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Abstract

In this article, we discuss a new two-level implicit scheme of order of accuracy two in
time and four in space based on the spline in compression approximations for the
numerical solution of 1D unsteady quasi-linear biharmonic equations. We use only
two half-step points and a central point on a uniform mesh for spline approximations
and derivation of the method. The proposed method is derived directly from the
continuity condition of the first order derivative of the spline function. For model
linear problem, the proposed scheme is shown to be unconditionally stable. The
proposed method has successfully tested on the Kuramoto-Sivashinsky equation and
extended the Fisher-Kolmogorov equation. From the computational experiment, we
obtain better numerical results compared to the results obtained by other
researchers.

MSC: 65M06; 65M12; 65M22; 65Y20

Keywords: Quasi-linear biharmonic equations; Spline in compression function;
Kuramoto-Sivashinsky equation; Newton’s iterative method

1 Introduction
We consider the fourth order unsteady biharmonic equation with variable coefficient of

the form

A(x’ t)uxxxx + Uy =f(x, t, U, Uy, Uy, uxxx): (x, t) € Q, (11)

where Q@ = {(x,£) | 0 <x < 1,¢ > 0} is the solution space.

The equation above may be written in a coupled manner as follows:

Uxx =V, (x: t) €Q, (12)

AW )y = =ty + f (0, 8, U, Uy, v, Vi) = (0, 6 U, V, Uy, Vi Uy), (%, 8) € Q. (1.3)
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The initial and boundary values are given by

u(x,0) = up(x), 0<x<1, (1.4)
u(0,t) = ag(t), u(l,t) =ai(t), t>0, (1.5)
. (0,2) = (0, £) = by(2), u(1,8) = v(1,8) = b (t), t>0, (1.6)

where uy, a9, by, a1, and by are smooth functions, and we assume that their required higher
order derivatives exist in the solution region .

Many physical problems in terms of linear or nonlinear biharmonic equations are of
common occurrence in engineering and science. Famous nonlinear PDEs of type (1.1) are
generalized Kuramoto—Sivashinsky (GKS) equation, extended Fisher—Kolmogorov (EFK)
equation, etc. The physical appearance and behavior of these equations were discussed
in [1-10]. During the last decade, several numerical methods have been discussed for
the solution of GKS and EFK equations. Xu and Shu [11] proposed a local discontinu-
ous Galerkin method for the Kuramoto—Sivashinsky (KS) equation. Khater and Temsah
[12] used a Chebyshev spectral collocation method to solve the GKS equation. Lai and
Ma [13] studied a lattice Boltzmann method, and Uddin et al. [14] discussed a mesh-free
method for the numerical solution of GKS equation. Using a B-spline collocation method,
Mittal and Arora [15] and Lakestani and Dehghan [16] solved the GKS equation. Using
a cubic Hermite collocation method, Ganaiea et al. [17] obtained the numerical solution
of KS equation. Most recently, Mohanty and Kaur [18] developed a Numerov type com-
pact variable mesh method for the solution of KS equation. A polynomial scaling function
technique was used by Rashidinia and Jokar [19] for solving the GKS equation. Danum-
jaya and Pani [20] constructed a numerical scheme based on an orthogonal cubic spline
collocation method for the solution of EFK equation. Using a splitting technique, Doss
and Nandini [21] proposed an H!-Galerkin mixed finite element method for the solution
of EFK equation.

It is quite challenging to obtain the numerical solution of 1D unsteady nonlinear bihar-
monic equations due to their highly complex mechanism of solitary wave interaction. Over
the last few decades, there has been a good amount of research work carried out for the
numerical solution of biharmonic equation. In 1984, Stephenson [22] derived single cell
discretizations of order two and four for the solution of biharmonic problems of first and
second kind. Using three uniform grid points, a two-level implicit method of order two
in time and four in space for the solution of (1.1) was constructed by Mohanty [23]. Most
recently, Mohanty and Kaur [18] proposed a class of two-level implicit finite difference
methods on a variable grid. Spline techniques are widely used for second order parabolic
and hyperbolic PDEs in the literature. Jain et al. [24] discussed a finite difference method
based on the spline in compression technique for the numerical solution of conservations
laws. Kadalbajoo and Patidar [25] proposed a variable mesh spline in compression method
for singular perturbation problems. Using second order consistency condition, Mohanty
etal. [26, 27] presented a spline in compression method for hyperbolic and parabolic PDEs.
Recently, Mohanty and Sharma [28, 29] derived new algorithms based on spline in com-
pression approximations for the system of quasi-linear parabolic PDEs. To the authors’

knowledge, no spline methods of order of accuracy two in time and four in space for the
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solution of nonlinear time-dependent biharmonic equation have been developed so far.
In the present article, we propose a new two-level implicit numerical method of order of
accuracy two in time and four in space, based on trigonometric spline approximations for
the solution of PDE (1.1).

We use only two half-step points and one central point in x-direction at each time
level, and no fictitious points are required for incorporating the boundary conditions. It is
known that the difference methods for the biharmonic equation are based on five or more
grid points in x-direction, and thus require fictitious points outside the solution region.
These fictitious points are then eliminated by discretizing the given derivative boundary
conditions. However, using the standard second order central differences for the bound-
ary conditions, the accuracy of the overall numerical scheme is affected even if a higher
order scheme is used at internal grid points. The algorithm presented in this paper reduces
the fourth order PDE into coupled elliptic-parabolic equations, and we do not require to
discretize the derivative boundary conditions. It attains order of accuracy two in time and
four in space by using only three spatial grid points at each time level. The main attraction
of this work is the application of the proposed high accuracy numerical method to the KS
equation, GKS equation, and EFK equation.

The rest of this paper is organized as follows: In Sect. 2, we discuss the spline in com-
pression function and its properties for the coupled equation. In Sect. 3, we present a new
two-level implicit spline in compression method for 1D unsteady quasi-linear biharmonic
problem of second kind, which is further derived in Sect. 4. In Sect. 5, the proposed spline
in compression method is shown to be unconditionally stable for a linear biharmonic prob-
lem. In Sect. 6, we implement the proposed method on the KS equation, GKS equation,
and EFK equation. We also compare our numerical results with the results of other re-
searchers available in the literature. It is shown that the proposed numerical method yields
better results as compared to the results given by other researchers. Concluding remarks
are given in Sect. 7.

2 Spline in compression approximations and their properties
For the approximate solution of the proposed initial-boundary value problem, we dis-
cretize the space interval [0,1] as 0 = xp < x; < --- <% <x741 = 1, where L is a positive
integer. The proposed spline approximation consists of two half-step points %11/, and a
central point x;, [ =0,1,2,...,L with two end points xy and x;,;. The neighboring half-
step points are defined as x;_1/, = x; — % and x,10 = %7 + %, [ =1(1)L, where h = x,1 — %,
[ = 0(1)L is the mesh size in x-direction and k = t;,; — £ >0, j=0,1,2,..., is the mesh
spacing in ¢-direction. Let LI{ = u(x;, t;) be the exact solution value of u(x, t) approximated
by 1/1 Also let Vl’ = v(x;,¢;) be the exact solution value of v(x, t) approximated by \/l Now
suppose M = U, and N = V.

A non-polynomial spline function which interpolates the value LI{ at jth time level is

given by

Pi(x) = zz’l + bé(x —x) + ‘Jz sin[r(x - xl)] + d’) cos[r(x - xl)],

x1 <x<x5,l=11)L+1,j>0, (2.1)

which satisfies the following properties at jth time level:
(i) Pi(x) e C*[0,1],
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(ii) Pi(xr) = U, Pylwy) = U,
where 7 is an arbitrary parameter and P]f’(xl) =M, I’lf’(xl_l) = MLl, Pj’(xH 1) = M]l—l Py

Using these properties, we get the coefficients

U U U U U
d=U+ Aﬁ b = 7”1‘”1_1 + %—M—H/Z CoS U
=TT 2 ! h 0 T ’
Jo M’H/Z—M]lcosu J - —M’l
LT 2ding 1= 2
T2sin T

where p = (th/2). Substituting the coefficients aﬁ, b’é, cjé, dé into Eq. (2.1), we obtain the

spline in compression function P;(x) defined as

M)\ (U-Uu., M, M,
Pi(x) = (U; + —21) + (M +—L- ﬂcosu)(x—xl)
T h T T
U

M, — Mi.cos M
.\ (11/2—1“> sin[z(x — x1)] - 5 cos[r(x - x)],
T

t2sinpu
x € [x-1, 1], (2.2)
M), u, -u M M,
Pi(x) = (U; + —;) + (—l” Lt TR o ,u)(x—xl)
T h T T

U

Micospu— M, M
N (M) sinf(x —x1)] - — cos[r(x —x1)],
T

2sinpu

x € [xx01]. (2.3)

Similarly, a non-polynomial spline function which interpolates the value Vz] at jth time

level is given by

N Vievi.o NN
1>+< [ S B 5 T

Qilx) = (Vl/ + gy 7 ” T cos /L) (x —x7)

U

N, .. — Nl cos N
+ (1‘1/2—IM) sin[‘[(x —xl)] - —2l COS[T(x - xl)]’
T

2sinp
x € [x1,%1], (2.4)
\ Vi. -Vl N N
Qi(x) = <Vl/ + —21> + (*l” L_ L, 2 cosu)(x—xl)
T h T T
N; cos u _N{+1/2 . N;
+ (W sm[z’(x —?C[)] - ? COS[T(?C —?C[)],
x € [x1, %111, (2.5)

where Q;(x) satisfies the following properties at jth time level:
0 Qwecol, | | |
(i) Qi) =V], Qix-1) = V], and Q/(w) = N, Q/(w-1) = N, Q' (wi-12) = NI 1

Page 4 of 20
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Using the continuity of the first derivative of P;(x) and Q;(x), that is, P}/ (x—) = Plf (x;+) and

Q}/-(xl—) = Q]’»(x1+), we obtain the following consistency conditions:

ul., -2+ Ul : : :
— L B M)+ 2BM) +aM), + O(KY),  1=1(1)L,

2
V1j+1 - 2V1j + Vlj—l j j j 4
—a N +2BN el + Oo(h*), 1=1Q1)L,
where
1 1 u?
o= — .,u —cos it :——M—+O(/,L4),
212 | sin 3 90

2

1 1 u 4
,B:Z—qu(l—ucotu)zg+%+0(,u )-

On equating the coefficients of M’l and N{ in (2.7)—(2.8), we obtain the condition
o+ pB=1/2.
Substituting the values of o and B in (2.10) and neglecting O(u*) terms, we get

tan(u/2) = /2.

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

The above equation has an infinite number of roots, the smallest positive non-zero root

being given by u = 8.986818916.
Further, from (2.2)—(2.5), we get

u-u., h ; :

P(x1-1p2) = % ~a (28M;] = aMy_y ),
u,, -u h : ;

Pi(x11172) = % + Z(zﬂM; —aMy,y ),
Vi-Vl, h P

Qi(x1-12) = % - E(zﬁN; —aNpp),
’ vlj+l — 1/11 h j U

Qi(xs1/2) = -t Z(ZﬁNz — N,y ).

Relations (2.12)—(2.15) are important properties of spline functions.

3 Formulation of a spline in compression method

(2.12)

(2.13)

(2.14)

(2.15)

In order to derive the high accuracy numerical method based on a spline function and its

properties for PDEs (1.2)—(1.3), we require the following three point approximations:

For r = 0, %1, we denote
Z']' = tj + Qk,
A][ :A(xl,zj)r

Ai[ = Ax(xl) Z])7

(3.1)
(3.2)
(3.3)

Page 5 of 20
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Aicxl = Axx(xlyzj)r (3.4)
I:[{:l:r = euﬂ:}’ + (1 - e)ui:tr’ (35)
. 1 . .
Uy = 5 (U + 1), (3.6)
‘_/l]ir = QWLi + (1 - Q)Wir’ (37)
. 1 _. .
Vl/:tl/Z = E(Vl]ﬂ:l + Vl])’ (3.8)
. 1, g )
u;lir = E (u;lr - u;ir)’ (39)
. 1, - ) )
Upryr = ﬂ(u;ﬂ:l U - U, - ), (3.10)
. u} _ U/
i, = 1+12h L1 (3.11)
. L‘[/ _ l:[j
Upyrps = %’ (3.12)
. -
Uy == (3.13)
V-V
V= —l+12h =3 (3.14)
. “/i _ “/j
Vylcl+1/2 = Mh L (3.15)
. Vi_v
Valcl—l/Z =L 7 =3 (3.16)
U, 20+ T
j L+1 1t
xxl = : 2 ’ (3.17)
PR VN S VA v/
I+1 1tV
V= =" (3.18)
where 6 = %
Also define
Mlz = Vll' M;:tl/Z = Vllztl/Z’
and
A N - F,
1= _;[_ i+ El 12 = ;—[_ i1z + Flop)-
A Als1p
Further, we define the following approximations:
Fy =f (a0, 6, U}, Vi, Uy, Vey), (3.19)
Floro = f (1126 Uy 1o Viwsor Wagnjor Virao)» (3.20)
Fiyy = f 028 Uy Vi Uy Vi) (3:21)

M, =V, (3.22)
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M]l+1/2 Vl/+1/2’ (3.23)
v v
M1 = Vi (3.24)
1
N} = =[-Uj +F], (3.25)
A
. 1 . .
j j J
Niap = =5 [~Urss + Friaga) (3.26)
Al+1/2
Ny = = [y + 3.27
.12 = =5 [_ d-1/2 1-1/2]' (3.27)
1-1/2

From the properties of spline functions (2.12)—(2.15), we have the following approxima-

tions:
.\ -, n
Uil—l/Z = Tl - 1(2ﬁM aM[ 1/2) (3.28)
U u;+1 I:[; h j

le+1/2 T + Z(zﬂM aM1+1/2) (329)
i V-V ho o

Vxl—l/Z = T - E(ZﬁNl _aN[_l/z)) (3.30)

Vi, -V
Vi = “T (ZﬁN’ aNy,, ,)- (3.31)

We consider the following linear combinations in order to increase the accuracy of the

scheme:
i = +an®ll,, (3.32)
V=V +bi? V;x,, (3.33)
chl = LI’ +Ch< 14172 M; 112)> (3.34)
Vi = Viy+ dh(N], 1, = NLy ), (3.35)

wherea =b = ’Tl andc=d = %1.

Further, we define

Fy = f (0,5, 01, V, U, V7)), (3.36)
Bl =F @5 Uy 1) Vi W1 Vi ) (3.37)
Fpypp =f (b, Uz 1/2’Vz v W1 Viran)- (3.38)

Then, at each grid point (x;, £;), the spline in compression method for the system of differ-

ential equations (1.2)—(1.3) is given by

. Wo_. R "
u{+1 2+ Uy, = ?(Vl]mz +V+ Vl]—l/z) + 17 (3.39)

Page 7 of 20
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W2 . 2 Al 2 o
|:A1 12 <Axxl ( }l) )] [Vl]+1 2‘/11 + ‘/11—1]
Al

BT (A - hA" ;
+ B 10U, + (1 U1+1 + Llﬂ_
Al Al

h2 hA] hA i A
=3 [(1_ g)F;ﬂ/z + <1 + ZA"’)F{ 1/2 +F;] + Ty,
!

where truncation errors T{l = O(k*h?* + h®) and Tél O(k*h? + kh* + h°).

(3.40)

4 Derivation of the numerical algorithm
In this section, we derive the spline method from the consistency conditions given by

(2.6)-(2.7).

Substituting the values

. . 1
i _ j j j j . g
M=V, M, =V, N,—;[ U, +F),
1
1 i j .
N;ﬂ/z ]—[_Uilil/z +Flyyp] into (2.6)-(27),
1172
we get
U U d i 6
Upy =20+ U, = g(vlu/z + V + Vz 12) + O(K°), (4-1)
i oy ] P 1 i p
Vin=2Vi+Vi.= EXD (- Umuz + l+1/2) 7 (=W + Flip)
Al 1-1/2
1 S
j . 6
+ fT]}(_uﬂ + Fl):| +O(K°). (4.2)
At the mesh point (x;, ), let us denote
arrayl) arav] arraql
L = ) L = N —l = N and
darars 1 darars M1 dardrs M1
. 9 Jj ) 9 j . 9 j . ) j
a,(”’=(—f>, al(2)]:<_f)’ ,31(1)]:< f), /31(2)/:(.7()’
), v ), . ), v, ),
, af\
S L
g ( ot ) !
To simplify (4.2), we need the following approximations:
1 1 hA h? A1g)?
T a1 e g 02 G 00 “3
Ay, Ao 2400 8Ago 00
j h n 3
Uy = U £ JUn+ g ln+ o(n*), (4.4)
2l = (Uim ;1 )+ O(hs) (*5)
WUy = (Uim - Zuiz Uy 1) +O(n*), (4-6)

Page 8 of 20
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Fl1p + Flyjp = 2F] + O(H?) = 2(Ago Voo + Uoy) + O(K?), (4.7)

h* Vi = V1]+1 2V1/ + Vlj—l +O(h*). (4.8)

With the help of (4.3)—(4.8), the consistency conditions (4.1)—(4.2) may be re-written as

follows:
j I i i 6
U,,-2u,+U_, = g(vzmz + Vi + V) + O(h°), (4.9)

h? 2(A10)? S
|:A00 + — 13 (Azo _ (A;O >i| [Vl]+1 2\/; + Vl]—l]
K ' hAso hA1o
t o [wui, - < ™ )ui,+1 <1 i )Uiz_ ]
h hA1o hAq
ZEI:(I 2A )FL]Q <1+ 2A )F; 1/2+F]+O(h ) (4'10)

Simplifying approximations (3.5)—(3.18) using a Taylor series expansion, we obtain

u’ u’ +0kUo + O(K?), (4.11)

U, = Ul,, +0k(Up + hiy) + O(K?), (4.12)

_ . hZ

Ul )y = Uy + 0kUor + —U20 +O(K* + ki* + h*), (4.13)

v’ v’ +0kVor + O(k?), (4.14)

Viey = Viey + 0k(Vor £ hVin) + O(K2), (4.15)

. . h2

Vi = Viep +0kVor + EVzo +O(K> + ki* + h*), (4.16)

_ k

Uil = U()1 + 5[102 + O(kz), (4-.17)

; k

L, = U, + Euo2 + O(kh + k), (4.18)

74 _77 l_< h_2 2 2, 74

Uysrg = Uiy + UOZ + — Uy + O(K* + ki® + h*), (4.19)
h?

i, = Uy + & Uso+ Ok + O(K* + h*), (4.20)

- h?

leim =u i1 ¥ o 7 Usp + Okl + O(k2 + ki* + h4), (4.21)
h2

V= Vig+ 3 Vao +0kVi1 + O(K* + 1Y), (4.22)

- h?

Vi = vaE1 n* o Vso +0kViy + O(K> + ki + h*), (4.23)

), 20, + U, = (U, -2Ul + U] )) + 0kl + O(K*h? + ki), (4.24)

Vi =2V + V], = (V] =2V} + V])) + 0kVay + O(K*K? + kh?), (4.25)

_ . . hz

U, =U , +0kly + Eu40 + O(K* + ki + h*), (4.26)

h2
vjm, =V, +0kVy + o Vio + O(K* + ki + h*). (4.27)
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With the help of (4.11)—-(4.23), from (3.19)—(3.21), we obtain

_. . ; 1)i 2)j 1)j 2)j
El = F + 0k[g] + Upa™ + Voo™ + upn 1Y + viy g

1‘:1'

2 . .
+ %[u;;oﬁl(l)l + Vgoﬂ;z)/] + O(k2 + ]’l4),

, , i i b i
1£1/2 = ;i1/2 + Hk[éf + UOIO‘; T VOIO‘I( U Ullﬂl( Ty VHIBI( )1]

h2 A . . .
+ ﬁ[BLIZOa;U’ + 3\/2006,(2)] + Usoﬂz(l)] + VBOﬁl(z)]]

+ O(:I:kh + 13+ K+ Kkl + h4).

Further, we can write

1 1 1 1 A
— = — = = — 1—6’/<—t,l+0k2i|,
A Alnt) Al t+0k) A [ 4 ()
1 1 Al
= = j—[l—ﬁk# +O(k2):|.
A Aap A1

Using (4.28)—(4.31) and simplifying (3.22)—(3.27), we obtain

v
M, =

U+ O(k + 1?),

xxl

M) = ufcxlﬂ/z + O(k + hZ)’

N -

Vixl + O(k + hz),

N;:i:l/2 = a}cxl:i:ll2 + O(k + hz)'

Using (4.32)—(4.35) in (3.28)—(3.31), we obtain

Wiy = Ul sy + OKUL + O(Fkh + 1 + K2 + ki + HY),

A

v

;Zim = ;]dﬂ/z +60kVip + O(j:kh + 13+ K2+ kh? + h4).

Simplifying (3.37)—(3.38), we obtain

N . ) b i i i
F;:I:l/z = ;:i:l/Z + Gk[gll * uOlO‘l( Uy VOIO‘I( Uy ullﬁl( Uy V11,31( )]]

Now, using the above approximations and simplifying (3.32)—(3.35), we obtain

W , ,
+ [thoa"” + Vool + O(2kh + 1* + K2 + K + ).

LA[{ = LI{ + 0kl + ah*Usg + O(k2 + kh? + h4),

V] = V] + 0kVor + bH* Vag + O(K* + ki* + 1Y),

X

f//_

xl —

i . H?
LI’I = Llil +0kU;; + E[l + 6¢|Us3 + O(k2 + kh? + h4),

. h?
V;l +0kVi + E[l +6d] V3 + O(k2 + kh? + h4).

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
(4.34)

(4.35)

(4.36)
(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Page 10 of 20
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Equating the coefficient of /2 to zero in Eqgs. (4.41) and (4.42), we obtain ¢ = d = %1, and
Egs. (4.41) and (4.42) reduce to

A

I, = U, + 6k, + O(K? + kh?* + h*), (4.43)
V= VI, + 0kViy + O(K? + ki + ). (4.44)

With the help of (4.39)—(4.44), from (3.36), we obtain

o , N . o .
B = F + 0k[&] + Una” + Vona!™ + Ui B + Vi 8]

+ 12 [aUZO/BZ(Dj + szoﬂl(z)j] + O(k2 + ki + h4). (4.45)
At the grid point (x;, ;), differentiating (1.2)—(1.3) with respect to ‘¢, we obtain a relation

Uy = Vou, (4.46)

Ago Va1 + Ao1 Voo = —Upa + Elj + Uowl;l)j + V01Oll(2)j + Ullﬂl(l)j + V11,31(2)jo (4.47)
Using (4.46)—(4.47), we may re-write (4.38) and (4.45) as

2 j n Wy @)

Fl 1y =Fjyyys +0k[Aoo Va1 + Aot Voo + Upz] + E[uzooc, + Vo],

+ O(:I:kh + 1%+ k2 + kh? + h4), (4.48)

2 n (1) )
Fl = Fl + Hk[Ao()Vm +A01 Vzo + Uoz] + g [ﬂUzoC\!l + szoC\!l ]

+ O(k2 + kh? + h4). (4.49)

It is easy to verify that

A, = Ago + 0kAg + O(K?), (4.50)
AL, = Ao + 0kAr + O(K?), (4.51)
AL = Asg +0kAs + O(K?). (4.52)
), 20, + U, = U, —2U, + U, +0kh>Us + O(K*h? + ki), (4.53)
Vi =2V + V] = V] =2V]+ V] + 0kl Vs + O(KPK?* + k), (4.54)
[ 5 (=25 [0 277

PP (g 2P\ IV s 02
=4+ 5 (A - ~ (Vi1 =2V + V] +60ki*[Ago Va1 + Aoy Vo)
1

+ O(K*H* + kh* + h°), (4.55)
h‘Aic — i hAl() i k

(1 - A§l>ui“1 = (1 - A—Oo)ugl+1 + 5o + O(kh + k* + kh?), (4.56)
WA - hAw\,,; k

(1 + 7 1) u, = (1 + A—OO> u, | + oo+ O(~kh + k* + kh?), (4.57)
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_ WA, WA -
10U, + <1 ~ )u’,+1 + ( _;d)u;,_l
Al Al

j hAj j hAicl
=10U, +(1- U, + 1 1 + 6kl
Al Al

+ O(k2 +kh? + h4). (4.58)

With the help of approximations (4.48)—(4.58), from (3.39)-(3.40), we obtain

i h? 1 .
(U, -2u)+u,) = 3 [vﬂ/z + v’ + v; 1t h2<4 + b) V201| +77, (4.59)
h? 2(A10)? C
|:A00 + D) (AZO - A;(()) ):| [Vz]+1 2Vll + Vl]—l]

h? ; hAq hAL\ |
+ I |:10L[£l + <1 —Ao )Llim < + —Aoo )Llil_l + 6kL102]
h? hA10 hAlO j i 1 (1)j
=3 [(1 - 2A00>F;+”2 + <1 + 2A00>F;1/2 +F) + 1 (a + E)Uﬂ)“l /
1
+ K (b + Z) Vzoozl ] + Tél (4.60)

Comparing (4.59)—(4.60) with the consistency conditions (4.9)—(4.10), we obtain

A —ht 1
T, = = (b + E) Voo + O(K*H* + kii* + K°), (4.61)
i 1 h* 1 ) 1 )
Tél = kh2<§ - 9) Uy — 3 |:(ﬂ + Z)Uzoal )+ (b + 1) Vaoe 1]
+ O(K*h* + kh* + K°). (4.62)

The proposed method (3.39)—(3.40) to be of O(k? + kh? + h*), the coefficients of kh? and
h* in (4.61)—(4.62) must be zero.
Thus

Whenever A = A(x, £, u), the differential equation (1.1) becomes quasi-linear. In order to
solve the quasi-linear differential equation when A = A(x,t, u), we need to modify the
method (3.39)—(3.40). The details of the technique to write numerical schemes for quasi-
linear problems are discussed in [18, 23, 26, 28]. The same technique can be used here to

write a numerical scheme for quasi-linear differential equation (1.1) when A = A(x, ¢, u).
5 Stability analysis
For stability analysis of the proposed method, we consider the linearized KS equation with-

out second order derivative term

Uy + YUy + Slyyyy = 0, (5.1)
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where y, 8 > 0 are constants. Applying the proposed method (3.39)—(3.40) to the linearized
KS equation (5.1) and neglecting local truncation errors, we obtain the following non-

polynomial schemes in a coupled form:

12(y - 20" + ) = 1P (V] + 100" 491
= _12(”1271 - 2”11' + ”4+1) + hz(l/é—l + 10‘/2 + ‘/}+1)’ (5.2)

(1= By Ay + 106 + (1 + 3y 2}

[ hg j+ j+ hs j+
A Gm+y“ )ﬁ}—lm%l+(@+lﬂ—)%}}
2 2

= (1 + 3yl + 10, + (1 - 3y rh)d,

3\ . . 3\
—A(@+Z%1>¢r4%4+<@—1%1>¢4. (5.3)

To apply the von Neumann linear stability method, we consider that the numerical so-
lutions are given by u} = p/e" and v, = o/e' for i = /=1, where p, o are amplification
factors and 7 is the phase angle. Substituting these in Schemes (5.2)—(5.3), we obtain the

following matrix form:

Ay'*! = By/, (5.4)
where
ros r s
h? 1
p——51n2—, =—— 1——sm2ﬁ ,
2 4 3
1 M 1 M
7= 1——sin2ﬁ +iy—sinn, r*= 1——sin22 —iy—sinn,
3 2 8 3 2 8

S iyarh®
d=-"gin2 1O G,
2 2 48

Now, define the amplification matrix H as
H=A'B. (5.5)

Let the eigenvalues of the amplification matrix H be @ = w;, w,. The von Neumann nec-
essary condition for linear stability of system (5.2)—(5.3) is that max || < 1. By direct cal-

culation, the eigenvalues of H are given by

_C+iD
T Cx—iD’

w1 =—1, w?

Page 13 of 20
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Ah 1 AR
D:y— 1——sin2ﬁ +Lsinzﬁsinn.
2 48 2

It is noticed that max |w;| = 1 and max |w,| < 1 if

A 1 >

Zr2(1-=sin2 1) sin* 2 > 0. (5.6)
2 3 2 2

Inequality (5.6) is true for all values of phase angle . Hence system (5.3)—(5.4) is uncon-

ditionally stable.

6 Numerical results

In this section, we apply the proposed spline in compression method to the GKS equa-
tion, KS equation, and EFK equation with different parameters. The exact solutions are
provided as a test procedure. The initial and boundary conditions can be obtained from
the exact solutions. Whenever PDE (1.1) is quasi-linear or nonlinear, the proposed method
builds a coupled nonlinear block system. In the following examples, we use Newton’s block
Gauss—Seidel iteration method [30—33] for the solution of a coupled nonlinear block sys-
tem. In each case iterations were stopped when the absolute error tolerance <1070 is
achieved.

Example 1 (Kuramoto—Sivashinsky equation)
U+ Ulhy + Uyy + Uxxxe =0, —30<x<30,£>0. (6.1)

The exact solution [13, 34] is given by

u(x,t) = Bo + 1—2 %{—%anh(x(x — Bot — x9)) + 11 tanh® (i (x — Bot — x0)) }.

For computation, we choose the values 8y =5, k = %, / %, X = —12 in the solution domain
[-30,30] with & = 1/150 and k = 1/100. To check the accuracy of the proposed method,

we compute the global relative errors (GRE) defined using the formula

GRE - L=
Y 1]

where u’l and LI{ denote the numerical and exact solution values at the grid point (x;, ),
respectively. We compare our numerical results with the results given in [13, 15, 18]. The
GREs for the solutions of (6.1) are presented in Table 1a at different time levels. We show
the comparison of exact and numerical solutions at various time levels in Fig. 1. In Ta-
ble 1b, the GRE is compared with the results given in [15] to exhibit the effect of change
in the number of grid points.

Example 2 (Kuramoto—Sivashinsky equation)

Up + Uty — Uy + Un = 0, —50<x<50,¢>0. (6.2)
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Table 1 Example 1: The global relative errors

(a)

Method discussed

Method discussed

t Proposed method Method discussed
(3.39)-(3.40) in [18] in[15] in[13]
1 1.9827(-05) 6.0297(-05) 3.8173(-04) 6.7923(-04)
2 3.1204(-05) 9.9303(-05) 5.5114(-04) 1.1503(-03)
3 8.2856(-05) 1.3064(-04) 7.0398(-04) 1.5941(-03)
4 8.5826(-05) 1.6060(-04) 8.6366(-04) 2.0075(-03)
(b)
t L+1=200 L+1=300 L+1=400
Proposed Method Proposed Method Proposed Method
method discussed method discussed method discussed
(3.39)-(3.40) in[15] (3.39)-(3.40) in[15] (3.39)-(3.40) in[15]
1 3.4024(-05) 2.1335(-04) 2.5260(-05) 1.2335(-04) 2.3821(-05) 6.6956(-05)
2 5.8546(-05) 3.0874(-04) 4.6256(-05) 1.6780(-04) 2.6792(-05) 9.6417(-05)
3 8.0178(-05) 3.9500(-04) 6.5287(-05) 2.0791(-04) 45023(-05) 1.0947(-04)
4 9.8195(-05) 4.8479(-04) 8.2460(-05) 2.5018(-04) 8.0236(-05) 1.2600(-04)
7 T T T
t=1 Exact &
651 O t=1Num. <£5> 1
t=2 Exact
6| * t=2Num.
t=3 Exact
55+ vV t=3 Num. ¢ ]
a . t=4 Exact %
(_:>; 51 ¢ t=4 Num. ? |
S 9
45 | | 4
69
[
4 \\ ¢‘> b
9 f
3 . . 4
-30 20 -10 10 30

x values

Figure 1 Example 1: Comparison between numerical and exact solutions at different time levels

The exact solution [13, 34] is given by

u(x,t) = Bo +

For computation, we choose the values 8y = 5, k = 2—jﬁ’ %o = —25 in the interval [-50, 50]
with s =1/200 and k = 1/100. In Table 2, the GRE is compared with the results givenin [13,

15]. At various time levels, we present the graph between numerical and exact solutions

in Fig. 2.

15
19419

Example 3 (Generalized Kuramoto—Sivashinsky equation)

U + Uy + Uyy + AUy + Upyry = 0,

-30<x<30,t>0.

{—3 tanh(/c(x — Bot — xo)) + tanh® (K(x — Bot — xo)) }

(6.3)

Page 15 of 20
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Table 2 Example 2: The global relative errors

t Proposed method (3.39)—(3.40) Method discussed in [15] Method discussed in [13]
6 3.9866(-07) 6.5093(-06) 7.8808(-06)
8 4.7197(-07) 7.1315(-06) 9.5324(-06)

10 5.2943(-07) 7.3103(-06) 1.0891(-06)

12 5.8154(-07) 8.7766(-06) 1.1793(-06)

5.4
5.3 |
52 t=6 Exact
O t=6 Num.
51+ t=8 Exact
o *  t=8 Num.
o}
3 51 t=10 Exact
g v t=10 Num.
S —t=12 Exact
491 O t=12 Num.
48
4.7
4.6 '
-50 0 50

x values

Figure 2 Example 2: Comparison between numerical and exact solutions at different time levels

Table 3 Example 3: The global relative errors

t Proposed method (3.39)-(3.40) Method discussed in [18] Method discussed in [13]
1 1.1734(-05) 8.4059(-05) 2.5945(-02)
2 3.9568(-05) 2.7154(-04) 2.7959(-02)
3 7.8924(-05) 5.3351(-04) 2.6701(-02)
4 1.2925(-04) 8.5210(-04) 3.5172(-02)

The exact solution [13, 34] is given by

u(x, t) = o +9 — 15{tanh(k (x — Bot — xo)) + tanh? (i (x — Bot — x0))

— tanh® (K (x — Bot — xo)) }
For computation, we choose the values 8y = 6, k = 0.5, xy = —10 in the solution domain
[-30,30] with # = 1/10 and k = 1/10,000. The GRE is reported in Table 3 and the results
are compared with the results given in [13, 18]. In Fig. 3, we present the comparison of

exact and numerical solutions at ¢ = 1.

Example 4 (Extended Fisher—Kolmogorov equation)

Up— Upy + Ylhggur + 1> — =0, —4d<x<4,t>0. (6.4)

Page 16 of 20
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18 ﬁ
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16~ —
I + % Numerical Soluton
* 1 Exact Solution
14~ 4ot f
I 1
12 I B
[ *
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10 I -
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8 ! *
g er ot 1
5 I *
6 ;z; i -
*
4= 1 -
o i
0
2 | | | | |
-30 -20 -10 0 10 20 30
x values
Figure 3 Example 3: Comparison between numerical and exact solutions at t = 1

The initial and boundary conditions [20] are given by

u(x,0) = —sin(zx), -4<x<4,
u(-4,t) =0, u(4,t)=0, ¢>0,

uxx(_4'1 t) =0, uxx(4', t) =0.

For the above conditions, we plotted graphs (Fig. 4a—4c) of the computed solution at dif-
ferent time levels. We observe that the behavior of the numerical solution at y = 0 and
y = 0.0001 is almost similar. However, we notice that as time ¢ increases, the solution
curves fall to zero rapidly for y = 0.1, which ensures the stabilizing character of the EFK
equation.

7 Final discussion

In this paper, we have discussed a new two-level implicit numerical method in a coupled
form based on spline in compression approximations for the solution of time-dependent
quasi-linear biharmonic equations. The proposed spline method uses only three spatial
grid points x;, x;11/2, and no fictitious points for incorporating the boundary conditions
are needed. The numerical solution of u,, is obtained as a by-product of the method. The
numerical results clearly suggest that the scheme produces better results in comparison
with the existing results given in [13, 15, 18]. It is noted from Tables 1, 2 and 3 that the
accuracy of the solution for the KS equation decreases with time due to the time trunca-
tion errors of the time derivative term. The graphical illustration of numerical solution at
various time levels establishes similar features as those existing in the literature. The pro-
posed method is easily implemented and approximates the exact solution of highly non-
linear GKS equation and KS equation. The graphical results of EFK equation obtained
by the proposed scheme exhibit the correct physical behavior for different values of y.
Similar patterns have been depicted in [20]. It is expected that the proposed method will
be helpful in solving other nonlinear 1D time-dependent biharmonic problems in applied
sciences and engineering.
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Figure 4 Example 4: (@) The profiles of u(x, t) versus x for y = 0. (b) The profiles of u(x, t) versus x for
y =0.0001. (c) The profiles of u(x, t) versus x for y =0.1
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