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1 Introduction

The well-known shunting inhibitory cellular neural networks (SICNNs), first proposed
by Bouzerdoum and Pinter [1], have been extensively studied both in theory and applica-
tions [2-7]. In particular, qualitative and stability analysis for SICNNs with neutral type
delays plays an important role in the design and applications of neural networks [8—11].
Usually, all neutral type SICNNs models can be converted into non-operator-based neu-
tral functional differential equations (NFDEs) [8—10] and D-operator-based NFDEs [11],
respectively.

In the past two decades, proportional delays occurring in nonlinear dynamics have at-
tracted considerable attention because of their potential applications in various aspects
such as web quality of service routing decision, collection of current of electric locomo-
tive, nonlinear dynamical behavior, electrodynamics and principle of probability (see [12—
15]). However, so far, there is existing few articles on the global exponential convergence
of neutral type SICNNs involving proportional delays and D operators [16].

Inspired by the above viewpoint, in this article, our goal is to study the global exponential
convergence for the following neutral type SICNNs involving proportional delays and D
operators:
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where ij € J = {11,12,...,1n,...,ml,m2,...,mn}, mn corresponds to the number of units
in a neural network, Cj; is the cell at the position (i, ) of the lattice, N, (i, /) = {Ci; : max(|k -
il,|I-jl) <r,1 <k <m,1 <l < njis the r neighborhood of Cy, proportional delay factors
qu and ry satisfy the conditions that 0 < gy, 7;; < 1. Further information on the activation
functions and coefficient parameters is available from [9, 11].

Throughout the rest of this article, the following concepts and notations will be adopted.
For any x = {x;} = (%;)1x0mn € R™,

= {lxsl}, [x@) = q}g}lxq(t)l,

1
r= ,
maxge; max{q, r;}

pyj = min{ry, q;},

W* = sup| W(t)
teR

, ~=inf .
W= el w ol
The initial condition involved in systems (1.1) can be described as follows:

x;j(s) = pii(s), s € [pg, 1], 95 € C([py 1L, R),ij €. (1.2)

Furthermore, it is assumed that a;;, pij, Ly, Cgl € BC([pyj, +o0),R), where BC([p;, +00), R)
designates the set of bounded and continuous functions, and i € /.

In addition, for ij € J, the following hypotheses will be imposed:

(So) There exist a; € BC(R, (0, +00)) and Kj; > 0 satisfying

t t o~
e s W < [em @Ay s e Rt —5>0.

(S1) f € CIR,R], sup, |f ()| = M/ > 0.
(S2) There are constants Hyj, Ag € (0,+00) obeying

Hy = sup |py(s)[e"0—7* < 1, Lyj(t) = O(e™) ast— +oo,

S pjj

and
)L()(l—r,',' t

)
~ e 1

sup{—azm +Kl7[ﬁ|ﬂii(t)l’zi(f)| + 2 lGlo — H“ <0
t>1 U Cri €Ny (i) Y

2 Global existence and convergence of solutions
In this section, we will validate the global existence and convergence of every solution for
SICNN:Ss (1.1) with initial condition (1.2).

Lemma 2.1 If (Sp), (S1) and (S;) are obeyed, then every solution x(t) of (1.1)—(1.2) exists
and is unique on [1, +00).

Proof Forije]Jandt € [1,r], let

¥ij(£) = xij(t) = pij ()i (riit), Bij(t) = pij(£)py(ryt)
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and

Aij(t) = aij(t) + Z C{;‘l(t)f((pkl(qklt))v z/(t) = l]( )Pz;(t)%;(ruf) + Ll]( )

Cri €Ny (ir))

Then

Y5(8) = [x(8) - (D) (ryt) |
= —ayOxy(0) = Y COf (wualqu)w;(€) + Ly(©)

Cri€Ny (i)

w0+ X certotan) uo 1y

Cri €Ny (i)
= —A;(®)y;(t) + By(t), tell,r]. (2.1)
From (2.1), by using a similar argument as in the proof Lemma 2.2 in [16], one can prove
that x() = y(t) + {B;(¢)} exists and is unique on [1,7], [r, r?],[r?,r%],.... This finishes the

proofs of Lemma 2.1. This finishes the proof of Lemma 2.1. d

Theorem 2.1 Assume that all hypotheses mentioned in Sect. 1 hold. Then, there is a con-
stant ) € (0, Ag) such that

x;(0) = 0(e™) ast— +oo,ij €],
where x(t) = {x;(t)} is an arbitrary solution vector of the initial value problem (1.1)—(1.2).

Proof We trivially extend x(¢) to [r;p;, +00) by setting x;(£) = ¢;(£) = ¢;(py) for t €
[ri03 py), i €. Let

Xij(t) = xi,(t) —pi,-(t)x,-j(rijt), forallt e [,Oi]‘, +OO), ij eJ.
Then, x;(¢) and X;;(¢) are continuous on [p;;, 1], and
Xj(t) = [x(2) _pij(t)xzj(rijt)]/

= —a;j(£)X;(t) — ay(O)pii(£)xy(rijt)

- Z Cf;l(ty(xkz(qkzt))xzj(t) +Ly(t), t=14€]. (2.2)
Cri €Ny (i)

In view of (S,), we can take A € (0, mln{ko,mlnl]ga -}) obeying

e A(1 rz])t I(l 1
sup{k a;(t) +K,,[1—’a,, pii(t)| + | Z |C |Mfl +A]}

t>1 —H;
CreN(irf) Y

ek o(1-ry
= SUP{)\ - Zli]’(t) + I<ij|:1_7 |al] t)pz;(t)|

t>1

(g | M —— ..
+ Y |Clo|m 1_Hij+x]}<o, ijel. (2.3)
CrieNy (i)
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With no loss of generality, let

llllx =max sup |@;(t) - pi(t)gi(ryt)| > 0.
Ve telpy)

For any ¢ > 0, we can pick an e-independent constant M such that

M=1+ ma}xKi/, Li@®)] < aM(llgllx +&)e™ Y forallt e [L,+00),5j €], (24)
ije

which leads to

x| < (llx +e),

and

[X5(0)] < (lgllx + )™ < M(llglx + £)e ™ forall £ € [py, 11,5 €.

Hereafter, we will validate
1X@® | <M(llelx + g)e =V forall£>1.
In the contrary case, there must exist ij € / and 6 > 1 obeying
[X©)] = [X50)] = M(llglx +e)e™
and
1 Xu(0)| < M(llellx + e)e’w’l) forall t € [px,0),kl €.
From the fact that

e % (v)| < € |xu(v) = pra (V)i (riav)| + € | pra(v)xia(rav)|
< [ XuW)| + [pu(v) |0 MY | xp (rigv) |

< | Xu)| + sup |puls)| e sup  e|ww(s)]
520kl selrxipkriat]

< | Xu)| + sup |puls)| e sup €| (s)
$=pii s€lpppt]

’

we obtain

M(llgllx +e)e*

— SUpy..,, |Pui(s)|eod=rus

e |xu(®)| < sup €|an(s)| <
s€lppst] 1
_ Mlglix + e)et

’

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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where v € [pu,t], t € [1,60), kI € ]. Together with (2.4), (2.5), (2.6), (2.9) and (2.11), we
conclude that

o, O 0,
|X5(0)] = |Xy(1)e 1 st / e~ Ji it [—m;(t)m(t)xu(mt)

1

-y c;’(t)f(xkl(qkzr))x,j(t)+Li,-(t>] dt’
Ci1 €Ny (i)
[%
< |X5(1) Ky @ /1 e F @O (0py (O (rst)

- Z Cgl(t)f(xkz(qm))xg(t)+Li,(t)‘dt

Ci1 €Ny (i)

0 ~ 4 6 ~
< (llgllx + &) Kye/r @t +/1 e a'/(u)dul(ij|:|“ij(t)pzj(t)| | (rt) |

b 30| x| + |L,,.(t)|] s
Cr €Ny (i)
< (Ilplx + &) e OV K e @0-du

Y g [ €0
+ e Jelaj)—rlaugr (= g (Op:(t
[ | S laaomo)

+ Y [clom

1
+ A:| dtM(IIgo lx + e)e_w_l)
CreNy (i) i

1-H,

< (||<ﬂ||x + 8)6—)»(9—1)1676—]'16 [a;;(w)-2]du

0
+ / eif:?[ﬂij(u)*)n] du[zll](t) _ )\’] dtM(”@”){ + S)efk(efl)
1
K .

= M(llllx + e)e‘“g‘“[(ﬁ” - 1)e-ff (o= 1]

< M(llgllx +&)e™ 1,
This is a clear contradiction of (2.8). Thus, (2.7) is true. Letting ¢ — 0" suggests

|X@®)| <Mlglxe™ Y forallt>1. (2.12)

Then, using a similar theoretical derivation as in the proof of (2.10) and (2.11), gives us

M|pllxe*
elag(t)| < sup €lxls)| < ———,
selpit] 1 - Hj
and
Mllollx 5 ..
|l (8)| < Tg;i(e MDD Ve 1€
ij

This completes the proof. g
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3 Simulation examples
Example 3.1 Consider the following neutral type SICNNSs:

[x;(2) _Pij(t)xij(hjt)],

1
= —a;()x;(t) - X:cﬁmﬂﬁMm@m%mwm+@m, (3.1)
Cri€N1 (i)

1

where p;;(t) = e sin(i + )¢, rij = q;; = %, Lj=1,2,

an an| | 0.8+cosl00t 1+ 1.1sin 100z
1 0.8+1.3c0s100¢ 1+1.2sin100¢ |’

a a

Cyi G| |0.02cos3t 0.01cos4t

Lu Lo :{ﬂe_”'sint}.
Lon Ly | |100

[Cu Cm} ) |:0.010052t 0.02c053t:|

Pick

a a 08 1 T
N . Ky<e®, M=,
az; ax 08 1 20

> |ci®] <006, a=18 ij=12,

Cr1€N1 (i)
20
Xﬂ(t)
xm(t)
xzw(t)
Xl
o
TN
=
-25
-30 | | | | | | J
1 4 7 10 13 16 19 22
t
Figure 1 Numerical solutions of system (3.1) with different initial values
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such that
e}‘O(l_rij)t ]d Mf 1
—a;(t) + Kijj| ———— |a;i(t)pi(t G (e PEET
Stlzlll){ ﬂ]()"’ 1[ 1_Hij |ﬂ1( )19;( )“" Z | l}()| 1_sz]}

CrieNy (i)

<-02, ij=1,2.

Then, it is easy to verify that (3.1) obeys (Sp), (S1) and (S;). Hence, by Theorem 2.1, we
get that all solutions of system (3.1) converge exponentially to the zero vector with the
exponential convergence rate A & 0.02. Furthermore, we have the following simulation
results shown in Fig. 1.

Remark 3.1 To the best of our knowledge, this is the first time when attention is focused
on the global exponential convergence for neutral type SICNNs involving proportional
delays and D operators. Based on differential inequality theory, we show that all solutions
of the addressed model are exponentially convergent to the zero vector under suitable hy-
potheses. In particular, we provide an upper bound for the exponential convergence rate.
Most recently, the generalized exponential stability and pseudo almost periodicity of neu-
tral type SICNNSs have been established in [16, 17], and some other dynamical behaviors
of neural networks have obtained in [18-20]. Unfortunately, the global exponential con-
vergence for every solution of neutral type SICNNs involving proportional delays and D
operators has not been investigated in [16—20]. This suggests that all results in the refer-
ences [16—20] cannot be straightly applied to show the exponential convergence on every
solution in system (3.1).
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