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Abstract

The aim of this paper is using an elementary method and the properties of the
Bernoulli polynomials to establish a close relationship between the Euler numbers of
the second kind £ and the Dirichlet L-function L(s, x). At the same time, we also
prove a new congruence for the Euler numbers £,. That is, for any prime p =1 mod 8,
we have Ep3 =0 mod p. As an application of our result, we give a new recursive

2
formula for one kind of Dirichlet L-functions.
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1 Introduction
For any integer #n > 0 and real number 0 < x < 1, the Euler polynomials E, (x) (see [1, 2] and
[3]) and the Bernoulli polynomials B, (x) (see [2, 4] and [5]) are defined by the coefficients

of the power series

2e%* ® E,(x Z2-6% < B,lx
=Z n) -Z" and = n) 7"
e +1 = n! e?—1 o n!

Whenx = 0, E,, = E,,(0) is called the nth Euler number, B, = B,,(0) is called the nth Bernoulli
number. For example, the initial values of E,, and B, are Ey = 1, E; = —%,Ez =0,E; = i,Ez} =
0,Es=-3,E¢=0,...;By=1,B1=—3,By=,B3=0,B4=—55,B5 =0,Bg = 1,... .

The Euler numbers of the second kind E;; (see [2, 6, 7] and [8]) are also defined by the
coefficients of the power series

2 C- E: n - E;n 2n
= — .z = Z7,
e +e? Z ! HX:O: (2n)!

where E5 =1, Ey = -1, E} =5, E{ = -61,and E}
It is clear that £, = 2" . E,,(%). These polynomials and numbers arise in many combina-

1.1 = 0 for all integers i > 0.

torial and number theory contexts. As for the elementary properties of these sequences,
various authors have studied them and obtained many interesting results. For example,
W. Zhang [9] obtained some combinational identities. As an application of the result in
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[9], he proved that for any prime p, one has the congruence

(_1);%1E;_1 _ 0 modp ?fp =1 mod 4;
-2 modp ifp=3mod4.

Richard K. Guy [10] (see problem B45 and [11]) proposed the following two problems:
Is it true that for any prime p =1 mod 8, p{E;,_, ? Is the same true for p = 5 mod 8?

G. Liu [6] solved the second problem by an elejn;entary method. Later, W. Zhang and

Z. Xu [7] solved the above two problems completely. In fact, they proved the following

general conclusion: For any prime p = 1 mod 4 and positive integer «, one has the con-

gruence
P 1 E;(pa)/zr

where ¢(n) denotes the Euler function.
Recently, J. Zhao and Z. Chen [12] proved the following conclusion: For any positive

integers n and k > 2, one has the identity

k-1

E. E., E4 2kt 1 .
. . = — C(k -1, l)En+ —1-i»
) P TR P TR AT -

YR
ay+az+---+ag=n (k 1) . i=0
where the sequence {C(k, )} is defined as follows: For any positive integer k and integers
0 <i <k, wedefine C(k,0) =1, C(k, k) = k! and

Clk+1,i+1)=C(k,i+ 1)+ (k+1)C(k,i), forall0<i<k,

provided C(k,i) =0, if i > k.
As corollaries of this result, J. Zhao and Z. Chen [12] also obtained the following results:

For any odd prime p, one has the congruences
E,.1 =0(mod p), 2E,=1(mod p) and E, ;=-1(mod p).

T.Kim et al. (see [2, 13—17] and [18]) also obtained many interesting identities related to E,
and E}. Especially in [19], T. Kim also proved a series of important conclusions involving
Euler numbers and polynomials associated with zeta functions.

In this paper, we will use elementary methods and the properties of the Bernoulli num-
bers to establish a close relationship between the Euler numbers of the second kind E}; and
the Dirichlet L-function L(s, x). Meanwhile, we will also prove a new congruence for the

Euler numbers E,. That is to say, we will prove the following several facts.

Theorem 1 For any positive integer n, we have the identity

22n+2 . (2},1)!
E5, =(-1)"- Tl -L(2n+ 1, xa),
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where x4 denotes the non-principal character mod 4, and L(s, x4) denotes the Dirichlet L-
function corresponding to x4. In fact, we have

0 if2 | n;

xa(n) = al
-1z if2tn

Theorem 2 For any positive integer n, we have the identity

(22}1 _ 1)
Eyy1 = E— - Boy. (1)

From Theorems 1 and 2 we may immediately deduce the following:

Corollary 1 For any positive integer n, we have the recursive formula

~ (D &

Zm . W L(2k+ 1,)(4):0,
k=0

where L(1, x4) = 7.
Corollary 2 Let p be a prime with p =1 mod 8, then we have the congruence

Ep3 =0 mod p.

2

Corollary 3 For any positive integer n with (n,3) = 1, we have the congruence
Es,-1 =1 mod 3.

Corollary 4 For any positive integer n with (n,5) = 1, we have the congruence
Eu1=-1mod 5.

Corollary 5 For any positive integer n with (n,7) = 1, we have the congruence
E¢,-1 =3 mod 7.

Corollary 6 For any positive integer n with (n,11) = 1, we have
Eipp-1 =1 mod 11.

From Theorem 2 we can also deduce the following identities:

T 7 5.7° 6177

T
L(1, =—; L(3, = —; L(5, =— d L(7, = .
(1, xa) ) (3, xa) 3 (5, xa) E3g ™ (7, xa) 184320

Some notes Since E, is not necessarily an integer, it can still be written as E,, = Z—Z with
(H,,K,)=1.So0 E, = 0 mod p in this paper implies that p | H, while pt K.
For a prime p =5 mod 8, whether E,-3 = 0 mod p is true is an interesting open problem.
2
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2 Several simple lemmas

In this section, we will give two simple lemmas. Hereafter, we may use facts from number
theory and the properties of the Bernoulli numbers, all of which can be found in [4]. Thus
we will not repeat them here.

Lemma 1 For any positive integer n and real number x, we have the identity
n n
2" - By(x) = kg <Z>Ek - Bu_i(2x) = kg <Z>Ek(2x) - Bk
Proof First from the definitions of the Euler numbers and Bernoulli polynomials we have

2 2z i}iz _ iBn(zx)_ "
ez_1 er+1 -1 n! n!

n=0 n=0

[o¢]

Z%(Z( ) 2 Bn—k<2x>) 2. )

0

On the other hand, from the definition of the Bernoulli polynomials and the Euler poly-
nomials, we also have

2x2 n.,
2ze _ ZBn(x) (22)" = Z 2" . B,(x) o 3)

2z 1
e 1 ! n!
n=0 n=0

and

Z (Z) Er(2x) - Bn—k) 2" (4)

Combining (2)—(4) and comparing the coefficients of the power series, we have the identity

"\ (n "\ (n
2" Byw)= ) ( k)Ek Buok(20)= ) ( k)Ek(zx) Bk
k=0 k=0
This proves Lemma 1. O

Lemma 2 For any positive integer n, we have the identity

1 12(2n + 1)!
Byui (1) =(-1)"" WL(ZV[ +1, Xa),

where x4 denotes the non-principal character mod 4.

Proof For any real number 0 < x < 1, from [4, Theorem 12.19] we have

221 + 1)! o sin(2mkx)
(27-[)2n+1 — k2n+1

B (%) = (1) (5)
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Taking x = i in (5), we have

By (1) = 1y 22 DY g sinCE)
n+ 4 (27-[)27”1 py k2n+1

227+ 1) & s1n(m)

= (=1 n+l
( ) (27.[)2n+1 Py (2k_ 1)2n+1

(2n +1)! 1)kt 2021 +1)! —
e (Zn: !y > (D 20n 4 DES )
7-[) n+ (2k 1)2n+1 (27-[)2n+1 — k2n+1
12@2n+1)!
= (—l)n 1wl4(2n + 1, X4)
This proves Lemma 2. 0

3 Proofs of the theorems

In this section, we will complete the proofs of our theorems. First, we prove Theorem 1.
For any positive integer 1, taking x = i and # = 2m+1in Lemma 1, and noting that B; = —%
and By, = Ezm(%) =0 for all integers i > 1, we have

2m+1
1 2m+1 1
2m+1 _
2 'Bz’”“(Z) h Zk=0 ( k >Ek<§)32’”*”

2m+1 1 2m+1 1 2m+1 _,
“om JPr\3) Bremm g Bl g) s e B ©

From (6) and Lemma 2 we have

2(2m + 1)! 2m+ 1
P A e M L) =~
or
22m+2 - (2m)!
R 277 - 2m)! CL2m + 1, x4).

7-[2m+1

This proves Theorem 1.
Taking x =0, n = 2m and m > 1 in Lemma 1, we have

2m 2m
2m 2m
2" Byu(0) = 2°™ - By = E ( X >Ek’B2mk(0) = E < X >Ek “Bom—k- (7)
k=0 k=0

Note that By;,; =0 foralli > 1, and B; = —%, Ey=1and Ey; =0 for all i > 1. From (7) we

have

om 2m 2m
27" - By = 0 Eo - By + om—1 Eypu1-By =By —m- Eyy g,

which implies

22m _ 1

EZm—l == : BZm'

This proves Theorem 2.
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Now we prove Corollary 1. For any positive integer 7, note that the power series

from the definition of E;, satisfies the identity

_ - 1 2n - E>2kn 2n 2n
} (20: @ © ) (2; (2n)! ) Z<Z (k) (2n- 2/<)') i
That is, for any positive integer #, we have the identity
N 1
c—=0. 8
; (2k)!  (2m - 2k)! ®)

Combining (8) and Theorem 1, we may immediately deduce the identity

)k 4/(
Z (21 — 2K)! " p2kel “L(2k +1, x4) = 0.
This proves Corollary 1.
To prove other corollaries, taking a prime p =4k + 1 and n = ‘%1 in Theorem 2, we have
4 p-1

EI%S:—ITI~(2T—1)~B,%1. ©)

From Euler’s criterion (see [4, Theorem 9.2]) we have

- 2 2 1 mod ifp=1mod §;
27 = (-) =5 = ponp (10)
p -1modp ifp=5modS§,
where ( ;) denotes the Legendre’s symbol mod p.
For the Bernoulli numbers B,,,, we also have
1
By, =1,- Z ] (11)
p-12n p

where I, is an integer and the sum is over all primes p such that p — 1 divides 2x.
In fact, formula (11) was discovered in 1840 by von Staudt and Clausen (independently);
see [4, Exercises for Chap. 12].

Now in (11), we let 2 = ;1 and By, = L‘ﬁ—z, where U,, and V;, are two mtegers with
(U, Vau) = 1. Since p — lj(p 1 , from (11) we know that (V3,, p) = 1 and (2 S 1)- Bp 1 s
an integer.

If p =1 mod 8, then from (9), (10) and (11) we have the congruence

4 pl
Ep%gz—ﬁ (27 -1)- %EOmodp

This proves Corollary 2.
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Corollaries 3—6 can also be easily deduced from Theorem 2 and the method used when
proving Corollary 2.

This completes the proofs of all our results.

If p =5 mod 8, then we have 2% =_1 mod pandpt (21%1 —1). So in this case, whether
one has E 3 = 0 mod p remains an open problem.
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