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Abstract

In this paper, we discuss a stochastic Holling Il predator—prey model with n-predator
competing for one prey. The existence of a positive solution is established by using
the comparison theorem. We get the stochastic break-even concentration R; of each
predator which determines the competition outcomes. When the noise intensity of
the prey is small, the predator with the lowest stochastic break-even concentration
will survive and other predators will go extinct. When the noise intensity of the prey is
large enough, all species go to extinction. Moreover, if two predators have the same
lowest stochastic break-even concentration in some conditions, the two predators
can coexist. Finally, numerical simulations to illustrate the analytical results are given.
Highlights:
« The article studies the dynamics of a stochastic predator—prey system with
Holling Il functional response and n-predator.
« The sufficient conditions for the competitive exclusion and coexistence are
established.
- The results show that noises can affect the competition.
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1 Introduction

Since the pioneering work of Lotka and Volterra, predator—prey models play an impor-
tant role in both theory and practice, they help us to understand the relationship of biolo-
gies and environment, and have been studied by many scholars, see [1-13]. Most of them
consider one predator, but there are multiple species inhabiting the same environment
and competing for one prey. In Ref. [14], authors considered three-dimensional Lotka—
Volterra models with two predators competing for one prey within a deterministic envi-
ronment. Many authors studied predator—prey models with various function responses,
and the interaction between predators and their prey is nonlinear in the natural world.
Classical functional response is known as Holling II functional response [4, 13, 15]. Com-
petition is a common interaction among predators for the same prey, and it plays an im-
portant role in the real world. Pure and simple competition between two predator species
with no interference between rivals has been studied by some authors [14, 16, 17]. They
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discussed the principle of competition problem with nonlinear functional response that
two predators compete for a single prey species in [14]. In [17], the authors studied the
global dynamics of the predator—prey models with two predators competing for one prey
in a uniform and determined environment. Here it is assumed that multiple predators
compete for one prey and there is no interference between rivals, and it takes Holling
II functional response of the growth rate of the predators. The model can be written as
follows:

dS ( ) Zz 1 1+SSX

dX
S X + 1+SX i=12,...,n,

(1.1)

where S(£), X;(¢) represent the population densities of the prey and the ith predator at time
t, respectively. r is the intrinsic birth rate of the prey, and 4; and b;represent the capturing
rate of the ith predator and the rate of nutrients into the reproduction for the ith predator.
r; is the natural death rate of the ith predator. K measures the environmental carrying
capacity for the prey. All parameters are positive constants, and it is obvious that 4; > b;.

But epidemic models are inevitably affected by environmental white noise which is an
important component in reality. However, it is more difficult to prove the competitive
exclusion principle when considering environmental white noise. In this paper, we present
a stochastic Holling II system with logistic diffusion term of the form and want to discuss
whether the competitive exclusion principle still holds. To the best of our knowledge, few
authors researched the competitive exclusion principle about the model.

We assume that the environment fluctuations mainly affect the intrinsic rate r and the
death rate r;, like

r— r+0oB(t), —r;— -1+ 0:B(¢) fori=1,2,...,n,

where B(¢) is an independent Brownian motion, o;(¢) are the intensities of environmental
white noise. Corresponding to system (1.1), the stochastic Holling II system with logistic
diffusion term of the form can be presented as follows:

= [Sr(1 - £) =0, “SX,)dt + 00SdB, 12)
dX; = (-riX; + 5 X)dt + 0 X;dB, i=1,2,...,n '

Throughout this paper, unless otherwise specified, let (2, F, {F;}:>0,P) be a complete
probability space with a filtration {F;};>¢ satisfying the usual conditions (i.e., it is right
continuous and {F;};>¢ contains all P-null sets), and let B(¢) be the Brownian motion de-
fined on the probability space.

Now, we introduce Itd’s formula for general stochastic differential equations, which will
be used throughout this paper. Consider the following n-dimensional stochastic differen-
tial equation:

dx =f(x,t)dt + g(x, t) dw(t) (1.3)

which is defined on R x R, with the initial value x(ty) = xo, where f(x,£) = (fi(x,t), f2(x, )
.., fu(x, £)) is an n-dimensional vector function, g(x, t) = (g;;(x, £)).x; is a matrix function,
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and w(x, t) = (w1 (x, 1), w2 (%, £),...,w,(x, 1) is an [-dimensional standard Brownian motion
defined on the above probability space.
Define the differential operator L associated with Eq. (1.3) as follows:

Zf(x, t) -+ Z Zg,k (6, g, 8)

l]lkl

If L acts on a function V(x,t) € C*'(R x R,; R), then we have

Wn="C Zf x, t)— = Z Zglk(x, £)gik (. t)

L}lkl

where V; = 2, v, = (¥, ..

at dxy dxd) Vix =

(dx 7 )axa- By Itd’s formula, if x(t) € R?, then

V(x(2),t) = L(%(2), t) dt + Vi (x(2), £)g(x(2), ) dB(2).

Lemma 1.1 (Strong law of large numbers) Let M = {M,};>¢ be real-value continuous local
martingale vanishing at t = 0. Then

tl}r}loo(M,M)t =0 as = tlgnoo L), =0 a.s.
and also
M,M .. M
lim sup ( ) <00 as. = lim —=0 as.
t—+00 t t—>+o00

This paper is organized as follows. In Sect. 2, we show that there is a unique nonnegative
solution of system (1.2) for any positive initial value. In Sect. 3, sufficient conditions for
the principle of competitive exclusion are guaranteed. In Sect. 4, we obtain the coexistence
of two survival predators. In Sect. 5, we give some simulations to illustrate our analytical
results.

2 Existence and uniqueness of a nonnegative solution

Theorem 2.1 For any initial value (S(0), X1(0), X2(0),...,X,(0)) € R"*1, there is a unique
solution (S(t), X1(¢), X2(¢),..., X, () of system (1.2) on t > 0 and the solution will remain
in R"*1 with probability one.

Proof Consider the system

vi(t)

dult) = [r(1 - ge ) = 3 1L, 4o — %) dt + oy dB, o
u(t) : .
dvi(t):(—ri+%u((t)—7‘)dt+oid3, i=1,2,...,m,

with the initial value (z(0), v1(0), v3(0),...,v,(0)) = (InS(0),In X7 (0),In X5(0),...,1n X,,(0)).
Since the coefficients of system (2.1) are Lipschitz continuous, then there is a unique local
solution (u(z), v1(¢), va(¢t),...,v,(£)) on ¢t € [0,7.), where 7, denotes the explosion time. It
is easy to see that (S(£), X; (), Xz(£), ..., X,(2)) = (€“®, "9, ..., ") is the unique positive
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local solution of system (1.2) with the initial value (S(0), X;(0)) on [0, 7.). Next, we will use
the comparison theorem to show that the positive solution is global, i.e., 7, = co.
Since the solution is positive for ¢ € [0, T.), we have

S
ds < Sr(l - I?) dt + 09S dB.

Let

2
e(r—UTO)HaoB(t)
o= s

2
11t =T )sr00B(s)
50 +Kfoer 5 )s+00B5(s dS

then ®(¢) is the unique solution of the following stochastic differential equation:

dd(t) = dr(1 - 2)dt + 6P dB,

(2.2)
®(0) = S(0).
By the comparison theorem for stochastic equation, this yields
S(t) < ®d(t), te]l0,1.)a.s.
Besides, we have
Xmf (—V[X[+biq))dt+U[XidB, i=1,2,...,n.
Let
o2 t o2
\yi(t) _ e—(rﬁ%)tJro,'B(t) [XZ(O) + bz/ q>(s)e(r,'+%)s—a,'3(s) dS,
0
then W;(t) is the unique solution of the following stochastic differential equation:
d\yi(t) = (—ri+bi\p,‘)dt+0'i‘l’idB, i=1,2,...,n, (2 3)

W (0) = X;(0).
By the comparison theorem for stochastic equation, it follows
Xi(t) <Wi(8), tel0,7.)as.

Similarly, we get

S n
dSzS(l - z)[rdt+aod3] —Zai\llidt

i=1

and

dX; > -rX;dt+0;X;dB, i=1,2,...,n.
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Denote by ¢(¢) the following stochastic differential equations:

dp@t) =[r¢(1-2)- Y"1 a¥]dt +o00dB, i=12,..,n,

(2.4)
$(0) = 5(0).
And ¢;(t), i =1,2,...,n, is the solution of the equation
doi(t) = —rig;dt + o;0;dB, i=1,2,...,n, (2.5)
#(0) = Xi(0).
It follows that
SO =¢@),  Xit)=¢it), tel0z)as.
In summary, we have
PO =SO) =),  Wit) = Xi(t) = ¢i(t), te€[0,7)as.
This completes the proof of the theorem. O

Remark 2.1 Since there is a unique solution (S(2), X (), X2(2), ..., X,,(t)) € R**! of system
(1.2) for any given initial value (S(0), X1(0), X2(0),...,X,(0)) € R**!, and T = {(S(¢), X1(2),
Xo(t),..., Xu() R :0<S<K,X;>0,i=1,2,...,n,t > 0,a.s.} is an invariant set [18],
then we always assume the initial value (S(0), X1(0), X»(0),...,X,(0)) e R**1 € T.

3 Competitive exclusion principle in model (1.2)

Define the stochastic break-even concentration
2
o

ri + i
2 i=12,...,n

Ri =
" Kb

Theorem 3.1 Let (S(£), X1(£), Xa(t), ..., X, (t)) be the solution of system (1.2) with any ini-
tial value (S(0), X1(0), X2(0),...,X,(0)) € R™1, then for arbitrary i = 1,2,...,n, we get some
results as follows:

(i) IfINQ,» > 1, then

InX; ~
lim sup nT <b(1-R)<0, as.,

t—>+00

i.e., the ith predator goes extinct with probability one.
(i) IfR; < I~3}v, then

t—>+00

InX; . -
lim sup T’ <bi(R;-R)<0, as.,

i.e., the predatorX;goes extinct with probability one.
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(iii) Ifr—— >0,R; = m1n1<,<n{R} and R; <m1nl#,{R], 1+1<( ) 1}, then

lim inf —
—+00

/X I"(1+K)[ 1+K (7" UO)_iel']>

a;

lim X;=0, i#},

t—+00

i.e., only the predator X; is persistent in mean and all other predators will go extinct

with probability one.
Moreover, if L K i > Kra;, then
¢ 03 ra;K
o] "t T
lim inf- | S@du> ———>0, as,
t—+00 tJo r(ri —[(dl’)
i.e., the prey is persistent in mean.
2
. lof
(iv) Ifr— = <0, then
lim infS(¢) =0, lim infX;(#) =0, a.s.,

t—>+00 t—>+00

i.e., the prey and the predators all go extinct.

Proof
dS+Xn:dX»=|:Sr(l—£) an(al X Zr :|
p K p 1+S
n
+ <<T()S + Z ain) dB
i=1

Integrating this from O to ¢ and dividing by ¢ on both sides, we have

%<g+ XI:X) _ %(5(0) + éx,-(O))
/Sr(l——) u——/ - Xdu/ ZXd”

Simple computation shows that

1/0561 +— /Xdu<K+ (t) (3.1)
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where

alt)= 2 /Otscu; . > /()tXidB— %(5+ ix,) + %(sm) s im(o)).
i=1 i=1 i

By using Itd’s formula to the first equation of system (1.2), we get

S " a; 2
InS= 1-— —E X,~—— B.
dInS |:r< K) 2 145 > j|dt+ood

Integrating this from O to ¢ and dividing by ¢ on both sides, we have

P InS(¢) — InS(t0 2 B
/Sdu Z“ :_M_H,_U_OJrUL' (3.2)
I<t 0 1+Sz t 2 t

By using It¢’s formula, we have

2
dinX; = <— lb SSX - U—> dt + 0, dB.

Integrating this from O to ¢ and dividing by ¢ on both sides, we have

IHX,‘ 1 t blS ‘71'2 O',‘Bi 1IIX,(O)
= du—ri— — + .

= +
t tJo 1+8: 2 t t

(3.3)

() IfR; > 1, then together with (3.1) and (3.3)

lXi bz’ ! 2 L’Bi le'O
1 SY/Sdu—r,’—al+a 42 ©
0

t 2 ¢ t

<bK—rl——+,3, /Xdu, (3.4)

bia(t) O'iBl’ ll’le(O)
+ + .
r t t

Bit) <
By the strong law of large numbers [19], we have
lim B;(t)=0, as., (3.5)
—+00

then from (3.5) that

In X;
lim sup — < Kb;(1-R;), as.,

t—+00

which implies

lim X;(¢)=0, as.

t—>+00
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(ii) From (3.3), we know that for arbitrary j,
InX;, 1 ' bS o7 o;B; InX;0
—'5—/ ! du—rj—i+b /) (3.6)
t tJo 1+S8 2 t t
Computing (3.6) x b; — (3.3) x b; gives
InX;(¢t In X;(¢
p X0 _, InXi()
t t
~ ~ oiB; InX;(0 iBi 1 Xi 0
= bibj(Rl‘ —Rj) + bl<# + ¢) — b]<a— + n—())
t t t t
then
In X; . -
T] = bj(R; = R)) + Hy(2), (3.7)
where
Hl-'(t) _ @lnXi(t) + O']_B] + 111)(1(0) _ & UiBi + lnXl(O) )
b, t ¢ ¢ b\ ¢ ¢

By the strong law of large numbers, we obtain that
lim Hy(t) =0, as.
t—+00
From (3.7), if I~€i < I~€,», then
. InX; - -
tganoo sup — <bj(R-R) <0, as.
Then

lim X;(t)=0, as.
—+00

(iii) Without loss of generality, assume that Ry = minlsifn{f?i} and R; < minl#,-{f?[,

1
e

lim X;(¢) =0,

t—>+00

a.s.

Then from (3.3), we have

InX;(®) 1 /f bS ol o1B; InX;(0)
—_— == du—-r - —+—+——
¢ tJo 1+S 2 ¢ ¢
b 1 (¢ 2 B, InX;(0
> ! —/ Sa,’u—rl—a—1+—al L, X ).
1+K ¢t J, 2 ¢ ¢

02
- 7"), 1}. According to Theorem 3.1(ii), we know that for arbitraryi=1,2,...,n,

(3.8)
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From (3.2),
t
lnXl(t) . b11< _ﬂ _ Z a; f X
t T r+K) t Jo 1+S
In S(t) — In S(0) o\ ooB ol o1B; InX;(0)
-t | r-—= |+t — | -n-—=—+ —+ —
t 2 t 2 t t

t _ 2
_ b _@/deu_lnsu) InS© (o5, ooB
rA+K)[ ¢ Jo t 2 t

0'12 O'lBl 11’1X1(0)
-rn-—+ + .
2 t t

From (3.3),r— 2 > 0,R < min (R;, 1~ 1+1< (r— % >-), 1}, Lemma 4 in Ref. [20], and the strong
law of large numbers it is obtained that

b K a} o}
lim inf X i~ 2) -t )
t—+00 1 a1b1 K
r(1+K)
o} ~
1+ K) [k = D) - Ry
= >0, a.s.
ay

On the other hand, from (3.2) and the assumption we know that

1 [t InS(¢) —InS(O ; B
1—/Sduz—w+r——— a/Xdu+ao
Kt t
InS(¢) —InS(O B
:_M ____/deu+UL (3.9)
According (3.1), it is obtained
1 [t InS(t) - InS(0 2
r_m _/Sduz_ww_v_o_m_l,(_ﬂa(t), (3.10)
K n)t) t 2 r

Taking limits on both sides of (3.10) and by the large number theorem for martingales, we
have

¢ kal(r—ﬁ—ﬂ)
lim inf/ Sdu>———2 1 °50 as.
A 0 r(r — kay)

(iv) From (2.2), by the comparison theorem for stochastic equation, it follows that
S(t) <®(t), tel0,t.), as.

By using Itd’s formula to (2.2), we have

1) 2
Ad(t) = [r(l - —) - 0—0} dt + oo dB
K] 2

2
< <7—7>dt+0'0d3
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2
Integrating both sides and since r — %0 <0, then

o2
B(t) < D(0)e~ 2 I+o0B® _,

as t — oo since limy_, ;o0 BO(t) — 0 a.s. So we get that lim;_, , Bot(t) — 0 as.
From (3.3) and (3.6), if the prey S goes extinct, then
InX; of
lim sup—— < -r,— <0, as.
t—+00 t 2
So
lim X;(¢)=0, as. O
t—+00

Remark 3.1 In Theorem 3.1(iii), it is an open problem whether the prey is persistent in
mean or goes extinct if 0 < r — U—Zg < Kf—l‘r
4 The principle of coexistence in model (1.2)
In this section, we discuss the coexistence of the predators.

2From Theorem 3.1(iii), we know that if R; = m1n1<l<,,{R }and R; < mln,#]{R , 1+1<)(
7), 1}, only the predator X; is persistent in mean. Suppose that two predators have the

same lowest stochastic break-even concentration, and without loss of generality, we let

R =R 1 A
min ol B .
V=R <ming Ry (1= 5

From Theorem 3.1(ii), we know that for arbitrary i = 3,...,n,

lim X;(¢£)=0, as.

t—+00

So system (2.1) becomes

a;e’i® 2
du(t) = [r(1 - Le*0) - Y2 o — 2 ldt + 0y dB,
2
dvi(t) = (= + bleu‘(i’) °LYdt + 0y dB, (4.1)
ol 02
dvs(t) = (=ry + 200~ ) dt + 0, dB.
Assume IZI = “1 > and since R; = R,, then it follows that

2 2
d(szl - b1V2) = |:—b2 (1”1 + %) + bl (}"2 + 7)] dt + (sz’l blaz)dB(t) =0.

by
Then we have v,(t) = cv1(£) 1, where ¢ is a positive constant. We get the following system:

v1(t) ev1(0)) b1 2
du(t) = [r(1 - Leu0) - w2 _ D)4t 1 5, dB,

n(t) = (-ry + 250 "l)dnaldB

1+e4(0)

(4.2)

Now we research the coexistence of the equivalent system (4.2) of (1.2).
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Theorem 4.1 Let (u(t), vi(t)) be the solution of system (4.2). For every t > 0, the distribution
jod jod . jod 0'2

of (u(2),v1(t)) has a density U(t, x,y). IfZ—; = %, Ry = Ry <min; »{R;, —r(ILO (r—=)1},00<

2

o1

Y(1+K) > 0 hold, then there exists a unique density U*(x, y)
2 q y y

2
01 < 0y, and I’ITK(;"— %)—(rl +
such that

lim // |U(t,%,9) — U*(x,y)| dxdy = 0.
RZ

t—>+00

The strategy of the proof is as follows.

+ We show that the transition function of the process (u(¢), v1(£)) is absolutely
continuous by using the Hérmander theorem [21];

« According to support theorems [22—-24], we find that the density of the transition
function is positive on R?;

+ We show that the Markov semigroup satisfies the “Foguel alternative”;

+ We exclude sweeping by showing that there exists a Khasminskii function.

In the following, we give the proof of Theorem 4.1 through Lemmas 4.1-4.4 by realizing

this strategy.

Lemma 4.1 For each point (x9,%0) € R> and t > 0, the transition probability function
p(t,%0,90,A) has a continuous density k(t,x,y,%o,y0) With respect to the Lebesgue mea-

sure.

Proof The Hormander theorem [21] for the existence of smooth density of the transition
probability for degenerate diffusion processes is used in the proof of this lemma. Let a(x)

and b(x) be vector fields on R?, then the Lie bracket [a, b] is a vector field given by

./ ob da;
[, b,(X) = Z(ak—;oo By (X)>.

P 0x, 8xk

Let
» T
Em) ) 1, aie’  ap(e)h  of bie" o}
aEn)=\rll-=¢ |- —-—""— - —, 11 + -1
7 K 1ref 1+ 2 'T1re 2
and
b(&,n) = (00,01)".
Then calculate directly
b
by by B2
roget 1 o0 (a1 +cag(e") P1) or(are’+eay g () 1)
[ab)=| % —1- €)% P + e
oob1éf

T (1+€5)2
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It follows that

S
S

2

22 b I’

rogef (1- Leé)aoef(mehcaz(e”)bl ) 4 Ul(ﬂlen”az%(eﬂ)bl )
K K (1+€5)2 1+eb

opbr €

(1+€5)2

o2béf 1 § U Y Z*z
_ (oobe (o 1 opo1€° (are" + cay(e") )
(1 +€5)2 K (1 +¢)2

0o

o1 -

by
2 by 5
. o1 (are” + cay g2 (")) N rogoef
1+éf K

+ + —e€
1+65)2 K K (1+é5)2

by
( olbé®  rogoret 1 Saocrles (ar€" + cay(e")?1)
(

>

by b 2
000168 (ar1e” + cay(e") b)) orlare’ + car gt (e)" )) 0
- <

+
(1 +ef)et 1+6é

according to 2—; = %, 09 < 01 < 03. Therefore, b, [a, b] are linearly independent on R4,

So, for every (£,7) € R?, vectors b(£,n) and [a, b](£,7) span the space R2. In view of the
Hoérmander theorem [21], the transition probability function p(z,xo,y0,A) has a contin-
uous density k(,x,y,%0,%0) and k € C®((0,00) x R? x R?). This completes the proof of

Lemma 4.1. O

Lemma 4.2 For each (xo,90) € R?> and (x,y) € R?, there exists T > 0 such that k(t,x,y,
%0,%0) > 0.

Proof Now we check the positivity of the kernel k by using support theorems (see [22—
24]). For a point (xg, %) € R? and a function ¢ € Ly([0, T; R), consider the following system
of integral equations:

x4(8) = %0 + [y [fi(x4(5), 75(5)) + 00] ds,
Yo () = 0+ [3 (g (5), () + o1 ds,

by

where fi(x,) = r(1 - Le¥) - @€ _ )P _ G anq f e g) =y 4 2L

We denote X = (x,9)7, X = (xo,y0)T and let D4 be the Frechét derivative of the function
h— Xy.n(T) from L*((0, T]; R) to R? with Xpen = [x¢+h,y¢+h]T. If for some ¢ the derivative
D4 has rank two, then k(t, %, ¥, %0, ¥o) > 0 for x = x4(T) and y = (7). The derivative D, 4
can be found by means of the perturbation method for ordinary differential equations.
Namely, let T'(¢) = f'(x4(2), y5(£)), where f is the Jacobians of f = [fi(x,9),f2(x,7)]. Let
Q(t, tp) for 0 < £y <t < T be a matrix function such that Q(¢, fy) = Id, % =T(®)Q(t, ty),
and v = [0g,01]7. Then

Dx,mh:/ Q(T,s)Vh(s)ds.
0

We check that the rank of Dy, is two. Let ¢ € (0,T) and & = 1j7_, 11(£), where ¢ €
(0,T] and 1{7_ ) is the characteristic function of interval [T — ¢, T']. Since Q(T,s) =
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Id + T(T)(T - s) + o(T — s), we obtain

1
Dyyph=ev+ §S2F(T)V + 0(52).

Compute
b
by by B2
_ré | Eadrea(@)b1) @ ()7 o
(T)v = K (L+er)2 Tred
bie* o1
(1+e¥)2 0
b
by b 7
_[[@ _ a1 +ear(e?) 1 )]O_ + [aleywazﬁ(ey) ! ]Ul]
= K (1+e¥)2 0 T+e*
b1e*
(T2 00

Hence, vectors v and I'(T)v are linearly independent. Thus D, has rank two.
Next, we prove that for any two points X, € R and X € R, there exist a control function
¢ and T > 0 such that X, (0) € Xo, X4(T) € X. Taking derivatives of system (4.3) yields

x(£) = f1(xp,¥9) + 00,

(4.4)
Vy(8) = fo(x4,99) + 010
Letzgy =y, — g—(‘)x¢, system (4.3) becomes
x! (t) = l(xrz) + Ul¢’
o\ =8 (4.5)
z4(t) = g2(%,2),
where
22 Dot g2
gl(xrz) — I"(l _ %ex) _ aiefefl +;iZe)(CeZe 17)91 _ GTO,
) ) oy a by (4.6)
_ b1 &* o o1 9) ) rop 1 o1 4a ezeﬁxnaz(ezeﬁ ) b1
erd)=-ntiE-3 g7 "ol t ke T Tre®

Now it can be said that for any X, € R and X € R, there exist a control function ¢ and
T > 0 such that (x4(0),24(0)) = (x0,20), (X¢(T), 24(T)) = (1, 27).

We construct the function ¢ in the following way. First, we find a positive constant
T and a differentiable function z4 : [0, T] — R, such that z4(0) = 2o, z4(T) = z7, 24(0) =
&(x0,20) = 2§, 2 (T) = gz, 21) = 2%, and

2 2
of o105 O
z;(t)+r1+—1+—1—0+—2r>0 fort [0, T]. (4.7)
2 o092 o1
We split the construction of function zyon three intervals [0, ¢], [¢, T —¢], and [T —¢, T,
where 0 < ¢ < T/2. Hence, it follows that we can construct a C* function z4 : [0,6] — R
such that

24(0) = zo, Zy = 2, Zy(e) =0

Page 13 of 24
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and z, satisfies (4.7) for ¢ € [0, €]. Similarly, we construct a C? function zy : [T — &, T] — R
such that

z4(T) = z7, z;(T)zz‘%, 2, (T —¢) = 0.
Taking T be large enough, we can extend the function
z5:[0,e]U[T -¢,T] > R

to a C? function z, defined on the whole interval [0, T] such that z, satisfies (4.7). There-
fore, we can find one C!-function x, which satisfies the second equation of (4.5), and
finally we can determine a continuous function ¢ from the first equation (4.5). The proof
of Lemma 4.2 is completed. d

Lemma 4.3 The semigroup {P(t)}:>0 is asymptotically stable or is sweeping with respect to
compact sets.

Proof By virtue of Lemma 4.1, it follows that {P(¢)};>0 is an integral Markov semigroup
with a continuous kernel k(¢,x, y) for ¢ > 0. From Lemma 4.2, for every f € D, we have

oo
/ P(t)fdt>0 ae.on R?,
0

where D is defined in the Appendix. From Lemma A.l, it follows that the semigroup
{P(2)}:>0 is asymptotically stable or is sweeping with respect to compact sets. O

blK(

2
Lemma 4.4 If bl = "1 LR =R,y < min;, Z{R,, r— ) 1}, 0¢ < 01 < 0y, and

1+K)(

2
%0) (r1 + —)(1 + K) > 0 hold, then the semigroup {P(t)}s>0 is asymptotically stable.

Proof In order to exclude sweeping, it is sufficient to construct a non-negative C2-function
V and a closed set O € X such that

sup  A"V(u,v)<0,
(u,v)eR2\O

where A* is the adjoint operator of the infinitesimal generator A of the semigroup
{P(¢)}¢>0, which is of the form
1 ,9*V vV 1 ,9*V v
A* V I —_—
2% a2 Ty T2 % 7 f2
where fi (x,y), f2(x, y) are defined in (4.3), and such a function is called a Khasminskii func-
tion [16].
Define a C2-function

2 bZ
biK biKe"  bi(ry+ 2 — D)c(en
V(M,V1)=M|:—l—u (1+K)v; + ambiKet 1(ra Ye(e) 1 i|
rry b2
bz
ae’l cag(e"l ]1+(.)

. e + K T Th K
1+6

= Vi(u, v1) + Valu, v1),



Zhu and Li Advances in Difference Equations (2018) 2018:343

where

by
M = =max]2, sup _ T 200 _ ) ae” n axc(en)n
A "werz | 4K 20+ K)* | by by

b
.\ - ae’l s caz(evl)ﬁ 0
e )
T LA+ K) T b1+ K)

2\ b K 2
A= r—a—o 2 ;"1+G—1 1+K)>0,
2 r 2
(o)) r
my = su e”(r+r<1/\—>——e”},
! ueg{ ! o1 2K

0 2ri(1A2)
m2=r1<1A2>—§(ooval\/02)2, 0<f<—
01

(Go VoV 0'2)2’

by
2
AV =M _bli(r_ie“_ ae’! ~ can(e’)h _g_oz l—ie”
r K 1+e* 1+e* 2 K

bye* 2\ a1b Ket bie*
—(1+K)<—r1+ lieu —%) +L<—rl+ ! )

rr 1+e*

o2 o? by bie* o} byo}
+<r2+72—71)c(e"1)”1<—r1+ L2 1)]

l+er 2 by 2

b K by 2
<M|-=(r- Le”—alevl —cap(e)h - %
r K 2
bye* 2 by Ke*!
—1+K)|-r+ €9, u(—r1 +be)
l+e* 2 rry
2

2 b 2 2
. o by o by o
M L e e s3]

2 b 2

b1 Ke" ; by
§M|:—)\+e“<u +b1<r2+ a—z)c(e"l)bl)}
rr 2

and

by
a;e” cay(en)b 7’
.A*V < u
2—[e+mu+Kf*mu+K)

b:
Y ro, ria;e’! oy caz(evl)ﬁ
x |e“lr— =€) - + =
K bi1(1+K)

(051 b2(1 + [()

b b
ol . ae’l caz(e"l)ﬁ o-1 . a1oe” caz(e"l)ﬁ 2
+—|e*+ + ooe” + +
2 bi1+K)  by(1+K) % T h(A+K) " b(1+K)

b
<|e*+ @t + caz(e"l)ﬁ ' lr+r|l1Aa ik ’ e’
= hi(1+K)  by(1+K) !

01 K

by
-nl1A o2 et + @ + caz(e)n
o1 b1(1 +[()

by(1+K)

2 4041
9( Vo Voo)?| e ae’t cay(e) b 17*
+=(opVorVoy)|e + +
g o e bi(1+K)  by(1+K)
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by
oy 0 ) ae’! cay(em)t 17+
<- IN—=)-=(co VoLV “
= [”( 01> 50V e1Vor) ][e Th+K) ¢ b(1+K)

by
w,  @me’ ca(e)n 1’ " ou
+]e"+ + m;— —e
bi(1+K)  by(1+K) 2K

b
ae’l caz(e"l)ﬁ o+1
-m +
=T b1+ K) T by +K)

by
ae’ car @) T o
+ - —?,
bi(1+K) by(1+K) 2K

+m1|:e”+

where my:=r1(1 A %) - %(oo V o1 V 03)? > 0 according to the definition of 6.

Define a closed set
) 1 1
U, =1 (u,v1) €eR*: Ju| <log—,|v1| <log -,
£ e

where ¢ > 0 is a sufficiently small number such that

A
0<e<—mn R (4.8)
4( lrri + bl(l’z + TZ)C)
m
O<ex< 2 — (4.9)
3 %
2(1 + K)Pipm(al by ),
1 a
biK 2\ b X
Hante + by r2+U—2 ceb <ming —, 4 , (4.10)
rr 2 4" 4KM
“Mh - ——e & L K < -1, (4.11)
4KM
_bh
o by ayce b1 0!
—Mn - 22 + Ky < 1. (4.12)
2(1 + 1() b18 b2
Denote
D; = {(u,vl) eR*:—co<uc< logs}, D§ = {(u,vl) eR?:—co<v < logs},

1 1
Di = {(u,vl) eRzzuzlog—}, D;‘: {(u,vl) eR?: v, zlog—},
€ €

then R? \ U, = D! UD? U D? U D}. Hence we consider four cases as follows.

Case 1. On D}, using the inequality ! <1 + (¢")?*!, one can derive that

M A biK ;
AV <L M| L (B +b r2+U—2 c) |- L eeon
4 4 rry 2 4K

o2 by

b?]( blbz(rz + 72) my ale"l Cdz(evl)bl 6+1

+ | M| —V £ - +
rri a) 2(1 +I()1+6 b1 b2
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b 1+0
(2+0)u my |:aleV1 + ac(e)b :|
by by

5o
+|——+ su -——
2 bl Ak 21 + K)1+0

b
+my| e+ @ + caz(e"l)% '
! bi(1+K)  by(1+K) '

By the definition of M, (4.3), and (4.4), we have

A*VS _]ﬂ _ Le(2+(9)u <~ <_1.
4 4K 4

(O+2)u

Case 2. On D?, using the inequality e* <1 + ¢ , one can derive that

M A K 2\ b
A*VS—T+M[——+(a1 1 8+b1(r2+%>c5b1):|

4 rr
2 2 b
. [_L +M(a1b1K€ b (rz . a_z>cgb§>]e@+9>u
4K rm 2
by
my et cay(en)n 17
- +
20+ K)* | b, by
by
M T 20146) my e ayc(en)n 1M
+|———+ Su ——e — +
(u vl)ERZ 4K 20+ K| by by
20
u ae’! cay(e) b
+myp| e’ + + )
' bi(1+K)  by(1+K)
By the definition of M and (4.5), we have
%140
gy < ML m ae  axc(en)” Y M B
=74 20+ K% by b, -7 =

Case 3. On D2,

2 2
AV < M- s T 20140) | ppe alb—le +by[r+ % CS%
4K 4K rry 2

%14 2
a e’ arc(e)h " ae’! cay(e’)h
-m + +m e+ +
2 p(1+K)  by(1+K) ! bi(1+K)  by(1+K)

< M- 2040, i
4K

where

b K 2\ b
Ki= sup {—%62(1+9)+M6u(d1 L £+b1(r2+%)ceb1)

(u,v1)eR? rry

b

2 1+6 by 6
a e’ s ac(e)h s - a,e’t . cax(e)h
—m mile .
100+ K) " by(1+K) ! bi(1+K)  by(1+K)
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In view of (4.6), we get
A*V < -1,

Case 4. On D},

by

17203 a;e’l
AV < —Mi - —=
==

1+K)

ayc(er)h 10
b1+ K)

by

L om ae’! +a2c(e"1)5 1+6
2 | bi(1+K) | h(+K)

b*K A
+Me”<a1—18 + by <r2 + a—2>cabl )
rr 2

a;e’l

+m1[e +b1(]_+1<) +

< _Max my ay
- 21 +K) | bie

where

by
cay(e)h _ 0o
b(1+K) | 2K

by

o 1+0
ayce”
+ + Ko,

by

b

V1
Ky = sup {_mz[ e

woerz | 2 Lb1(1+K)
b’K

+ Me* (dl—ls + by (rz +
rri

a e’ cas

2
agc(e)m M
+

b2(1 + I()

2 b
o. 22
_2 ce by

2

+ my |:e“ +
According to (4.7), we have
AV <-1.
In summary, we can deduce that

sup <-1.
(u,v1)eR2\ U,

This completes the proof.

b1+ K)  by(1+K)

LR
__ez(l+9)u .
2K

d

Remark 4.1 1f more than two predators have the same lowest stochastic break-even con-

centration, and without loss of generality, we can assume that the first k (k > 3) predators

have the same lowest value R;, that is,

Ri=Ry=-=Re< min R, %) 1
=Ry=---=Rg< min {R;,——|r—-—|,1%.
1T k 1,2,k r(1 +K) 2

We cannot prove whether they will coexist or not, and leave it as an open problem.

Page 18 of 24
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5 Simulation and discussion

In this article, we analyzed the principle of the competitive exclusion and coexistence of
a stochastic Holling II n-predator one-prey model. The stochastic break-even concentra-
tion of each predator determines the competition outcome. We get that the predator with
lower noise may win the competition. We also obtain that the two predators with the same
lowest stochastic break-even concentration will coexist under some condition.

We consider numerical simulations to illustrate the main theoretical results by using the
famous Milstein higher order method [21]. Assume that there are two predators compet-
ing for one prey in the stochastic model (1.2) and its corresponding deterministic model
(1.1).

Set

r=0.5, r; =0.15, ry =0.1, a; =0.15, ay =0.16,

K =05, by =0.5, by =0.3,

and with the initial value (S(0), X;(0), X»(0)) = (0.6, 0.4,0.4).

In Fig. 1, we find that the predator X; survives and the predator X, will go to extinction
in the deterministic model.

In Fig. 2, welet oy = 0.21, 01 = 0.8, 03 = 0.6. We can compute that Ri~1.175>1and Ry ~
1.06 > 1. According to Theorem 3.1(i), the two predators will go to extinction eventually.
The result is supported in Fig. 2.

In Fig. 3, we choose oy = 0.21, 01 = 0.2, 05 = 0.5. We can compute that ﬁ(r — é) ~
0.5065, Ry ~ 0.425 < 0.5065 < Ry = 0.703 < 1. According to Theorem 3.1(ii) and (iii), the
predator X; will survive and the predator X, goes to extinction eventually. The result is
supported in Fig. 3.

In Fig. 4, we choose g = 0.21, 01 = 0.5, 05 = 0.2, ﬁ(r - é) ~ 0.5065, Ry ~ 0.375 <
0.5065 < R; ~ 0.6875 < 1. According to Theorem 3.1(ii) and (iii), the predator X, will sur-
vive and the predator X; goes to extinction eventually. The result is supported in Fig. 4.

Compared with Fig. 2, Fig. 3, and Fig. 4, we find that density of the prey may alter the

destiny of the competing predators.

2.5 T
the prey S
— the predator X1 u

the predator X2 )

Size

0 50 100 150 200 250 300
t

Figure 1 Simulations of the path S(t), X(t), Y(t) for the corresponding deterministic system (1.1) with the initial
value (5(0),X(0), Y(0)) = (0.6,0.4,0.4)
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2 ‘
the prey S
—— the predator X1
1.5¢ the predator X, |
1k |
(0]
N
%)
0.5 b
O L
_05 ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300
t
Figure 2 System (1.2) with 09 =0.21, 071 =0.8,0, =06
6 T
the prey S
5t ——— the predator X, |

Size

the predator X2

50

100

Figure 3 System (1.2) with 09 =0.21,01=02,0, =05

t

150 200 250 300

1.6
1.4F

1.2F

0.8

Size

0.6
0.4
0.2

the prey S

the predator X2

— the predator X1 1

-0.2
0

50

100

Figure 4 System (1.2) with 09 =0.21, 01 =05,0, =02

150 200 250 300

t
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0.7

the prey S
the predator X 11

0.6

05 the predator X2 |

Size

0.3 b

0.2 b

50 100 150 200 250 300
t

Figure 5 System (1.2) with o9 =0.5, 01 =04,0, =05

6 T
the prey S

5l the predator X .
the predator X2

Size
w

0 50 100 150 200 250 300

Figure 6 System (1.2) with 09 =0.02, 01 =0.1,0, =05

In Fig. 5, we choose oy = 0.5, 01 = 0.4, 05 = 0.5, and change r to be » = 0.1. We can com-
pute that » — ? < 0. According to Theorem 3.1(iv), the prey and the two predators all will
go to extinction eventually. That is, if the noise intensity of the prey is large enough, all
species will go to extinction. The result is supported in Fig. 5.

In Fig. 6, we choose oy = 0.02, 07 = 0.1, 02 = 0.2, and change b; to be b; = 0.3875, b, to
be b, = 0.775. We can compute that b%(r - U—g) —(r + U—%)(l + K) ~0.2018 > 0. According

2 2
to Theorem 4.1, the two predators can coexist. Figure 6 confirms it.

Appendix
Let the triple (X, ¥, m) be a o -finite measure space. Denote by D the subset of the space
L! which contains all densities, i.e.,

D=|fel':f>0,|fl =1}
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A linear mapping P : L! — L! is called a Markov operator if P(D) C D. The Markov
operator P is called an integral or kernel operator if there exists a measurable function
k:X x X — [0,00) such that

/ k(x,y)m(dx) =1 (A.1)
X

forall y € X and

Pf(x) = /X k(x,)f @)m(dy)

for every density f.
A family {P(£)};>0 of Markov operators which satisfies conditions:
(i) P(0)=Id;
(ii) P(t +s) = P(¢)P(s) for s,t > 0;

(iii) For each f € L!, the function t — P(¢)f is continuous with respect to the L norm,
is called a Markov semigroup. A Markov semigroup {P(£)};>¢ is called integral if,
for each ¢ > 0, the operator P(¢) is an integral Markov operator.

A density f, is called invariant for each ¢ > 0. The Markov semigroup {P(t)}:o is called

asymptotically stable if there is an invariant density f, such that
lim |P(t)f - fi| =0 forf € D.
t—>00

A Markov semigroup {P(£)};> is called sweeping with respect to a set A € X if, for every
feDb,

lim / P(t)f (x)m(dx) =0 for f € D.
t—00 X

We need some result concerning asymptotic stability and sweeping which can be found
in [25].

Lemma A.1 Let X be a metric space and X be the o -algebra of Borel sets. Let {P(t)}>o be
an integral Markov semigroup with a continuous kernel k(t,x,y) for t > 0, which satisfies
(A.1) for all y € X. We assume that for every f € D we have

/NP(t)fdt >0 ae
0

Then this semigroup is asymptotically stable or is sweeping with respect to compact sets.

The property that a Markov semigroup {P(£)};>¢ is asymptotically stable or sweeping for
a sufficiently large family of sets (e.g., for all compact sets) is called the Foguel alternative.
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