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Abstract

In this paper, using the topological degree theory, we establish two existence
theorems for nontrivial solutions for boundary value problems of a fourth order
difference equation with a sign-changing nonlinearity.
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1 Introduction
Fora,b € Z,let T2 = {a,a + 1,a +2,...,b} with a < b. In this paper we consider the exis-
tence of nontrivial solutions for boundary value problems of the following fourth order

difference equation with a sign-changing nonlinearity

A4I/l(t - 2) :f(t’ M(t)),

(1.1)
u(l) =u(T +1) = A%u(0) = A*u(T) =0,

where T is an integer with 7 > 5, and f : T x R — R is a continuous function with
T¥ ={2,3,..., T} and R = (-00, +00) (it is assumed to be continuous from the topological
space TI x R into the topological space R, the topology on T being the discrete topology).

Difference equations with discrete boundary value conditions have been widely studied
in the literature; see, for example, [1-11] and the references therein. However, as men-
tioned in [6], very few results are available with sign-changing nonlinearities; see [6—11].
Other related work in this field can be found in [12-45] and the references therein. In
[7], C.S. Goodrich used the Krasnosel’skii fixed point theorem to obtain the existence of
at least one positive solution to the following discrete fractional semipositone boundary

value problem

AyEt)=rf(t+v-1y(t+v-1)), tel0,TINZ,

(1.2)
yw=1)=y(v + T) + XN, F(t, y(t)),
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where AV is the vth fractional difference with v € (0,1), f is continuous, bounded below
(i.e., f + M > 0 for some M > 0), and

t,
lim f(&y)
y—>+00 Yy

=0 uniformlyforte[v-1Lv+T]z . (1.3)

In [10],]. Xuand D. O’Regan used the fixed point index to obtain the existence of nontrivial
solutions for (1.2) with weaker conditions than that of (1.3), and also in [11], J. Xu et al.
considered the existence of positive solutions for system (1.2), with adopted convex and
concave functions to depict the coupling behavior of nonlinearities. In [40], Y. Cui used
the uy-positive operator to study the uniqueness of solutions for the following nonlinear

fractional boundary value problems:

DPx(t) + p(t)f (£, x(2)) + q(£) =0, t€(0,1),
x(0) = x'(0) =0, x(1) =0,

(1.4)

where D? is the Riemann-Liouville fractional derivative, and f is a Lipschitz continuous
function, with the Lipschitz constant associated with the first eigenvalue for the relevant
operator. Using similar methods, the authors in [12, 39, 41] obtained some existence and
nonexistence theorems for their problems.

Motivated by the works mentioned above, we consider the existence of nontrivial solu-
tions for (1.1) involving sign-changing nonlinearities. Using the topological degree theory
of a completely continuous field, and conditions concerning the first eigenvalue corre-

sponding to the relevant linear problem, two existence theorems are obtained.

2 Preliminaries

For convenience, we let T7*! = {1,2,3,...,T,T + 1}, T{** ={0,1,2,3,...,T + 1, T + 2},

TI = {2,3,..., T}. Then we define our space E as the collection of all maps from T?** to

R equipped with the norm ||| = max; 1.2 |u(j)|. Consequently, E is a Banach space, and

weletP={uecE:u(t)>0,te "]TIT”}. Then P is a cone on E. Throughout our paper, we let

B,={uckE:|lu| <p}for p>0.Now 3B, ={ucE:|ull =p} andﬁp ={uek:|u| <p}
In what follows, we establish the Green’s function for (1.1). As in [3, 4], we transform

(1.1) into its equivalent sum equation

T T
u(t) =Y H(t,s) Y Hsj)f (u()), teTi*, 2.1)
5=2 j=2

where

Hit,s) 1 |¢-1)(T+1-5), 1<t<s<T, 22)
»S) = = .
T (s-1(T+1-1t), 2<s<t<T+1.

Lemma 2.1 Green’s function H has the following properties:
(i) H(t,s) >0 for (t,s) € TT x T,
(if) %H(t, t)H(s,s) < H(t,s) < H(s,s) for (t,s) € T x TI*1,
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Proof We only need to prove the first inequality of (ii). Indeed, for all (¢,s) € T x TT*1,
from the definitions of H(t,s) and H(s,s) we have

H(ts) |5 =% =530 = 110, 1<t<s<T,
H(s,s) | T#l-t o Tt o Tel-tp-1 _ 1
(59 | fzz D9t = Tt gl = JH(b D), 2<s<t<T+

Then we have H(t,s) > %H(t, t)H (s, s) for (¢,s) € TI x ’]TIT“. This completes the proof. [

We define an operator A : E — E as follows:

T T
(Auw)(t) =D H(t,) > H(s,jf (u()), teTi™. (2.3)

5=2 j=2

The existence of solutions for (1. 1) is equivalent to that of fixed points of A.

n& 1)

From [4], we know that sin Z5% := ¢y (¢), t € T is the eigenfunction related to the eigen-

value % 1€ sin™* 57 of the elgenproblem

Atu(t-2) = ru(t), teTf,
u(1) = u(T + 1) = A2u(0) = A%u(T) =0,

i.e., the following two equations hold:

T T
j—1 1 t-1
ZZH(t,s)H(s,]')Sinﬂ(] )=—sin_4lsinﬂ( ), teTzT, (2.4)
- T 16 2T T
s=2 j=2
T T
t-1 1 j—1
ZZH(t,s)H(s,j)sinn( ):—sin‘4lsinn(] ), teTZT. (2.5)
T 16 2T T

7
)
~
U

[~}

Lemma 2.2 Let e(t) = %H(t, t)and Py = {u € P: u(t) > e(t)|ull,t € TI*'}). Then L(P) C P,
where

T T
(Lu)t) =Y H(t,s) Y Hsju(), teTi. (2.6)

5=2 j=2
This is a direct result from Lemma 2.1(ii), so we omit its proof.
Now, we offer two basic theorems from the topological degree theory; for details we

refer the reader to [46].

Lemma 2.3 Let E be a Banach space and Q2 a bounded open set in E. Suppose that A : Q2 —
E is a continuous compact operator. If there exists uy € E \ {0} such that

u—Au# uuy, Yueod,u=>0,

then the topological degree deg(I — A, 2,0) = 0.
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Lemma 2.4 Let E be a Banach space and Q2 a bounded open set in E with 0 € Q. Suppose

that A : Q — E is a continuous compact operator. If

Au# pu, YueoQ,u=>1,

then the topological degree deg(I — A, 2,0) = 1.

3 Nontrivial solutions for (1.1)

Now we present some assumptions for our nonlinearity f.

(H1) There exist two constants a > 0, b > 0 and a function k € C(R,R*) such that

f(t,u) > —a—bk(u), VYueR,teT].

(H2) limjy 00 54 =0,

(H3) liminfj, - o0 f(‘f;"’) > 16sin* 7 uniformly on t € T,

(H4) limsupy, o % < 16sin* 7 uniformly on t € T,

(H5) liminf,_ ¢+ f(tT") > 16 sin* 37> limsup,, - f(iu) < 16sin* 3
(H6) limsupy, ., % <16sin* Z uniformly on ¢ € T}.

uniformlyon t € TI,

Theorem 3.1 Suppose that (H1)—(H4) hold. Then (1.1) has at least one nontrivial solution.

Proof From (H3) there exist &g > 0 and X, > 0 such that

ft,u) > (16 sin* 27T_T + 80) lul, Vte ’]I‘ZT, lu| > Xo.

For any given ¢ with gy — be > 0, and from (H2), there exists X; > Xj such that
k(u) <elu|, Vl|ul>X;.

Now since a > 0, b > 0 and k is a nonnegative function, we have
flt,u) > (16 sin* 2”—T + 80) || - a — bk(u)

> (16sin* = + g0 ) |ul - a—belul, V¥]u|> X,
2T

(3.2)

(3.3)

Now we choose ¢; = (16sin* = +gy—bs)X; + Max, 7 1,<x; [f (¢ u)| and k* = max,<x, k(u).

2T
Then we have

T
ft,u) > <l6sin4 2T + & —b8)|u| -a-c

= <16sin42n—T +£0—b8>|u| - C, Vte']I‘ZT,ueR,

(3.4)
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where ¢; = ¢; + a. Note that ¢ can be chosen arbitrarily small, and we let

(ca + bKk*)[(e0 — be) Y- Hs,$) "Ly H(s,j) + (16sin® 72 + g — be) YL, Y1) H(s, )]
g0 — be — be[(eg — be) YL, H(s,5) Y1y H(s,j) + (16sin* Z- + 9~ be) YLy Y1, His, )]
Yoy Hs,8) Y1y His,j)(co + bk*) }

1-be Y0, His ) YL Hesj) )

R > max{

Now we prove that
u—Au# @y, VuedBg,u>0. (3.5)

From (2.4) and Lemma 2.2, we have ¢ = 16 sin* 37 L@o € Poy. Indeed, if (3.5) isn’t true, then
there exist ug € dBg and o > 0 such that

ug — Ao = [Logo- (3.6)

Let u1(t) = Zstz H(t,s) Z]ZZ H(s,j)(a + bk(up) + ¢1). Then

T T
() <Y H(t,5) Y H(s,j)(co + beluo| + bK”)

5=2 j=2

T T
< ZH(S,S)ZH(S,j)(Cz +belluo| + bk*).

s=2 j=2
Therefore,
T T
liell <> H(s,s) Y H(s,)(ca + beR + bK*). (3.7)
5=2 j=2

Then from L(P) C Py, ¢ € Py, and
uo(t) + u(t) = u(t) + (Auo)(t) + nowo(t)

T T
=Y H(t,5) Y H(s,)(f (s uo()) + bk (uo()) +a + c1) + ogo(t),

=2 j=2

we have
ug + u € Py.

As a result, we obtain
(Auo)(t) + u(t)

T T
=Y H(t,9) Y H(s,)(f (o)) + bk (uo(7)) + c2)

5=2 j=2
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T
> Z (t, S)ZH s,j <<l6sm 2T + & —be)|u0(/)| —C +bk(u0(/)) +cz>
j=2

T T
(16s1n — + & —be) ZH(t,s)ZH(s,j)|u0(j)|

5=2 j=2
- T T
. 4 . ,
> (16 sin 3T + &0 — be) 52:2 H(t,s) ;:2 H(s, j)uo(f). (3.8)

On the other hand, from the definition of L, we get

T T
(16 sin* ZJT_T +e0— bs) ZH(t,s) ZH(s,j)uo(i)

5=2 j=2

= 16sin* —ZH(t S)ZHS/ uo(j) + i(j))

j=2

—16sin? —ZH t, S)ZH(S,])M(])

j=2
T T
+(e0—be) Y H(t,s) > H(s,j)uo(j)
5=2 j=2
T T T
> 16sin* o7 > H(t,5) ) " H(s, ) (uo() + ()); (3.9)
5=2 j=2

in order to obtain the above inequality, we prove that

T
~16sin* —Z (t,s) ZHS]M(]
j=2

T T
+(eo—be) Y H(t,$) > H(s,j)uo(j) = 0. (3.10)

=2 j=2
Indeed, since ug + # € Py, we have ug(t) + 12(t) > e(t)||uo + || > e(t)(||luoll — ||£]]). Note that

H(t,s) vanishes at = 1 and ¢ = T + 1, H(¢,s) is symmetric on T1 , i.e., H(t,s) = H(s, £). Then

T T
(e0—be) > H(t,s) > H(s,j)(i() + uo(j))

5=2 j=2

T T
- <16sin4 e b£> > Hts) Y H(s i)

5=2 j=2

T T
> (g0 — be)(R - llill) D H(t,5) Y His, j)e())
5=2 j=2

T

_ <16 sin* 27T_T +80— b£> ZH(t,s)

s=2



Zhang et al. Advances in Difference Equations (2018) 2018:370 Page 7 of 13

T T T
Z s;e(;)(ZZHs;) C2+bsR+bk ))

s=2 j=2

Combining (3.8), (3.9) and (3.10), we have

(Auo)(2) + iu(t) > 16 sin* — ZH(t s ZH(S D (uo() + (7))

j=2
= 16sin* —— (L(uo + 1)) (2). (3.11)
2T
Using (3.6) we obtain
T
Uo + it = Aug + i + [Lowo > 16sin* 2—TL(uo +11) + oPo = oPo- (3.12)
Define

W =sup{p >0:uo + it > jgo}.
Note that g € {i > 0: 1o+ > o}, and then u* > g, ug + it > *@o. From (2.4) we have
T g
16sin* —L(ug + 1) > n*16 sin* —Lgo = * o,
2T(o )= oT Yo =K $o
and hence
~ -4 b/ ~ %
U + i > 16sin ﬁL(uo +11) + oo = (1o + 1*) o,

which contradicts the definition of ©*. Therefore, (3.5) holds, and from Lemma 2.3 we

obtain
deg(I — A, Bg,0) = 0. (3.13)
On the other hand, from (H4), there exist €, € (0, 16sin* 37) and r € (0, R) such that
V(t, u)‘ < <l6sin4 ;—T - 81> lul, Vte TZT, lu| <r. (3.14)

Now for this r, we show that
Au+# pu, uecodB,u>1. (3.15)

Otherwise, there would exist #; € dB,, 1 > 1 such that

|ui (£)] = —|(AM1) )| < |(Auy)(®)]

- ZH(t,s)ZH(SJ)f(ﬂ ()
s=2 j=2
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T

T
<Y H(ts) Y H ) (u()]
2 j=2

< <l6s1n — —81) ZH(t S)ZH(S P|ua ().

j=2

Multiplying both sides of the above inequality by sin =5+ ), then summing from 2 to T,
and using (2.5), we obtain

T
Z|u1(t)| sin ﬂ(t; Y

t=2

T n(t 1)
(16sm ——81>Z|:ZHtS)ZH(S})’M1(I :| i

t=2

16s1n e
- e LIZ|u1(t)|sm

2T t=2

This implies that Zt 5 lu1(£)] sin (T =0, and whence u;(t) = 0, which contradicts #; €

0B,. Hence, (3.15) holds, and from Lemma 2.4 we obtain

deg(I - A,B,,0)=1. (3.16)
This, together with (3.13), implies that

deg(I — A, Bg \ B,,0) = deg(I — A, Bg,0) —deg(I — A, B,,0) = —

Therefore, the operator A has at least one fixed point in By \ B, and (1.1) has at least one
nontrivial solution. This completes the proof. O

Theorem 3.2 Suppose that (H5)—(H6) hold. Then (1.1) has at least one nontrivial solution.

Proof From (H5), there are &, € (0,16sin* 537) and r > 0 such that
f(tu) > <l6sin42n—T +82)u, Yue0,r],teTs,
and
f(tu)> <l6sin427[—T —82>u, Yu e [-r,0],t e TL.
The above two inequalities enable us to obtain
g T T
ft,u) > (16 sin 2T + 82) u, vVuel-rr),teT,, (3.17)

ft,u) > (16 sin? ZJT_T - 82> u, Vuel-rrl,teTl. (3.18)
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Define a cone P; as follows:
-1)
ueP: Z () sin > Sllul },

where § = ZtT: 5 e(t) sin @ Then we claim

L(P) C Py. (3.19)
Indeed, for u € P, from Lemma 2.1 we have

T ( t-1) T T _1)
Lu)(¢) si = H(t, H
> (Lu)(®)sin >N H( S)Z (s, Ju)sin © T
=2 t=2 s=2 j=2
T T T
Com(E-1)
) H 7 ] ]
ZZe (t S)Z (s,/)u(j) sin T
=2 s=2 j=2
=6(Lu)(r), Vte TZT,
and thus
T
(-1

> (Lu)(t)sin ) > iLul.

£=2
Moreover, g, € P; since ¢q = 16 sin* 2”—TL<p0 € P;. Now we claim that

u—Au @y, VueodB,u=>0. (3.20)
If the claim is false, then there exist u, € 9B, and u, > 0 such that

uy — Auy = (. (3.21)
From (3.17) we have Auy > (16sin* 37 + €2)Luy and so uy > (16 sin* 37 + €2)Luy, e,

Uy (t) > (16 sin —— + 82> ZH(t 5) ZH(S fua(j).

j=2

Multiplying both sides of the above inequality by sin =+, then summing from 2 to 7,

and using (2.5), we obtain

T
; u(t) sin n(t]j D

a a m(t-1)
(16 sin* — + 82> E |: E H(t,s) E H(s,j)uz(j):| sin T
t=2 ]:2

16 sin* Z. Tt &2 )
16 s1n4 ” Z us(t) sm
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which implies that

T

; 15(£) sin ”(tT_ V. (3.22)

On the other hand, from (3.21) we have
) - (16sin* = — &, ) (Lun) (1)
Us T 2 2

_ (Am)(®) - (16sin4 - 82)(LM2)(t) + ag0(t)

ZH(t s) ZH(S,]) |:f(1 us(j)) — <16 sin* ;—T - 82) uz(j)] + [Lao(t).

s=2 j=2

Then (3.18), (3.19) and ¢, € P; enable us to find u, — (16 sin* 37 — €2)Luy € Py, and thus

T
Uy — (16 sin? o7 82>Lu2

EXT:[ ) (16 int L )(L )(t):| in 7=
52 u(t) — sin® - — &2 | (Luy sin ——

€ w(t-1
:%Zuz(t)sin (T )50.
516 sin 3T oo

1)

Note that (16 sin* 77 — €2)r(L) < 1, where r(L) is the spectral radius of L. Hence, we have
u, = 0, contradicting u, € 3B,. This implies that (3.20) holds, and from Lemma 2.3 we have

deg(I — A, B,,0) =0. (3.23)
On the other hand, from (H6) there exist &5 € (0,16 sin* 37) and ¢3 > 0 such that
If(t,u)| < <16 sin* ;—T - eg) lu| +c3, VteTl,ueR. (3.24)

Let M ={u € E:u = *Au, ) € [0,1]}. Then we prove that M is bounded in E. If u € M,
then from (3.24) we have

T T
u(t)| = A|(Aw)(®)| < D H(t,9) Y H(s,If (i, u()|
§=2 j=2

T T
< ZH(t,s) X:H(s,j)[(msin4 ZJT_T - 83> |u(])| + ng|.

5=2 j=2

Multiplying both sides of the above inequality by sin Z=2 then summing from 2 to T,

and using (2.5), we obtain

T T
Z|u(t)| sin n(t; D 16sm4 3 Z[(16sm — 83) |u(t)| + C31| sin n(t; 1),
=2

2T t=2
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and then

Z‘ t)’ 63831251 ﬂ(t_l)

We know that there is a t, € TZ such that ||u|| = |u(¢)|, and thus

T

JT(t() Z . ﬂ(t—l)'

’u(t0)| sin ———
t=2

This implies that

T
4. ant-1) . m(t-1)
||u||503831s1n17T Zsm —

proving the boundedness of M. Choose R > max{sup, . ll«|l,r} ( is defined by (3.17)),
then

AMu#u, wuedBpiel01]. (3.25)
Lemma 2.4 implies that

deg(I — A, Bg,0) = 1. (3.26)
This, together with (3.23), implies that

deg(I — A, Bg \ B,,0) = deg(I — A, Bz, 0) — deg(/ — A, B,,0) = 1.

Therefore, the operator A has at least one fixed point in By \E, and (1.1) has at least one

nontrivial solution. This completes the proof. 0

Example 3.3 Let f(t,x) = alx| — bk(x), k(x) = In(jx| + 1), x € R, where a € (16sin* 37, +00)

and b € (0,a + 16sin* 37)- Then limp I(I = 0, and limpy_ 400 w

16sin® 7, limy, % |a - b| < 16sin* Z.. Therefore, (H1)—(H4) hold.

=a >

2T’

Example 3.4 Let f(t,x) = {Zf’;ji“f’b =0 where a,b > 0 with a < 16sin* %, a + b >

x<0,

ax+bsinx ax—be*+b —a-— b,
x x

16sin* 2”—T and a - b < 16sin* 77+ Then limy_, o+ =a+ b, lim,_, -

limy_s 100 |‘”‘+I;ﬂ| =a, and llmx_),OO | x=2e 1l ljfx*b| = a. Therefore, (H5)—(H6) hold.

4 Conclusions

In this paper, we established the existence of nontrivial solutions for the boundary value
problems of the fourth order difference equation (1.1) with sign-changing nonlinearity
using the topological degree theory. Under some conditions concerning the first eigen-
value corresponding to the relevant linear problem, the results here improve and general-
ize those obtained in [1-11].
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