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Abstract
In this paper, we study the following max-type system of difference equations:

"2’ ne01,2,...)

— Xn-1
Yn =max{By, ;=1

{xn = max{A,, &L

where A,, B, € (0,400) are periodic sequences with period 2 and the initial values
X_1,Y-1,X-2,Y-> € (0,+00). We show that every solution of the above system is
eventually periodic.
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1 Introduction
Our purpose in this paper is to study eventual periodicity of the following max-type system

of difference equations:

%, = max{A,, 21},
w2l e Ny =1{0,1,...), (1.1)

Yu = max{B,, j,c::; b

where A,, B, € R, = (0, +00) are periodic sequences with period 2 and the initial values
X_2,Y-2,%_1,)-1 € R+.
In [1], Fotiades and Papaschinopoulos studied the following max-type system of differ-

ence equations:

x, = max{A4, 21},
w2 e Ny (1.2)
Yn = max{B, 1=l }’

X,
Yn-2

with A, B € R, and showed that every positive solution of (1.2) is eventually periodic.
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In [2], we studied the eventually periodic solutions of the following max-type system of
difference equations:

%, = max{A, 2=k},
n-1 ne No, (13)

Xn-k

¥y, = max{B, )

where A,Be R,, ke N={1,2,...} and the initial values x_g, y_t, ¥ k41, Y—k+1s---» ¥-1,Y-1 €
R,.

Recently, there has been a great interest in studying max-type systems of difference
equations. In 2012, Stevi¢ in [3] obtained in an elegant way the general solution to the
following max-type system of difference equations:

A J’n
X,41 = Max ,
e {A = No (1.4)
yn+1 = maX{ xy, }1

for the case x9,%0 > A > 0 and yo/xo > max{A, 1/A}. The solvability of various systems of
difference equations has reattracted some recent interest, see, e.g., [4—6] and the refer-
ences therein.

In 2016, we in [7] studied the following max-type system of difference equations:

Xy = max{L,min{l i}},
nem S N(), (15)
o =max{5L, min{1, £-}},

where A,B € R,, m,r,t € N and the initial values x_z, y_4,%_ 441, Y-4+1, - - - »%¥-1,¥-1 € R, with
d = max{m,r,t} and showed that every positive solution of (1.5) is eventually periodic with
period 2m.

Whenm =r=t=1and A = B, (1.5) reduces to the max-type system of difference equa-
tions

x,,—max{ 1 ,mm{l }},
(S No. (16)
Vi —max{ ,m1n{1 A }}

In 2015, the authors of [8] obtained the general solution of system (1.6).
Motivated by papers [9, 10], in 2014, Stevic et al. in [11] investigated the following max-
type system of difference equations:

(1) (o(1))
yn = maXi<i;<m {fln(y ’y I< 'y o ’n)7yn{7—t1s}’
lll lll
(2) (1)
Yn® = MaAX1<iy<m, {f2iz(yn_k(2) »J’n_k(z ’e J’ 2) ,n), )’n tzs}!
in,1 in,2 n € Ny, (1.7)
() )
Vn —maxl<,,<m,{fhl(yn , y . y oM P tls}
q, ql

where s, [, m,,t,,k HnENGRe(1,2,....1}), (0(1),...,0(]) is a permutation of (1,...,) and
ﬁ,}. .R+ x Ng — R (G e{l,...,l} and §; € {1,...,m;}). They showed that every positive
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solution of (1.7) is eventually periodic with period sT for some T € N if fj; satisfy some
conditions.

For some results of some properties of many max-type difference equations and systems,
such as eventual periodicity, the boundedness character, and attractivity, see, e.g., [12—-30]
and the related references therein.

2 Main results and proofs

In this section, we study the eventual periodicity of positive solutions of system (1.1). Write
Xon = PusXonsl = Gn>Yan = S Your1 = ty for any n € Ny. Then system (1.1) reduces to the
system

7
Pn = max{Ao, ==},

ty = maX{Bl’ tij_fl}'

ne N(), (21)
qn = maX{Ah qi—n—l}’

s, = max{Bo, Z::; 1,

where Ay, A1, By, B1 € R, and the initial values s_1,£_1,p_1,4-1 € R,.

The following lemma will be used in the proofs of our main results.

Lemma 2.1 Let {x,},>_1 be a solution of the following equation:

B
Xy = max{A, — }, n € Ny (2.2)

Xn-1

with A, B € R, and the initial value x_; € R,. Then x, is eventually periodic with period 2.

Proof By (2.2) we see x,x,_1 > B and x,, > A for n € Ny and for any n > 2,

= max{A, xn—Z} = Xp-2- (23)

Then, for every i € {0, 1}, xy,,; is eventually nonincreasing.

We claim that, for every i € {0, 1}, x,,; is an eventually constant sequence. Assume on
the contrary that for some i € {0, 1}, x5,,; is not an eventually constant sequence. Then
there exists a sequence of positive integers kj < k; < - - - such that, for any n € N, we have

B
A<Xop,4i= ———
KX2kyi1+i-1
B
< Xokp+i = ’
X2k +i-1

which implies %y, ;i1 > X2x,+i-1 for any n € N. This is a contradiction. Thus x,, is even-
tually periodic with period 2. The proof is complete. d
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From (2.1) we see that it suffices to consider the eventual periodicity of positive solutions
of the following system:

ne No, (24)

where A, B € R, and the initial values u_;,v_; € R,. Let {(¢4, ) }»>-1 be a solution of (2.4).
From (2.4) it immediately follows that, for any # € Ny,

u, > A (2.5)
and

v, > B (2.6)
and

un = maX{A, %1 %})
n-l Vn=2 neN, (2.7)

A 1
v, = max{B, T }.

Lemma 2.2 If there exist k,p € N such that u,.; = ux and vy, = Vi, then u,., = u, and
Viep =V for any n > k.

Proof It is easy to see that

Vip Vi
Ukip+sl = maX{A; —— t =max\A4, — [ = Urs1
Uk+p Ui

and

Uksp+1 Ukt
Vispsl = max{B, ——— ¢t =maxi{B, — } = Vi,1.
Vi+p Vi

Assume that, for some N € N, we have i p.n = gy and Vi,pen = Vien. Then

Vi+p+N Vik+N
Ukip+N+1 = maX{A: ——— t =max 4, = Uk4N+1
Uk+p+N Uk+N

and

Uk+p+N+1 Uk+N+1
VkspeN+1 = Max B, ——— ¢ = maxj B, = VEeN+1-
Viip+N Vi+N

By mathematical induction, we see that u,,, = u, and v,.,, = v, for any n > k. The proof is
complete. O

Proposition 2.1 If A > B > 1, then u, = A eventually and v, is eventually periodic with
period 2. If B> A > 1, then v,, = B eventually and u,, is eventually periodic with period 2.
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Proof If A > B> 1, then by (2.5)-(2.7) we see that, for n > 2,

B 1
A <u,=maxiA, :
Up-1 Vn-2

B 1
<maxiA,—,— =A.
A B

Thus, for n > 2, we have 1, = A and

=)
Vn-1 '

By Lemma 2.1 we see that v, is eventually periodic with period 2.
If B> A > 1, then by (2.5)—(2.7) we see that, for n > 2,

Vy = max{B,

A 1
B <v,=max{B, ,
Vn-1 Up-1
Al
<maxyB,—,— ¢ =B.
B A
Thus, for n > 2, we have v,, = B and

i)
U, = maxjA, .
Up-

By Lemma 2.1 we see that u,, is eventually periodic with period 2. The proofis complete. (]

Proposition 2.2 IfB>1>A > 1/B, then v, = B eventually and u, is eventually periodic
with period 2. If 1/A > B> 1> A, then v, = B eventually and u,, is eventually periodic with
period 2 or u,, v, are eventually periodic with period 3.

Proof Assume that B> 1> A > 1/B. By (2.5)—(2.7) we see that, for n > 1,

A 1
Vv, = maxi B, s =B
Vn-1 Up-1
since A/v,_1 <1and 1/u,_1 < B. By Lemma 2.1 we see that u, is eventually periodic with

period 2.
Assume that 1/A > B> 1 > A. Then by (2.5)—(2.7) we obtain

Vn-1 Up-1
1
= max{B, } (n>1) (2.8)
Up-1

since A/v,_1 < 1.
If v, = 1/u,_; eventually, then v,u,_; = 1 eventually and by (2.4) we have

V-1
U, = max{A, } =max{A, v,V,_1}
Up-1
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=v,v,_1 eventually (2.9)

since v,v,_1 > B% > A. Thus from (2.9) it follows that

Vin+3Vn+2Vnt1
Upe3 = Vp3Vpr2 = —
Vil

Vint3Un+2Vne2Vnl
= u,

Up2Vn+1lUn

1 Xty
= —u, =u, eventually,
Upy2 X 1

which implies that u,, v, are eventually periodic with period 3.

If v, = B eventually, then by (2.4) we have

B
U, =maxj A, — eventually.
Up-1

By Lemma 2.1 we see that u,, is eventually periodic with period 2.
If there exists some k € N such that
1

Uk-1

1
Vi =B> and Vi, =— >B, (2.10)
Uy
then by (2.4), (2.6), (2.8), and (2.10) it follows

Vi
Ujy1 = Max | A, M—} = max{A, Vie1Vk} = Vis1Vio
k

Vis2 = Mmaxi B, —} =B,

Vi+1 Vil
Ukyo = Maxy A, } = max {A, }

= max A,—}:

Vi+3 = maxi B =B,

Ui,z = Maxi A, = B?

Viksa =MmaxyB,— ¢ =B,

Ukrq = MaAx| A, =

Vikss =maxyB,— ¢ =B,

Ukys = Maxy A, =
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By Lemma 2.2 we see that v, = B (n > k + 2) and uy,2, = 1/B (n > 1) and w2441 = B> (n >
1), which implies that v, = B eventually and u,, is eventually periodic with period 2. The
proof is complete. d

Proposition 2.3 If A > 1 > B, then u, = A eventually and v, is eventually periodic with
period 2.

Proof If A >1> B > 1/A, then by (2.5)-(2.7) we see that, for n > 2,

B 1
U, = maxi A, s =A
Up-1 Vn-2

since 1/v,,_» < A and B < u,,_1. Thus from (2.4) it follows

A
Vv, = max3 B,
Vn-1

} eventually.
By Lemma 2.1 we see that v, is eventually periodic with period 2.
Now assume that 1/B > A > 1 > B. We claim that there exists a sequence of positive

integers n; < ny < --- such that u,, =A.Indeed, if u, = v,_1/u,_1 > A eventually, then

2 Up-1
A° <u,u,_1 =v,_1 =max3B,
Vn-2

Uy—1 A 1
= = max ’
V-2 Vn-2 Up-2

1
= eventually,
Up-2

which implies 1 < A3 < u,u,,_1u,_5 = 1, a contradiction.

If u, = A eventually, then by Lemma 2.1 we see that v, is eventually periodic with pe-
riod 2.

If there exists some k € N such that

k-1 Vi Vi

uszzv; and up=—=—>A, (2.11)
Uk—1 U A

then vy = uy,1ux > A% and by (2.4) and (2.11) it follows

Ukl 1
Vip1 =max{B, — | = max{B, —}

1
Vi Uy A’

Vi+1 1
Ukso = Maxi A, =maxiA,— =A,
Uk+1

Uk+2
Vikso = Mmaxi B, = A2,

Vi+1

Vi+2
Uz =max{A, —= 4 = A,

Uk+2

Uk+3 1
Viks3 = maxy B, =—
Vi+2 A

Page 7 of 13
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Vi+3
Ukyq = MAX {A, b } =A,
Uk+3

Vird = max{B, v } = A2,
Vi+3
By Lemma 2.2 we see that u,, = A (n > k + 2) and vg,2,-1 = 1/A (1 > 1) and vz, = A% (n >
1), which implies that u,, = A eventually and v, is eventually periodic with period 2. The

proof is complete. 0

Proposition 2.4 IfA <1 and B < 1, then u,, = A eventually and v, is eventually periodic
with period 2 or v, = B eventually and u,, is eventually periodic with period 2 or u,,v, are

eventually periodic with period 3.

Proof Note

V-1
U, = max{A, }

Up-1

There are three cases to consider.
Case 1. Assume that u, = A. By Lemma 2.1 we see that v, is eventually periodic with

period 2.
Case 2. Assume that

Uy =Vy1/uy_1 >A eventually. (2.12)

Then by (2.7) it follows

A 1
v, = max1{ B, , =max, B,

} eventually. (2.13)
Vn-1 Up-1

Up-1

If v, = B eventually, then by Lemma 2.1 we see that u, is eventually periodic with pe-
riod 2.
If v, = 1/u,_; > B eventually, then by (2.12) we have

V2 1

Ups3 = =
Upsy2  Uni2Upil
Up

Up2Up1Uy
Uy

Vni1lUn

=u, eventually,

which implies that u,, v, are eventually periodic with period 3.
In the following, we assume that there exists some k € N such that, for every n > &,

1
U, = , vk =B, Vks1 = — > B. (2.14)
Up Ui
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Thus by (2.13) and (2.14) it follows

B
Uks1 = —>
U
1
Uiy = L 2 2 (2.15)
Uk+1 B
Viso = max{B, } = max{B, L } (2.16)
Uk+1 B

If viyo = B > uy/B, then by (2.13)—(2.16) we have

u Vs 1
k+4 = = ’
u3 B

B 1 1
1% = max 5 = —,
k+4 Uirs B2

Vi+a 1

Uk+5 = =%
upyg B

1
Viss = max{B, } =B.
Uk+4

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v, (n > k + 2), which implies that u,, v, are

eventually periodic with period 3.
If viy2 = ux/B > B, then by (2.13)—(2.16) we have

k+2

1
Visg = max{B, } =B,
Uk+2

Vi+3 B
Uk+4 = ="
Ui+ Uk
1 1
Vi+4 = Max B; =
U3 Ui
u Vi+4 1
k+5 = =
Z73% B

1 Uk
Vis5 = Mmaxi B, =—.
Uk+a B

By Lemma 2.2 we see that u,,,3 = u,, and v,;;3 = v, (n > k + 2), which also implies that u,, v,
are eventually periodic with period 3.
Case 3. Assume that there exists some k € N such that

Vi Vi oV
U =A> L, Upsl = x oIk A (2.17)

Uk-1 u, A
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Then vy = uj,1ux > A% and by (2.7) and (2.17) we have

A1 1 1
Vi1 =max{B, —,— p =max{B,— = — (2.18)
Vk Uk A A
and
Vi+1 1
Ujso = Max{ A, =maxiA,— ;. (2.19)
Uk+1 Vi

If 3,0 = A > 1/vi and /B > A > B2, then by (2.4), (2.18), and (2.19) it follows

Vsl
Vi+2 B
Ujy3 = Max | A, SR
U+2 A
Uk+3 1
Vk+3 = Maxy B, =—,
Vic2 A
Vik+3 1
Uicra —maX{A, - } =,
Uk+3 B
Uk+a A
Viksa = Maxy B, ==,
Vi+3 B
Vi+a
Ujss = max{A, i } =A,
U4

U5
Vis5 :max{B, i } =B.

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v, (n > k + 2), which implies that u,, v, are
eventually periodic with period 3.
If 43 = A > 1/vi and /B > B > A, then by (2.4), (2.18), and (2.19) it follows

B
Vie2 =B, Up3 = Z;
1 1
Vi3 = Z’ Ukra = E;
Ukra
Vira = maX{B, V u } =B,
k+3
Vi+4
U5 = max{A, ” i } = B?,
k+4
U5
Viss = max{B, v * } =B,
k+4
Vk+5 1
Uks6 =maX{A, u } =5
Uk+5
Uk+6 1
Vikse = Maxi{ B, , = ok
k+5
Vik+6 1
Ujes7 —maX[A, . } =5
Uk+6
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U7
Vis7 :max{B, i } =B.
Vik+6

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v, (n > k + 4), which implies that u,, v, are

eventually periodic with period 3.
If ug,n = A > 1/vi and VB < A, then by (2.4), (2.18), and (2.19) it follows

Uk+2
Vies :max{B, * } =A?,

Vi+2
U3 = max{A, * } =A,
Uk+2
Uk+3 1
Vky3 = Max| B, =—,
Vi+2 A
Vi+3 1
Ujpq = MAX | A, =—
Uk+3 A
Ukra 1
Viksa = Maxy B, =—,
Vi+3 A
Vi+4
U5 = max{A, i } =A,
Uk+4

Uk+s
Vks5 :max{B, b } =A%,

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v,, (n > k + 2), which implies that u,, v, are

eventually periodic with period 3.
If ugyo = 1/vk > A > By, then by (2.4), (2.18), and (2.19) it follows

U2 A
Vo = Mmaxjy B, =—,
Vi+1 Vi
Vi+2
U3 = max{A, i } =A,
Uk+2
U3
V43 = Maxy B, =V,
Vis2
Vi+3 Vi
Uisa = Maxy A, =—
Uk+3 A
Uk+a 1
Viksa = Maxy B, =—
Vic+3 A
Vi+4 1
Upss —maX{A, s } =—,
Uk+4 Vi
U5 A
Viss = maxi B, =—
Vi+a Vi

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v, (n > k + 2), which implies that u,, v, are

eventually periodic with period 3.
If un = 1/vi > A and A/B < vy < 1/B2, then by (2.4), (2.18), and (2.19) it follows

U2
Viso = max{B, * } =B,
Vi+1
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Vi+2
Uj,3 = MaxX {A, i } = By,
Uk+2
Uk+3
Vks3 = maxy B, = Vi
Vi+2
Vik+3 1
Ujyq = MAX | A, =,
Uk+3 B
Uk+a 1 1
Visa = Max3y B, =max{B,— = —,
Vk+3 Bvi ) By
Vi+4 1
Uirs = maX{A, u } =,
Uk+4 Vi

Page 12 0f 13

By Lemma 2.2 we see that u,,3 = u, and v,,;3 = v,, (n > k + 2), which implies that u,, v, are

eventually periodic with period 3.

If s = 1/v > A and v > 1/B2, then A < B? and by (2.4), (2.18), and (2.19) it follows

Vks2 = B, Ugy3 = Bvg,
1
Vik+3 = Vi Uk+4 = E;
Uf+4 1
Visa = max{B, i } = max{B, —} =B,
Vis3 By
Vi+4
Ukss = max{A, i } =B
Uk+a
U5
Viss = max{B, * } =B,
Vi+a
Vk+5 1
Uk =max{A, * } =—,
Uk+5 B
Uk+e 1
Vik+6 = Nax B; = 2’
Vi+s B
Vk+6 1
Uicr7 =maX{A, - } ==,
Uk+6 B

By Lemma 2.2 we see that u,,3 = u, and v,,3 = v, (n > k + 4), which implies that u,, v, are

eventually periodic with period 3. The proof is complete.

O

Combining (2.1) with (2.3), from Propositions 2.1-2.4 we obtain the following theorem.

Theorem 2.1 Let {(xy, yu)}n>—2 be a positive solution of (1.1). Then x,, and y, are eventually

periodic with periods T, and T,, respectively, and T, T, € {2,4,6,12}.
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