)=u(1), i=0,1,2,3. (1.4)
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(1.3) includes the following equation:
u(s) =f(s,uls)), seR, (1.5)

which is used to describe the stationary states of the deflection of an elastic beam [29].
Differential equations similar to (1.3) and special cases of it have been studied using a
number of different methods in the literature, we refer the reader to papers [1, 2, 11-14,
24, 25] and the references contained therein.

Difference equations [1-10, 15-20, 22, 26-28, 30, 31] appear in numerous settings and
forms, both as a fundamental tool in the discrete analogue of a differential equation and
as a useful model for several economical and population problems.

If f(n,u,) = q,u,, Peterson and Ridenhour [22] considered the fourth order difference

equation
AUy o+ quu, =0, nela+2,a+3,...,b+2], (1.6)

and gave some conditions on g, that ensure (1.6) is (2,2)-disconjugate on [a, b + 4] utilizing
an appropriately defined quadratic form.
Making use of the symmetric mountain pass lemma, Chen and Tang [5] established

some existence criteria to guarantee the fourth order difference system
4
Ay + quiy = f (1, U1, Uy 1), NEZ (1.7)

has infinitely many homoclinic orbits.
In [16], the existence, multiplicity, and nonexistence results of nontrivial solutions for

discrete nonlinear fourth order boundary value problems
Ao + A uyy —Eu, = M (nyu,), neZla+1,b+1],
with
Ug =AUy =0, Upy= AUy =0,

are obtained. The methods used here are based on the critical point theory and monotone
operator theory.
Positive solutions of the following fourth order nonlinear difference equations with a

deviating argument

Aay (Aby(Ac(Au)" )Y + dyiil,. =0 (1.8)
are investigated. Dosl4, Krejcova, and Marini [8] introduced for (1.8) the notions of a mini-
mal solution and a maximal solution, and gave necessary and sufficient conditions for their
existence. Some relationships with nonoscillatory solutions, which have a different growth

at infinity, were presented as well.
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Graef, Kong, and Wang [10] studied the discrete fourth order periodic boundary value
problem with a parameter

A4un—2 - A(pn—lAun—l) t+ qnly = Af(”; My,), ne Z(I;N),
A'u_y=ANuy,, i=0,1,2,3.

By using variational methods and the mountain pass lemma, sufficient conditions are
found under which the above problem has at least two nontrivial solutions.

In 2015, Liu, Zhang, and Shi [19] considered the following fourth order nonlinear dif-
ference equation:

Az(ﬁn—ZAzun—Z) - A(qu—lAl'in—l) =f(}’l, Upi1) Uy, Z'ln—l)r ne Z(l’k)’
with boundary value conditions
u1=uo=0, Uil = Ugz = 0.

Using the critical point theory, the authors established various sets of sufficient conditions
for the existence and nonexistence of solutions for the Dirichlet boundary value problem
and gave some new results.

By using the invariant set of descending flow and variational method, Long and Chen
[20] in 2018 established the existence of multiple solutions to a class of second order dis-
crete Neumann boundary value problem

_A(pn—l AMn—l) + gnlty = kf(ﬂ, urz)r ne Z(LN);

AM() = AMN.

The solutions included sign-changing solutions, positive solutions, and negative solutions.
Moreover, an example was given to illustrate our results.

In the last few years, variational methods and critical point theory have been used to
study the existence and multiple solutions of discrete boundary value problems. In this
article, we utilize this approach to obtain some sufficient conditions for the existence and
multiple solutions to the boundary value problem (BVP for short) (1.1) with (1.2). What
is more, two examples are included to illustrate the applicability of the main results.

Throughout this article, assume that there is a function F(s, #) such that

F(s,u) = /ouf(s,t)dt

for any (s, u) € R2.
Our main results are the following theorems.

Theorem 1.1 Assume that the function F(s,u) > 0 satisfies the following assumptions:

(F1) There exist two constants 81 > 0 and a; € (0, A’;i“) such that

F(s,u) <aju?, VseR2 |ul <8.
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A";‘* ,+00) and as > 0 such that

(Fy) There exist two constants a € (
F(s,u) > asu® —as, V(s,u) € R?

where Amin and Amay are constants which can be referred to (2.4) and (2.5).
Then BVP (1.1) with (1.2) admits at least three solutions which are a trivial solution and

two nontrivial solutions.

Remark 1.1 In [10], the authors considered the discrete fourth order periodic boundary

value problem with a parameter

A4”1'1—2 - A(pn—l AMn—l) +gnln = )»f(l’l, un)r ne Z(I’N)’
Au_y=Auyy, i=0,1,2,3.

(1.9)

The following hypotheses are satisfied in [10]:
(H1) p,>0forneZ(O,N +1) and g, > 0 for n € Z(0,N);
(H2) iy, o £290 = 0 for n € 7,(0,N);

lue]?

(H3) limsup,,_, 'ﬂ(:l‘é’)‘ <0 for n € Z(0,N);

(H4) there exists w € U such that Zﬁil F(n,w,) > 0.
Note that (F,) of Theorem 1.1 does not satisfy (H2). At least two nontrivial solutions of

(1.9) are obtained by the mountain pass lemma in [10]. However, in our paper, we employ
a linking theorem to obtain at least two nontrivial solutions. Furthermore, our conditions

on the nonlinear term are weaker than [10].
Theorem 1.2 Assume that the function F(s,u) > 0 satisfies the following assumptions:

(Fg) lim‘m*,() % =0, V(S, Ll) S Rz.
(F4) There exist three constants aq >0, y > 2, and as > 0 such that

F(s,u) > asu|” —as, V(s u)eR>

Then BVP (1.1) with (1.2) admits at least three solutions which are a trivial solution and

two nontrivial solutions.

Theorem 1.3 Assume that the function F(s,u) > 0, (F1) and (F,) and the following as-

sumptions are satisfied:
(f) fls,—w) =~f(s,u), Visu)eR”

Then BVP (1.1) with (1.2) admits at least q distinct pairs of nontrivial solutions, where q is
the dimension of Q which can be referred to (2.6).

Remark 1.2 In [9], the authors considered the fourth order nonlinear difference equation

A4un—2 - A(pn—lAun—l) + gnlin :f(n; un): ne Z(LN):
Aiu71 = Ail't]\lflf i= 0, 11 2; 3.
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Define f = liminf,_.o min,eza,ny J@ and f* = limsup,,_, , maX,eza,n)

fnu) )

u

The following hypotheses are satisfied in [9]:
(H1) pn=0and g, > 0 for n € Z(1,N) and there exists n with 1 < g such that f* <1,
where g = minyez1,n) Gn;
(Hy) f(n,u) is odd in u, ie., f(n,—u) = —f(n,u) for (n,u) € Z(1,N) x R;
(H3) there exists m € {1,...,N} such that fo > A,,,.
Note that (F;) of Theorem 1.3 does not satisfy (H3). Furthermore, our conditions on the
nonlinear term are weaker than [9].

If f(n,u,) = t, ¥ (u,), (1.1) reduces to the following fourth order nonlinear equation:
A4“;1—2 - A(’"n—l Al'tn—l) = rnw(un)r ne Z[l: k]: (110)

where ¢ € C(R,R), 7, > 0 is real-valued for each n € Z[1,k]. Therefore, we can easily

obtain the following results.

Theorem 1.4 Assume that the following assumptions are satisfied:
(W) There exists a function ¥ (u) € CH(R,R) with ¥ (u) > 0 such that

(W) There exist two constants 8y > 0 and ag € (0, 220) sych that
2

V(u) < agu®, VseR? lu| < 6,.

(W3) There exist two constants a, € (k"z“‘X ,+00) and ag > 0 such that

W (u) > ayu® —ag, V(s,u) e R?,

where Amin and Amax are constants which can be referred to (2.4) and (2.5).
Then BVP (1.10) with (1.2) admits at least three solutions which are a trivial solution and

two nontrivial solutions.

Corollary 1.1 Assume that (1), (¥3), (W3) and the following assumption are satisfied.

(W) Y(-u)=-y(u), YueR.

Then BVP (1.10) with (1.2) admits at least q distinct pairs of nontrivial solutions, where q
is the dimension of Q which can be referred to (2.6).

2 Variational framework
In this section, we shall establish the corresponding variational framework for BVP (1.1)
with (1.2) which will be of fundamental importance in proving our main results.

In order to apply the critical point theory, we define a k-dimensional Hilbert space U by

U:={u:Z[-1,k+2] > R| Alu_y = A'uy_y,i=0,1,2,3},



Liu et al. Advances in Difference Equations (2018) 2018:427 Page 6 of 13

and equip it with the inner product

k
(u,v) := Z wyv;, Yu,vel,

j=1

and the induced norm

1
k 2
llul| := (Zu}) , Yuel.
j=1

Remark 2.1 1t is obvious that
U_1 = U1, Ug = U, Ui = U1, Uy = Ugsr, Yuel. (2.1)

As a matter of fact, U is isomorphic to R¥. Throughout this article, when we say u =

(uy, s, ..., u;) € R¥, we always imply that u can be extended to a vector in I/ so that (2.1)
holds.

Define a functional / on U by

k k
J(u) := % 3 (A%unn)’ > ruca(Auy)? = > Flm, ). (2.2)
n=1

n=1
After a careful computation, we have

aJ

ouy,

= A4Mn—2 - A(rn—lAun—l) —f(l’l, un)! ne Z[l, k]
Therefore, J'(u) = 0 if and only if
Ay — Ay Aiyq) =f(n,u,), neZl,k].

Consequently, we reduce the problem of finding a solution of BVP (1.1) with (1.2) to that
of seeking a critical point of the functional J on U. Denote the k x k matrices S and R.
Fork=1,let S =R = (0).

For k =2, let
8 -8
S= s
-8 8
and
+ pa— p—
R= (7’0 ri ro 7'1>.
—ro—n ro+r;
For k = 3, let
6 -3 -3

S=1-3 6 -3
-3 -3 6
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For k =4, let
6 -4 2 -4
-4 6 -4 2
S =
2 -4 6 -4
-4 2 -4 6
For k > 5, let
6 -4 1 0 O o 0 1 -4
-4 6 -4 1 0 0 0 0 1
1 -4 6 -4 1 0 0 0 0
0 1 -4 6 -4 0 0 0 0
0 0 1 -4 6 0 0 0 0
S =
0 0 0 0 0 6 -4 1 0
0 0 0 0 0 4 6 -4 1
1 0 0 0 O 1 -4 6 -4
4 1 0 0 0 0 1 -4 6
For k > 3, let
ro+ 711 —-r 0 1o
—-ry rit+ry —ry - 0
0 - . 0
R= o ry + 13
0 0 0 -
—ro 0 0 R VL
Let M := S + R. We rewrite J(u) as
1 k
— % _
J(u) = e Mu ZF(H, Up). (2.3)
n=1
It is easy to see that O is an eigenvalue of M, (1,1,...,1)* is an eigenvector associated
with 0. M is semi-positive definite. Let A1, Ay, ..., Ax be the eigenvalues of M.
Set
Amin :min{ki | )\l' #O,jZ 1,2,...,/(}, (24)
and
Amax = max{A; | &; 70,/ =1,2,...,k}. (2.5)

Let P ={(c,c,...,c)* € U | c € R}, then P is an invariant subspace of U. Denote Q by

U=PQ.

(2.6)

Page 7 of 13
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3 Some basic lemmas
Assume that I/ is a real Banach space and J € C}(U,R). As usual, / is said to satisfy the
Palais—Smale condition if every sequence {u")} C U such that {/(u")} is bounded and
J'(u¥) — 0 (j — oo) has a convergent subsequence. The sequence {u!} is called a Palais—
Smale sequence.

Let U be a real Banach space. Define the symbol B, («) as the open ball in U about u of

radius p, 3B, (u) as its boundary, and Bp(u) as its closure.

Lemma 3.1 (Linking theorem [21, 23]) Let U be a real Banach space, U = U & U,, where
U, is finite dimensional. Suppose that ] € C*(U,R) satisfies the Palais—Smale condition
and the following:
(1) There are positive constants ¢ and p such that JaB,0)nu, = C.
() There are u € dB1(0) N Uy and a positive constant ¢ > p such that J|yo < 0, where
2=B:00)NUL) D {spu|0<s<e).
Then ] possesses a critical value cy > ¢, where

¢o = inf sup](d(u)),

€l ye
and Y ={d € C(2,U) | d|so = id}, where id denotes the identity operator.

Lemma 3.2 (Clark theorem [21]) Let U be a real Banach space, ] € C*(U,R), with ] be-
ing even, bounded from below and satisfying the Palais—Smale condition. Assume J(0) = 0,
there is a set I' C U such that I is homeomorphic to S<' (k — 1 dimension unit sphere) by
an odd map, and sup. ] < 0. Then ] has at least k distinct pairs of nonzero critical points.

Lemma 3.3 Assume that (r) and (F1)—(Fs) are satisfied. Then the functional ] satisfies the
Palais—Smale condition.

Proof Let {u"}jen C U be such that {/(u")},cy is bounded and J'(u") — 0 asj — oo. Then

there is a constant A > 0 such that
~A<J(uV) <A, VjeN

From (F;) and (2.3), for any {u(/)};EN C U, we have

k
~A<J(u") = %(u@)*Mu(f) - F(nul)
n=1
A 2 a 2
max i i
= 25 0 - () -]

A'm X i
= (Ta —a2> Hu(/) ||2 + ask.

Then

<a2 - ”;) [ < 4 + ask.
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A";‘”‘ ,+00) that we can find a constant B > 0 such that, for any j € N,

49| < B. Thus, we know that the sequence {u(j)}jeN is bounded in the k dimensional

It comes from a, € (
space U. Therefore, the Palais—Smale condition holds. d

4 Proofs of theorems

Proof of Theorem 1.1 Obviously, F(n,0) = 0 and f(n,0) = 0 for any n € Z[1, k] via (F;) and
(F,). Hence, u = 0 is a trivial solution of BVP (1.1) with (1.2).

It comes from Lemma 3.3 that J(u) is bounded from above in /. Let

J= sup J(u).

ueld

Therefore, there exists a sequence {#)} on U such that

J = lim J (u?).

j—o00

What is more, from the proof of Lemma 3.3, we have

)\max
J(m) < ( 5 —112) lull® + ask, VYuel. (4.1)

This implies that lim,— o0 /() = —00. Thus, {u"} is bounded. Then {#"} has a conver-
gent subsequence defined by {u0")}. Set

= lim u,
n—+00
Due to the continuity of /() in u, there must be a point & € U, J(iz) = J. Clearly, it € U is a
critical point of J(u).
From (Fy), for any u € Q, ||u|| < &1, we have

k
1
J(u) = —u*Mu — ZF(VI, Uy,)
2 n=1
. k
> = lul? - an Y
n=1

)\min 2
> —a uj-.
_( 5 1)II I

We have

J(u)>c, YueQNaBs(0). (4.2)
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Thus, there are constants ¢ > 0 and §; > 0 such that J| 9Bs, ()NQ = C. Assumption (/1) of the
linking theorem is satisfied.
In view of Mu = 0, for all # € P, we have

k k
J(u) = %M*MM - ;F(Vz, U,) = —ZF(n, u,) <0.

n=1

Hence, iz ¢ P and the critical point i of J () corresponding to the critical value J is a non-
trivial solution of BVP (1.1) with (1.2).

In the light of Lemmas 3.1 and 3.3, it is sufficient to verify condition (/).

Choose o € 9B1(0) N Q, for any 8 € P and s € R, let u = s + B. By (F>), we have

k
) = 3 (s + )" Misa+ ) = 3 Flmsar, + )

n=1
L a )
< 5 (s0)"Mser) - > aalsen + Ba)* - as]

n=1

2
< )\maxS
2

k
—ay Z(san + ,3,1)2 + ask

n=1

A
= ( = —ﬂ2>52 - a||BI* + ask

2

< -a|BI* + ask.
Consequently, there is some positive constant x > §; such that
J(u) <0, Vueds2,

where 2 = (Bx (0)N Q) & {sa | 0 <s< x}. Applying the linking theorem, /(i) has a critical

value ¢y > ¢ > 0, where

= inf d(u)),
¢o = inf :lelgl (d(w))
and Y ={d € C(2,U) | d|yq = id}.

Similar to the proof of Theorem 1.1 in [4], we can prove that BVP (1.1) with (1.2) admits
at least three solutions, and so we omit it. O

Remark 4.1 Note that (F3) implies (F). Similar to the above argument, we can also prove
Theorem 1.2. For simplicity, we omit its proof.

Proof of Theorem 1.3 Obviously J € CY(U,R), ] is even, and J(0) = 0. From Lemma 3.3,
J satisfies the Palais—Smale condition. By the proof of Theorem 1.1, we have that J is
bounded from below. On account of Lemma 3.2, it is sufficient to find a set I" and an
odd map such that I" is homeomorphic to S7-! by an odd map.

Choose

I'=93Bs,(0)NQ.
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Clearly, I" ishomeomorphic to $-! by an odd map. It is comes from (4.2) that sup~(-/) < 0.
On the basis of Lemma 3.2, / has at least g distinct pairs of nonzero critical points. For this
reason, BVP (1.1) with (1.2) admits at least g distinct pairs of nontrivial solutions. The

proof of Theorem 1.3 is complete. O

Remark 4.2 By virtue of Theorem 1.1, the conclusion of Theorem 1.4 is clearly right. As
a result of Corollary Theorem 1.3, the results of Corollary 1.1 are evidently correct.

5 Examples
Firstly, our example illustrates Theorem 1.1.

Example 5.1 Consider the equation
Auy oy — Nu, o =ub, neZl1,3], (5.1)

with boundary value conditions

U_y = Uy, Au_q1 = Auy, A?u_y = Auy, Au_y = Au,. (5.2)
We have

m=l flnu,)=u,
and

1
F(n,u,) = ;uz

Also,
8 -4 -4
M=S+R=|-4 8 -4,
-4 -4 8

and the eigenvalues of M are 11 =0, A, = 12, and A3 = 12. It is easy to verify that all the
conditions of Theorem 1.1 are satisfied and then BVP (5.1) with (5.2) admits at least three

solutions.
As an example of Theorem 1.3, we have the following.
Example 5.2 Consider the equation
A'uy oy —2AMu, 1 = 10u), neZ[1,4], (5.3)
with boundary value conditions

U_1=1us, Au_1 = Al/tg, AZM_I = Azblg, ASM_I = A?’Mg. (54')
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We have
m=2 f(nu,)=10u),
and

F(n,u,) = uilo.

Also,
10 6 2 -6
6 10 -—
M=S+R= 6 10 6 2 s
2 -6 10 -6
-6 2 -6 10

and the eigenvalues of M are A; =0, Ay =8, A3 = 8, and A4 = 24. It is easy to verify that all
the conditions of Theorem 1.3 are satisfied, and then BVP (5.3) with (5.4) admits at least
three distinct pairs of nontrivial solutions.
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