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Abstract

In this paper, we present some properties of the forward («, B)-difference operators,
and the existence results of two nonlocal boundary value problems for second-order
forward (e, B)-difference equations. The existence and uniqueness results are proved
by using the Banach fixed point theorem, and the existence of at least one positive
solution is established by using the Krasnoselskii’ fixed point theorem.
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1 Introduction

The difference calculus is known as the calculus without considering limits and deals with
sets of non-differentiable functions. The difference calculus appears in many applications
such as statistics, computing, electrical circuit analysis, dynamical systems, economics,
biology, and other fields; see for example [1-7] and the references therein. There are
two types of difference operators, one based on the forward (delta) difference operator
Anf(t) = f(m%, and one on the backward (nabla) difference operator V,f(f) = NH# ;
if =1, then A and V are the standard difference operators. There is not much research
involving the development of /-sums and /-difference operators (see [8—13]). Therefore,
there is a gap in the literature as regards the details of this operation. In this paper, we aim

to study the forward (e, B)-difference of f defined by

_ B+ h) - af(®)

7 o,B,h>0,

1A f (©)

where the coefficient of f(¢) and f(¢ + /1) can be chosen [14].

In particular, since the boundary value problem for forward («, 8)-difference equations
has not been studied, we attempt to fill this gap by considering the existence and unique-
ness result of the nonlocal Neumann boundary value problem for a second-order forward
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(o, B)-difference equation,

3 A2, gt — )+ f (£, u(e), (Wu)(0) =0, ¢ € (hN) 1,

g N
hA(a,m[(a) u(t)]w:qsl(u), hAW.m[(g) ““’Lﬁ‘”(”)’

where (AN)y7, := {h,2h,...,Th}, o,8,h > 0, a < B, f € C(hN)or+1n X R x R,R),
o1, 02 : C((hN)o, (71 R) = R, and for ¢ € ((hN)o 71y % (MN)o,(r+1)1, [0,00)), (Wu)(t) :=

£
(AL oW (t) = h YL, ¢(t,s)ulhs).
Furthermore, we study the existence of at least one positive solution of boundary value

(1.1)

problem for a second-order forward («, 8)-difference equation of the form

2
WG pyu(t —h) + F(t,u(t)) =0, te (hl\l)(wﬂj)h,(T+1+ 8

B-a

) =
B B B
hA(a’ﬂ)u((ﬂ-“>h) :Zu((ﬂ—a +1>h)' (1.2)
B\ ~
[hA(a,ﬁ) [(g) u(t)]:|t=(T+iu)h =0(u),

B

where F € C((hN)(uﬂ%)h,(ﬂuﬂ%)h x [0,00),[0,00)) and @ : C((hN)(uﬂ%)h,
[0,00)) — [0, 00).

In this paper, the plan is as follows. In Sect. 2 we recall some definitions and basic lem-

(T+1+ 52w

—a

mas, and present some properties of the forward (o, 8)-difference operators. In this sec-
tion, we also derive a representation for the solution to (1.1) and (1.2) by converting the
problem to equivalent summation equations. In Sect. 3, we show the existence and unique-
ness result of problem (1.1). In Sects. 4 and 5, we show the properties of Green’s function
and the existence of at least one positive solution for problem (1.2) by using Krasnoselskii’s
fixed point theorem in a cone. Finally, some examples are provided to illustrate our results

in the last section.

Theorem 1.1 ([15]) Let E be a Banach space, and K C E be a cone. Assume Q, Q2 are
open subsets of E with 0 € 4, Q1 C Qy, and let

A KN\ Q1) — K
be a completely continuous operator such that
(D) NAwu| < lull, u e KNIy, and |Aul|| > ||ul|, u € KN 32y, or
(i) |Au| = lull, u € KN 3Ry, and ||Aul|| < ||u||, u € KNIQy.

Then A has a fixed point in K 0 (Q \ Q1).

Lemma 1.1 ([16] (Arzeld—Ascoli theorem)) A set of functions in Cla, b] with the sup norm,

is relatively compact if and only it is uniformly bounded and equicontinuous on [a, b).

Lemma 1.2 ([16]) Ifa set is closed and relatively compact then it is compact.
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2 Preliminaries
In the following, there are notations, definitions, and lemmas which are used in the main
results.

Let N,:={a,a+L,a+2,...}, Nyp:={a,a+ La+2,....,b=a+k}, (hN), :={a,a + h,a +
2h,...} and (hN),p :={a,a+ h,a+2h,...,b=a + kh} for some k e N, a € R.

Definition 2.1 For «, 8,4 > 0 and f defined on [0, 00), the forward («, 8)-difference of f
is defined by

WA@pf(t) = p

Furthermore, we define the higher-order (, 8)-difference by

A?a,ﬁ)f(t) = A, hAn ;j)f(t) and hAo ﬂ)f t):=

Example 2.1 ;A p(1) = andhAaﬁ()—Wz(ﬁ%)ttB.
Remark 2.1
(i) If o = B =1, the difference operator ;A1) becomes the forward A-difference
operator
(t+h)
Af() = J#

(ii) Let f(£) = L(%)hg(t) for ¢ € (AN),. Then

f t t
dunf@-3|2(5) eterm-(5) ew] - (5) it

The right inverse of the operator , Ay ) or the (o, 8)-sum operator is defined as follows.

Definition 2.2 Let «, 8,4 > 0 and (hN),;, C (hN).. Assuming that f,g : (hN), — R and
f(t) = é(%)%g(t), we define the (¢, 8)-sum of f by

il il k-1

WA pf(®): hZf(hk) hZ g gUik) for t € (1N)cu,

k= k=
and for a,b € (hN).,n, a < b, the (o, 8)-sum of f from a to b defined by

b

Tz
e -hz;fhk> hz

k—

g(hk).

Example 2.2
i) Iff(t) =1 for t € (hN),, then we have g(¢) = a(g)i and

-1 ﬂk £l
4 o
hA(a,ﬁ)(l):h ’3—<F> =h l=t-c

c )
=% k=1,

e~

>v-
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(i) Iff(¢) =t for t € (hN),, then we have g(t) = a(g)it and

% O[k_l :Bk % 1
Wap®=hY — (Fhk) =n*) k= E(t =)t +c—h).

In the following lemma, we introduce the properties of forward (o, 8)-operators.

Lemma 2.1 Letting o, 8,h >0 and f : (hN), — R,

t
£

W@ (O) = Bf )+ (B—a) ) _f(kh),

k=4

-1 ,32 ,32 -a? -1
WA pn D (£) = E[f(t) —f(a@)] + <7>hA(a,ﬂ)f(t)'
Proof Letting f(t) = é(%)%g(t) for t € (hN),, we have

kl

——1
WA @A (O) = A wp) [hz 5 g(hk)}

i k-1 il ke
=By ——glhk)—ay  ——g(hk)
k=4 k=4
ai—l it k-1 il a1
=Bl —g®O+ > ——g(hk) aZ gk
B k=4 B

t -1

g0+ (6 -a) Z ﬁ—gu«k)

k=4

(i)

= Bf&)+ (B-a) > _f(kh).

k=14

From Remark 2.1(ii), we obtain

WD ph Dap)f () = 1AL gy [ ) Apglt }

it ) (e -e0)]
B 1 o T1/a)\k
Lotall(3) sl pinf2) ]

o
= ghA(_al,ﬂ)hf(t +h) - ZhA(_al,ﬂ)hf(t)

™| R

= R
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~

A | ——1

=

k—l

:ﬁz"‘ ((k + 1)h) az (k)

k_h

b&

-1

=p Z = lg(kh) aZ 5 AR

k—h+1

il ke Lo a2 il ok
_p (kZ %g(kh) + ;Zlg(t) - Z;Ig(a)> Y "‘/Tkg(kh)
=h

—a
T h

g t a ——1

2 h k-1 -2 52 k—l
’fx 3 o g(kh)+222g(t> Zﬁ ~g(a) - aZ ¢
k=4
2 2
- Lo -s@) s (B8 )il

This completes the proof.

Example 2.3
(i) Iff(¢t) = 1 for t € (hN),, then we have

-1

T~

1A (1) =B+ (B -a)

ey

1 )=ﬁ+(ﬁ$)<t—a),

A B (D) = BL-1) + (’3 ;“)hm;,m(l) - (ﬁ%)(t—a).

>

=R

Note that if f is defined on (hN) Low we obtain

_ B-«
hA(a,ﬂ)hA(al,ﬁ)(l) = (T t,

hA@l,,g)hA(a,f;)(l):(ﬁ; )f B.

(i) Iff(¢) =t for t € (hN),, then we have

t
L

hA(a,ﬂ)hA(_D,l,,g)(t) =pt+(B-a) Z(kh) =pt+ (/Sz;ha)(t —a)(t+a-h),

_a
k=3

WA piDap(t) = Blt—a) + <ﬁ — O[)hA(:xl,ﬂ)(t)

=Bt - a)+<'32h )(t a)(t +a-h).

Page 5 of 25
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Note that if f is defined on (hN)( o We obtain

B
B-a

1/(B-a 1( @
hA @) A p)(8) = g(ﬁh )t2+ (OHg)t_i(ﬁ—a)h’
+

- 1(p-« B 1/2B%+a
hA(allﬁ)hA(a,ﬂ)(t): E(T)t2+ (O(+ E)t— 5( IB—a >h

To study the solution of the boundary value problems (1.1), we need the following lem-

mas that deals with linear variant of the boundary value problems (1.1).

Lemma 2.2 Let «,8,h > 0, o < B, function x € C((hN)o,7+1)n,[0,00)) and functionals
&1, P2 : C((MN) o741y [0, 00)) — [0, 00) be given. Then the problem

WG pyult —h) +x(t) =0,  t € (hN)mm,

B\

hA(a,ﬂ)[(a) M(t)i|t=0=¢1r (2.1)
B\ _

s () 0] <o

has the unique solution

L

)= %{[[(ﬁ ~a) T plont - pnto) (5 )

T F-i
B % Z(%) (T+1-0)p—(T- i)“]x(ih)} T —to()T

Pon Z fi-i
x{[¢>l<u)—¢2(u>](%) -5 (%) [(T +1-0)8 - (T - i)a]x(ih)
i=1

W %_1 L_j
T ap 2(%) ' [% - i]x(ih), t € (hN)o,(T+1)- (2.2)

Proof From hA(Za'ﬂ)u(t - h) = %[ﬁhA(a,ﬂ)u(t) — ayA,pu(t — h)] and the first equation of

(2.1), we create the system of n equations

(A1) BulAwpult) — anAe,pult —h) = —hx(t),
(A2)  Bul,pyult —h) —apAepult —2h) = —hx(t - h),

(A3) ﬂhA(a,ﬂ)u(t —2h) — OlhA(a,lg)u(t —3h) = —hx(t — 2h),

(Apc1)  Bul,pu(2h) — oy A, pyu(h) = —hx(2h),

(An)  BulA@pulh) —apAg,pu(0) = —hx(h).
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Considering § - (A1) + « - (A3), we obtain

1
(An1)  B2rA@pu(t) - a*n A pult —2h) = ~h Y o B x(t — k).

k=0

For B - (Ay:1) +a? - (A3), we have the next equation:

2
(An2)  BPrA@pu(t) - i A pult = 3h) = —h Y o B> x(t - k).
k=0

Repeating the same process, we have the equation (Ay,_2)

n-2

(Agun) B4 A, pyu(t) — o™, A(a,ﬁ)u(t —(n- 1)h) =-h Zakﬁ”’z_kx(t — kh).

k=0
Finally, for 8 - (Ay,_2) + "1 - (4,,), we get the equation (A, 1)
n-1
(Asn1) B nA@pu(t) — "4 A pu(0) = —h Y o B Fu(t — k).
k=0
So, we obtain
nA@,pu(t) = (E) 1A ,pu(0) — hZ /3" X x(t — kh).
For t = nh € (hN)o 3, n € N, we can write (2.3) in the form
ki
o
A pyul(t) = (E) 1 (o, ) 1(0) — hz ——x(ih) and
¥ i Lo
o o
u(t +h) —au(t) =h| = A 5 u(0) — 1 x(ih),
Bult + ) — ault) (ﬁ) o 0) I

Page 7 of 25

(2.3)

(2.4)

(2.5)

where 7 _,)(s) = 0; if p < g. By substituting ¢ = 0,,...,nh, n € N into (2.5), we have the

system of # equations

(B1)  Bu(h) — au(0) = hpAa,pu(0),

2

(B)  Bu(2h) — aulh) = h(ﬁ>hAamu(0)—%x(h)

2 2

2
(Bs) Bu(3h) — au(2h) = h<%> i Diapyu(0) =1 234
i=1

x(ih),

n-1
(B,) Bu(nh)-— au((n - l)h) = h(—) 1A (a,pu(0) — K? Z aﬁ
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Considering « - (B1) + B - (By), we get
(Bur1) B u(2h) — o*u(0) = 20thy A, pyu(0) — Hx(h).

Next, for « - (B,41) + B2 - (B3), we get

2
(Bur2)  B*u(3h) — o*u(0) = B hyy Ao pyu(0) - 1 Y (3

i=1

— DX B x(ih).

Repeating this process, we have the equation (By,)

n-1

(Ban)  B"u(nh) — o u(0) = na " hy Ay, pyu(0) — hZZ(n Yo" Bk (i),

i=1

For t = nh, n € N, we can write (By,) in the form

‘ ‘
u(t) - (%) u(0) + 5(%) Ay 1£0)

72 i_l 7%4
- Z[% _ i] (%) x(ih), t € (hN)o(r+1)h-

Hence

h t 2 i
(g) u(t) = w(0) + —1Apl0) - s Z[; - i} (g) x(ih)

i=1
e R Ere 108y
=A+ aB— E ;I:Z - l:| (a) x(lh),

for ¢t € (hN)o(r41)» and A, B are some constants.
Using the («, B)-difference for (2.7), we have

ool (§) ] a(55) o[ (59); ]

i=

By using the boundary conditions of (2.1), we obtain
91() = (ﬂ _“)A . (E)B,
h o
) - <ﬂ—a)A+ ((ﬂ—a)T+ﬂ)B
h o

h T B i
) d[(r+1-ip—(T- i)a](—) x(ih).

o
i=1

2l (oo

Page 8 of 25

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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The constants A and B can be obtained by solving the system of equations (2.9) and (2.10),

ph h (B
= m{[(ﬁ — )T + B]p1 (1) — Bpa(u) - op ;(;)
x [(T+1-i)B - (T—i)a]x(ih)},
S (u)—ii@)i[(n1—i)ﬂ—<T—i)a]x(ih>
B- )T YT ap L\ a '

Substituting all constants A, B into (2.7), we obtain (2.2). This completes the proof. O

Next, we present the following lemma that deals with linear variant of the boundary

value problem (1.2).

Lemma 2.3 Let o,8,h >0, « < B, function y € C((hN) (To1 gt £y [0,00)) and func-
tional 0 : C((hN)( (Tt 4 10,00)) — [0, 00) be gzven Then theproblem

2 —
WAt =h) +y(8) =0, te (hN)(1+ﬂ%)h,(T+1+ﬂ%)h

B B B
hA(a,ﬂ)“((IB_a>h> :Z”((ﬁ—a +1)h)’ (2.11)
B\ B
[hA(a,fx) [(;) u(t)ﬂt_mﬁ)h =0(u),

B-a

has the unique solution

T+ b
B

t o ] i
M(t):[(ﬁ—a)TuﬁKE) {9( )+_,;1< )
i=pgt
2 % 1 5—1’
x [(B—a)(T -i)+2B y(lh)}—ﬁ > ( ) [ :|(zh). (2.12)
=211
B-a

Proof With the same argument of Lemma 2.2, we obtain

: :
-5 ()£ ol (552
1)

Using the first boundary condition of (2.11), we obtain u((ﬂ%)h) =0.




Linitda and Chasreechai Advances in Difference Equations (2018) 2018:372

So, (2.13) can be written in the form

(E)Eum
o

I
[
=
>
R
=
A~
~
=
=
1S
~——
>
~
|
L | &
3%
T
1
NI
|
| I
—
=
~——
=
S

z=%+1
1
t n”ob t !
et £ e
l:ﬂ#%ot-"l
forte (hN) . C is some constant.

(T+1+ 45— /3
Using the (a ,3) dlfference for (2.14), we have

(3] (5
_é > [(“”Q (%‘O“}(g)iﬂih).

’=ﬂia+1

By using the second boundary conditions of (2.11), we obtain

00 = [(6~a)T +26]

B
T+3a

Z [(T+2-0B (T -ia] (g) y(ih).

i=ﬁia+1

Solving the above equation, we have

o & (B : ,
C:m{e(u)+ﬁ > (;) [(ﬂ—a)(T—z)+2ﬂ]y(zh)}.

i ﬁi-*—l

Substituting constants C into (2.14), we obtain (2.12). This completes the proof.

Lemma 2.4 Problem (2.11) has the unique solution

ult) = C<t>9<u>+ZG< ’S+ﬁ€a)y<(“ﬁ€a>h>’

where

t o %
C(t):[(ﬂ—a)Tﬁﬁ}(E) ’

and

G(f,s) Ll
h 01,3 gZ(h’S) SeNtT+ﬁf5;

Page 10 of 25

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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with

() () Na=strom oo -5}

EN (N N
g2(ﬁ’s>‘<ﬂ) ((ﬁ—a)T+25)[(ﬂ )T =9)+26]

Proof The unique solution of problem (2.1) can be written as

t o 7 t h
”(t):[(ﬂ—a)ﬁzﬂKE) 9(”“[(;3— )T+2/3}_/3

E_ L_ T+/3‘% L
{ ¥ ( )h [(B—)(T-5) +2B]y(sh) + Z( )h
:i-{-l = L

B-a h

h2
x [(B—a)(T -s)+ 2ﬂ]y(sh)} ~aB >
B

S=ﬁ—a+1
T+L
+h_2 2” <g)z_s(#>[(ﬁ—a)(]ﬂ—s)+2ﬁ]y(sh)
af — \B (B-o)T +28
h
Tt
=COOwW+ Y G( ,s)y(sh)
,}3/3
—C(t)@(u)+ZG< ,S+ﬁ€a>y<<s+,3€a)h).
This completes the proof. 0

3 Existence and uniqueness of a solution for problem (1.1)
In this section, we present the existence and uniqueness result for problem (1.1). Let E =

C((hN)o,(7+1)n» R) be a Banach space of all function u with the norm defined by

[|#]] = max {
te(hN)o,(T+1)n

b
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and also define an operator F : E — E

t

Fu)e) = " T w](2)
(Fu)( = B-alT [[(B-a)T + Blo1(u) — B2 M)](E)

T %_i
_k Z(%) [(T + 1) — (T = ic]f i, (i), (llfu)(ih))}

t o\’
BT { [¢1(w) — 2 (u)] (E)

T L_;
_ Z(ﬁ) (T 1= 0B = (T = e (i ulil), (\Ilu)(ih))}

- Z(%) zl[% - z}/(ih,u(ih), (Wu)(ih)). (3.1)

Obviously, problem (1.1) has solutions if and only if the operator F has fixed points.

Theorem 3.1 Assume that function f € C((hN)or+1n X [0,00),[0,00)), functionals
¢1,¢2 : C((KN)o, (1)1, [0,00)) — [0,00), and for ¢ € (hN)o,rs1yn x (EN)o, (T 41y [0,00)),
with o = max{@(t,s) : (¢,s) € (MN)o rs1yn X (WN)or+1)0}. In addition, suppose that:

(Hy) There exist constants A1, o > 0, such that

[f(t, u, Vu) - f(t, V,‘I/V)’ < Mllu—=v| + ra||Wu - Py,

foreach t € (hN)o,r+1)n and u,v € E.
(H,) There exist constants £1,€5 > 0, such that

1) = g1 (V)| < allu— v,
o) — p2(v)| < Lol — v,

foreach u,veE.
(H;) ©:= €2+ (a1 + 2,220\ p < 1, where

£ := max{€1,£>}, (3.2)
_h 287 }
G Gt 3
T
CID::hZ—T<E> H:T+ p ]|:1+ p ]+T+1}. (3.4)
206 \ o B -« B -«

Then problem (1.1) has a unique solution in (hN)o 1.1y
Proof Denote

Hlu—vI(e) = |f (& u®), (W) ) - £ (& v(0), (Tv)(2))].
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For each t € (hN)o,(r+1)n and u, v € C, we obtain

h
Wa0(e) - (0] = g0 3 utsh) —tsh] = 2T Dy

and

|(Fu)(8) = (Fv)(@)]

L

ph a\#
< W{W ~a) T+ a0 - 4,0+ Bl - 200 (5

T %—i
%Z( ) (T+1—i),3—(T—i)Ot]7'[|u—v|(ih)}

i=1

7)71{“(1)1(14) —¢1(V)| + |¢2(u)_¢2(v)|]<%>h

e .
|:E —l:|H|M— v|(ih)

h
B {[[(ﬂ—a)T+,B]€1||u—v|| +/352||M—V||]

(B—a)?T

IA

T i
+ %(Muu—vn + ol Wu - W) Z(S) [(T+1-0B- (T—i)oe]]

i=1

h £ 0
+(5—T)T [1||M—V||+ 2||M—V||]

h T
+ o Pl = v+ dall W — W) Z(
i=1

R ™

) (T+1—l),3—(T z)a]}

2

h a i
(eallee = vl + Ao | Wu — Wy Z( ) [T+1-i]
1

s
7] -

< L{E[(ﬂ —a)T + 28]l - vl + i(ﬁ)T

T (B-a)?T af \a

h
(xl “’0(2”)) [(B— )T + ]l v||}

h ho(B\" heo(T +1)
+(ﬁ—a>T{Z””_V”+E<E> <“”2 2 )

X g[(ﬂ—amﬂ]nu—vn}

2 T
+h_<ﬁ> (xl+A2h§"°(T“))%T(T+1>||u—v||
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heo(T + 1
= [m + <A1 +A2M)CD:|||M—V||
o

=Ofu-vl.

This implies that F is a contraction. Therefore, by using the Banach fixed point theorem,

F has a fixed point which is a unique solution of problem (1.1) on ¢t € (hN)o,(7+1)- O

4 Properties of Green'’s function for problem (1.2)
The necessary for considering the existence of a positive solution to problem (1.2) is to
prove that Green’s function G(¢, s) in (2.19) satisfies a variety of properties. Firstly, we prove

some necessary preliminary lemmas as follows.

Lemma 4.1 The coefficient function C(t) given in (2.18) is positive and strictly increasing
int,forte (hN)(,sﬂ%a)h:(T“f“g%)h' In addition,

n ooz ph ](“)MB'“ d
0 p LB —elB )T +261 ]\ B Y

B-a

[[(ﬂ a)(T +1) + Bl ]< )ﬂﬁ
max Clt) < .
(LTt Lo (B-a)[(B—a)T +2B] ]\ B

te(hN)

Proof Itisclear that C(¢£) > Ofort e (hN) /j T+ Lo Next, we prove that C(¢) is strictly

increasing in t € (#N)o,(r+1)n. Note that the forward (o, B)-difference with respect to ¢ for
C(t) is

Q
N———"
T~
[——

1
0= |Gy oo G

1 o 7 o 7
:[(ﬁ—a)T+2ﬂ]a(E> :<E> Anc)

From « < B, it implies that

o

Ahc(t) = m >0

Hence C(¢) is strictly increasing in ¢t € (hN) By (Te1s
ﬂ B-a

Finally, observe that

. . ¢ o\’
min C(t) = min B ———
te(hN), g 5y, te(hN)B,g_)h(T+l+ LL(B=a)T +2B B

(B_—a)hv(T+1+ﬁ) (

,Bh o T+1+ﬂﬂu
— s d
= [(ﬁ—a)[(ﬁ—a)T+2ﬁ]Kﬁ) an
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t

max C(t) = max [;] (g)h
te(hN), g P te(hN), 5 B B-a)T+2B8 |\ B

(ﬁ)h,(T+1+B_—a)h (m)h,(num
- [ [(B-a)(T+1)+plh Kg)%
TLB-)(B-a)T+28] [\ B ’
The proof is complete. 0

Corollary 4.1 Let I := [%(T +1 + 3 ) ST 41 + 3 )] There is a constant M¢ € (0,1)

such that min,¢; C(£) = Mc||C|| where Il - || is the usual maximum norm.

Proof Since C(2) is strictly increasing in ¢ € (hN)o 741y, it follows that there exists a posi-
tive constant M¢, such that

, ~ [(B-a)(T+1)+ Bl ([ o\ 7 )

It is clear that M¢ € (0, 1). The proof is complete. O

Lemma 4.2 Let o < 8 and G(i,s) be Green’s function given in (2.19). Then G(%,s) >0 for
each (t,s) € (hN) fi T x N g

) —+1 T+ﬁﬁa

Proof We aim to show that g,-(i,s) >0, i = 1,2, for each admissible pair (¢, ).

Firstly, we consider the function

(zs){z)%#)nﬂ_am_mw]
e\ 8) \B-a)T+28 ’ PTets

To guarantee that gz(i,s) > 0, it suffices to show that

(B-—a)(T—-s)+28 > (,B—a)|:T— (T+ ﬁ?a)] +28=8>0. (4.1)

Thus, we conclude that gg(i,s) > 0 for their respective domains.

Next, we consider the function gl(i,s) >0forseN where

B%-%—l, -

o(35)= () {(=atrems o091 (5)}

To guarantee that g,(;,s) > 0, it suffices to show that

S~

L[(B ~ a)(T = 5) + 28]
(E=5)[(B )T +26]
L[(B ~ a)(T = 5) + 28]
L(U(B ~ )T +2p] - s[ =0T 2E))

h
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[(B- )T + 28] - 5(B - )
(8~ 0T + 28] -5(6 - o0 5]
(T-5)(B-a)+2p
BT +26] - (B - )| %

> 1.

So, we conclude that g(7,s) > 0 for their respective domains.
Consequently, it follows that g(£,s) > 0 for each i = 1,2. Therefore, G(£,s) > 0. O

Lemma 4.3 Let«a < B and G(%,s) be Green’s function given in (2.19). Then it follows that

t
max G(Z’S) = G(s,s) for eachseNB%H'ﬂi. (4.2)
Y

t,e(hN) B-a
(%)h,(ﬂ-hﬂ%

Proof Our aim is to show that the forward («, 8)-difference with respect to ¢ satisfies with

A t (@ iA t 0
th B (a,p)81 h’S “\3 tAng1 h’S <

and

t o % t
th A (a,)82 5= 5 tAng> AR > 0.

This implies that g; is decreasing and g; is increasing in ¢. So, G(i,s) < G(s,s) forall (¢,5) €

Negomreregfon X Nop g gp s

Firstly, for g,(£,s), we have

t —a)(T-s)+2 '
t,hA(a,ﬂ)g2<E,s) _ [(ﬂ(ﬁoi)fx)Ti)zje ﬂ]t,hA(a,ﬂ){(%)
(BT =) +27[(e\F 1
o e NG)5)

o fi t
= B tAth Z;S >O;

for all (¢,s) eN(%)h,(THJrﬁ%)h XN%H,E B .

il

B-a

Next, for g1(£,s), we note that

o(55)- () | (metromg Js-orr-s291- ()

Here, we obtain
A t N [B-a)XT-5)+287[(a\F1 o
s ()[BT 2 1))

(@ \F1[(B-a)(T-s)+28 )
‘(E) Z[ (B-a)T +28 _}

=~




Linitda and Chasreechai Advances in Difference Equations (2018) 2018:372 Page 17 of 25

[« i1 (B—a)s
“(E) Z[(ﬂ—a)Tﬂﬁ}
(%) v Ls) <o
- (5) e (Gos) <o

(T+1+ i )i

for all (¢,s) € N(ﬂ%)h, Ao

Now, note that

a B—a

Consequently, this implies that

t
gy A% G(Z’S> =G(s,s) for eachseNiﬂyﬂi.
t,€( N)(ﬂ%)h,(TﬂJrﬂ%)h B« B-a

Observe that G(s,5) = 2=.g(s,5) = &2 (9)*( iz [(B — @)(T = 5) + 28],

Thus, by the discussion in the first paragraph of this proof, we deduce that (4.2) holds.
The proof is complete. O

Lemma4.4 Leta < B and G(%, s) be Green’s function given in (2.19). There exists a number
0<o <1suchthat, forseN

)

ﬂ%+1’T+B%

o/ — —a

t t
min G(—,s) >0 max G(—,s)
BTete i< PTanegly)  \ te(hN) RN
= 0 G(s,s). (4.3)

Proof We define the following notation:

~ t gt(ivg) .
i\ 78 )= ) 1= 1,2.
g<h ) £(s,5)

For ¢ < sh and %(T+1+,3%)5t5 %(T+1+ﬂ%),weﬁndthat

; a\i =t 1B\ AT+ 1+
al-s)=(=) ==-(F 5 | For (4.4)
h B S 4\ o T+ﬂ%

For ¢t > sh, since gl(é,s) is decreasing with respect to ¢, we have

) (5 s) ) (g){ LI(B~a)(T —s) + 261 - (4 —s)[(ﬁ—a)T+2ﬂ]}
) " \p s[(B—a)(T ~s) +26]

) (g)i-S{(ﬂ—a)(T—inzﬂ}
B (B-a)T ~s)+28
p

1/a %‘(T+1+m) o
= Z(E) [(/3 —a)(T-1) +/3} T 4o
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Finally, since o7 > % and o, < 1, it follows that
o = min{o1,05} < 1. (4.6)
We can conclude that (4.3) holds. O
Lemma 4.5 Let ¢ be a nonnegative functional. Then there is o* € (0, 1) such that
T+ 42

min {C(t)@(u) + Z G(%,S)F(sh,u(sh))}

%(T+1+%)§t§%(T+I+H)

>o* max {C(t)@(u) +

te(hN
& )(%)h,(nuﬁ%)h

Proof By Lemma 4.4 and Corollary 4.1, we find that there exist constants o, M¢ € (0,1)

such that
. t t
min G(Z’S> >0 max G(z,s>, (4.8)
%(T+1+fj)§t§¥(T+1+ﬁﬂTa) tE(hN)(B’f_;—a)h,(TJrh%)h
min C(t) > M¢ max C(¢). (4.9)
%(T+l+ﬁ%)§t§%(T+1+ﬂ%) te(hN)(%)h,(nu%)h
We define
o™ :=min{o,Mc} € (0,1). (4.10)
Hence, we obtain (4.7). This completes the proof. d

5 Existence of positive solution to problem (1.2)

In this section, we consider the existence of at least one positive solution for problem
(1.2) by using the Krasnoselskii fixed point theorem in a cone as mentioned in Sect. 1. Let
& =C((hN)

by ||lu|l = max;e @)

y R) be a Banach space of all function # with the norm defined
{lu(¢)|}. Define the cone P C &£ by

B B
g (T+1+3

—a

(g1 gEom

P = {ueé’:u(t)zo, min u(t) > o*|ul and9(u)20},

B ) se< 3T 4E0)

where ¢* is the number defined by (4.10).
From the nonlinear equation (1.2), we note that there exists a solution u of (1.2) if and
only if u is a fixed point of the operator A : P — P which is defined by

(Au)(t) := C(t)0(u) + Z G(%,S)F(sh,u(sh)), (5.1)

s=ﬂ%+1

where G is Green’s function for problem (1.2).
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Lemma 5.1 Suppose that F € C((hN)(ui)h(ﬂu By X [0,00),[0,00)) and 6O :
B-a )" B

C((hN)(u‘f%a)h,(ﬁu%)h’
continuous.

[0,00)) = [0,00). Then the operator A : P — P is completely

Proof Since G(i,s) > 0 for all (¢,5), we have A > 0 for all u € P. For a constant R > 0, we
define

Bp = {ue’P: [z <R},

and let M = max, e 8 xBg |F(&,u(f))], N = sup,p, 10(u)|. Then, for u €

o1 o

Bp, we obtain

|(Aw)(0)| = ‘C(t)e(u)+ 3 G(%,S)F(sh,u(sh))

T*ﬁ%

(B=a)(T+1)+ Bl [/ T+ls gty M2
SN[(ﬁ—a)[(ﬁ—a)Tuﬁ]}(E) M ; &(5,9)
S=ﬁ+l

=K.

Therefore, || Au| = K, and hence A(Bg) is uniformly bounded.
We next prove that A(Bg) is equicontinuous. For any € > 0, there exists a positive
constant §* = max{8;,8,, 83} such that, for u € By and t;,t, € (hN)(uf%)h,(Tm%)h with

t < by,

ty t

a a eB-a)T+2
(%) tz—(%> t <W whenever |t; — t1] < 81,

2
€
|t - £7] < 3£M whenever |t; — ] < 83,
€

Ity —t1] < ap = 8s.

3HM(T +2 + B%)
Then we have

|(Au)(tz) - (Auw)(11)]|
T+E

2 [e(i)-<(39)]

s:ﬂ%+1

o

_ N ’ o %t o %t
~(B-a)T+28 (E) 2_(5) '

<|Ct) -C(&)|N +M
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th i £ i ¢
| = alie)- ¥ ali)
s:ﬁ%+1 s:ﬁﬂ%oﬁl
T+1+ 5 T+1+ 5
th ; t e/t
| L oe(ie) X oe(i)
5=2 5=
o\ F o\ F
“B- a)T+2/3‘<E) _<E) &
) S T (o0)
ap |\ B — \B) Lh(p-e)T+2p h
s=gg+
G 2 ()Tl
B e B h (B-—a)T +28 h
s=gg+
th %2 T+1+ﬁﬂ%a s
ey 5y e
op \B) n 4 \B) | (B-o)T+2p
=7
t T+1+ 2

I
RS
=R
N———"
=)
=<t
[
)
RS
=R
\_/
1

(B—a)(T-5) +2ﬁ}
(B-a)T +28

+ [
af

th
oeﬂ

~|

o [ty ty ﬂ o t /3

_(Z_1>( -1- ﬂ—a>_g(ﬁ_l><z_1_—)‘

t2<T 2+ —'3 > (T+2+ P )
,B—C\! h B—a

“genrnl(5) - (3) o

hM
+—<T+2+ )|t2—t1|
ap B -

M
§|t2‘t1{

This implies that the set .A(Bg) is an equicontinuous set

Finally, we apply Lemmas 4.2—4.4 to obtain

(Ax)(t) >0 forallte (hN)

(T 1+ Lo (5:2)

and for Fe P

IgP(Au)(t) > 1?611n< ; G(%,s)l—"(sh, u(sh))) + rgPC(t)H(u)
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T+%
>g* max Xﬂ: G E,s F(sh, u(sh)) | + o *(IC|16(x)
B T P ) h
B—a’” B-a’t Ns=go 41
> o[ Aul. (5.3)
So, AP CP.
Consequently, from the Arzeld—Ascoli theorem, it follows that A : P — P is the com-

pletely continuous operator. d

We next define

T*ﬁ% -1
M::[ > G(s,s):| )

s=ﬁ%+l

o

T*ﬁTa -1
N = |:cr* Z G(s,s):| ,

S:/fTﬂ+1
T -—|: [(B—a)XT +1)+Blh }(g)ﬂi
P LB -olB-a)T+28]1 |\ B ,
T :i[ [(B-—a)XT +1)+Blh }(g)ia
L B-a)(B-a)T +28] |\ B ,

and introduce some assumptions that will be used in the sequel.

(X1) There exists a constant 1 > 0 such that

Mr; whenever 0 <u <r;.

N =

F(tu(t)) <
(X3) There exists a constant r, > 0 with r, < r; such that
1
F(t, u(t)) > ENTZ whenever 6*r, < u < ry.
(X3) There exists a constant r; > 0 such that for each u € P and 0 < |lu|| < ry,
0(u) < 1 T
u) < ="ir.
=5 hn
(X4) There exists a constant r, > 0 such that for each uz € P and 6*ry < |lu|| < 19,

1
9(1/!) > ETzrz.

The following theorem presents the proof of the existence result of at least one positive

solution.

Theorem 5.1 Suppose that the conditions (X1)—(Xy) hold. Then problem (1.2) has at least

one positive solution, u* where ry < ||u*| <r;.
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Proof Set Q1 ={u € & :||u|l <r1}. Then, for u € P N 9dQ;, we have

T+ﬂ%
I Aul| < max {C(t)&(u) £ ) G(%,S)F(sh,u(sh))}

te(hN)

(e mrre £ n sl
(B-o)T+ D5 gl J(a\ P 1 1, T
< |: poeT+1)+p ](ﬁ) =Tir+ = Mn G(s,s)
B-alf-aT+281)\p) 2T 2
S=ﬁj+1
ri r
= — - =T11.
2 2
Further, we let @, = {# € £ : ||u|| < r2}. Then, for u € P N 92, and by using Lemma 4.4,
we find that
(Au)(t) > min {C(t)@(u)}
te%(T+1+ﬂ%)§t§%(T+l+ﬂ%)
T*ﬁ% ;
+ min G(—,S)F(sh,u(sh))]
S_%_Q:+I[Z(T+l+lgi)()<t<ih(T+l+ﬂéa) h
1
> —TYoryo* max {C(t)@(u)}
2 te(h) A s Lo
T+5”%a
1/\/ . Z G( t )
+ =Nryo max -,
2 te(hN)(ﬁﬂj)hm“ﬂﬁ%a)h e h
1 T+1)+ Bk = i
— B—a
_ —T2r20*|: [(/3 Ol)( + )+,3] ](g) +—N7"20'* Z G(s,s)
2 B-alp-aT+281]\p) 2 .
s=pgt
ry 1
5 =

We can conclude by Theorem 1.1 that the operator .4 has a fixed point. This implies that
problem (1.2) has a positive solution, u*, where r, < ||u*|| < r;. O

6 Some examples
In this section, we present some examples to illustrate our results.

Example 6.1 Consider the following boundary value problem for the second-order (¢, 8)-

difference equation:

1 1 /2 1 1
VA2 - )+ 0D ] -o re(in)
2 (3:%) 2 (t+100)1°] 1 +cos?u 2 110
A w0 = Y i) 6.1)
57 (3,3) (106)2 ’
9\ 20 lul ,
%A(% 3)(5) (10) = 107)? cos“(mu),

where (Wu)(£) = £ 2! m‘f)‘ﬁ' u(sh).
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Seth=1,a=18=3T=20,¢1()= (IKJ)Z sin?(rwu), ¢o(u) = |)2 cos*(mu), (t,s) =

1 e (jul +1) 13 e
= + = ——u(sh) |.
(t+100)10| 1+ cos?u 24 1004/ (s)

We find that ¢ = 157-= = 0.00564, and

—-10

(610, (P0)0) ~f (M0, (9)0)]| < {07

lu—v]+

12010 Wiy — Wy,

Thus, (H1) holds with A; = 7.332 x 10726 and X, = 1.615 x 1072, Since

|p1(w) — 91 (v)| < lu—vl and |¢a(u) - do(v)| < llu — v,

~ 100e? 10072

(H2) holds with £; = 0.00135 and ¢, = 0.00101.
Clearly,

¢ =max{{1,¢>} =0.00135, Q=11541 and @ =2.171x 10%.
Then we find that

® =0.00156 < 1.

hoo(T + 1
®=£Q+(k1+A2M)
o

Hence, by Theorem 3.1 problem (6.1) has a unique solution.

Example 6.2 Consider the following boundary value problem for the second-order (o, 8)-

difference equation:

t 3 + e ul =0, te 3N
7 2) T @ e+ 1007 AETY

12\ 8 /39
u\ — | =-uy — |
"5 ) 79"\ 10 ©2)

8\ T /99 Cilu()| 8 \3
i|U\L; .

A — — Li=|= )
<%"s‘><(3> (10)) Z():l+|u<ti)| (5”)2

where C; are given pos1t1ve constants w1th < Zl 0G5

_ _ _\y6 Cll ()l _ 30|l
Seth = 2,05 2,,3 3 3 T=50m=>5, 1+\Z(t and F(t, u(t)) = m.
We find

ol

—~
[T
ol

01 =0.00471,  0,=0.1067,  Mpc =0.000274,
o =min{o1,05} = 0.00471,  o* = min{o, Mc} = 0.000274,

M =3.972, N =14495.004, T =0.2476, T, =903.832.
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Clearly,
—6 —6 M
|F(t,u(t))| <9.3761 x 107° = 4.721 x 10 TR
forO0<u<r <4721 x 107°,
N
|F(¢,u(t))| = 7.2879 x 107" = 1.006 x 10*24?
for 2.755 x 1072® = 6*r, <u <r, <1.006 x 1072,
T
0(u) < 0.304=2465— for 0 <u <r <2465,
and
TZ -8 *
0() = 0,101 =0.000223—=  for 6124 x 10 = 0”™r, < u < r, < 0.000223.

Therefore, conditions (X;)—(X4) are satisfied. Consequently, by Theorem 5.1 problem (6.2)
has at least one positive solution u* such that

r=6.124 x 107 < |u*|| <4.721 x 10°° = ry.

Funding
This research was funded by King Mongkut’s University of Technology North Bangkok. Contract no. KMUTNB-ART-60-42.
The first and second authors would also like to thank Suan Dusit University for the support.

Availability of data and materials
Not applicable.

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Consent for publication
Not applicable.

Authors’ contributions
The authors declare that they carried out all the work in this manuscript and read and approved the final manuscript.

Author details
"Mathematics Department, Faculty of Science and Technology, Suan Dusit University, Bangkok, Thailand. ?Department of
Mathematics, Faculty of Applied Science, King Mongkut's University of Technology North Bangkok, Bangkok, Thailand.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 12 June 2018 Accepted: 7 September 2018 Published online: 11 October 2018

References

1. Goodrich, C.S,, Peterson, A.C.: Discrete Fractional Calculus. Springer, New York (2015)

2. Elaydi, SN.: An Introduction to Difference Equations. Undergraduate Texts in Mathematics. Springer, New York (1996)

3. Kelley, W.G,, Peterson, A.C.. Difference Equations. An Introduction with Applications, 2nd edn. Academic Press, Tokyo
(1991)

4. Lakshmikantham, V., Trigiante, D.: Theory of Difference Equations Numerical Methods and Applications. Mathematics
in Science and Engineering, vol. 181. Academic Press, Boston (1988)

5. Agarwal, R.P: Difference Equations and Inequalities: Theory, Methods, and Applications. CRC Press, New York (2000)



Linitda and Chasreechai Advances in Difference Equations (2018) 2018:372 Page 25 of 25

15.
16.

. Agarwal, R.P: Focal Boundary Value Problems for Differential and Difference Equations. Kluwer Academic, Dordrecht

(1998)

. Agarwal, RP, O'Regan, D, Wong, PJ.Y: Positive Solutions of Differential, Difference and Integral Equations. Kluwer

Academic, Dordrecht (1999)

. Bastos, N.R.O, Ferreira, RA.C, Torres, D.F.M.: Necessary optimality conditions for fractional difference problems of the

calculus of variations. Discrete Contin. Dyn. Syst. 29(2), 417-437 (2011)

. Ferreira, RA.C, Torres, D.EM.: Fractional h-difference equations arising from the calculus of variations. Appl. Anal.

Discrete Math. 5(1), 110-121 (2011)

Mozyrska, D, Girejko, E.,, Wyrwas, M.: Comparison of h-difference fractional operators. In: Advances in the Theory and
Applications of Non-Integer Order Systems. Lecture Notes in Electrical Engineering, vol. 257, pp. 191-197. Springer,
New York (2013)

. Mozyrska, D, Girejko, E.: Overview of the fractional h-difference operators. In: Advances in Harmonic Analysis and

Operator Theory. Operator Theory: Advances and Applications, vol. 229, pp. 253-268. Springer, New York (2013)

. Wyrwas, M., Mozyrska, D., Girejko, E.: On solutions to fractional discrete systems with sequential h-differences. Abstr.

Appl. Anal. 2013, Article ID 475350 (2013)

. Mozyrska, D., Wyrwas, M.: Explicit criteria for stability of fractional h-difference two-dimensional systems. Int. J. Dyn.

Control 5,4-9 (2017)

. Xavier, G.BA, Rajiniganth, P, Manuel, M\M.S, Chandrasekar, V.: Forward (o, B)-differerence operator and its some

applications in number theory. Int. J. Appl. Math. 25(1), 109-124 (2012)
Guo, D, Lakshmikantham, V.: Nonlinear Problems in Abstract Cone. Academic Press, Orlando (1988)
Griffel, D.H.: Applied Functional Analysis. Ellis Horwood, Chichester (1981)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	On nonlocal Neumann boundary value problem for a second-order forward (alpha,beta)-difference equation
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Existence and uniqueness of a solution for problem (1.1)
	Properties of Green's function for problem (1.2)
	Existence of positive solution to problem (1.2)
	Some examples
	Funding
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


